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The free vibration and stability of axially functionally graded tapered Euler–Bernoulli
beams are studied through solving the governing differential equations of motion. Observ-
ing the fact that the conventional differential transform method (DTM) does not necessar-
ily converge to satisfactory results, a new approach based on DTM called differential
transform element method (DTEM) is introduced which considerably improves the conver-
gence rate of the method. In addition to DTEM, differential quadrature element method of
lowest-order (DQEL) is used to solve the governing differential equation, as well. Carrying
out several numerical examples, the competency of DQEL and DTEM in determination of
free longitudinal and free transverse frequencies and critical buckling load of tapered
Euler–Bernoulli beams made of axially functionally graded materials is verified.

� 2011 Elsevier Inc. All rights reserved.
1. Introduction

With the increasing demands in modern technologies, it seems that the conventional homogeneous materials no longer
can efficiently meet the needs of industries; thus new advanced materials with special mechanical characteristics should be
fabricated. Functionally graded (FG) materials are one of these advanced materials which have attracted great attention from
researchers and engineers due to their unique properties such as thermal resistance, high toughness, and low density [1]. A
useful review of the studies on FG materials could be found in the book by Suresh and Mortensen [2]. Reviewing the liter-
ature on FG materials, it is understood that the literature is mostly dedicated to analysis of plates and shells made of FG
materials and relatively few research works have been carried out on FG beams. Moreover, most of the research works
on FG beams are devoted to certain types of FG beams with material properties varying thickwise [3–7] and very few studies
exist on FG beams with material gradation along the beam axis. Most of the works on axially FG beams revolve around appli-
cation of semi-inverse method [8–14]. Singh and Li [15] studied the stability of axially FG tapered beams through modeling
non-prismatic beams as an assemblage of several uniform segments and solving a transcendental equation to determine the
critical buckling load. Huang and Li [16] studied free vibration of non-uniform axially FG beams by transforming the govern-
ing differential equation to Fredholm integral equations. Very recently, Shahba et al. [17,18] and Alshorbagy et al. [19] used
finite element method to study the structural behavior of axially FG beams.

Non-prismatic beams i.e. beams with continuous or abrupt changes in cross-sectional profile along the beam axis have
been extensively used in many mechanical and civil engineering structures such as turbine and helicopter blades, aircraft
structures and bridges. Non-prismatic beams have two particular specifications which have made them appealing to the
. All rights reserved.
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engineers including the ability to meet aesthetic architectural needs and the capability to optimize weight and strength.
Although fabrication of tapered members is costly, it seems that the use of these members in industries where the light-
weight structures with good stiffness are crucially required is economical such as large space structures and automotive
industry [20]. The complexity in analysis of tapered beams lies in the presence of variable coefficients in the governing dif-
ferential equation introduced by variable cross-sectional area and moment of inertia. Due to the presence of these variable
coefficients, exact solutions are generally unavailable except for some special cases [20–24]. Therefore, several numerical
methods have been used to analyze non-prismatic beams such as finite element method [25–29], Frobenius method
[30,31], differential transform method [32–37] and differential quadrature method [38–45].

The analysis of axially FG tapered beams is even more complicated than the homogeneous tapered beams since the vary-
ing properties of the material add up to the previously variable coefficients in the governing differential equation. Conse-
quently the application of numerical techniques seems to be inevitable. In this paper, two numerical methods including
differential transform element method (DTEM) and differential quadrature element method of lowest order (DQEL) are used
to solve the governing differential equations for free longitudinal vibration of bars and free transverse vibration of beams.
The two proposed methods do not pose any restrictions on both the type of material gradation and the variation of the
cross-sectional profile; hence they could cover most the engineering problems dealing with axially FG tapered beams.

2. Governing differential equations

The governing differential equation for free longitudinal vibration of axially FG bars reads as
d
dx

EðxÞAðxÞdu
dx

� �
þ qðxÞAðxÞx2

L u ¼ 0 ð1Þ
in which E and q are respectively the modulus of elasticity and mass density which are functions of longitudinal coordinate x
to account for the material gradation, A is the cross-sectional area, xL is the longitudinal natural frequency and u is the axial
deformation. Moreover, the axial force N is given by
NðxÞ ¼ EðxÞAðxÞ du
dx
: ð2Þ
Based on Euler–Bernoulli beam theory, the effects of shear deformation and rotary inertia are ignored; hence the govern-
ing differential equation for free transverse vibration of axially FG tapered beams subjected to a constant compressive load-
ing P reads as
d2

dx2 EðxÞIðxÞd
2w

dx2

" #
þ P

d2w

dx2 � qðxÞAðxÞx2
T w ¼ 0; ð3Þ
where I is the moment of inertia, w is the transverse displacement and xT is the transverse natural frequency. The bending
rotation angle, bending moment and shear force are respectively given by
h ¼ dw
dx

; ð4aÞ

M ¼ �EðxÞIðxÞd
2w

dx2 ; ð4bÞ

T ¼ dM
dx
þ P

dw
dx

: ð4cÞ
3. Mathematical background

In this section, the required mathematical background for better understanding of DTEM and DQEL are presented.

3.1. Differential transform method

DTEM is based on DTM; thus the theorems governing DTM are explained here and the difference between DTEM and DTM
will be elucidated later in Section 4. Solving differential equations with DTM involves two transformations including

(a) Differential transform (DT): If function f(x) is analytic in domain D; let x = x0 represent any points within the domain,
then DT of f(x) is given by
FðkÞ ¼ 1
k!

dkf

dxk

 !
x¼x0

: ð5Þ



Table 1
Properties of DT.

Original function DT

f(x) = g(x) ± h(x) FðkÞ ¼ GðkÞ � HðkÞ
f(x) = cg(x); c = cons. FðkÞ ¼ cGðkÞ
f(x) = g(x)h(x) FðkÞ ¼

Pk
i¼0Gðk� iÞHðiÞ

f ðxÞ ¼ dmgðxÞ
dxm FðkÞ ¼ ðkþ 1Þðkþ 2Þ . . . ðkþmÞGðkþmÞ

Table 2
Properties of DT for boundary conditions.

Atn
a = 0 Atn = 1

Original DT Original DT

f(0) = c Fð0Þ ¼ c f(1) = c P1
k¼0FðkÞ ¼ c

df
dn ð0Þ ¼ c Fð1Þ ¼ c df

dn ð1Þ ¼ c
P1

k¼0kFðkÞ ¼ c

d2 f
dn2 ð0Þ ¼ c 2:Fð2Þ ¼ c d2 f

dn2 ð1Þ ¼ c
P1

k¼0kðk� 1ÞFðkÞ ¼ c

d3 f
dn3 ð0Þ ¼ c 6:Fð3Þ ¼ c d3 f

dn3 ð1Þ ¼ c
P1

k¼0kðk� 1Þðk� 2ÞFðkÞ ¼ c

a n ¼ x
L ; L is length of the domain.
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(b) Inverse differential transform (IDT): IDT is known as presentation of f(x) by power series using DT of f(x) as
f ðxÞ ¼
X1
k¼0

1
k!

dkf

dxk

 !
x¼x0

ðx� x0Þk ¼
X1
k¼0

FðkÞðx� x0Þk: ð6Þ
In practical problems, Eq. (6) is replaced by a finite series as
f ðxÞ ¼
Xm

k¼0

FðkÞðx� x0Þk; ð7Þ
where m is chosen such that
P1

k¼mþ1FðkÞðx� x0Þk is negligibly small. In this paper, x0 is set to zero. Properties of differential
transform for general functions and boundary conditions are given in Tables 1 and 2, respectively.

3.2. Differential quadrature element method of lowest order

Differential quadrature method (DQM), introduced by Bellman and Casti [38], is an efficient method for solving differen-
tial equations. The basic concept of the method is that the partial derivatives of a field variable at the ith discrete point in the
computational domain can be approximated as a weighted linear sum of function values (field variables) at all of the sam-
pling points in the domain of that variable. Hence, it is possible to reduce differential equations into a set of algebraic equa-
tions using the above approximation and imposition of boundary conditions.

DQEL takes advantage of Lagrangian interpolation method. This interpolation technique is applied whether the given
points in an element are equally spaced or not. In this paper, equally spaced sampling points are considered. The shear force,
bending moment, rotation and deflection of a beam can be described approximately by Lagrangian polynomial functions, and
they are smooth functions in the sense that they can be differentiated an arbitrary number of times. Consider a polynomial of
degree (n � 1) for a variable of the beam which can be represented with a set of n values at n sampling points as
y ¼
Xn

k¼1

ukyk; ð8Þ
where uk is the shape function given by
uk ¼

Qn
i¼1

i – k
ðx� xiÞQn

i¼1
i – k
ðxk � xiÞ

: ð9Þ
The shape functions could be given in terms of non-dimensional parameter n ¼ x
L as
uk ¼

Qn
i¼1

i – k
ðn� niÞQn

i¼1
i – k
ðnk � niÞ

: ð10Þ
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Using the shape functions, one could interpolate y along the domain as
y ¼ u1 u2 u3 . . . unf gfyg; ð11Þ
where {y} is the vector containing the function values at the sampling points. Moreover, the first-order differential of y at
various sampling points is obtained as
dy
dx

���
1

dy
dx

���
2

..

.

dy
dx

���
n

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
¼ 1

L

dy
dn

���
1

dy
dn

���
2

..

.

dy
dn

���
n

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
¼ 1

L

u1;nj1 u2;nj1 � � � un;nj1
u1;nj2 u2;nj2 � � � un;nj2

..

. ..
. ..

. ..
.

u1;njn u2;njn � � � un;njn

2
6666664

3
7777775

y1

y2

..

.

yn

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
¼ 1

L
½c�fyg; ð12Þ
where uk,njj is the first derivative of the shape function uk with respect to n evaluated at jth sampling point.

4. Application of DTEM

Consider a jth order differential equation over the domain 0 6 x 6 L. In order to solve the differential equation with DTM,
firstly a recurrent relation is obtained by using the IDT of each term in the differential equation and applying the theorems
tabulated in Table 1. It is possible to express FðkÞ; k ¼ j; jþ 1; jþ 2; . . . ;m in terms of FðkÞ; k ¼ 0;1;2; . . . ; j� 1 using the
recurrent relation. At this stage, the solution of the governing differential equation is reduced to the determination of the
first jth DTs of f(x). Imposing the boundary conditions at x = 0 and x = L through the transformation rules given in Table 2,
a set of simultaneous equations is obtained. The solution of this set of equations gives the first jth DTs of f(x) i.e.
F kð Þ; k ¼ 0;1;2; . . . ; j� 1. The papers published on application of DTM in beam vibration problems [32–37] use this proce-
dure; that is, the whole domain is considered when carrying out DTM formulation and the only boundary conditions im-
posed were those at the both ends of the domain.

In order to apply DTEM, the domain is firstly divided into ne elements as shown in Fig. 1. We wish to seek the solution of
the governing differential equation in each element i.e. fi(x), i = 1,2, . . . ,ne, then the fis are assembled together to obtain the
solution in the whole domain. In order to do so, a recurrent relation is derived for each element through which
FiðkÞ; k ¼ j; jþ 1; jþ 2; . . . ;m is obtained in terms of FiðkÞ; k ¼ 0;1;2; . . . ; j� 1. In order to assemble fis, two types of boundary
conditions are imposed.

(a) Boundary conditions at the domain ends i.e. boundary conditions at nodes 1 and ne + 1,
(b) Boundary conditions at the interior nodes i.e. boundary conditions at nodes 2,3, . . . and ne.

It is worthy to note that the boundary conditions of type (b) are imposed to ensure the continuity of deformations and
equilibrium of forces within the domain.

4.1. Free longitudinal vibration

Using m(x) = q(x)A(x) and s(x) = E(x)A(x), Eq. (1) could be rewritten for the ith element as
siðfÞ
d2

df2 uiðfÞ þ
d
df

siðfÞ
d
df

uiðfÞ þmiðfÞx2
L L2

i uiðfÞ ¼ 0 ð13Þ
in which f = x/Li is the non-dimensional coordinate within the i th element. Based on Eq. (13), the following recurrent relation
is obtained using the theorems in Table 1.
Fig. 1. DTEM model (numbers in circles and beneath the beam respectively denote element and node numbers).



Table 3
Boundary conditions at rod’s both ends.

Type of boundary condition Left end Right end

Free N1(0) = 0 Nne(1) = 0
Fixed u1(0) = 0 une(1) = 0

Fig. 2. Node numbering scheme for longitudinal vibration of a beam.
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Xk

e¼0

Siðk� eÞðeþ 1Þðeþ 2ÞUiðeþ 2Þ þ
Xk

e¼0

ðk� eþ 1ÞSiðk� eþ 1Þðeþ 1ÞUiðeþ 1Þ

þx2
L L2

i

Xk

e¼0

Miðk� eÞUiðeÞ ¼ 0; k ¼ 0;1;2; . . . ð14Þ
It is possible to obtain UiðkÞ; k ¼ 2;3; . . . ;m in terms of Uið0Þ and Uið1Þ using Eq. (14); thus in each element only the first two
DT terms are unknown and need to be computed. Dividing the domain into ne equal elements, it can be readily verified that
we have generally 2ne unknowns; therefore 2ne boundary conditions should be imposed. As it has been previously ex-
plained, the boundary conditions are

(a) Boundary conditions at the rod’s both ends: Refer to Table 3.
(b) Boundary conditions at the ne � 1 interior nodes: At the i th node, two conditions should be met including
Continuity of axial deformation: ui�1(1) = ui(0),
Equilibrium of axial force: Ni�1(1) = Ni(0).

It is observed that 2 � 1 + (ne � 1) � 2 = 2ne boundary conditions are imposed. The boundary conditions could be easily
expressed in terms of DTs using the theorems given in Table 2. The imposition of boundary conditions could be given in ma-
trix form as
½A�fug ¼ 0 ð15Þ
in which fug ¼ U1ð0Þ U1ð1Þ U2ð0Þ U2ð1Þ . . . Uneð0Þ Uneð1Þ
� �T is a 2ne � 1 column vector and [A] is a 2ne � 2ne coef-

ficient matrix. Since we are looking for a non-trivial solution, the determinant of the coefficient matrix should be zero. It
gives the characteristic equation from which the longitudinal natural frequencies could be computed.

It is essential to introduce a convergence criterion. Suppose that xðmÞL is the computed longitudinal natural frequency
when m + 1 terms are used in the finite series as shown in Eq. (7). The method converges to an accurate result if [36]
xðmÞL �xðm�1Þ
L

xðmÞL

�����
����� 6 e; ð16Þ
where e is a small positive value, here e = 0.001.

4.2. Free transverse vibration

Using d(x) = E(x)I(x), Eq. (3) could be rewritten for the ith element as
diðfÞ
d4

df4 wiðfÞ þ 2
d
df

diðfÞ
d3

df3 wiðfÞ þ
d2

df2 diðfÞ
d2

df2 wiðfÞ þ PL2
i

d2

df2 wiðfÞ ¼ miðfÞx2
T L4

i wiðfÞ: ð17Þ
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Using Eq. (17) and the theorems in Table 1, the following recurrent relation is obtained.
Xk

e¼0

Diðk� eÞðeþ 1Þðeþ 2Þðeþ 3Þðeþ 4ÞWiðeþ 4Þ þ 2
Xk

e¼0

ðk� eþ 1ÞDiðk� eþ 1Þðeþ 1Þðeþ 2Þðeþ 3ÞWiðeþ 3Þ

þ
Xk

e¼0

ðk� eþ 1Þðk� eþ 2ÞDiðk� eþ 2Þðeþ 1Þðeþ 2ÞWiðeþ 2Þ þ PL2
i ðkþ 1Þðkþ 2ÞWiðkþ 2Þ

¼ x2
T L4

i

Xk

e¼0

Miðk� eÞWiðeÞ; k ¼ 0;1;2; . . . : ð18Þ
It is possible to obtain WiðkÞ; k ¼ 2;3; . . . ;m in terms of Wið0Þ; Wið1Þ; Wið2Þ and Wið3Þ using Eq. (18); therefore there are
only the first four DT terms needed to be computed in each element. Dividing the domain into ne equal elements, there will
be a total number of 4ne unknowns; therefore 4ne boundary conditions should be imposed. The boundary conditions are

(a) Boundary conditions at the beam’s both ends: Refer to Table 4.
(b) Boundary conditions at the ne � 1 interior nodes: At the ith node, four conditions should be met
Continuity of transverse deflection: wi�1(1) = wi(0).
Continuity of bending rotation angle: hi�1(1) = hi(0).
Equilibrium of bending moment: Mi�1(1) = Mi(0).
Equilibrium of shear force: Ti�1(1) = Ti(0).

In general, 2 � 2 + (ne � 1) � 4 = 4ne boundary conditions are imposed. The boundary conditions could be expressed in
matrix form as
½B�fwg ¼ 0 ð19Þ
in which fwg ¼ W1ð0Þ W1ð1Þ W1ð2Þ W1ð3Þ . . . Wneð0Þ Wneð1Þ Wneð2Þ Wneð3Þ
� �T is a 4ne � 1 column vector and

[B] is a 4ne � 4ne coefficient matrix. Setting the determinant of the coefficient matrix to zero, the characteristic equation of
the system is obtained from which the transverse natural frequencies could be determined. Moreover, it is well known that
the natural transverse frequency vanishes when the axial load equals the critical buckling load Pcr. Thus in order to calculate
the buckling load, it is adequate to set xT = 0 and solve the characteristic equation in terms of P.

5. Application of DQEL

The basic idea of DQEL is to compute the derivatives of a function at any grid point within its bounded domain by esti-
mating the weighted sum of the values of the functions at a small set of points related to the domain. In the originally de-
rived DQM, Lagrangian polynomial is used and the higher derivatives of a function are calculated and substituted in the
fourth-order governing differential equation of a beam. However in DQEL, the structural behavior of the beam is described
by four first-order equations and only the first-order derivative of Lagrangian polynomial is used to describe the behavior.
DQEL does not need the construction of an admissible function that satisfies boundary conditions a priori.

5.1. Free longitudinal vibration

The rod is divided into ne elements and each element consists of n sampling points. Refining the number of elements and
sampling points will lead to respectively h and p refinements as in finite element method.

Assuming a sinusoidal variation for axial displacement, the axial vibration of a rod could be rewritten as
r � 1
sðxÞ

0 r

" #
u

N

� �
¼ �x2

L

0 0
mðxÞ 0

� �
u

N

� �
; ð20Þ
Table 4
Boundary conditions at beam’s both ends.

Type of boundary condition Left end Right end

Free M1(0) = 0 Mne(1) = 0
T1(0) = 0 Tne(1) = 0

Clamped w1(0) = 0 wne(1) = 0
h1(0) = 0 hne(1) = 0

Hinged w1(0) = 0 wne(1) = 0
M1(0) = 0 Mne(1) = 0

Guided h1(0) = 0 hne(1) = 0
T1(0) = 0 Tne(1) = 0
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r is the first-order differential. Eq. (20) could be written for the ith element as
½C� � 1
sðxÞ

h i
½0� ½C�

" #
i

u

N

� �
i

¼ �x2
L

½0� ½0�
½mðxÞ� ½0�

� �
i

u

N

� �
i

ð21Þ
or
½D�i frgi ¼ �x2
L ½F�i frgi

2n� 2n 2n� 1 2n� 2n 2n� 1
; ð22Þ
wherer ¼ 1
Li
½c� ¼ ½C� in view of Eq. (12) and one can identify {r}i, [D]i and [F]i from Eq. (21). {u}i and {N}i are respectively the

axial displacements and the axial forces at the sampling points of the ith element; that is,
fugi ¼ uði;1Þ uði;2Þ . . . uði;nÞf gT
;

fNgi ¼ Nði;1Þ Nði;2Þ . . . Nði;nÞf gT
;

where u(i, j) and N(i, j) are respectively the axial displacement and the axial force at the jth sampling point of the ith element.
Assembling Eq. (22) for all the elements, we get
½D�1
½D�2

½D�3
½D�ne�1

½D�ne

2
6666664

3
7777775

frg1

frg2

frg3

frgne

8>>><
>>>:

9>>>=
>>>;
¼ �x2

L

½F�1
½F�2

½F�3
½F�ne�1

½F�ne

2
6666664

3
7777775

frg1

frg2

frg3

frgne

8>>><
>>>:

9>>>=
>>>;

ð23Þ
or
½D� frg ¼ �x2
L ½h� frg

2n�ne� 2n�ne 2n�ne� 1 2n�ne� 2n�ne 2n�ne� 1:
ð24Þ
Pre-multiplying Eq. (24) by [D]T, yields
½G�0frg ¼ �x2
L ½H�0frg ð25Þ
in which [G]0 = [D]T[D] and [H]0 = [D]T[h]. Similar to DTEM, boundary conditions consist of boundary conditions at the inte-
rior nodes and those at the domain ends. In the following, the imposition of these two types of boundary conditions is
explained.

5.1.1. Boundary conditions at interior nodes
Boundary conditions at the interior nodes fall into two categories including compatibility of axial displacement and equi-

librium of axial force.

5.1.1.1. Compatibility of axial displacement. In order to better explain this section, without loss of generality, it is assumed that
ne = 12 and n = 11. See Fig. 2 for the numbering scheme. The axial displacement of the 11th sampling point of the first ele-
ment is equal to the axial displacement of the first sampling point of the second element; that is,
Fig. 3. Node numbering scheme for transverse vibration of a beam.
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uð1;11Þ ¼ uð2;1Þ ð26Þ
or
uð1;11Þ � uð2;1Þ ¼ 0: ð27Þ
Introducing [G]1 as the boundary condition constraint matrix of the internal nodes, Eq. (27) could be entered in [G]1 as
G1ð1;11Þ ¼ 1; ð28aÞ
G1ð1;23Þ ¼ �1: ð28bÞ
Similarly other compatibility equations are written for the other internal nodes.

5.1.1.2. Equilibrium of axial force. The axial force at the 11th sampling point of the first element is equal to the axial force at
the first sampling point of the second element. Establishing the equilibrium for axial force at the first internal node, we get
Nð1;11Þ � Nð2;1Þ ¼ 0: ð29Þ
Eq. (29) could be included in [G]1 as
G1ð12;22Þ ¼ 1; ð30aÞ
G1ð12;34Þ ¼ �1: ð30bÞ
Incorporating the compatibility and equilibrium boundary conditions at the internal nodes, the following set of constraint
equations are obtained
½G�1 frg ¼ f0g
2ðne� 1Þ � 2n�ne 2n�ne� 1:

ð31Þ
5.1.2. Boundary conditions at domain ends
The boundary conditions at the domain ends could be written in matrix form as
½G�2 frg ¼ f0g
2� 2n�ne 2�ne� 1

ð32Þ
in which [G]2 is introduced as the boundary condition constraint matrix for the nodes on the domain ends. In the following, it
is shown how [G]2 is evaluated for clamped–clamped and clamped-free boundary conditions.
Clamped–clamped boundary condition
uð1;1Þ ¼ 0) G2ð1;1Þ ¼ 1; ð33aÞ
uð12;11Þ ¼ 0) G2ð2;253Þ ¼ 1: ð33bÞ
Clamped-free boundary condition
uð1;1Þ ¼ 0) G2ð1;1Þ ¼ 1; ð34aÞ
Nð12;11Þ ¼ 0) G2ð2;264Þ ¼ 1; ð34bÞ
Now we have a problem of finding {r} such that Eq. (25) is satisfied and the boundary conditions given in Eqs. (31) and (32)
are imposed. Using Wilson’s Lagrangian multiplier method [46], we get
½G�0 ½G�T1 ½G�T2
½G�1 ½0� ½0�
½G�2 ½0� ½0�

2
64

3
75
frg
fkg1

fkg2

8><
>:

9>=
>; ¼ �x2

L

½H�0 ½0� ½0�
½0� ½0� ½0�
½0� ½0� ½0�

2
64

3
75
frg
fkg1

fkg2

8><
>:

9>=
>;; ð35Þ
where {k}1 and {k}2 are the Lagrangian multipliers for the boundary conditions at the internal nodes and the domain ends,
respectively. Eq. (35) could be restated as
½G�
frg
fkg1

fkg2

8><
>:

9>=
>; ¼ �x2

L ½H�
frg
fkg1

fkg2

8><
>:

9>=
>;

nt � nt nt � 1 nt � nt nt � 1;

ð36Þ
where nt = 2ne ⁄ (n + 1). On the right side of Eq. (36), [H] is a matrix similar to mass matrix in finite element method. Solving
Eq. (36) as an eigenvalue problem, we can determine the natural frequencies for the longitudinal vibration and mode shapes.
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5.2. Free transverse vibration

The beam is divided into ne elements with n sampling points per element. Equilibrium and compatibility conditions as
well as constitutive relationships for a beam element subjected to an axial load in free vibration can be written as
dTðxÞ
dx
þ P

dh
dx
¼ qðxÞ ¼ �x2

TqðxÞAðxÞw; ð37aÞ

dMðxÞ
dx

¼ TðxÞ; ð37bÞ

MðxÞ ¼ �dðxÞdhðxÞ
dx

; ð37cÞ

hðxÞ ¼ dwðxÞ
dx

; ð37dÞ
where T, M, h, w are shear force, bending moment, rotation and deflection at any section of the beam, respectively. It is to be
noted that d(x) = E(x)I(x) is the flexural rigidity of the beam at any section and q(x) denotes mass density per unit length. The
above equations may be written in matrix form as
r 0 0 0
�1 r 0 0
0 1

dðxÞ r 0

0 0 �1 r

2
6664

3
7775

T
M

h

w

8>>><
>>>:

9>>>=
>>>;
þ P

0 0 r 0
0 0 0 0
0 0 0 0
0 0 0 0

2
6664

3
7775

T
M

h

w

8>>><
>>>:

9>>>=
>>>;
¼ x2

T

0 0 0 �qðxÞAðxÞ
0 0 0 0
0 0 0 0
0 0 0 0

2
6664

3
7775

T
M

h

w

8>>><
>>>:

9>>>=
>>>;
; ð38Þ
r denotes differentiation with respect to x. Using Lagrangian interpolation polynomial, rT, rM, rh and rw can be written
within the ith element as
rTi ¼ ½C�fTgi; rMi ¼ ½C�fMgi; rhi ¼ ½C�fhgi; rwi ¼ ½C�fwgi; ð39Þ
where {T}i, {M}i, {h}i and {w}i are respectively the shear forces, bending moments, rotations and deflections at the sampling
points of the ith element; that is,
fTgi ¼ Tði;1Þ Tði;2Þ . . . Tði;nÞf gT
;

fMgi ¼ Mði;1Þ Mði;2Þ . . . Mði;nÞf gT
;

fhgi ¼ hði;1Þ hði;2Þ . . . hði; nÞf gT
;

fwgi ¼ wði;1Þ wði;2Þ . . . wði;nÞf gT
;

where T(i, j), M(i, j), h(i, j) and w(i, j) are respectively the shear force, bending moment, rotation and deflection at the jth sam-
pling point of the ith element. Eq. (38) could be written for the ith element as
½Di�
4n�4n

frgi
4n�1
þ P½Y�i

4n�4n
frgi ¼ x2

T ½Z�i
4n�4n
frgi; ð40Þ
where
frgi ¼ Tði;1Þ Tði;2Þ . . . Tði;nÞ Mði;1Þ Mði;2Þ . . . Mði;nÞ hði;1Þ hði;2Þ . . . hði;nÞ wði;1Þ wði;2Þ . . . wði;nÞf gT
;

ð41aÞ

½D�i ¼

½C� ½0� ½0� ½0�
�½I� ½C� ½0� ½0�
½0� 1

dðxÞ

h i
½C� ½0�

½0� ½0� �½I� ½C�

2
66664

3
77775; ½Y�i ¼

½0� ½0� ½C� ½0�
½0� ½0� ½0� ½0�
½0� ½0� ½0� ½0�
½0� ½0� ½0� ½0�

2
6664

3
7775; ½Z�i ¼

½0� ½0� ½0� �½qðxÞAðxÞ�
½0� ½0� ½0� ½0�
½0� ½0� ½0� ½0�
½0� ½0� ½0� ½0�

2
6664

3
7775;

4n� 4n 4n� 4n 4n� 4n

ð41bÞ
where [I] is the identity matrix. Assembling Eq. (40) for all the elements, we have
½D� frgþ P½f � frg ¼ x2
T ½h� frg

nt � nt nt � 1 nt � nt nt � nt
; ð42Þ
where nt = 4 ⁄ n ⁄ ne. The matrices [D], [f] and [h] are given by
hri ¼ hfrgT
1; frg

T
2; . . . ; frgT

nei; ð43aÞ



A. Shahba, S. Rajasekaran / Applied Mathematical Modelling 36 (2012) 3094–3111 3103
½h� ¼

½Z�1
½Z�2

½Z�3
½Z�ne�1

½Z�ne

2
666664

3
777775

nt � nt

; ð43bÞ

½D� ¼

½D�1
½D�2

½D�3
½D�ne�1

½D�ne

2
6666664

3
7777775

; ½f � ¼

½Y�1
½Y �2

½Y�3
½Y�ne�1

½Y�ne

2
6666664

3
7777775

nt � nt ntxnt:

ð43cÞ
Multiplying both sides of Eq. (42) with [D]T, we get
½D�T ½D�frg þ P½D�T ½f �frg ¼ x2
T ½D�

T ½h�frg ð44Þ
or
½G�0 frg þ P½F� frg ¼ x2
T ½H� frg

nt � nt nt � nt nt � nt
: ð45Þ
5.2.1. Boundary conditions at the internal nodes
Without loss of generality, assume that the beam is divided into 12 elements with 11 sampling points per element. See

Fig. 3 for the numbering scheme. The shear force at the 11th sampling point of the first element is equal to the value of the
shear force at the first sampling point of the second element. Establishing the equilibrium for shear force at the first internal
node, we get
Tð1;11Þ � Tð2;1Þ ¼ 0: ð46Þ
Introducing these as constraints in [G]1, we have
G1ð1;11Þ ¼ 1; G1ð1;45Þ ¼ �1: ð47Þ
Equilibrium equations can be established for M at the first internal node as
G1ð12;22Þ ¼ 1; G1ð12;56Þ ¼ �1: ð48Þ
The bending rotation at the 11th sampling point of the first element is equal to the rotation of the first sampling point of the
second element; that is,
hð1;11Þ � hð2;1Þ ¼ 0 ð49Þ
or
G1ð23;1Þ ¼ 1; G1ð23;67Þ ¼ �1: ð50Þ
Similarly compatibility equation can be established for transverse displacement as
G1ð34;44Þ ¼ 1; G1ð34;78Þ ¼ �1; ð51Þ
Equilibrium and compatibility should be similarly imposed at all the other internal nodes.

5.2.2. Boundary conditions at the domain ends
The boundary conditions at the beam ends must be added as constraints in the form of
½G�2 frg ¼ f0g
4� nt nt � 1 4� 1:

ð52Þ
In the following, [G]2 is established for different types of boundary conditions.
Clamped–clamped
hðx ¼ 0Þ ¼ 0) G2ð1;23Þ ¼ 1
wðx ¼ 0Þ ¼ 0) G2ð2;34Þ ¼ 1;

hðx ¼ LÞ ¼ 0) G2ð3;517Þ ¼ 1
wðx ¼ LÞ ¼ 0) G2ð4;528Þ ¼ 1:



Fig. 4. A non-prismatic F-C beam with linearly increasing height.
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Hinged–hinged
Mðx ¼ 0Þ ¼ 0) G2ð1;12Þ ¼ 1
wðx ¼ 0Þ ¼ 0) G2ð2;34Þ ¼ 1;

Mðx ¼ LÞ ¼ 0) G2ð3;506Þ ¼ 1
wðx ¼ LÞ ¼ 0) G2ð4;528Þ ¼ 1:
Clamped–free
hðx ¼ 0Þ ¼ 0) G2ð1;23Þ ¼ 1
wðx ¼ 0Þ ¼ 0) G2ð2;34Þ ¼ 1;

Tðx ¼ LÞ ¼ 0) G2ð3;495Þ ¼ 1
Mðx ¼ LÞ ¼ 0) G2ð4;506Þ ¼ 1:
Clamped–guided
hðx ¼ 0Þ ¼ 0) G2ð1;23Þ ¼ 1
wðx ¼ 0Þ ¼ 0) G2ð2;34Þ ¼ 1;

Tðx ¼ LÞ ¼ 0) G2ð3;495Þ ¼ 1
hðx ¼ LÞ ¼ 0) G2ð4;517Þ ¼ 1:
Similarly other boundary conditions may be applied. Incorporating boundary conditions at the internal nodes and beam
ends, Eq. (45) is rewritten as
½G�0 ½G�T1 ½G�T2
½G�1 ½0� ½0�
½G�2 ½0� ½0�

2
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75
frg
fkg1

fkg2
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>:

9>=
>;þ P

½F� ½0� ½0�
½0� ½0� ½0�
½0� ½0� ½0�

2
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75
frg
fkg1

fkg2

8><
>:

9>=
>; ¼ x2

T

½H� ½0� ½0�
½0� ½0� ½0�
½0� ½0� ½0�

2
64

3
75
frg
fkg1

fkg2

8><
>:

9>=
>;; ð53Þ
where {k}1 and {k}2 are the Lagrangian multipliers corresponding to boundary conditions at the internal nodes and domain
ends. Solving Eq. (53) as an eigenvalue problem, the natural frequencies xT are determined. In order to calculate the buckling
load, xT is set to zero and Eq. (53) is solved as an eigenvalue problem for buckling load.

6. Numerical results

The competency of DTEM and DQEL in free vibration and stability analyses of axially FG tapered beams is verified through
several numerical examples. In what follows, firstly the convergence of the two methods is examined. Afterwards, the effects
of variable cross-section and material non-homogeneity on the natural frequencies and critical buckling loads are investi-
gated. For the purpose of description of boundary conditions, a notation will be adopted as follows. The symbolisms C, H,
F and G will identify the clamped, hinged, free and guided boundary conditions. For example, C–F denotes a clamped bound-
ary condition at X = 0 and a free one at X = L.

6.1. Convergence study

Successful application of numerical methods in engineering problems could be guaranteed only after their convergence is
studied and their limitations are well understood. To the authors’ best knowledge, DTM [32–37] has been used for analysis of



Fig. 5. Convergence of DTM and DTEM with respect to m in free transverse vibration analysis.

Table 5
Number of terms required for DTM and DTEM in determination of the fundamental transverse frequency of a homogeneous
C–F tapered beam.

ch DTM DTEM
ne = 2

DTEM
ne = 3

DTEM
ne = 4

0 15 11 10 10
0.2 15 11 10 10
0.4 15 12 11 10
0.6 19 13 12 11
0.8 28 18 14 12
0.9 44 26 19 16
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either uniform beams or tapered beams where it shows a great convergence. In other words, DTM has been used for those
types of differential equations whose coefficients are either constant or show a decreasing trend along the beam axis. The



Fig. 6. Convergence of DQEL with respect to sampling points in transverse vibration.

Fig. 7. Convergence of DQEL with respect to number of elements in transverse vibration.

Fig. 8. Variation of cross-sectional profile for a beam with linearly tapering height and breadth.
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authors observed that when the variable coefficients in the differential equation show strong increasing trends, DTM would
either provide satisfactory results when a large number of terms are used or does not converge. For example, consider a
homogeneous non-prismatic beam with constant breadth b0 whose height increases from h0(1 � ch) at X = 0 to h0 at X = L
as shown in Fig. 4. Fig. 5 depicts the convergence of DTM and DTEM in determination of the first four dimensionless trans-
verse natural frequencies of the beam for ch = 0.4. It is observed that DTM could provide accurate results however it requires
many terms for determination of the higher modes. It can be verified that the results of DTEM converge fast to the accurate
results. It is instructive to mention that as ch increases, the increasing trend of the height gets more pronounced and DTM
would require more terms to obtain the natural frequencies, even the fundamental one. For instance, the authors observed
that DTM is not capable of determination of the fundamental frequency for ch = 0.8 with as many as 500 terms. In order to
obtain an accurate natural frequency, generally DTEM requires less terms in comparison with DTM. For instance, for the
fourth mode, DTM requires 117 terms to give a frequency accurate up to the fourth decimal place while DTEM with 2
and 3 elements requires totally 36 and 22 terms per element, respectively. This fact could also be observed in problems
where DTM shows a good performance such as beams tapering along the beam axis. For a homogeneous C–F beam with

A ¼ A0 1� ch
X
L

	 

and I ¼ I0 1� ch

X
L

	 
3, Table 5 gives the number of terms required to determine the fundamental transverse



Table 6
Non-dimensional critical load (k = PcrL

2/E0I0) for an axially FG tapered beam; boundary condition: C–F.

ch cb 0 0.2 0.4 0.6 0.8

0 DQEL 3.1177 2.9497 2.7676 2.5652 2.3285
DTEM 3.1177 2.9497 2.7676 2.5652 2.3284
Ref. [17] 3.1177 2.9497 2.7676 2.5652 2.3285

0.2 DQEL 2.6225 2.4638 2.2915 2.0992 1.8725
DTEM 2.6225 2.4638 2.2915 2.0992 1.8725
Ref. [17] 2.6225 2.4638 2.2915 2.0992 1.8725

0.4 DQEL 2.1054 1.9585 1.7988 1.6200 1.4074
DTEM 2.1054 1.9585 1.7988 1.6200 1.4074
Ref. [17] 2.1054 1.9585 1.7988 1.6200 1.4074

0.6 DQEL 1.5522 1.4217 1.2798 1.1208 0.9309
DTEM 1.5522 1.4217 1.2798 1.1208 0.9309
Ref. [17] 1.5522 1.4217 1.2798 1.1208 0.9309

0.8 DQEL 0.9245 0.8217 0.7109 0.5883 0.4441
DTEM 0.9245 0.8216 0.7109 0.5882 0.4439
Ref. [17] 0.9245 0.8217 0.7109 0.5883 0.4441

Table 7
Non-dimensional critical load (k = PcrL

2/E0I0) for an axially FG tapered beam; boundary condition: C–C.

ch cb 0 0.2 0.4 0.6 0.8

0 DQEL 57.3940 51.7856 45.7356 38.9917 30.8922
DTEM 57.3940 51.7856 45.7356 38.9917 30.8922
Ref. [17] 57.3948 51.7863 45.7362 38.9921 30.8925

0.2 DQEL 41.9169 37.6023 32.9638 27.8171 21.6802
DTEM 41.9169 37.6023 32.9639 27.8171 21.6802
Ref. [17] 41.9174 37.6028 32.9643 27.8175 21.6806

0.4 DQEL 28.1794 25.0890 21.7813 18.1332 13.8242
DTEM 28.1794 25.0890 21.7813 18.1332 13.8242
Ref. [17] 28.1798 25.0894 21.7817 18.1336 13.8247

0.6 DQEL 16.3412 14.3958 12.3266 10.0639 7.4275
DTEM 16.3412 14.3958 12.3266 10.0638 7.4280
Ref. [17] 16.3416 14.3963 12.3271 10.0645 7.4282

0.8 DQEL 6.6801 5.7836 4.8399 3.8228 2.6649
DTEM 6.6801 5.7836 4.8399 3.8229 2.6656
Ref. [17] 6.6812 5.7847 4.8410 3.8240 2.6665

Table 8
Non-dimensional critical load (k = PcrL

2/E0I0) for an axially FG tapered beam; boundary condition: H–H.

ch cb 0 0.2 0.4 0.6 0.8

0 DQEL 14.5112 13.1398 11.6969 10.1451 8.3957
DTEM 14.5112 13.1398 11.6969 10.1451 8.3957
Ref. [17] 14.5113 13.1398 11.6969 10.1451 8.3957

0.2 DQEL 10.6860 9.5971 8.4543 7.2284 5.8498
DTEM 10.6861 9.5971 8.4543 7.2284 5.8498
Ref. [17] 10.6860 9.5971 8.4543 7.2285 5.8499

0.4 DQEL 7.2831 6.4715 5.6228 4.7164 3.7019
DTEM 7.2831 6.4715 5.6228 4.7164 3.7019
Ref. [17] 7.2831 6.4715 5.6228 4.7164 3.7019

0.6 DQEL 4.3287 3.7892 3.2283 2.6338 1.9748
DTEM 4.3287 3.7892 3.2283 2.6338 1.9748
Ref. [17] 4.3287 3.7892 3.2284 2.6338 1.9749

0.8 DQEL 1.8667 1.5950 1.3157 1.0239 0.7075
DTEM 1.8667 1.5951 1.3158 1.0241 0.7078
Ref. [17] 1.8559 1.5952 1.3159 1.0242 0.7078
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frequency accurate to the fourth decimal place. It could be deduced from Table 5 that generally fewer terms are required for
DTEM as more elements are used. Moreover, the difference between DTM and DTEM becomes more evident as the cross-
sectional profile has a sharp decreasing trend i.e. for ch P 0.6.



Table 9
Non-dimensional longitudinal frequencies lL ¼ xL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q0L2=E0

q �
for an axially FG tapered beam; boundary condition: C–F.

ch cb lL1 lL2 lL3

DQEL DTEM Ref.[17] DQEL DTEM Ref.[17] DQEL DTEM Ref.[17]

0 0 1.1901 1.1901 1.1902 4.2549 4.2549 4.2575 7.1650 7.1650 7.1768
0.2 1.2503 1.2503 1.2504 4.2683 4.2683 4.2709 7.1728 7.1728 7.1846
0.4 1.3293 1.3293 1.3293 4.2903 4.2903 4.2928 7.1859 7.1859 7.1976
0.6 1.4400 1.4400 1.4401 4.3333 4.3333 4.3358 7.2123 7.2123 7.2240
0.8 1.6129 1.6129 1.6129 4.4444 4.4444 4.4468 7.2891 7.2891 7.3007

0.2 0.2 1.3119 1.3119 1.3120 4.2841 4.2841 4.2867 7.1821 7.1821 7.1939
0.4 1.3928 1.3928 1.3929 4.3090 4.3090 4.3116 7.1970 7.1970 7.2087
0.6 1.5059 1.5059 1.5060 4.3559 4.3559 4.3584 7.2260 7.2260 7.2376
0.8 1.6818 1.6818 1.6819 4.4726 4.4726 4.4751 7.3068 7.3068 7.3184

0.4 0.4 1.4759 1.4759 1.4760 4.3377 4.3377 4.3402 7.2143 7.2142 7.2259
0.6 1.5917 1.5917 1.5918 4.3897 4.3897 4.3922 7.2466 7.2466 7.2583
0.8 1.7706 1.7706 1.7707 4.5138 4.5138 4.5163 7.3329 7.3329 7.3446

0.6 0.6 1.7104 1.7104 1.7105 4.4487 4.4487 4.4512 7.2839 7.2839 7.2956
0.8 1.8918 1.8918 1.8919 4.5832 4.5832 4.5857 7.3787 7.3787 7.3904

0.8 0.8 2.0723 2.0723 2.0723 4.7328 4.7328 4.7353 7.4888 7.4888 7.5006

Table 10
Non-dimensional longitudinal frequencies lL ¼ xL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q0L2=E0

q �
for an axially FG tapered beam; boundary condition: C–C.

ch cb lL1 lL2 lL3

DQEL DTEM Ref.[17] DQEL DTEM Ref.[17] DQEL DTEM Ref.[17]

0 0 2.8760 2.8760 2.8767 5.7627 5.7627 5.7687 8.6453 8.6453 8.6656
0.2 2.8631 2.8631 2.8639 5.7562 5.7562 5.7622 8.6409 8.6409 8.6612
0.4 2.8415 2.8415 2.8422 5.7453 5.7453 5.7514 8.6337 8.6337 8.6540
0.6 2.8023 2.8024 2.8031 5.7251 5.7251 5.7312 8.6201 8.6201 8.6405
0.8 2.7192 2.7192 2.7202 5.6767 5.6767 5.6830 8.5860 8.5860 8.6068

0.2 0.2 2.8539 2.8539 2.8547 5.7515 5.7515 5.7575 8.6378 8.6378 8.6581
0.4 2.8369 2.8369 2.8377 5.7430 5.7430 5.7490 8.6321 8.6321 8.6524
0.6 2.8042 2.8042 2.8050 5.7260 5.7260 5.7321 8.6207 8.6207 8.6411
0.8 2.7311 2.7311 2.7321 5.6829 5.6829 5.6893 8.5903 8.5903 8.6112

0.4 0.4 2.8260 2.8260 2.8268 5.7375 5.7375 5.7436 8.6284 8.6284 8.6488
0.6 2.8016 2.8016 2.8024 5.7249 5.7249 5.7311 8.6200 8.6200 8.6405
0.8 2.7415 2.7415 2.7426 5.6892 5.6892 5.6957 8.5947 8.5947 8.6157

0.6 0.6 2.7886 2.7887 2.7895 5.7188 5.7188 5.7251 8.6160 8.6160 8.6366
0.8 2.7468 2.7468 2.7479 5.6942 5.6942 5.7009 8.5986 8.5986 8.6198

0.8 0.8 2.7340 2.7341 2.7354 5.6901 5.6901 5.6972 8.5965 8.5965 8.6184
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For the convergence study of DQEL, an axially functionally graded simply supported beam with 4 elements and cb = 0.4,

ch = 0.8, defined in Eq. (54), is considered in which modulus of elasticity and mass density vary as E ¼ E0 1þ X
L

	 

and

qðxÞ ¼ q0 1þ X
L þ X

L

	 
2
� �

, respectively. The number of sampling points is varied and the percentage error is calculated in each

case. Fig. 6 shows the convergence characteristics of DQEL where even with 4 sampling points an error as much as % 0.187 is
obtained. For the same problem with cb = 0.8, ch = 0.8, Fig. 7 shows the convergence characteristics of DQEL while the number
of elements is varied and the number of sampling points is 11. Even for such extreme taper ratios of the beam, idealization
with 12 elements with 11 sampling points will give quite accurate results.

6.2. Effects of variable cross-section

Consider a tapered beam with a rectangular cross-section whose breadth and height both taper linearly as shown in Fig. 8.
Thus the cross-sectional area and moment of inertia vary along the beam axis as
A ¼ A0 1� cb
X
L

 �
1� ch

X
L

 �
; ð54aÞ

I ¼ I0 1� cb
X
L

 �
1� ch

X
L

 �3

; ð54bÞ



Table 11
Non-dimensional transverse frequencies lT ¼ xT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q0A0L4=E0I0

q �
for an axially FG tapered beam; boundary condition: C–C.

ch cb 0 0.2 0.4 0.6 0.8

lT1 lT2 lT1 lT2 lT1 lT2 lT1 lT2 lT1 lT2

0 DQEL 20.4721 56.5481 20.4151 56.4706 20.2883 56.2971 20.0186 55.9195 19.3844 54.9699
DTEM 20.4721 56.5482 20.4151 56.4706 20.2883 56.2971 20.0186 55.9195 19.3844 54.9699
Ref. [17] 20.4721 56.5491 20.4152 56.4715 20.2883 56.2981 20.0186 55.9205 19.3845 54.9713

0.2 DQEL 18.2169 50.4792 18.1995 50.4555 18.1285 50.3589 17.9437 50.1006 17.4563 49.3711
DTEM 18.2170 50.4792 18.1995 50.4556 18.1286 50.3589 17.9436 50.1006 17.4564 49.3711
Ref. [17] 18.2170 50.4801 18.1996 50.4565 18.1286 50.3599 17.9437 50.1017 17.4566 49.3728

0.4 DQEL 15.8281 44.0236 15.8497 44.0542 15.8349 44.0359 15.7365 43.9013 15.4021 43.4042
DTEM 15.8281 44.0236 15.8497 44.0542 15.8349 44.0359 15.7366 43.9013 15.4021 43.4043
Ref. [17] 15.8282 44.0246 15.8498 44.0553 15.8350 44.0370 15.7367 43.9027 15.4025 43.4066

0.6 DQEL 13.2291 36.9636 13.2894 37.0403 13.3316 37.1116 13.3234 37.1079 13.1521 36.8636
DTEM 13.2291 36.9636 13.2894 37.0490 13.3316 37.1116 13.3234 37.1079 13.1521 36.8635
Ref. [17] 13.2293 36.9653 13.2896 37.0509 13.3319 37.1137 13.3238 37.1104 13.1529 36.8678

0.8 DQEL 10.2217 28.7406 10.3211 28.8821 10.4234 29.0310 10.5143 29.1728 10.5301 29.2239
DTEM 10.2217 28.7406 10.3211 28.8822 10.4234 29.0311 10.5143 29.1728 10.5301 29.2239
Ref. [17] 10.2235 28.7492 10.3229 28.8912 10.4255 29.0409 10.5168 29.1842 10.5339 29.2402

Table 12
Non-dimensional transverse frequencies lT ¼ xT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q0A0L4=E0I0

q �
for an axially FG tapered beam; boundary condition: C–F.

ch cb 0 0.2 0.4 0.6 0.8

lT1 lT2 lT1 lT2 lT1 lT2 lT1 lT2 lT1 lT2

0 DQEL 2.4255 18.6041 2.6054 19.0041 2.8507 19.5303 3.2137 20.2958 3.8310 21.6759
DTEM 2.4256 18.6041 2.6054 19.0041 2.8508 19.5303 3.2137 20.2958 3.8310 21.6759
Ref. [17] 2.4256 18.6042 2.6054 19.0042 2.8508 19.5304 3.2137 20.2959 3.8310 21.6760

0.2 DQEL 2.5051 17.3801 2.6863 17.7501 2.9336 18.2379 3.2993 18.9500 3.9219 20.2432
DTEM 2.5051 17.3802 2.6863 17.7501 2.9336 18.2379 3.2994 18.9501 3.9220 20.2432
Ref. [17] 2.5051 17.3802 2.6863 17.7501 2.9336 18.2379 3.2993 18.9501 3.9219 20.2432

0.4 DQEL 2.6155 16.0705 2.7987 16.4092 3.0486 16.8571 3.4181 17.5139 4.0471 18.7164
DTEM 2.6155 16.0705 2.7988 16.4092 3.0486 16.8571 3.4181 17.5139 4.0471 18.7164
Ref. [17] 2.6155 16.0705 2.7987 16.4092 3.0486 16.8571 3.4181 17.5139 4.0471 18.7164

0.6 DQEL 2.7835 14.6508 2.9699 14.9567 3.2236 15.3627 3.5985 15.9616 4.2355 17.0694
DTEM 2.7836 14.6508 2.9699 14.9567 3.2237 15.3627 3.5985 15.9616 4.2355 17.0694
Ref. [17] 2.7835 14.6508 2.9699 14.9567 3.2237 15.3627 3.5985 15.9616 4.2355 17.0694

0.8 DQEL 3.0871 13.1142 3.2794 13.3849 3.5401 13.7466 3.9232 14.2848 4.5695 15.2954
DTEM 3.0871 13.1142 3.2794 13.3849 3.5401 13.7466 3.9232 14.2848 4.5695 15.2954
Ref. [17] 3.0871 13.1142 3.2794 13.3850 3.5401 13.7466 3.9232 14.2848 4.5695 15.2955

Table 13
Non-dimensional transverse frequencies lT ¼ xT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q0A0L4=E0I0

q �
for an axially FG tapered beam; boundary condition: H–H.

ch cb 0 0.2 0.4 0.6 0.8

lT1 lT2 lT1 lT2 lT1 lT2 lT1 lT2 lT1 lT2

0 DQEL 9.0285 36.3715 9.0599 36.3415 9.0867 36.3151 9.0994 36.2967 9.0685 36.2766
DTEM 9.0285 36.3715 9.0599 36.3415 9.0867 36.3151 9.0994 36.2966 9.0685 36.2766
Ref. [17] 9.0286 36.3717 9.0599 36.3418 9.0867 36.3153 9.0994 36.2969 9.0685 36.2769

0.2 DQEL 8.1341 32.5233 8.1462 32.5121 8.1498 32.5076 8.1336 32.5161 8.0645 32.5323
DTEM 8.1341 32.5234 8.1462 32.5121 8.1498 32.5077 8.1336 32.5161 8.0646 32.5323
Ref. [17] 8.1341 32.5236 8.1462 32.5123 8.1498 32.5079 8.1336 32.5164 8.0646 32.5326

0.4 DQEL 7.1530 28.4744 7.1455 28.4819 7.1254 28.5000 7.0794 28.5367 6.9703 28.5924
DTEM 7.1531 28.4744 7.1455 28.4819 7.1254 28.5001 7.0794 28.5367 6.9703 28.5924
Ref. [17] 7.1531 28.4747 7.1455 28.4822 7.1254 28.5003 7.0794 28.5370 6.9703 28.5928

0.6 DQEL 6.0356 24.1098 6.0082 24.1367 5.9637 24.1786 5.8867 24.2465 5.7351 24.3491
DTEM 6.0357 24.1098 6.0082 24.1367 5.9637 24.1787 5.8868 24.2465 5.7351 24.3491
Ref. [17] 6.0357 24.1101 6.0082 24.1371 5.9638 24.1791 5.8868 24.2469 5.7351 24.3497

0.8 DQEL 4.6519 19.1303 4.6045 19.1791 4.5353 19.2496 4.4263 19.3576 4.2281 19.5281
DTEM 4.6520 19.1304 4.6045 19.1792 4.5354 19.2496 4.4263 19.3576 4.2281 19.5281
Ref. [17] 4.6520 19.1314 4.6046 19.1803 4.5355 19.2509 4.4264 19.3590 4.2283 19.5300
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in which cb and ch are respectively the height and breadth taper ratios, and A0 and I0 are respectively the cross-sectional area
and moment of inertia at X = 0. It is instructive to remember that the beam would be uniform when cb = ch = 0 and it would
theoretically taper to a point if cb = ch = 1. Moreover, the distributions of modulus of elasticity and mass density are assumed
to be respectively
EðXÞ ¼ E0 1þ X
L

 �
; ð55aÞ

qðXÞ ¼ q0 1þ X
L
þ X

L

 �2
 !

; ð55bÞ
where E0 and q0 are respectively the modulus of elasticity and mass density at X = 0.
The critical buckling load is computed for different combinations of breadth and height taper ratios and the results are

tabulated in Tables 6–8. It is observed that the results of DTEM and DQEL are in good agreement with those reported in
Ref. [17]. As the breadth and/or height taper ratios increase, moment of inertia of the cross-section decreases; thus the crit-
ical load decreases due to this softening effect. Moreover, this effect is more pronounced for height taper ratio since its con-
tribution in moment of inertia is of order 3 while it is 1 for the breadth taper ratio.

The results of free longitudinal and transverse vibrations are tabulated in Tables 9–13 for different boundary conditions.
Eq. (1) highlights that the free longitudinal vibration of tapered rods is significantly dependent on the type of variation of
cross-sectional area and the cross-sectional area is in turn equally dependent on both height and breadth taper ratios; thus,
the natural longitudinal frequencies of rods with cb = c1 and ch = c2 are similar to those of a rod with cb = c2 and ch = c1. This
point has been taken into consideration in tabulating the results in Tables 9 and 10.

It is observed that for both C–C and C–F boundary conditions the higher modes are less affected by the change in the taper
ratios in comparison with the lower ones. Additionally, it is observed that the natural longitudinal frequencies for C–C and C–
F rods respectively show decreasing and increasing trends with the increase in the taper ratio.

It could be verified from Tables 11–13 that the results of DTEM and DQEL are comparable with those reported by Shahba
et al. [17]. While the natural transverse frequencies for C–F boundary condition increase with the breadth taper ratio, the
trend of variation of natural transverse frequencies with respect to breadth taper ratio for H–H and C–C boundary conditions
is not monotonic. It is observed that all natural frequencies decrease with the increase in height taper ratio except for the
fundamental mode of C–F boundary condition. This exception has been also well pointed out for homogeneous tapered
beams in the literature [25–27,31,34].
7. Conclusion

Two methods namely DTEM and DQEL are introduced to determine the structural behavior of the longitudinal and trans-
verse vibration of tapered Euler–Bernoulli beam with axially functionally graded material.

DQEL does not need the construction of an admissible function that satisfies boundary conditions a priori. Simple
Lagrangian interpolation technique is applied to get the relevant matrices of the governing equations. It is also explained
how Lagrangian multiplier method is used to convert rectangular matrix to square matrix by incorporating boundary con-
ditions using Wilson’s procedure [46].

Unlike DTM which solves the differential equation over the whole domain, DTEM is employed to obtain the solution of the
differential equation over a part of the domain namely element. Using the boundary conditions in interior nodes, the solu-
tions in elements are assembled to construct the solution over the whole domain. It is shown that DTEM could enhance the
accuracy of the results presented by DTM and overcomes the defects of DTM. It is expected that DQEL and DTEM will find a
wide range of applications in structures made of functionally graded material.
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