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Abstract

We consider the problem of finding a function defined on (0, co0) from a countable set of values of its Laplace transform.
The problem is severely ill-posed. We shall use the expansion of the function in a series of Laguerre polynomials to convert the
problem in an analytic interpolation problem. Then, using the coefficients of Lagrange polynomials we shall construct a stable
approximation solution. Error estimate is given. Numerical results are produced.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Let L% (0, 00) be the space of real Lebesgue measurable functions defined on (0, 0o) such that

o0
2 _
||f||%2 E/|f(x)| e " dx < oo.
P
0
This is a Hilbert space corresponding to the inner product

(frg) = / FO)g()e" dx.
0
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We consider the problem of recovering a function f € L% (0, co) satisfying the equations

]

Lf(p)) = / P f () dx = (DIL)
0

where p; € (0,00), j=1,2,3,....
Generally, we have the classical problem of finding a function f(x) from its given image g(p) satisfying

]

Lf(p) Efe_”)‘f(ﬁc)dx =g(p), (1
0

where p is in a subset w of the complex plane. We note that £ f(p) is usually an analytic function on a half plane
{Re p > «} for an appropriate real number «. Frequently, the image of a Laplace transform is known only on a
subset w of the right half plane {Re p > «}. Depending on the set w, we shall have appropriate methods to construct
the function f from the values in the set

{Lf(p): pew).

Hence, there are no universal methods of inversion of the Laplace transform.

If the data g(p) is given as a function on a line (—ico 4+ a, +ico +a) (i.e., w={p: p=a+iy, y € R}) on the
complex plane then we can use the Bromwich inversion formula [26, p. 67] to find the function f(x).

If o C {p € R: p > 0} then we have the problem of real inverse Laplace transform. The right-hand side is known
only on (0, co) or a subset of (0, c0). In this case, the use of the Bromwich formula is therefore not feasible. The
literature on the subject is impressed in both theoretical and computational aspects (see, e.g., [2,3,10,16,18,22]). In
fact, if the data g(p) is given exactly then, by the analyticity of g, we have many inversion formulas (see, e.g., [3,7,8,
20,21,23]). In [3], the author approximate the function f by

N
FO =) bi@yd (e g(e"))/dx*
k=0
where by (a) are calculated and tabulated regularization coefficients and g is the given Laplace transform of f. Another
method is developed by Saitoh and his group [4,5,20,21], where the function f is approximated by integrals having
the form

e¢]

uy(t) :/g(s)e_‘”PN(st)ds, N=12,...,
0
where Py is known (see [5]). Using the Saitoh formula, we can get directly error estimates.

However, in the case of inexact data, we have a severely trouble by the ill-posedness of the problem. In fact, a
solution corresponding to the inexact data do not exist if the data is non-smooth, and in the case of existence, these
do not depend continuously on the given data (that are represented by the right-hand side of the equalities). Hence, a
regularization method is in order. In [7], the authors used the Tikhonov method to regularize the problem. In fact, in
this method, we can approximate uo by functions ug satisfying

Bug + L Lug=L*g, B>0.

Since L is self-adjoint (cf. [7]), the latter equation can be written as

o0 o0
ﬂug—i—/ L;/:(_St) ds=/e_Stg(s)ds.
0 0

The latter problem is well-posed.
Although the inverse Laplace transform has a rich literature, the papers devoted to the problem with discrete data
are scarce. In fact, from the analyticity of L f(p), if £f(p) is known on a countable subset of @ C {Re p > «}
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accumulating at a point then £ f(p) is known on the whole {Re p > «}. Hence, generally, a set of discrete data is
enough for constructing an approximation function of f. It is a moment problem. In [15], the authors presented some
theorems on the stabilization of the inverse Laplace transform. The Laplace image is measured at N points to within
some error €. This is achieved by proving parallel stabilization results for a related Hausdorff moment problem. For
a construction of an approximate solution of (DIL), we note that the sequence of functions (e~7/%) is (algebraically)
linear independent and moreover the vector space generated by the latter sequence is dense in L2(0, 0o). The method
of truncated expansion as presented in [6, Section 2.1] is applicable and we refer the reader to this reference for full
details. In [11,13], the authors convert (DIL) into a moment problem of finding a function in L2(O, 1) and, then, they
use Muntz polynomials to construct an approximation for f.

Now, in the present paper, we shall convert (DIL) to an analytic interpolation problem on the Hardy space of the
unit disk. After that, we shall use Laguerre polynomials and coefficients of Lagrange polynomials to construct the
function f. An approximation corresponding to the non-exact data and error estimate will be given.

The remainder of the paper divided into two sections. In Section 2, we convert our problem into an interpolation
one and give a uniqueness result. In Section 3, we shall give two regularization results in the cases of exact data and
non-exact data. Numerical comparisons with exact solution are given in the last section.

2. A uniqueness result
In this paper we shall use Laguerre polynomials

et d' , _
La() = (74",

We note that {L, } is a sequence of orthonormal polynomials on L% (0, 00). We note that (see, e.g., [1], [9, p. 67])

exp(zx_—zl>(1 -7 l= ZOL"(X)ZH'

Hence, if we have the expansion

fO) =) ayLy(x)

n—0
then

/f(x) exp(zx_—zl)(l —) e dx = Zoanz”.
0 n=

It follows that

00 o0 X

Y and" =/f(x)eXp(—>(1 —2 "dx.
z—1

n=0 0

Put @f(z) =Y oo ganz", aj=1—1/p;, one has
Of(aj)=pjm;,

i.e., we have an interpolation problem of finding an analytic function @ f in the Hardy space H>(U). Here, we denote
by U the unit disk of the complex plane and by H?(U) the Hardy space. In fact, we recall that H2(U) is the space of
all functions ¢ analytic in U and if, ¢ € H 2(U) has the expansion ¢ (z) = Z/fio agz* then

2
e 1 ‘
198y = ol = Z/we“’)!zde.
k=0 0

We can verify directly that the linear operator @ is an isometry from Lf) onto H>(U). In fact, we have
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Lemma 1. Let f € L% (0, 00). Then L f (z) is analytic on {z € C|Rez > 1/2}. If we have an expansion

00
f= ZanLn
n=0

then one has @ f € H2(U) and

]

||Q>f||§12(U) = Z |an|2 = ”f"i%(o,oo)'
n=0

Moreover, if we have in addition that \/x f' € L% then

o0
2 2
> nlan® < IVA I, -

n=0

Proof. Putting F,(t) = e~% f(t), we have F, € L?(0, 0o) for every Rez > 1/2. Hence L f(z) = fooo F,(t)dt is ana-
lytic for Re z > 1/2. From the definitions of L% (0, 00) and H%(U), we have the isometry equality. Now we prove the
second inequalities. We first consider the case f/, f” in the space

B = {g Lebesgue measurable on (0, 00) | v/xg € L7 (0, 00)}.

We have the expansion

00
f= ZanLn
n=0

where a, = (f, L,).
The function y = L, satisfies the following equation (see [17])

xy"+ (1 =x)y' +ny=0
which gives

(xe_xy’)/ +nye " =0.
It follows that

nay =ff(x)nLn(x)e_x dx=—ff(x)(xe_xLﬁl(x))/dx=ff/(x)xe_xL;(x)dx
0 0

0
== /(f/(X)xefx)/Ln(X)dx =— /(Xf”(x) + 1) = xf' ) La()e " dx = —(xf" + f' = xf', Ln).
0 0

Since L, is an orthonormal basis, we have the Fourier expansion

oo
xf'+ f =xf'=) (—nay)Ly.
n=0
Using the Parseval equality we have
o
xf"+ f = xf f) =) (—nap)ay.
n=0
It can be rewritten as

e [e'e)

/(xe—Xf’(x))’f(x)dx =—) naj.

0 n=0



1306 T'N. Lien et al. / J. Math. Anal. Appl. 337 (2008) 1302-1314

Integrating by parts, we get

[e¢]

/xe_x|f’(x)|2dx = Znaﬁ.

0 n=0

Now, for f’ € B we choose (f) such that f/, f{’ € B for every k =1,2,... and /x f; (respectively fi) — /xf’
(respectively f)in Lf) as k — oo. Assume that

00
Jie= ZaknLn

n=0

Then we have

e¢]

/xe_x|fk’(x)}2dx = Zna,%n.

0 n=0

The latter equality involves for every N

Z”akn |‘/_kaL2(O 00)" (2)

Since fr — f in L% as k — oo we have that ai, — a, as k — oo, for each n. On the other hand, we have
Vxfi— Jxf'in L% as k — oo. Therefore, letting k — oo in (2) we get

N
> nn SIVEF 320,000
n=0

Letting N — oo in the latter inequality, we get the desired inequality. O
Using Lemma 1, one has a uniqueness result

Theorem 1. Let p; > 1/2 forevery j =1,2,....If

Yoy P

pj>1pj 1/2<pj<1 Pj

then Problem (DIL) has at most one solution in L% (0, 00).

Proof. Let fi, f2 € L% (0, 00) be two solutions of (DIL). Putting g = f — f» then g € L2(0, 00) and Lg(p;) =0. It

follows that @g(1 —1/p;) =0, j=1,2,.... It follows that «; =1 — 1/p; are zeros of ®g. We have Pg € H%(U)
and

]

(1— 1) Z—+ >

j=1 pj>lpj 1/2<pj<1 pj

Hence we get @g =0 (see, e.g., [19, p. 308]). It follows that g = 0. This completes the proof of Theorem 1. O
3. Regularization and error estimates

In the section, we assume that (p;) is a bounded sequence, p; # py for every j # k. Without loss of generality, we
shall assume that p = 1 is an accumulation point of p;. In fact, if p; has an accumulation point pg > 1 then, by putting
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f(x) = e~ (P~ £(x) and p; = pj — po + 1, we can transform the problem to the one of finding fe L%(O, 00) such
that

o
/e‘f’ﬁ'xf(x)dx —pu; j=1.2,...,
0
in which p} has the accumulation point p = 1. In fact, in Theorem 2 below, we shall assume that |1 — #| < o for
J
every j =1,2,..., where o is a given number.
We denote by E,((m)(v) the coefficient of z in the expansion of the Lagrange polynomial L,, (v) (v = (vy,...,Vp))
of degree (at most) m — 1 satisfying
LnW) (@) =w, 1<k<m,

where zx = ai. If ¢ is an analytic function on U, we also denote
Lin(@) = Ln(p 1), ..., P (m)).

We define
Lhwm@= Y "

0<k<<O(m—1)

The polynomial L (v) is called a truncated Lagrange polynomial (see also [25]). For every g € Lf) (0, 00), we put

Tng = (P1LE(P1), ... PnL8(Pn)),
Tg=(p1Lg(p1)..... PnL8(pn),...) €L,
Here, we recall that o, = 1 — 1/ p,,. We shall approximate the function f by

Fn=07'LTuf)= Y " (Tuf)Lt.
0<k<O(m—1)

We shall prove that F;, is an approximation of f. Before stating and proving the main results, some remarks are in
order.

We first recall the concept of regularization. Let f be an exact solution of (DIL), we recall that a sequence of linear
operator A, : {>*° — L% (0, 00) is a regularization sequence (or a regularizer) of Problem (DIL) if (A,) satisfies two
following conditions (see, e.g., [14, p. 25])

(R1) Foreach n, A, is bounded,
(R2) limy— o0 |An(Tf) — fII =0.

[T}

The number “n” is called the regularization parameter. As a consequence of (R1), (R2), we can get

(R3) For € > 0, there exists the functions n(¢) and &(¢) such that lim¢_,gn(e) = oo, lim_, ¢ 8(¢) = 0 and that

| Ane) (10) = f|| < 8(e)
for every p € £°° such that | — Tf |00 < €.

In the present paper, the operator A, is CD_]Lfn. The number € is the error between the exact data 7f and the
measured data p. For a given error €, there are infinitely many ways of choosing the regularization parameter n(€). In
the present paper, we give an explicit form of n(€).

Next, in our paper, we have the interpolation problem of reconstruction the analytic function ¢ = @f € H>(U)
from a sequence of its values (¢ («,)). As known, the convergence of L,,(¢) to ¢ depends heavily on the properties
of the points (o, ). The Kalmar—Walsh theorem (see, e.g., [12, p. 65]) shows that L,, (¢) — ¢ for every ¢ in C (U) for
all ¢ analytic in a neighborhood of U if and only if (a,) is uniformly distributed in U, i.e.,

m— 00 ‘Z|<]

lim amax|(z—a1)---(z—am)| =1



1308 T'N. Lien et al. / J. Math. Anal. Appl. 337 (2008) 1302-1314

The Fejer points and the Fekete points are the sequences of points satisfying the latter condition (see [12, p. 67]). The
Kalméar—Walsh fails if C(U) is replaced by H>(U) (see [25] for a counterexample). Hence, the Lagrange polynomial
cannot use to reconstruct ¢. In [12], we proved a theorem similar to the Kalmar—Walsh theorem for the case of H>(U).
In fact, the Lagrange polynomials will convergence if we “cut off” some terms of the Lagrange polynomial. Especially,
in [12] and the present paper, the points (¢,) are, in general, not uniformly distributed.

In Theorem 2, we shall verify the condition (R2). More precisely, we have

Theorem 2. Let o € (0, 1/3), let f € L%(O, oo) and let p; > 1/2 for j =1,2, ... satisfy

1
1—-—|<o.
Dj
Put 6y be the unique solution of the equation (unknown x)
zo_l—x
=1.
1—0o

Then for 6 € (0, 8y), one has
||f—Fm||i% -0 asm— oo.

If, we assume in addition that /x f' € L%(O, 00) then

2010\ 2"
IIf—FmIIi%<(1+m9)2||flli%<1_a> +—||ff 122 0,00

Proof. We have in view of Lemma 1

I =Fulip = >0 5"+ 32 lal’ 3)

0<k<O(m—1) k>0(m—1)

where 815"1) =ay — E,((m) (T, ). We shall give an estimate for 815'"). In fact, we have

m—1 [}
|9f = LT )32y = D18+ D lal?.
k=0 =

On the other hand, the Hermite representation (see, e.g., [12, p. 59], [24]) gives

1 o (2)(@f)(£)dg
P - Lm Tm = o .
JO= b DO =55 f om(©)(E —2)
JU
where w,,(z) = (z — a1) ... (z — a). Now, if we denote by oi"f) = crf'g) =...=0and

O_O(m) — 1’

ar(m)z Z oj ., (I<r<m),

1<t <

27“ §S+1wm(§)

then we can write in view of the Hermite representation

Df(z2) = Lin(Tnf)(2) = 21}3 1y o™ m)

k=0
From the latter representation one gets

8" = }:(1y‘m B, 0<k<m—1.
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Now, by direct computation, one has

L 105 @)
m| < L ¢
1< 57 | Tt
0
But one has
|0 ()] = (] = leal) ... ("] = laml) = (1 =)™
Hence
2
B < g [ 107()]d0 <107 a1 = )7
0

We also have
|a,£l"i)r| <o™TC, < o™ kom,

where C fn = k,(mm—lk), Hence, we have

5| < (14 mo 2077\"
5[ < A+mO)fll )

From the latter inequality, one has in view of (3)

_ 2 [ee]
_ 2~ 20 £112 20170\ 2
If = Fullzs <A+mO?Nfl3( T ) + 2 el

k>=mo

For 6 € (0, 6p), one has

20_1—0 20,1—90
0< < =
1—0 1—0

Hence, we have

lim [|f — Fl, =0
m—00 P

1309

as desired, since, on the one hand, we have the comparison between an exponential with base b < 1 and a power

function and, in the other hand, the remain of a convergent series Z;fio lak|?.
Now if /x f' € L%(O, 00) then one has since % > 1 and from Lemma 1

> [eas 1
2 2 2
Dl < — 3 Kla? < — IVx £l
k>mo k=0

This completes the proof of Theorem 2. O

Now, we consider the case of non-exact data. In Theorem 3, we shall consider the condition (R3) of the definition

of the regularization. Put

W (2) )
(z— an)w;n (an) ’

Let ¢ : [0, 00) — R be an increasing function satisfying

I//(m)>mDM7 m=1,2,...,

D,, = max | max
I<n<m \ lzISR

and

mee)=[w ()] -1

where [x] is the greatest integer < x.
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Theorem 3. Let o € (0,1/3), let f, /xf' € L%(O, oo) and let pj > 1/2 for j =1,2, ... satisfy

1
l1——|<o.
Dj
Put 6y be the unique solution of the equation (unknown x)
20 1—x
=1.
1—0o

Let € > 0 and let (/L;) be a measured data of (L f (p;)) satisfying

sup|p; (Lf(pj) — us)| <e.

j
Then for 6 € (0, 8y), one has
) , 2o 10 2m<s) >
| f =7 L8 o (v) |12 <2(1+m(e)) I f112, <—> ——S VxS I, + 262,
o P\ 1—0o m(e)d

where v; =pju;f0rj =1,2,....

Proof. We note that

m

Ln(T )(@) — L (v) ) = Y _(pjmej — v5)

j=1

wm (2)

(z— a])w (Ol/)
It follows that

1L (T ) = Ln (v€) | o, < €MD
Hence

120 T ) = L5 ) 2y < LT f) = Ln (v°) || o < €m D
It follows by the isometry property of @

[ =@ L, () | <21 = Full}y +2[ @7 Loy (T ) = 7' L5, () |5

22 (20702 2 2 212
<2(1 +m0) ||f||Lz< ) +—||\/;f/||Lz +2e“m”Dj,.
o\1—0o mo b

By choosing m = m(e) we get the desired result. O
4. Numerical results

We present some results of numerical comparison between the function f(x) given in L?,(O, 00) and its approxi-
mated form F;, as it is stated in Theorem 2.
First consider the function f(x) = e~ and its expansion in Laguerre series

1
=) S, )

n>=0

So in the Hardy space H>(U), we have to interpolate the analytic function

1 1
@f(x)zzﬁxnz 7 (5)

n=0

by the Lagrange polynomial L,, (T, f), interpolation defined by

L (T f)(l - pi> b / e Pre gy = L ©)
0

i Pi+1

where p; — 1 asi — oo.
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f(x)=exp(-x)

approx. function
exact function

O —
_1 1 1 1 1 1 1 1
-2 -15 -1 -0.5 0 0.5 1 15
X
Fig. 1.
f(x)=exp(-x)
30 T T T T T T T
——  approx. function
exact function
25
20+
15+
10+
5 =
0
-2
X

1311
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f(x)=exp(x/4)

20

18

14|

>10+

approx. function
exact function

-2

f(x)=exp(x/4)

20

10

T

T

approx. function
exact function
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On the interval (—1.8,41.8) we have drawn in Fig. 1 the curves ¢~ and its approximation L, (T, f)(x) for

m = 10. If m = 12 there is divergence for our interpolation (Fig. 2) outside the interval (—1, +1).
In our 2nd example we have chosen the function

4 -1\"
f=ett=2 Z<7> Ly(x). ()
n=>0
In the Hardy space the function

4 —x\" 4
o10=33(5) =515

n>=0

is approximated by the Lagrange polynomial L,, (T, f) at the points (1 — L —dpi

o l_41’71_),[),- —lasi — o0.
Figure 3 (respectively Fig. 4) shows the quite good convergence (respectively divergence) on the interval
(—2.8,2.8) with m =4 (respectively m = 11).
In both cases we have chosen 8y = 0.29 with o = 0.25 (6y given by % =1,0<o0 < %). So in the 2nd case the
truncated Lagrange polynomial is almost verified since 11 x 0.29 ~ 3.2.
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