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This paper presents two complementary mathematical programming based approaches for the accurate
safety assessment of semirigid elastoplastic frames under quasistatic loads. The inelastic behavior of the
flexible connections and material plasticity are accommodated through piecewise linearized nonlinear
yield surfaces. As is necessary for this class of structures, geometric nonlinearity is taken into account.
Moreover, only a 2nd-order geometric approximation is included as this is sufficiently accurate for prac-
tical structures. The work described has a twofold contribution. First, we develop an algorithm that can
robustly and efficiently process the complete (path-dependent) nonholonomic response of the structure
in a stepwise (path-independent) holonomic fashion. The governing formulation is cast in mixed static-
kinematic variables and leads naturally to what is known in the mathematical programming literature as
a mixed complementarity problem (MCP). The novelty of the proposed algorithm is that it processes the
MCP directly without using some iterative (and often cumbersome) predictor–corrector procedure. Sec-
ond, in the spirit of simplified analyses, the classical limit analysis approach is extended to compute the
limit load multiplier under the simultaneous influence of joint flexibility, material and geometric nonlin-
earities, and limited ductility. Our formulation is an instance of the challenging class of optimization
problems known as a mathematical program with equilibrium constraints (MPEC). Various nonlinear
programming based algorithms are proposed to solve the MPEC. Finally, four numerical examples, con-
cerning practical structures and benchmark cases, are provided to illustrate application of the analyses
as well as to validate the accuracy and robustness of the proposed schemes.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Steel frames with flexible connections represent a common
class of structures for which it is important to assess reliably and
efficiently their structural safety. With the rapid advancement of
computer technology and the ever increasing utilization of limit
state principles, the 2nd-order inelastic analysis of such semirigid
elastoplastic structures has received considerable attention
(see, e.g. Chen and Zhou, 1987; Lui and Chen, 1988; Anderson
and Kavianpour, 1991; Tin-Loi and Misa, 1996).

The focus to date has primarily been on evolutive (step-by-step)
analysis to trace the entire displacement response of the structure
under a known applied loading regime. The methods used typically
rely on some iterative technique, often based on primarily repeated
elastic iterates. Such schemes are generally computational expen-
sive, especially when practical large size structures are involved.
It is often the case that very small load steps are required to
ll rights reserved.

: +61 2 9385 6139.
ramvong).
achieve not only convergence but also an accurate solution to the
underlying nonlinear problem.

The present work similarly targets the evolutive elastoplastic
analyses of semirigid frames under quasistatic loads and a 2nd-or-
der geometric assumption. Moreover, we also propose an exten-
sion of the classical limit analysis approach to compute, in a
single step, the maximum load that the structure can sustain under
the simultaneous influence of joint flexibility, material and geo-
metric nonlinearities, and limited ductility. For these two types
of analyses, we develop novel, efficient and robust techniques
within a mathematical programming framework. The underlying
mathematical structure in both our evolutive and extended limit
analysis formulations is in fact a complementarity system (Maier,
1970, 1971). Complementarity defines the typical componentwise
condition wj _zj ¼ 0, wj P 0 and _zj P 0 for all j. Physically, it repre-
sents conditions that describe, for instance, plastic conformity. It
is also pertinent to mention that such approaches are in fact quite
generic and can be applied, obviously with some formal complica-
tions, to more sophisticated finite element models.

The novelty of our step-by-step analysis lies in the fact that it
does not require the use of some expensive iterative predictor–
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Fig. 1. Generic 2-D frame element i: (a) generalized stresses and (b) generalized st
rains.
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corrector algorithm, as is often used (see, e.g. Forde and Stiemer,
1987; Comi and Maier, 1990; Tin-Loi and Misa, 1996; Tanga-
ramvong and Tin-Loi, 2010b). Even in the presence of 2nd-order
geometry, our approach can trace efficiently and accurately the
complete (path-dependent) nonholonomic responses of practical
(often large size) semirigid structures. The genesis of the scheme
lies in the formulation and direct solution of the governing rela-
tions, cast as a special case of a mathematical programming prob-
lem known as a mixed complementarity problem or MCP (Dirkse
and Ferris, 1995a). For efficiency and without loss of accuracy,
we conveniently replace, as is often done, the exact nonholonomic
rate problem by its finite incremental counterpart (Franchi et al.,
1981). A special enumerative scheme (Tin-Loi et al., 2007) is incor-
porated in the algorithm so that such crucial physical instabilizing
phenomena as bifurcation, snapback and post collapse responses
can be identified.

As mentioned, we also propose a single step analysis aimed at
calculating the maximum load capacity of the structure. Such types
of ‘‘direct’’ or ‘‘simplified’’ analyses, the most well-known of which
is the classical limit or shakedown analysis, are extremely valuable
in a large number of practical engineering situations. They avoid
expensive evolutive analyses, and represent a useful, competitive
and increasingly appealing alternative (Chen, 2000). Due to the fact
that the upper and lower bound theorems underpinning classical
limit analysis are strictly only applicable to structures that satisfy
some rather restrictive requirements (e.g. perfect plasticity, suffi-
cient ductility and geometric linearity), we propose an extension.
The original ideas and some applications of this approach that
can simultaneously provide critical load and associated deforma-
tion information have been described recently (see, e.g. Tin-Loi
et al., 2007; Ardito et al., 2008; Tangaramvong and Tin-Loi,
2009b, 2010a) . Similar to these works, we formulate the problem
as a challenging instance of a nonconvex and nonsmooth optimiza-
tion problem known as a mathematical program with equilibrium
constraints or MPEC (Luo et al., 1996). These equilibrium con-
straints are more precisely, in our case, complementarity con-
straints and represent the main source of difficulty in solving
MPECs. The novelty in this aspect of our present work lies in the
solution algorithm: we process the MPEC directly, without the
use of some outer level iterative procedures required when geo-
metric effects are present (see, e.g. Tangaramvong and Tin-Loi,
2009b).

The present paper is organized as follows: Section 2 provides all
the basic ingredients, namely statics, kinematics and constitutive
laws, required to formulate the state problems in mixed static
and kinematic variables for both nonholonomic and holonomic
elastoplastic analyses of semirigid frames. Piecewise linearization
of the nonlinear yield surface (Maier, 1970) is adopted. In Section 3,
we develop the stepwise holonomic analysis formulation and de-
scribe the mathematical programming based numerical algorithm
used to process, in a finite step fashion, the complete structural re-
sponse. Section 4 formulates the extended limit analysis as an
MPEC. Some difficulties in solving the MPEC are mentioned before
we briefly describe three nonlinear programming (NLP) based ap-
proaches that may be suitable for its solution. Four numerical
examples of practical structures are given, in Section 5, to illustrate
application of the developed schemes. These examples serve not
only to validate the accuracy of the analyses through benchmark
results but also to illustrate the robustness and efficiency of the
proposed stepwise holonomic and extended limit analysis algo-
rithms. Finally, we conclude with some pertinent remarks in
Section 6.

A word regarding notation is in order. Vectors and matrices are
indicated in bold. A real vector x of size m is indicated by x 2 Rm

and a real m � n matrix A by A 2 Rm�n. For brevity, a vector of func-
tions fðxÞ : Rm ! Rn is written simply as f 2 Rn.
2. Generic finite element model and governing relations

2.1. Discrete structural model

We assume that the structure under consideration has been dis-
cretized as an aggregate of finite elements. In this study, the mate-
rial behavior is directly reflected by the element behavior, since the
class of finite elements expressed in intrinsic, natural (in Prager’s
generalized sense) variables is adopted (Maier, 1970). This implies
that the scalar product of generalized stress and strain vectors rep-
resents virtual work in the element concerned and is invariant
with respect to rigid body motion. The stress resultant or general-
ized stress is obtained by integrating the assumed stress field
across the section. Similarly, the associated strain resultant is com-
puted by a suitable kinematic assumption associating each physi-
cal component of strains with displacements in global coordinates.

We adopt a conventional lumped plasticity model within a
‘‘line’’ finite element framework (see, e.g. Bolzon and Corigliano,
1997; Cocchetti and Maier, 2003; Tangaramvong and Tin-Loi,
2010a). This is eminently suitable since plastic strains will localize
strongly in a limited number of fixed critical zones, whilst the
remaining part of the structure can be considered to be still in
the elastic regime. The model for this kind of structural behavior
then involves a special instance of the class of discrete formula-
tions consisting of an elastic solid with embedded interfaces or loci
of possible displacement discontinuities. The displacement discon-
tinuities incorporate the localized dissipative effects observed in
the failures of the material in the large-scale problem, without
the need to introduce explicitly the small scales (Ehrlich and
Armero, 2005; Armero and Ehrlich, 2006). In addition to plastic
hinges, this generic representation (Bolzon and Corigliano, 1997)
can be used to describe decohesion and quasibrittle fracture pro-
cesses, through interface laws which relate tractions to displace-
ment jumps.

For the generic self equilibrated 2-D frame element i in Fig. 1,
the generalized stress vector si 2 R3 contains the three (indepen-
dent) two end moments ðsi

2; s
i
3Þ and one axial force ðsi

1Þ. The corre-
sponding generalized strain vector qi 2 R3 consists of the
corresponding end rotations ðqi

2; q
i
3Þ and axial deformation ðqi

1Þ,
which are explicitly taken as summation products of the general-
ized elastic strain vector ei 2 R3 and the generalized plastic strain
vector pi 2 R3. Generalized plastic hinges are assumed to be con-
fined at the member ends so that the material in between remains
elastic.

To model a semirigid beam-to-column connection, a rotation
spring with the nonlinear moment-relative rotation relationship
shown in Fig. 2 is attached to the corresponding beam end (Chen
and Zhou, 1987; Lui and Chen, 1988). This nonlinear moment–
rotation curve (dashed line) of the spring element is approximately
represented by the multilinear (solid lines) model. The flexible
joint is modeled as a zero-length spring element, and a plastic
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Fig. 2. Typical multilinear moment–rotation model of semirigid connections.
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hinge is placed at the member end to respond to any inelastic
deformation. In effect this model is an elastoplastic hinge that
can simulate not only the initial elastic stiffness of the connection
semirigidity but also its plastic behavior through the class of inter-
acting piecewise linear laws (Maier, 1970).

The external loads, defined by a single load multiplier a, are as-
sumed to be applied to the nodes. Distributed loads are simulated
as equivalent concentrated forces on an appropriate number of
nodes. The unconstrained nodal forces Fi, defined with respect to
a global reference axis system, are then expressed in terms of the
load multiplier a, the given basic nodal load vector fi and the fixed
nodal load vector f i

d as Fi ¼ af i þ f i
d.

2.2. Governing elastoplastic formulations

In the section, we recall the two discrete mathematical pro-
gramming formulations for classical evolutive elastoplastic analy-
sis (Maier, 1970) of semirigid structures, for which piecewise
linear approximations of nonlinear yield surfaces (see, e.g. Maier,
1970; Cocchetti and Maier, 2003; Tangaramvong and Tin-Loi,
2009a) have been adopted.

The first model, in the spirit of the flow theory of plasticity, as-
sumes nonholonomy or path-dependence. This assumption cor-
rectly describes elastic unloading–reloading events, as is
illustrated in the si

2 � qi
2 diagram of Fig. 3a, where any unloading

from the horizontal branch of the moment–rotation law is elastic
thus preserving the value of the previous plastic rotations; s2u de-
fines the yield capacity.

The second model deals with the approximate holonomic (path-
independent) behavior in accordance with the deformation theory
of plasticity. With reference to Fig. 3b, elastic unloading from the
perfectly plastic branch is thus not permitted. The stress point is
instead restricted to move in a reversible manner along the actual,
original branch.

To account for geometric nonlinearity, the well-known simpli-
fied 2nd-order theory is adopted (see, e.g. Maier, 1971; Bolzon
and Tin-Loi, 1999) in which up to only the 1st-power quantities
s2
 i

q2
 i

s2 u

(a)

s2
 i

q2
 i
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Fig. 3. Generic moment–rotation elastoplastic law: (a) nonholonomic and (b)
holonomic.
of the exact geometrically nonlinear formulation are retained. This
degree of geometric nonlinearity, as shown in our previous work
(Tangaramvong and Tin-Loi, 2010b), is sufficiently accurate to pre-
dict the realistic behavior of practical frames. It is further assumed
that displacements from the undeformed state are geometrically
small.

The equilibrium condition for each elastic member i in the de-
formed state can be established by using the familiar geometric
stiffness matrix Ki

G (Przemieniecki, 1985) which accounts for
change of configuration with loading.

For a generic frame element i, the 2nd-order geometric nonlin-
earity can be conveniently described by introducing an additional
(fictitious) transverse force pi

f with corresponding displacement
di

f (De Freitas and Lloyd Smith, 1984-1985), as shown in Fig. 4.
Clearly, the force pi

f and the displacement di
f represent the config-

uration change of the member.
Formulations for both nonholonomic and holonomic state mod-

els are achieved by simply manipulating the three appropriate ba-
sic ingredients, namely statics, kinematics and constitution,
describing the intrinsic structural response.
2.2.1. Nonholonomic state problem
In terms of standard notation and well-known descriptions (e.g.

Maier, 1970; Tangaramvong and Tin-Loi, 2010b), the governing
nonholonomic relations for the whole structural system suitably
discretized into n elements, d degrees of freedom, m natural gener-
alized stresses (or strains) and y plastic yield conditions can be
written as follows:

af þ fd ¼ CT
0sþ CT

f pf ; ð1Þ
q ¼ C0u; ð2Þ
df ¼ Cf u; ð3Þ
q ¼ eþ p; ð4Þ
s ¼ SðsÞe; ð5Þ
pf ¼ Sf ðsÞdf ; ð6Þ
_p ¼ N _z; ð7Þ
w ¼ �NTsþHzþ r P 0; _z P 0; wT _z ¼ 0: ð8Þ

Equilibrium between forces af þ fd 2 Rd and the stress compo-
nents (namely s 2 Rm and pf 2 Rn) is expressed by (1), where
C0 2 Rm�d is the compatibility matrix and Cf 2 Rn�d the associated
auxiliary compatibility matrix. For the sake of completeness, the
explicit expressions of the two matrices C0 and Cf are provided in
Appendix A. The linear compatibility condition given in (2) relating
strains q 2 Rm with nodal displacements u 2 Rd applies, provided
that additional displacements df 2 Rn, linearly proportional to
the nodal displacements u, are introduced in (3). The Lagrangian
static-kinematic descriptions, as stated in (1)–(3), are thus de-
(a) (b)

Fig. 4. Generic 2-D frame element i with 2nd-order geometric nonlinearity: (a)
stresses and (b) strains.
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scribed in the undeformed framework so that the duality relation-
ship between equilibrium and compatibility of the structural sys-
tem is preserved.

Relations (4)–(8) embody the nonholonomic elastoplastic con-
stitutive laws. The additivity of elastic e 2 Rm and plastic p 2 Rm

strains is given by (4). The elastic behavior is described in two parts:
the relation (5) between stresses s and elastic strains e, and (6) be-
tween fictitious forces pf and corresponding deformations df. The
influence of both 2nd-order geometry and the initial elastic stiff-
ness of a flexible connection on the elastic stiffness of a beam mem-
ber are represented by the two stiffness matrices SðsÞ 2 Rm�m and
Sf ðsÞ 2 Rn�n. These matrices are written as functions of stresses s,
so that the conventional linear stiffness relations no longer hold.
Details of both matrices S and Sf are also stated in Appendix A.

Plastic strain rates _p are defined by an associative flow rule in
(7), and expressed as functions of the plastic multiplier rates
_z 2 Ry through the constant matrix of outward normals N 2 Rm�y

to the yield surface. Finally, the sign-constrained piecewise linear
yield functions w 2 Ry are defined through the hardening matrix
H 2 Ry�y and appropriate yield limits r 2 Ry in (8). Underpinning
the description of the rate nonholonomic law in (8) is a ‘‘comple-
mentarity’’ mathematical structure. For vectors w P 0 and _z P 0,
the complementarity condition is typically written as wT _z ¼ 0.
Mechanically, these constraints, as illustrated in Fig. 3a, allow for
elastic unloading, and exclude the simultaneous activation and
unloading of the same yield mode.

There are three ways in which the nonholonomic state problem
can be formulated, all by simply collecting the basic set of relations
(1)–(8). These three formats depend on which variables are re-
tained to produce equivalent complementarity formulations,
namely ðs;pf ;u; z; _zÞ; ðu; z; _zÞ and ðz; _zÞ. At variance with other pre-
vious work (see, e.g. Franchi et al., 1981; Tin-Loi and Misa, 1996;
Bolzon and Tin-Loi, 1999; Tangaramvong and Tin-Loi, 2010b)
where the more compact form either in variables ðu; z; _zÞ or in vari-
ables ðz; _zÞ is used, the present study adopts the most natural non-
holonomic formulation in mixed static-kinematic variables
ðs;pf ;u; z; _zÞ. This is described as follows:

CT
0sþ CT

f pf � af � fd ¼ 0;

SðsÞfC0u� Nzg � s ¼ 0;
Sf ðsÞfCf ug � pf ¼ 0;

w ¼ �NTsþHzþ r P 0; _z P 0; wT _z ¼ 0:

ð9Þ

The complementarity system in (9) is a special instance of a math-
ematical program known as an MCP (Dirkse and Ferris, 1995a). The
MCP, it is noted, is a generalization of the well-known linear comple-
mentarity problem (LCP) (Cottle et al., 1992), and is distinguished
loosely from the LCP by the fact that it contains free variables. In view
of the nonlinear stiffness matrices S and Sf describing the required
2nd-order geometry, this MCP (9) is nonlinear.

2.2.2. Holonomic state problem
The holonomic state problem can be essentially formulated in

the same manner. However, all relations are now written in total
quantities, as required by the path-independent assumption. In
particular, relations (1)–(6) are retained, whilst (7) and (8) are re-
placed respectively by the following:

p ¼ Nz; ð10Þ
w ¼ �NTsþHzþ r P 0; z P 0; wTz ¼ 0: ð11Þ

The holonomic associative flow rule is represented by (10) and
path-independence is reflected by the complementarity relation
(11) between the total quantities w and z. This describes the fact
that plastic yielding can only occur if the stress point is actually
on the yield surface.
The governing holonomic state problem in variables (s,pf,u,z) is
given by the following nonlinear MCP:

CT
0sþ CT

f pf � af � fd ¼ 0;

SðsÞfC0u� Nzg � s ¼ 0;
Sf ðsÞfCf ug � pf ¼ 0;

w ¼ �NTsþHzþ r P 0; z P 0; wTz ¼ 0:

ð12Þ
3. Stepwise holonomic analysis

The mathematical programming based approach to trace ro-
bustly and effectively the complete (path-dependent) response of
the elastoplastic structure in the simultaneous presence of connec-
tion semirigidity and 2nd-order geometry is briefly outlined in the
following.

Our algorithm is based on the classical (small deformation)
stepwise holonomic scheme (Maier, 1971; Franchi et al., 1981; Bird
and Martin, 1990). In essence, the actual nonholonomic rate prob-
lem in (9) is replaced by its finite incremental counterpart. At var-
iance with a nonholonomic approach, the incremental step is a
priori fixed, and there is no need to identify exactly all critical
events such as loading and unloading of stresses. Moreover, the
adopted backward difference scheme does not limit the choice of
the step size (Bird and Martin, 1990). Any violation of nonholono-
my within each step is deemed to be acceptable. As found in our
recent study (Tangaramvong and Tin-Loi, 2010b), a stepwise holo-
nomic analysis is able to predict with sufficient accuracy the exact
nonholonomic response, but with much less computational effort.

The entire evolution of the nonholonomic structural response is
thus approximated as a sequence of finite incremental holonomic
problems. Each problem concerns a configuration change DR from
a previously known state R, which involves known variables (e.g.
�a;�s; �pf ; �u; �zÞ, to the current unknown state R ¼ �Rþ DR. For a pre-
defined finite incremental step Da, the incremental response vari-
ables (Ds,Dpf,Du,Dz) that will develop during the configuration
change DR are calculated. It is clear that

a ¼ �aþ Da; s ¼ �sþ Ds; . . . ð13Þ

Therefore, the finite step problem in variables (Ds,Dpf,Du,Dz)
can be formulated by simply substituting (13) and _z ¼ Dz into
the appropriate nonholonomic relation (9) to give the following:

CT
0ð�sþ DsÞ þ CT

f ð�pf þ Dpf Þ � ð�aþ DaÞf � fd ¼ 0;

Sð�sþ DsÞfC0ð�uþ DuÞ � Nð�zþ DzÞg � ð�sþ DsÞ ¼ 0;
Sf ð�sþ DsÞfCf ð�uþ DuÞg � ð�pf þ Dpf Þ ¼ 0;

w ¼ �NTð�sþ DsÞ þHð�zþ DzÞ þ r;

w P 0; Dz P 0; wTDz ¼ 0;

ð14Þ

where the two matrices S and Sf are written as functions of un-
known stresses Ds (see Appendix A).

The actual nonholonomic problem (9) is thus replaced by a ser-
ies of finite step holonomic problems, each represented by the non-
linear MCP (14). Since a regular progression of yielding is assumed
for any step (such that any elastic unloading is ruled out within
that step) unloading is captured at the beginning of a new step.
With such a step-by-step approach the structural response can
be traced accurately provided that the steps are sufficiently small
and that unloading does not occur extensively, as is invariably
the case for actual structures.

The novelty of our proposed algorithm, as alluded to earlier, lies
in the fact that, even in the presence of geometric nonlinearity, an
iterative approach such as the ubiquitous predictor–corrector
scheme (e.g. Kassimali, 1983; Forde and Stiemer, 1987; Comi and
Maier, 1990; Tin-Loi and Misa, 1996; Tangaramvong and Tin-Loi,
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2010b) is not required. Instead, we process, for each configuration
change DR, the MCP (14) directly using the state-of-the-art com-
plementarity solver GAMS/PATH (Dirkse and Ferris, 1995b) from
within the mathematical programming environment GAMS
(Brooke et al., 1998). GAMS is an acronym for General Algebraic
Modeling System.

Our complete algorithmic approach is described in the
following.

Step (0): Initialization
� Set stopping criteria: load level, maximum number of equi-

librium paths, etc.
� Define the finite step length Dt (positive scalar).
� At �R ¼ 0, initialize variables (e.g. a = 0, s = 0, pf = 0, z = 0 and

w = r). Go to Step (a).
Step (a): Solve finite step problem
� Solve MCP (14) either for the prescribed fd (with Da = 0) or

for two finite increments (namely Da = Dt and Da = �Dt).
� Collect all multiple solutions (if they exist) and select one

solution.
� Form the new stress state �R, and update according to (13).

Go to Step (b).
Step (b): Check termination
� If the termination criterion has been reached, or all solu-

tions found at Step (a) have been exhausted, stop.
� Else, return to Step (a) either to proceed with the current

state �R or to choose an unexplored solution found
previously.

Some additional remarks regarding the proposed stepwise hol-
onomic algorithm are:

(a) Rather than processing the MCP (14) using all yield modes,
our implementation adopts a prediction of yield hyperplanes
that are likely to be active during the particular incremental
step (Ardito et al., 2008; Tangaramvong and Tin-Loi, 2010b).
This special technique allows a partition of the MCP into
potential active and nonactive yield sets, and thus leads to
significant reductions in complementarity size and hence
of computational cost.

(b) In view of geometric nonlinearity, bifurcation leading to
multiple equilibrium paths can be expected at any load level.
The strategy proposed to detect this event is to simply test
for both Da = Dt and Da = �Dt at the MCP solve. Multiple
solutions (if they exist) are captured by using a special enu-
merative scheme (Tin-Loi et al., 2007) at Step (a).

(c) A limit point is recognized when application of Da = Dt does
not yield any solution. To identify closely this point, our
implementation applies an automatic refinement of the
finite step Dt reduced by a factor of 0.5 (until Dt 6 10�5)
when the maximum load capacity is approached.

4. Extended limit analysis

The aim of our extended analysis is similar to that of the classi-
cal approach, namely to obtain in a single step a bound to the max-
imum load. However, in our case ductility constraints and 2nd-
order geometric effects are included. Various other quantities of
interest corresponding to that load, such as displacements u and
stresses s, can be obtained as by-products.

Our extended limit analysis approach is based on holonomic
conditions. This assumption, as reported by Tangaramvong and
Tin-Loi (2007), is reasonable for realistic structures since their glo-
bal responses computed on the basis of holonomy closely predict
those from the actual nonholonomic assumption.
The idea underpinning our analysis is simple: since the holo-
nomic formulation given by the nonlinear MCP (12) provides the
complete basic ingredients that govern the structural behavior
for the entire proportionally applied load history, the very same
relations can be used to formulate the extended limit analysis
problem. At variance with a holonomic elastoplastic analysis for
which the load multiplier a is known a priori, the limit analysis as-
sumes that a is variable. The aim is then to maximize a subject to
the holonomic constraints.

In view of the foregoing remarks, the extended limit analysis
can be expressed as the following optimization problem in vari-
ables (a,s,pf,u,z):

maximize a
subject to MCP ð12Þ;

ductility constraints;
ð15Þ

where ‘‘ductility constraints’’ impose generally limits on such quan-
tities as total displacements at some specific points of structures,
rotation capacities, etc. Problem (15) is an instance of the optimiza-
tion class known as an MPEC (Luo et al., 1996), for which equilib-
rium constraints are in fact complementarity constraints. This
type of optimization problem has increasingly attracted research
interest due to the fact that, in addition to being theoretically diffi-
cult and computationally challenging, MPECs find numerous appli-
cations in both economic and engineering problems involving
equilibrium systems (Ferris and Pang, 1997).

The systematic study of MPECs is a relatively new field of math-
ematical programming. The most prominent feature of an MPEC,
and one that distinguishes it from a standard NLP problem, is the
presence of complementarity constraints. These constraints clas-
sify the MPEC as a nonlinear disjunctive program. Besides the com-
mon issues associated with general NLP problems, the MPEC is
complicated by a ‘‘combinatorial curse’’. Whilst an extensive the-
ory of first and second order optimality conditions for an MPEC
has been developed (Luo et al., 1996), still relatively little is known
about the numerical solution of practical, large-scale MPECs likely
to arise in realistic applications. To date, there are unfortunately no
known numerical algorithms guaranteed to solve such an MPEC.

There are three main reasons for the difficulty of solving MPECs
such as the one given by (15): they are disjunctive in view of the
embodied complementarity conditions (namely, either wj = 0 or
zj = 0); the feasible region of the MPEC may not be convex; and
the feasible solution space may not be connected. Any of these
can lead to severe numerical instability.

An attempt to directly solve the MPEC, such as the one defined
by (15), would typically suffer from numerical difficulties, and is
likely to succeed only small size problems (Cocchetti and Maier,
2003). A far better approach is to transform the MPEC into a stan-
dard NLP problem, for which the nonconvex and nonsmooth com-
plementarity constraints are parameterized. This reformulated
MPEC is then solved as a series of NLP subproblems such that the
original complementarity condition is approached, as the govern-
ing positive parameter (l) is increased or decreased. The attraction
of this scheme is that each subproblem is a standard NLP problem,
and general purpose industry standard NLP codes, such as GAMS/
CONOPT (Drud, 1994), can be employed.

In the following, we briefly outline three basic algorithms we
have used with varying degrees of success. They are categorized
by the way complementarity is treated.

1. Penalization: The complementarity term is transferred to the
objective function and penalized (see, e.g. Ferris and Tin-Loi,
1999). More explicitly, this involves adding the term �lwTz
to the objective function. A negative penalization, it is noted,
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is required in view of the maximization process. At each NLP
iterate, the algorithm increases the penalty parameter l until
complementarity is satisfied to within some preset tolerance.

2. Smoothing: The algorithm replaces the term wTz = 0 by appro-
priate smoothing functions wl(wj,zj) = 0 for all j. The particular
one often used is the well-known Fischer–Burmeister function
(Kanzow, 1996):
wlðwj; zjÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2

j þ z2
j þ 2l

q
� ðwj þ zjÞ: ð16Þ
The function wl has the property that wl(wj,zj) = 0 if and only if
wj P 0, zj P 0 and wjzj = l. The parameterization wl is a
smoothing of the mapping wl=0 implying that it is differentiable
for nonzero l. The algorithm processes a series of NLP subprob-
lems that iteratively decrease the smoothing parameter l in or-
der to drive the complementarity term to zero (see, e.g. Tin-Loi
and Que, 2001).

3. Relaxation: The complementarity constraint wTz = 0 is replaced
by its relaxed version wTz 6 l. This relaxed problem is succes-
sively solved for smaller values of l to enforce the complemen-
tarity term to zero (see, e.g. Ferris and Tin-Loi, 2001).

We can make three comments on these approaches for solving
our extended limit analysis problem:

(a) For all the problems we tested, the three proposed parame-
terizations had no difficulties whatsoever in processing suc-
cessfully MPEC (15). The penalty algorithm appears to be the
most robust and efficient MPEC solution scheme, and hence
has been adopted in the present study. The particular algo-
rithmic implementation involves iteratively solving the fol-
lowing NLP subproblem in variables (a,s,pf,u,z):
maximize a� lwTz

subject to CT
0sþ CT

f pf � af � fd ¼ 0;

SðsÞfC0u� Nzg � s ¼ 0;
Sf ðsÞfCf ug � pf ¼ 0;

w ¼ �NTsþHzþ r P 0; z P 0;
ductility constraints;

ð17Þ
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Fig. 5. Piecewise linear models: (a) interaction between flexural and axial forces
and (b) moment-rotation relation for flexible connections.
for successively higher values of l until a preset tolerance on
the complementarity condition (i.e. wTz 6 10�6) is met. The
adopted starting values of l are in all cases l = 1, and are up-
dated after each NLP solve by l = 10l.

(b) In the presence of geometric nonlinearity, the constraints
(17) are nonlinear since the two matrices S and Sf are
expressed as functions of stresses s (see Appendix A). Once
again, rather than adopting some cumbersome iterative pro-
cedure to achieve convergence, our proposed algorithm pro-
cesses each subproblem (17) directly using the NLP solver
GAMS/CONOPT. This advantageously provides a significant
reduction in computational effort by eliminating the typical
outer level iterative routines.

(c) The optimization problem given by the MPEC (15) can
strictly only guarantee an upper bound solution to the max-
imum load. Successful numerical solution will in fact pro-
vide the largest upper bound. An upper bound solution is
achieved when there are multiple limit loads, associated
with multiple equilibrium paths. In practice, however, the
exact limit load is often captured as when a single equilib-
rium branch exists, as for realistic structures (see, e.g. Tanga-
ramvong and Tin-Loi, 2007, 2010b). For such cases, the exact
load is hence computed.
5. Illustrative examples

Four numerical examples are provided to illustrate application
of the proposed stepwise holonomic and extended limit analysis
approaches. All examples involve realistic elastoplastic frames
with semirigid beam-to-column connections (denoted as opened
square dots) considering also the effects of 2nd-order geometry.

The first example is a typical unbraced frame model for a Win-
nipeg office building (Frye and Morris, 1975; Misa, 1995). This
example provides some validation of the accuracy of the stepwise
holonomic approach and demonstrates the fact that numerical sta-
bility is achieved with our proposed algorithm, even for large step
sizes. The second and third examples are benchmark problems
provided by Anderson and Kavianpour (1991) and Galea et al.
(1988), respectively. The last example is a reasonably sized multi-
story braced frame (Tangaramvong and Tin-Loi, 2009b, 2010a).

Piecewise linearized yield surfaces were adopted in all cases.
For an I-steel section under combined bending and axial force,
‘‘start’’ hinge a of an element i is then the hexagonal piecewise lin-
ear yield diagram shown in Fig. 5a, where tanc = 1/0.85, rb = 0.15
and s1u defines the axial yield capacity. Positive and negative flex-
ural/axial properties are assumed to be identical. A multilinear dia-
gram (Fig. 5b) was used to suitably represent the general nonlinear
moment–rotation behavior of semirigid connections, where Mj and
Ka

j define the corresponding flexural capacity and slope for each
linear portion j, respectively. Mathematical descriptions underpin-
ning the inelastic constitutive laws are provided in (7), (8) and (10),
(11) for nonholonomic and holonomic behaviors, respectively. Ex-
plicit expressions of key vectors and matrices are given in Appen-
dix B.

Both the proposed stepwise holonomic and extended limit anal-
ysis algorithms have been implemented as MATLAB codes, linked
to the GAMS mathematical programming environment by a MAT-
LAB-GAMS interface (Ferris, 1998). The step-by-step behavior was
traced using the stepwise holonomic algorithm with GAMS/PATH
(Dirkse and Ferris, 1995b) as the MCP solver. For the MPEC runs,
the penalty NLP based algorithm was implemented, and the NLP
solves were carried out using the robust GAMS/CONOPT optimiza-
tion code (Drud, 1994). The reported CPU times are for a 3 GHz
Pentium PC with 4 GB RAM, running WinXP.

5.1. Example 1: 11 story portal frame

The first example concerns the 11 story steel portal frame in
Fig. 6. It is subjected to vertical and lateral forces (kips) defined
in terms of a load multiplier a as shown in Fig. 6, where v denotes
the corresponding top story sway displacement (in). This frame
was initially modeled for a Winnipeg office building by Frye and



(All forces × α)

10.95
61

8.37
61

9.23
61

9.63
61

10.04
61

10.04
61

10.89
61

10.89
61

10.89
61

11.73
61

5.86,v
45 45 45 45

71 71 71

71 71 71

71 71 71

71 71 71

71 71 71

71 71 71

71 71 71

71 71 71

71 71 71

71 71 71

45

61

61

61

61

61

61

61

61

61

61

c1

c1

c4

c4

c6

c6

c7

c7

c8

c8

c8 c7

c7

c7

c4

c4

c4

c4

c5

c5

c2

c2

c8

c8

c8

c7

c7

c6

c6

c6

c6

c3

c3

342 in 342 in

25
2 

in
10

 @
15

6 
in

 =
 1

56
0 

in

Fig. 6. Example 1: 11 story portal frame.
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Morris (1975) to examine the influence of nonlinear flexible con-
nections. However, both material and geometric linearities were
assumed. Later, Misa (1995) analyzed the same frame using a non-
holonomic elastoplastic analysis (using an iterative predictor–cor-
rector scheme) and allowing for arbitrarily large deformations.

We carried out the following five analyses:

Case a: Stepwise holonomic analysis, rigid connections, geomet-
ric linearity.

Case b: Stepwise holonomic analysis, semirigid connections,
geometric linearity.

Case c: Stepwise holonomic analysis, rigid connections, 2nd-
order geometry.

Case d: Stepwise holonomic analysis, semirigid connections,
2nd-order geometry.

Case e: Extended limit analysis, semirigid connections, 2nd-
order geometry, limited displacement of
�7.248 6 v 6 7.248 (in).

Material properties adopted were WF sections with E = 29,000 ksi:
W21 � 83 for all beams, s2u = 7056 kip-in. For columns, eight different
sections indicated as c1 to c8 in Fig. 6 were employed: namely
W14 � 342 for c1, s2u = 24231.31 kip-in, s1u = 3638.16 kips; W14 �
398 for c2, s2u = 28866.67 kip-in, s1u = 4212.9 kips; W14� 287 for
c3, s2u = 19508.07 kip-in, s1u = 2996.46 kips; W14 � 264 for c4,
s2u = 17497.95 kip-in, s1u = 2723.04 kips; W14 � 314 for c5, s2u =
21700.53 kip-in, s1u = 3292.2 kips; W14� 219 for c6, s2u = 14002.75
kip-in, s1u = 2232 kips; W14� 176 for c7, s2u = 11555.46 kip-in,
s1u = 1863.72 kips; and W14� 120 for c8, s2u = 7649.45 kip-in,
s1u = 1272.24 kips.

As is typical, yielding in all beams was assumed to form under
pure bending, whilst the combined stress model in Fig. 5a was
adopted for all columns. For semirigid bolted T-stub beam-to-col-
umn connections, we assumed the multibranch moment–rotation
(kip-in, rad � 10�3) diagram shown in Fig. 5b with a linearization
of: (0,0), (1620,0.58), (3480,3.30), (5520,9.30) and (7056,16.90).
The discretized frame model consisted of 77 members, 58 nodes,
165 degrees of freedom, and 572 (for rigid connection Cases a
and c) or 704 (for semirigid connection Cases b, d and e) yield
functions.
The accuracy of our 2nd-order geometry, stepwise holonomic
approach (Case d) to predict the overall response of the semirigid
frame can be assessed by comparison with the results of Misa
(1995) who performed an exact nonholonomic analysis allowing
for arbitrarily large deformations. Our stepwise holonomic analy-
ses, carried out for different step sizes (namely Dt = 0.02, 0.1, 0.2
and 0.4, using respectively CPU times of 248, 229, 301 and 301 s)
matched very well, as shown in Fig. 7, the exact response. We
should also note that, for this structure, only a single equilibrium
path exists, and we accurately estimated the maximum load by
our implemented automatic load step refinement. Computation-
ally, our algorithm performed very well as it did not have any con-
vergence difficulties even for the largest step size adopted.
Unstable equilibrium paths were also robustly traced. As expected,
the numerous hinge unloadings identified did not significantly af-
fect the overall response of the structure. A stepwise holonomic
approach, as previously indicated, does not capture exactly all crit-
ical events; these all are identified in the same or subsequent steps.
For instance, for the stepwise holonomic Case d response (Fig. 7,
Dt = 0.02), we identified the first partial hinge at some flexible
beam joint when a � 0.26. Yielding due to combined stresses first
occurred at some base column when a � 1.22. At the same load
(a � 1.22), some beam joint attained full plasticity. The first
unloading was detected at some flexible connection when
a � 1.245. The maximum load capacity was reached at approxi-
mately amax � 1.249.

The structure responses for each of the stepwise holonomic
Cases a–d (Dt = 0.02) are shown in Fig. 8. The CPU times spent to
analyze these Cases a–c were 41, 67 and 252 s, respectively. Hinge
dispositions corresponding to the maximum load for each case are
depicted in Fig. 9. It can be observed that from an early phase, sig-
nificant amount of lateral displacement is produced due to the ef-
fect of semirigid connections. Under the geometrically linear
assumption, the maximum loads of amax � 1.644 (for rigid frame
Case a) and of amax � 1.642 (for semirigid frame Case b) are ap-
proached at approximately the same level. Both analyses were ter-
minated due to an excessive sway displacement of v = 70 in.
However, in the presence of geometric nonlinearity, the influence
of flexible connections became more dominant since they further
reduced (some 6%) the load carrying capacity of the structure, as
can be seen by comparing the maximum load of the semirigid
frame Case d (amax � 1.249) with the rigid frame Case c
(amax � 1.327). At the limit point for Case d, the hinge dispositions
(Fig. 9d) indicate that only few flexible joints have attained full
plasticity. As expected, beyond their limit points, both frames in
Cases c and d lost significantly their load carrying capacities as
their response entered the softening (unstable) equilibrium path.
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The extended ductility constrained limit analysis (Case e) was
successfully solved in a single step using the proposed MPEC ap-
proach. The CPU time used was about 1 s. The maximum load com-
puted, namely amax = 0.725 with v = 7.248 in, is plotted as a dot on
the corresponding Case d stepwise holonomic behavior in Fig. 8.
This limit analysis result is clearly in accord with our evolutive
analysis, and it also satisfies the imposed displacement constraint
(thin line). Hinge dispositions at the computed peak load are dis-
played in Fig. 9e.
5.2. Example 2: 3 story portal frame

The 3 story, single bay semirigid structure in Fig. 10 is a bench-
mark example (Anderson and Kavianpour, 1991) often used to val-
idate the accuracy of developed analysis methods for semirigid
frames. This structure is subjected to uniformly distributed loads
of 40a kN/m on the beams and lateral loads of 10.75a kN, where
v denotes the corresponding top sway displacement (m).

The frame is made up of steel sections (HEB200 for all columns,
s2u = 151 kN m, s1u = 1835.35 kN, and IPE300 for all beams,
s2u = 147.6 kN m) with E = 2 � 108 kN m�2. All beam-to-column
connections are semirigid with the idealized multilinear mo-
ment–rotation (kN m, rad � 10�3) shown in Fig. 5b, with break-
points at (0,0), (75,4), (97.5,11.8), (107.5,24.4) and (120,60.4). As
usual, we assumed that beams could yield under pure bending
and columns under combined stresses (Fig. 5a). Our beam discret-
ization is shown in Fig. 10b, leading to a model consisting of 18
members, 17 nodes, 45 degrees of freedom and 138 yield functions.

The full history of a � v responses, including the effects of 2nd-
order geometry, was successfully traced using our stepwise holo-
nomic scheme, with Dt = 0.2. The total CPU time consumed was
about 36 s. As expected for this realistic frame, there exists only
a single equilibrium path (see Fig. 11). Obviously, the present re-
sults are in good agreement with the numerical results reported
by Anderson and Kavianpour (1991), thus validating the accuracy
of our proposed algorithm. The maximum load capacity was
reached at approximately amax � 1.635, with the corresponding
hinge dispositions shown in Fig. 12.

Our extended limit analysis took less than 1 s CPU time. The
computed maximum load capacity was amax = 1.635 with
v = 0.256 m. This value is plotted (as an open dot) on the associated
stepwise holonomic response in Fig. 11. The obtained result clearly
predicts accurately the load carrying capacity of the structure. It
also incidentally provides the same hinge dispositions (Fig. 12) as
those of the stepwise holonomic analysis.
5.3. Example 3: multi bay portal frame

The third example is that of a 2 story, 3 bay calibration frame
(Fig. 13), originally analyzed by Galea et al. (1988). The frame is
subjected to a uniformly distributed load of 40a kN/m on beams
as well as lateral loads of 5a kN applied as shown; v indicates a
top story sway displacement. Each column has an initial vertically
imperfection of 1/300.
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Four analysis cases were carried out as follows:

Case a: Stepwise holonomic analysis, rigid connections, geomet-
ric linearity.

Case b: Stepwise holonomic analysis, rigid connections, 2nd-
order geometry.

Case c: Stepwise holonomic analysis, semirigid connections,
2nd-order geometry.

Case d: Extended limit analysis, semirigid connections, 2nd-
order geometry, limited displacement of
�0.032 6 v 6 0.032 (m).

The following steel sections (E = 2 � 108 kN m�2) were adopted:
IPE300 for all beams, s2u = 147.6 kN m; and HEA160 for all col-
umns, s2u = 57.58 kN m, s1u = 911.8 kN. Yielding under pure bend-
ing was assumed for all beams and under combined stresses for
all columns (Fig. 5a). The flexible connection analysis Cases c and
d employed the multibranch moment–rotation (kN m, rad � 10�3)
law shown in Fig. 5b: (0,0), (31,3.34), (42.50,6.30), (47.50,13.05)
and (49.50,42.44). This is a linearized approximation of the actual
nonlinear curve of Galea et al. (1988). The discretized finite ele-
ment model, involving the beam discretization shown in Fig. 13b,
consisted of 44 members, 42 nodes, 114 degrees of freedom, and
240 (for rigid joint Cases a and b) or 276 (for semirigid joint Cases
c and d) yield functions.

For all stepwise holonomic Cases a–c, the complete a � v re-
sponses shown in Fig. 14 were traced using the proposed algorithm
with Dt = 0.02. The CPU times were 22, 76 and 127 s for Cases a–c,
respectively. For each of the analysis Cases a–c, there was only a
single equilibrium path. Clearly, the present results for Case c pro-
vide a good correlation with the benchmark results (Galea et al.,
1988). The small differences observed are most likely due to the as-
sumed approximate piecewise linear moment–rotation diagram.

The influence of geometric nonlinearity is evident by compar-
ing, for example, the responses of the 2nd-order geometry Case b
and of the geometrically linear Case a. As expected, inclusion of
geometric effects reduces the overall load carrying capacity of
the structure. The 2nd-order geometry Case b graph starts to devi-
ate from the small deformation Case a when the structure is still
elastic. The maximum load capacity obtained for Case b
(amax � 1.745) is approximately 14% less that of Case a
(amax � 1.989). The corresponding hinge dispositions shown in
Fig. 15 reveal that some plastic hinges that initially formed at some
beams and columns in Case a do not actually occur in Case b. In the
present instance, 2nd-order effects also produced a softening post
peak behavior.

For the flexible connection Case c, the a � v response in Fig. 14
shows a further (significant) reduction in the maximum load
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capacity, as compared to the rigid connection Case b. Not only was
the peak load (amax � 1.466) attained at about 19% lower level than
Case b, its associated sway displacement (v � 0.118 m) also in-
creased dramatically. The corresponding hinge dispositions shown
in Fig. 15c indicate that none of semirigid connections had yet
developed full plasticity. Instead, elastic unloadings were detected
at some of these joints.

The extended limit analysis Case d provided a maximum load of
amax = 1.133 with a corresponding v = 0.032 m, in less than 1 s CPU
time. This result is plotted as a dot on the associated stepwise hol-
onomic Case c response (Fig. 14). Clearly, the required serviceabil-
ity condition (thin line) is satisfied. Hinge dispositions
corresponding to this load are depicted in Fig. 15d.
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Fig. 17. Example 4: stepwise holonomic a � v responses.
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Fig. 18. Example 4: hinge dispositions at limit load: (a) Case a, (b) Case b and (c)
Case c (� denotes fully plastic hinge, � partially plastic hinge and � unloaded hinge).
5.4. Example 4: 14 story braced frame

The last example concerns the 14 story, 3 bay braced frame
shown in Fig. 16. This practical frame was originally used to inves-
tigate the influence of softening plasticity and 2nd-order geometry
on its holonomic structural behavior (Tangaramvong and Tin-Loi,
2009b, 2010a). The frame was subjected to vertical loads of 5a
(kN) and increasing lateral forces (kN) governed by the load factor
a as shown, where v denotes the corresponding top sway displace-
ment (m).

Three analysis cases were carried out as follows:

Case a: Stepwise holonomic analysis, rigid connections, 2nd-
order geometry.

Case b: Stepwise holonomic analysis, semirigid connections,
2nd-order geometry.

Case c: Extended limit analysis, semirigid connections, 2nd-
order geometry, limited displacement of
�0.224 6 v 6 0.224 (m).

Steel sections with E = 2 � 108 kN m�2 were adopted:
350WC258 for all columns, s2u = 1246 kN m, s1u = 9212 kN;
200UC59.5 for all braces, s2u = 197 kN m, s1u = 2286 kN; and
410UB59.7 for all beams, s2u = 360 kN m. Plasticity in all beams
was assumed to form under pure bending, whilst yielding of all
columns and braces accommodated the effects of combined axial
and flexural forces (Fig. 5a). For the analysis Cases b and c, bay 1
and 3 beam-to-column connections were assumed to be semirigid;
each followed the multibranch moment–rotation (kN m,
rad � 10�3) diagram shown in Fig. 5b, with breakpoints at (0,0),
(112,3.33), (163,8.54), (193,15.9) and (216,25.5). The discretized
model consisted of 196 members, 130 nodes, 378 degrees of free-
dom, and 1456 (for the rigid connection Case a) or 1624 (for the
flexible connection Cases b and c) yield functions.
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In Cases a and b, the stepwise holonomic a � v responses, com-
puted with Dt = 0.5, are shown in Fig. 17. The corresponding CPU
times were 763 and 1336 s for Cases a and b, respectively. Hinge
dispositions corresponding to the maximum load for each of the
Cases a and b are plotted in Fig. 18. The results were as expected:
in the presence of geometric nonlinearity, the effect of semirigidity
not only decreased the peak load, but also increased the deflec-
tions. As compared to the rigid connection Case a (amax � 45.099
at v � 0.415 m), some 12% reduction in the maximum load and a
larger sway displacement were obtained for the semirigid connec-
tion Case b (amax � 40.256 at v � 0.686 m).

Our extended limit analysis under displacement constraints
successfully predicted, in 6 s CPU time, a maximum load of
amax = 38.608 with v = 0.224 m. This result is plotted as a dot on
the associated stepwise holonomic Case b response. It clearly sat-
isfies the imposed deflection (thin line) limit. Corresponding hinge
dispositions to the limit load are shown in Fig. 18c.
6. Concluding remarks

This paper presents robust and efficient mathematical program-
ming based approaches to carry out evolutive and extended limit
analyses for the safety assessment of elastoplastic frames for which
some or all of the beam-to-column connections are semirigid. The
influence of material and geometric nonlinearities are simulta-
neously accommodated. For computational efficiency and without
undue loss of accuracy, the evolutive analysis is carried out in a
stepwise holonomic fashion. Our extended limit analysis, similar
to a classical analysis, aims at obtaining in a single step a bound
to the maximum load capacity. Moreover, it can also account for
nonperfect plasticity, geometric nonlinearities and limited ductil-
ity conditions.

The novelty of our stepwise holonomic algorithm is that it is
processed without the use of any iterative, typically some predic-
tor–corrector type, algorithm. This is made possible by formulating
the problem in its most natural (nonlinear) MCP form (namely, in
mixed static-kinematic variables) for processing within the GAMS
mathematical programming environment. Direct solution of the
MCP is made possible by use of the state-of-the-art solver GAMS/
PATH. Our algorithm not only reduces significantly the computa-
tional effort largely as a result of avoiding the typically burden-
some iterative schemes, but also offers increased numerical
stability even when large incremental step sizes are used.

The extended limit analysis is formulated as a notoriously diffi-
cult to solve instance of a nonconvex and nonsmooth optimization
problem, known as an MPEC for which the major source of difficul-
ties is the presence of complementarity conditions. Our proposed
algorithm attempts to solve the MPEC as a series of reformulated
NLP subproblems for which the complementarity is suitably trea-
ted. The penalty NLP-based approach, as confirmed through a large
number of numerical tests, can solve robustly and efficiently the
underlying MPEC.

We have solved a large number of numerical examples concern-
ing both practical and reasonably sized semirigid frames, four of
which are reported in this study. The results all confirm the validity
and reliability of our mathematical programming based ap-
proaches. From the structural engineering point of view, the results
also highlight the influence of semirigid connections, geometric
nonlinearity and ductility limitation, namely in typically degrading
the maximum load capacity of the structure and softening its post-
peak response. We have also confirmed that the adopted stepwise
holonomic scheme predicts with sufficient accuracy the actual
nonholonomic structural response, and that a simplified 2nd-order
geometry assumption is adequate for the class of structures
considered.
Finally, we believe that the direct mathematical programming
approaches developed can be extended to more sophisticated finite
element models and material laws with formal, rather than con-
ceptual, complications.
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Appendix A. 2nd-order geometry and flexible connections

For a generic frame element i in Fig. 4, the two linear compati-
bility matrix Ci

0 2 R3�6 and associated auxiliary compatibility ma-
trix Ci

f 2 R1�6 read, respectively

Ci
0 ¼

cos h sin h 0 � cos h � sin h 0
� sin h=l cos h=l 1 sin h=l � cos h=l 0
� sin h=l cos h=l 0 sin h=l � cos h=l 1

2
64

3
75; ðA:1Þ
Ci
f ¼ � sin h cos h 0 sin h � cos h 0½ �: ðA:2Þ

The effects of both geometric changes and joint semirigidity for
an element i with ends a and b (in Fig. 4) are incorporated through
the element stiffness matrix Si 2 R3�3 as follows:

Si ¼
EA=l 0 0

0 c1EI=l c2EI=l

0 c2EI=l c3EI=l

2
64

3
75; ðA:3Þ

where

c1 ¼ v1kakb þ v2
1 � v2

2

� �
ka

� �
=kab;

c2 ¼ v2kakbf g=kab;

c3 ¼ v1kakb þ v2
1 � v2

2

� �
kb

� �
=kab;

kab ¼ kakb þ v1 ka þ kbð Þ þ v2
1 � v2

2

� �
;

A is the cross-sectional area, I the second moment of area of the cen-
tral elastic part, E the modulus of elasticity, ka ¼ Ka

0l=EI (or
kb ¼ Kb

0l=EI) a dimensionless stiffness factor with Ka
0 (or Kb

0) repre-
senting the initial tangent stiffness of the semirigid connection
model at end a (or b), see Fig. 2. In the context of 2nd-order geom-
etry (1st-power approximation), the stability functions v1 and v2

(Kassimali, 1983) can be appropriately written as

v1 ¼ 4� 2si
1l2

15EI
; ðA:4Þ

v2 ¼ 2þ si
1l2

30EI
: ðA:5Þ

Likewise, the elemental matrix Si
f 2 R1�1 reads

Si
f ¼
�si

1

l
: ðA:6Þ

These two matrices are described as functions of the single axial
force si

1 (i.e. si
1 > 0 for compression), and thus the elastic constitu-

tion of the geometrically linear case can be recovered by simply
assuming a zero member axial force ðsi

1 ¼ 0Þ. The elastic stiffness
matrix Si is further modified to accommodate the initial stiffness
from a semirigid connection. Obviously, ka = 0 and kb = 0 represent
pinned connections (e.g. truss elements). On the other hand,
ka =1 and kb =1 lead to a rigid connection. Intermediate values
of ka and kb between 0 and 1 indicate a semirigid connection.
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Appendix B. Piecewise linear yield functions

For a generic perfectly plastic (Ha = 0) hinge ‘‘ a’’ of member i,
the piecewise linear (hexagonal) yield condition under combined
stresses (Fig. 5a) associated to the nonholonomic relations (8) are

waT ¼ w1 w2 w3 w4 w5 w6½ �; ðB:1Þ

_zaT ¼ _z1 _z2 _z3 _z4 _z5 _z6½ �;

saT ¼ si
1 si

2

� �
;

Na ¼
0 n̂ n̂ 0 �n̂ �n̂

1 1 �1 �1 �1 1

	 

;

raT ¼ s2u ss2u ss2u s2u ss2u ss2u½ �;

where n̂ ¼ ðs2u=s1uÞ tan c and s = 1 + rb tanc. Yield functions w1–w6

govern yielding of hyperplanes 1–6, respectively. When the effect
of axial forces on yielding is deemed unnecessary, the pure bending
model can be generated by simply retaining only the two functions
w1 and w4 in (B.1).

The multilinear hardening yield condition (Fig. 5b) accommo-
dates the influence of flexible connections on the inelastic defor-
mation at end ‘‘a’’ of an element i through the corresponding
nonholonomic formulations (8) with

Na ¼ 1 �1 0 0 0½ �; saT ¼ ½si
2�; ðB:2Þ

Ha ¼

h1 h1 h2 � h1 h3 � h2 �h3

h1 h1 h2 � h1 h3 � h2 �h3

�h1 �h1 h1 0 0
0 0 �h2 h2 0
0 0 0 �h3 h3

2
6666664

3
7777775
;

wa ¼

w1

w2

w3

w4

w5

2
6666664

3
7777775
; _za ¼

_z1

_z2

_z3

_z4

_z5

2
6666664

3
7777775
; ra ¼

M0

M0

M1 �M0

M2 �M1

M3 �M2

2
6666664

3
7777775
;

where the hardening parameters hj are calculated from

hj ¼
Ka

0Ka
j

Ka
0 � Ka

j

; for j ¼ 1; . . . ;3: ðB:3Þ

Obviously, the hardening constitutive law, as given by (B.2), de-
scribes the evolution of an isotropic hardening yield model indicat-
ing a homothetically expanding yield surface. The assumption of
isotropic hardening, it is worth mentioning, is not important for
realistic structures under monotonically applied loads since it is un-
likely that progressive hardening will activate the opposite yield
plane.

In the case of holonomic elastoplastic behavior, the two descrip-
tions (B.1) and (B.2) can be similarly applied to the holonomic rela-
tions (11), albeit involving total (rather than rate) quantitative
plastic multipliers za.
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