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1. Introduction

Spectral graph theory [1,2,4,6,7] studies properties of graphs using the spectrum of related matri-
ces. We consider only simple graphs (i.e., finite, undirected graphs without loops or multiple edges).
Let G = (V;, Eg) be a simple graph on n vertices and m edges (so n = |V;| is its order, and m = |Eg]|
is its size). The most studied matrix associated with G appears to be adjacency matrix A = (a;;) where
aj = 1if v; and v; of the graph G are adjacent and 0 otherwise. Another well studied matrix is the
Laplacian, defined by L = D — A where D is the diagonal matrix with degrees of the vertices on the
main diagonal (see [1,12,22]). The matrix Q = D + A is called the signless Laplacian matrix of G (see
[8]) and has attracted the attention of many researchers. Computer investigations of graphs with up
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to 11 vertices [ 11] suggest that the spectrum of D + A performs better than the spectrum of Aor D — A
in distinguishing non-isomorphic graphs.
If N is the vertex-edge incidence matrix of G then

NNT =D+A, N'N=A®L®G)) +2I,

where A(i(G)) is the adjacency matrix of the line graph i(G). In particular, D + A is positive semi-
definite. It is also easy to see that the matrix Q = D + A is real symmetric, the eigenvalues of Q can
be arranged as ¢1(Q) > q2(Q) = --- > q,(Q) > 0, where g1 (Q) is the signless Laplacian index of
graph G. If in addition G is connected, there exists a unique (up to multiples) and (entrywise) positive
eigenvector, sayX = (x1, X2, .. ., Xg) |, corresponding to this index. It will be convenient to associate a
labelling of vertices of G (with respect to X) in which x, is alabel of v. The signless Laplacian characteristic
polynomial of G, equal to det(xI — Q), is denoted by v/ (G, x) (or, for short, by 1 (G)).

Recently there is a lot of work on the signless Laplacian eigenvalues, especially the signless Laplacian
index of a graph. The papers [8-10] give a survey on this work. Several bounds for the signless Laplacian
index canbe found in [11-14], and the relations between this index and graph parameters are discussed
in [13-21,24-28]. The least signless Laplacian eigenvalues is also studied; see e.g., [5,13]. Other work
can be found in [23] for the Q-spread.

In [29], Zhu proposed the following problem concerning the signless Laplacian index: Given a set
of graphs ¢, find an upper bound for the signless Laplacian index and characterize the graphs in which
the maximal signless Laplacian index is attained. The problem proposed by Zhu in [29] is actually the
signless Laplacian version of the classical Brualdi-Solheid problem for the adjacency matrix; see [3].
In this paper, we study the same question for ¢, , a set of polycyclic graphs (called cacti) in which any
two of its cycles have at most one common vertex and each cactus is connected containing k pendant
vertices.

In order to state our results, we introduce some notation and terminology. Other undefined notation
may refer to [2]. Denote by C,, and P, the cycle and the path with n vertices, respectively. G — v, G — uv
denote the graph obtained from G by deleting a vertex v € Vg, or an edge uv € Eg, respectively (this
notation is naturally extended if more than one vertex, or edge, is deleted). Similarly, G 4 uv is a graph
that arises from G by adding an edge uv ¢ Eg, where u, v € V. For uv € E(G), let Gy, be the graph
obtained from G by subdividing the edge uv, that is, by replacing uv with edges uw and wv, where w
is an additional vertex. For v € Vg, d(v) denotes the degree of vertex v and N(v) denotes the set of
all neighbors of vertex v € V. An internal path is a path or a cycle, in which the initial and terminal
vertices have degree at least three and the internal vertices have degree two.

2. Preliminaries

In order to complete the proof of our main results we need the following lemmas.
Lemma 2.1 [19]. Let u and v be two distinct vertices of a connected graph G. Suppose that wy, wo, ...,
ws(s > 1) are neighbors of v but not u and they are all different from u. Let X = (x1, X2, . .., Xz)| be the
Perron vector of Q(G), and let H be obtained from G by deleting the edges vw; and adding the edges uw;
fori=1,2,...,s.Ifx, < xy, then q1(G) < q1(H).

From the Perron-Frobenius Theorem of non-negative matrices, we have the following lemma.

Lemma 2.2 [14]. If G’ is a proper subgraph of a connected graph G, then q;(G') < q1(G).

Lemma 2.3 [17]. Let G be a connected graph and let uv be an edge on an internal path of G. Let Gy, be
obtained from G by subdividing the edge uv. Then q1(Gyy) < q1(G).

Let H be a connected (n — m)-vertex graph with ug € Vy having k pendants if ug is a pendant and
k — 1 pendants otherwise. Set G; (resp. G,) be an n-vertex graph obtained from H by attaching Pp;+1
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Fig. 1. Graphs Gy, G2, Hp and Hj.
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Fig. 3. Graphs Gs, Gg, G7 and Gg.

(resp. Pp—1 and C3) to ug (see Fig. 1); Hy (resp. Hy ) be an n-vertex graph obtained from H by attaching

m=1 cysandaP, (resp. mT—z C3’s and a P3) to ug when m is odd (resp. even), where m > 3. Graphs
Hp and H; are depicted in Fig. 1.

Lemma 2.4. Let G1, G, Hy and Hq be graphs as shown in Fig. 1. Then

(( g QI£81§ < 3189123 or q1(Gy) < q1(Hy).

Proof. (i) Let Py q = uou; ... un(m > 3). Now, consider the Perron vector X = (X1, Xz, ..., X)' of
Q(Gy). If xyy = Xy, let G’ = 61 — upu3 + ugus; otherwise, let G’ = Gy — {ugyly € N(ug)\{ui}} +
{uzyly € N(ug)\{u1}}. By Lemma 2.1, we have q1(G1) < q1(G').Itis easy to see that G, = G’ + uguy,
then in view of Lemma 2.2, we have q1(G") < q1(Gy). So we have q1(G1) < q1(Gy).

(ii) If m = 3 or, 4, it is easy to see that Hy = G, or, Hy = G,. Then in view of (i), our result holds
immediately. If m > 5, by repeatedly applying (i) to G, then we can finally get a graph Hy when m is
odd or, a graph H; when m is even. Therefore, q; (G1) < q1(Hp) or, q1(G1) < q1(H1).

This completes the proof. [

Let W be a connected (n — 4)-vertex graph with ug € Vi having k — 1 pendants if ug is a pendant
and k — 2 pendants otherwise. The graph Gs is the graph obtained from W by attaching two paths of
length 2 to ug; see Fig. 2. Set G4 = G3 — zw + {ugw, upt} (see Fig. 2). It is easy to see that Gs3 (resp. G4)
is an n-vertex graph with k pendant vertices.

Lemma 2.5. Let G3 and G4 be the graphs as depicted in Fig. 2. Then q1(G3) < q1(Gy).

Proof. Considerthe Perronvectorx = (x1, X2, . .., Xg)© of G3.Ifxy, > Xz, thenlet G = Gy—zw+ugw;
otherwise, let G’ = G3 — {ugu|u € N(ug)\{z}} + {zu|lu € N(up)\{z}}. Hence, by Lemma 2.1 we get
q1(G3) < q1(G’). On the other hand, it is straightforward to check that G4 = G’ + ugt if x,, > x; and
G4 = G’ + zt otherwise. Therefore, our result follows by Lemma 2.2.

This completes the proof. [

Let Y be a connected (n—m+-1)-vertex graph with ug € Vy having k41 pendants if ug is a pendant
and k pendants otherwise. Let G5 (resp. Gg) be an n-vertex graph obtained from Y by attaching Cy,
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Fig. 4. Graphs H, and H3.

Fig. 5. Graphs H4 and Hs.

(resp. Cp—3 and C3) to ug (see Fig. 3); G7 (resp. Gg) be an n-vertex graph obtained from Y by attaching
m=1 C3’s (resp. mT_“ Cs’s and a Cy4) to ug when m is odd (resp. even), where m > 5. Graphs G7 and
Gg are depicted in Fig. 3.

Lemma 2.6. Let Gs, Gg, G7 and Gg be the graphs defined as above (see Fig. 3). Then

i Gs5) < Ge);

((113 g}E gg < g} Eng o, 41(Gs) < q1(Gs).

Proof. (i) Let C, = uguq ... up—1Ug (M > 5). Now, we consider the Perron vector X = (x1, X2, ...,
xn)T of Gs. If X4y > Xy, then let G = Gs — upus + uguy; otherwise, let ' = Gs — {ugyly €
N(uo)\{um—1}} + {usyly € N(up)\{um—1}}. By Lemma 2.1, we get q;(Gs) < q1(G’). Note that Gg =
G’ + ugus, hence by Lemma 2.2 we have q; (G') < q;(Gs), i.e., q1(Gs5) < q1(Gg).

(ii)If m = 5, 6, thenin view of (i) we know that our result holds.If m > 7, by repeatedly applying (i)
to Gs, we can finally get graph G; when m is odd or, get graph Gg when m is even. So, q1 (Gs) < q1(G7)
or q1(Gs) < q1(Gg).

This completes the proof. [

Lemma 2.7. Let H, and H3 be the graphs as depicted in Fig. 4, where U is a connected (n — 6)-vertex
graph with k pendants. Then q (Hz) < q1(H3).

Proof. Consider the Perronvectorx = (X1, X2, . .., Xn)© of Hp. If xyy > xue,letH’ = Hy —usug+ugus;
otherwise, let H = Hp — {ugyly € N(ug)\{us}} + {usyly € N(up)\{ug}}. It is straightforward to
check that H' = H”. By Lemma 2.1, we get ¢ (H) < ¢;(H').

Now consider the Perron vectory = (y1,¥2, ..., ¥n)' of H' . Ifyy, > yu,,letH* = H' —ujuy+uguy;
otherwise, let H** = H' — {ugyly € N(up)\{ui}} + {u1yly € N(ug)\{uq}}. It is straightforward to
check that H* = H**, By Lemma 2.1, we get q; (H') < q1(H*). It is easy to see that H3 = H* + uque.
Hence, by Lemma 2.2, we have g1 (H*) < q1(H3). Therefore, q1 (Hz) < g1 (H3).

This completes the proof. [

Lemma 2.8. Let Hy and Hs be the n-vertex graphs as shown in Fig. 5, where S is a connected (n — 5)-vertex
graph with k — 1 pendants. Then q1(Hg) < q1(Hs).

Proof. Consider the Perronvectorx = (X1, X2, . .., Xp)" of Hg If xyy > xu3,letM’ = Haq—upuz+uguy;
otherwise, let M = Hy — {ugyly € N(ug)\{uz}} + {usyly € N(up)\{u3}}. It is straightforward to
check that M’ = M”. By Lemma 2.1, we have q; (Hy) < q¢1 (M) = q; (M").

Note that Hs = M’ + ugus, hence M’ is a proper subgraph of Hs. By Lemma 2.2, we have q; (M) <
q1(Hs). Hence, we get q1(Hs) < qq(Hs).

This completes the proof. [
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Lemma 2.9. Let Hg and H7 be the n-vertex graphs as shown in Fig. 6, where Z is a connected subgraph
with k — 1 pendants. Then q1(Hg) < q1(H7).

Proof. Note that H; contains a cycle C3 = uguvug. Let N = (H7)uy, i.e., N’ is obtained from H; by
subdividing the edge uv. It is easy to see that uguvuyg is an internal path of H7, hence by Lemma 2.3 we
get 1 (N) < q1(Hy).

Note that Hg is a proper subgraph of N, hence in view of Lemma 2.2, we have q; (Hg) < q1(N').
Therefore, we obtain that q; (Hg) < q1(H7).

This completes the proof. [J

3. Main results
We call graph G a cactus if G is connected and any two of its cycles intersect in at most one vertex.
For a cactus graph G, we call it a bundle if all cycles of G have exactly one common vertex. Denote by
.k the set of all connected cacti on n vertices with k pendant vertices. In the following, we determine

the graphs with the largest signless Laplacian indices in the class & k.

Theorem 3.1. Let G be a graphin ¢y .

(i) Ifn —k =1 (mod 2), then 1(G) < q1(C'(n, k)) with equality if and only if G = C!(n, k), where
C'(n, k) is depicted in Fig. 7 and g (C' (n, k)) is the largest root of the equation g(x) = 0, here

g(x) =x —(k—l—6)x2 —(n—4k —12)x+n—k — 7.
(ii) Ifn — k = 0 (mod 2), then q;(G) < q1(C?(n, k)) with equality if and only if G = C2(n, k), where
C2(n, k) is depicted in Fig. 7 and g (C?(n, k)) is the largest root of the equation h(x) = 0, here
h(x) = X — (k+ 9)x4 —(n—7k— 32))(3 + (4n— 14k — 54)x2 —(4n—7k—40)x+n—k—8.

Proof. Choose G € %,k such that its signless Laplacian index is as large as possible. Denote the vertex
set of G by Vg = {v1, V2, ..., vy} and the Perron vector of G by X = (xy,, Xy, - - -, xvn)T, where xy,
corresponds to the vertex v;, i =1,2,...,1n.

We first prove that the graph G is a bundle. In order to do so we will prove the following claims.

Claim 1. Any two cycles of the graph G have one common vertex.

(n-k-1)/2 (n-k)[2-1

—_—

k-1

Fig. 7. Graphs C' (n, k), C%(n, k) and C(n, k).
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Proof. Note that any two cycles of G have no edge in common, hence assume, on the contrary, that
there are two disjoint cycles C! and C? contained in G. Then, we can choose cycles C' and C? such that
the path P of length p > 2 connects C' and C? is the shortest. For convenience, let Ve NVp = {ug}
and V2 NVp = {up}. We distinguish the following two possible cases to complete the proof of Claim 1.

Case 1. The path P (connecting C! and C?) has no common edge with any other cycle(s) contained
in G. Without loss of generality, we may assume that x,, > x,,. Lety in V2 be a neighbor of up, then
set G’ := G — {upy} + {u1y}. Thus G’ € %; . By Lemma 2.1 we have q;(G') > ¢1(G), a contradiction.

Case 2. The path P (connecting C! and C?) has common edge(s) with some other cycle, say C°,
contained in G. Note that, by the selection of C! and C?, it suffices to consider that uy is just the
common vertex of C> and C!, whereas up is the only common vertex of €3 and C2. Without loss of
generality, we may assume that x,, > x,,. Note that there exist two neighbors in V2, say y1 and y2,

of up. Set G” := G — {upy1, upy2} + {uoy1, uoy2}. It is easy to see that G’ € % k. By Lemma 2.1 we

have q;(G”) > q1(G), a contradiction.
This completes the proof of Claim 1. O

Claim 2. Any three cycles contained in G have exactly one common vertex.

Proof. It is the direct consequence of Claim 1. In fact, assume that in G there exist three cycles, say
!, €% and C3, such that they have no vertex in common. By Claim 1, we have in G that Vo1 N Ve #
@, Var NV # @B and Ve N Vs # @ Hence, it is easy to check that there exist two cycles in G that
have common edge(s), a contradiction to the assumption of G. O

By Claims 1 and 2, we know that all of the cycles contained in G have exactly one common vertex,
say uo, i.e., G is a bundle. By Claims 1 and 2 we also know that the graph in %, ; having the largest
signless Laplacian index is a bundle with some pendant trees attached.

Next we are to show that if G contains a pendant tree T, then T is attached to the vertex ug of G.

Claim 3. Any tree T of graph G is attached to the common vertex ug of all cycles of the bundle.

Proof. Assume, to the contrary, that there exists a tree T attached to a vertex u on a cycle C of G with
u # ug. Letyq, y2, ..., y¢ be all of the neighbors of vertex u in T.

If x4y > xy, let G = G — {uy1, uya, ..., uye} + {uoy1, uoya, - - ., ugyt}; otherwise, let G” =
G — {ugyly € N(ug)\Vc} + {uyly € N(vp)\Vc}. It is straightforward to check that G = G” and
G’ € k. By Lemma 2.1, we have q1(G") > ¢1(G), a contradiction. O

We further prove the following claim.

Claim 4. Let T be the tree attached to the common vertex ug of all the cycles contained in G, then for any
u € Vr\{ug} we have d(u) < 2.

Proof. In the opposite case, there exists a vertex u in Vr\{up} such that d(u) > 3. Let N, denote the
set of all neighbors of u in T such that d(ug, v) = d(ug, u) + 1 for each v € N,,.. For convenience, let vg
be in Ny.

If x4y > xy, thenlet G = G — {uv|v € Ny\{vo}} + {uovlv € Ny\{vo}}; If x4, < X, choose a
neighbor in some cycle, say y, of ug and set G” = G — {ugy} + {uy}. It is straightforward to check that
G, G’ € %y k. By Lemma 2.1, we have q;(G') > q1(G) and q1(G”) > ¢1(G), a contradiction. O

Now we come back to complete the proof of Theorem 3.1. By Claim 4, Lemmas 2.4 and 2.5, we
conclude that there exists at most one vertex, say u, of degree 2 in the attached tree such that u is the
neighbor of vertex ug. By Lemmas 2.6 and 2.7, the lengths of all cycles in G are 3 or 4, and at most one
of them is of length 4. By Lemma 2.8, G cannot contain both a cycle of length 4 and a vertex u (# ug) of
degree 2 in the attached tree. Hence, ifn —k = 1 (mod 2), then G = C!(n, k) (see Fig.7); ifn—k = 0
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Fig. 8. Graphs C' (n) and C?(n).

(mod 2), then G = C?(n, k) or, C3(n, k), where C?(n, k) and C3(n, k) are depicted in Fig. 7. And by
Lemma 2.9, we know that q; (C?(n, k) > q1(C3(n, k)). So, G = C?(n, k) whenn — k = 0 (mod 2).
By direct computing (one may also refer to the Appendix) we have

n+k—3 n—k—3

Y mk)=x—-1) 2 (x—3) 2 [x —(k+6)x*—(n—4k—12)x+n—k—7] (3.1)

and

n+k

UM k) = (x— 1) 3x—3)"7 21 = (k+ 9)x* — (n — Tk — 32)x°3

(3.2)
+ (4n — 14k — 54)x2 — (4n — 7k — 40)x +n — k — 8].

It is easy to see that Cs is a proper subgraph of C'(n, k) (resp. C2(n, k)). Note that q;(C3) = 4,
hence g1 (C!(n, k)) > 4and q;(C?(n, k)) > 4.Whence, q;(C'(n, k)) is the largest root of the equation
x> — (k+6)x*> — (n — 4k — 12)x +n — k — 7 = 0 and q; (C?(n, k)) is the largest root of the equation
x> — (k+9)x* — (n — 7k — 32)x> + (4n — 14k — 54)x*> — (4n — 7Tk — 40)x +n — k — 8 = 0.

This completes the proof of Theorem 3.1. [

Denote by %, the set of all connected cacti with n vertices. Let C! (n) and C?(n) be the bundles with
n vertices as depicted in Fig. 8.

Theorem 3.2. Let G be a graph in ¢,. Then

(i) q1(G) < styan=3 V24"_3for odd n, and the equality holds if and only if G = C!(n), where C (n) is depicted

in Fig. 8.
(ii) qq (Gg) < q1(C%(n)) for even n, and the equality holds if and only if G = C?(n), where C%(n) is
depicted in Fig. 8 and q; (C%(n)) is the largest root of the equation x> — 7x* — (n — 16)x+n—8 = 0.

Proof. By Lemma 2.2, we get
a1(C'(n, k+2)) < q1(C'(n, k), q1(C*(n, k+2)) < q1(C*(n, k)

for k > 0. Hence, if n is odd, then C' (n, k) is a spanning subgraph of C' (n): if n is even, then C%(n, k)
is a spanning subgraph of C2(n). By Lemma 2.2 and Theorem 3.1, we get

G1(C'(n, k) < qi(C'(n,k—2)) <+ < q1(C'(n,2)) < q1(C' (n))
and
q1(C*(n, k) < q1(C*(n, k—2)) < -+ < q1(C*(n,3)) < 1 (C*(n)).
By direct computing, we have
VM), =x-1)"T x=3)T W@ —5x—n+7)
and

(M), ) = (x—1)"T (x—3)"T [x* — 78 — (n— 16)x +n — 8].
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Note that Cs is a proper subgraph of C' (n) and C?(n), hence gq; (C' (n)) > ¢1(C3) = 4and q;(C?>(n)) >
q1(C3) = 4. Therefore, q;(C'(n)) = stdn—3 V24"73 and g7 (C?(n)) is the largest root of the equation

X —7x* —(n—16)x+n—8=0.
This completes the proof. [J

At last, based on the results obtained as above, we determine the sharp upper bound for the signless
Laplacian index of cacti with a perfect matching. Let %5 be the set of all 2k-vertex cacti with a perfect
matching.

Based on Theorem 3.2, we get

Theorem 3.3. Let G be a graph in %y. Then q1(G) < qq1(C%(2k)), and the equality holds if and only if
G = C%(2k), where g (C%(2k)) is the largest root of the equation x> — 7x*> — (2k — 16)x + 2k — 8 = 0..

It is natural to consider the question: Let %7 be the set of all n-vertex cacti with matching number

m. How to determine the graph in %;’ﬁ which attains the maximal signless Laplacian index? Here we
pose the following conjecture.

Conjecture 3.4. Let G be a graph in 4". Then

(i) ifn = 2m + 1, then q1(G) < ERRVA V24"73, and the equality holds if and only if G = C'(n), where
c! (néls depicted in Fig. 8. . ‘ _ _
(ii) lfn 2m + 2, then q1(G) < q1(C' (n,n — 2m + 1)), and the equality holds if and only if
= C1 (n,n—2m+1), Where q1(CY(n, n — 2m+ 1)) is the largest root of the equation x> — (n —
2m+7)x2+(3n—8m+8)x+2m—8=o.

Appendix

We shall prove Egs. (3.1) and (3.2) in what follows. In order to obtain our results, we need the
following Propositions which are obtained by Hou and the first author of the current paper in [20]. We
give their proofs here for the sake of completeness. Assume that G is a graph with v € Vg, let Q,(G)
denote the principal submatrix of Q (G) by deleting the row and column corresponding to the vertex v.

Proposition 1 [20]. Let G = Gqu : vG; be the graph obtained from two disjoint graphs Gy and G, by
joining a vertex u of graph G1 to a vertex v of the graph G, by an edge. Then

¥ (6) = ¥ (G (G2) — ¥ (GDY(Q(G2)) — ¥ (G2) ¥ (Qu(Gr))-

Proof. Let Q(GY) (resp. Q(G3)) be the principal submatrix obtained by deleting the row and column
corresponding to vertex v (resp. u) from Q (Giu : v) (resp. Q(Gyv : u)), where Giu : v (resp. GV : u)is
the graph formed from Gy (resp. G, ) by joining a new pendant vertex v (resp. u) to u (resp. v). Without
loss of generality, we may assume that

Q(G) = Q(ST) EH )
By QG)

where Eyj is the |V, | X |V, | matrix whose only non-zero entry is 1 in position (1, 1).
By Laplace Theorem for determinants, we have

V(G) = Y (CDVY(G) — ¥ (Qu(G)) Y (Q(G2). (a1)



4408 S. Li, M. Zhang / Linear Algebra and its Applications 436 (2012) 4400-4411

Note that ¥ (G}) = ¥ (G1) — ¥ (Qu(G1)) and ¥ (G5) = ¥ (G2) — ¥ (Qy(Gy)), hence in view of (a.1),

we have

V(6) = ¥ (G (G2) — ¥ (GDY(Q(G2)) — ¥ (G2) ¥ (Qu(Gr)),

as desired. O

Proposition 2 [20]. Let G be an n-vertex connected graph consisting of a subgraph H (with at least two
vertices) and n — |Vy| distinct pendant edges (not in H) attaching to a vertex v in H. Then

¥ (6) = (x = D" iy (H) — (n = [V Dx(x — D"y @ (H)).
Proof. Let m = n — |Vy|. We prove the proposition by induction on m.

When m = 1, there is one pendant edge (not in H) attached to v, denoted as vv{. We regard G as a
connected sum of an isolated vertex v; and H at v. By Proposition 1, we have

v (G) =xy(H) — Y (H) —x¢(QH) = x — DY (H) —xy(Q(H)).

Suppose the result holds form — 1. Forn — |Vy| = m > 2, let the pendant edges (not in H) attached

tovbevvy, ..., vy, We regard G as a connected sum of an isolated vertex v, and H' at v, where H’
is the graph obtained from H by attaching m — 1 pendant edges vvy, ..., vvy_1. Then by Proposition
1, we have

¥(G) = (x = DY (H) — xy(Qu(H)). (a2)
Moreover, by the inductive hypothesis, we have

Y(H) = x = D" Y (H) — (m— Dxx — D)"Y (Q(H)). (a.3)
On the other hand,

Y(QH)) = (x— D" Y (Qu(H)). (a4)

In view of (a.2)-(a.4), we have

Y(G) = (x — D™P(H) — mx(x — D™ 'y (Qu(H)),
as required. O

The proof of Eq. (3.1). By Proposition 2, we have

Y (C(n, k) = x — DX (C (n — k) — kx(x — DTy (Qu(Cl (n — k))), (a.5)

where C! (n—k) is depicted in Fig. 8.In order to complete the proof, it suffices to determine v/ (C' (n—k))
and ¥ (Q,(C' (n — k))).

Note that
n—k—111---11
1 21---00
1 12---00

Q(C'(n — k) = : SRS I

1 00--- 21
1 00---12
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hence
x—mn—-k—-1) -1 -1 —-1-.- -1 -1
-1 Xx—2 -1 0 -~ 0 0
-1 -1 x—=20 --- 0 0
Y(C'(n—k)) = : : oo Dol (a.6)
-1 0 0 0 -~ 0 0
-1 0 - x—2 —1
-1 0 0 0 --- —1 x—2

For convenience, let ¥ (C' (n — k)) = B,_. Consider the last two rows of ¥ (C' (n — k)) in (a.6), there
are just three non-zero sub-determinants:

—1x—2 -1 -1 x—2 —1 5
M = =x—1, M = = —(X—]), Ms = = x"—4x+3.
-1 -1 —1x—2 -1 x—2
Hence, we obtain w(C1 (n —k)) = M1A1 + M»A, + M3As, where A; is the cofactor of M;, i = 1, 2, 3,
ie.,
-1 -1 -1 -1 -1
x—2 -1 0 0 0
| 1 x=2-- 0 0 0 s
Ay = (=131 o _ = —ax+3) 2,
0 x—2 —1 0
0 0 -1 x—2 0
-1 -1 -1 -1 -1
x—2 —1 0 0 0
-1 x=2- 0 0 o0 s
Ay = (—1)3"3k] o , = —ax+3) 2
0 o ---x—2 -1 0
0 o --- —1 x—2 0
andA3 = Bn—k—2~
Combine with
x—2 —1 -1
B3=| -1 x—2 —1|=x—4)x—1)>

-1 -1 x-2

we have

Y (M —K) =By = (x— 1) —ax+3)" 2 (% —5x+ 7 —n+k). (a7)
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On the other hand, we have

210---00
120---00
002---00
Q, (C'(n— k) = ,
.00
000---21
000---12
Therefore,
x—2 —1 0 0
-1 x—=2--- 0
Y@=l =] 1 i .| =@—ax+3) (a.8)
0 0 -~ x—2 —1
0 o -+ -1 x—-2

By (a.5), (a.7) and (a.8), our result follows immediately. [J

The proof of Eq. (3.2). In C%(n, k) delete the k — 1 pendent vertices each of which is adjacent to vy (see Fig. 7),
denote the resultant graph by H. For convenience, let u be the vertex of degree 2 on the pendent path of H. By
Proposition 2, we get

Y(Cn, k) = (x — DY (H) — (k— Dx(x — D29 (Qy, (H)). (a.9)

In order to complete the proof, it suffices to determine v (H) and ¥ (Qy, (H)). In fact, in view of Propositions 1
and 2, we have

Y(H) = Y (C(n—k— 1) (P) — Y (C'(n—k — 1D)P(Qu(P2)) — ¥ (PP (Qu (C'(n — k — 1))
=@ =3+ DY —k—1) —x(x = 2P (Qy, (C' (0 —k—1)))
— DY (M —k—1)) —x(x—2) (% —dx +3)" 7
SR D=1 —4x+3) T =5k T—ntk+1)
—x(x — 2)(x2 — 4x+3)"72ﬂ
= =9 — (n—k—29)x% + 3n—3k—35)x — (n—k—8)](x—3)" T (x— 1)

(a.10)

On the other hand,

|
_
*
I
_
o
o
o o o o
o o o o

V@QuH)=| 0 0 -1 x—2.. ==+ 1) —4x+3)T 1 (a1

0 0 0 0o - x—-2 -1
0 0 0 0o -+ =1 x-—2

In view of (a.9)-(a.11), our result follows immediately. []
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