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1. Introduction

This paper concludes the series [P-St 97,P-St 99,P-St 01,P-St 04,P-St 05]. Its goal is to finish the
proof of the following theorem which was announced in [St 04] and [P-St 06]:

Theorem 1.1 (Classification Theorem). Any finite-dimensional simple Lie algebra over an algebraically closed
field of characteristic p > 3 is of classical, Cartan or Melikian type.

For p > 7, the finite-dimensional simple Lie algebras were classified by the second author in the
series of papers [St 89,5t 91,5t 92,St 93,5t 94,St 98]. It should be mentioned that the Classification
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Theory was inspired by the ground-breaking work of Block and Wilson [B-W 82,B-W 88] who handled
the so-called restricted case (also for p > 7).

In what follows, F will denote an algebraically closed field of characteristic p > 3, and L will
always stand for a finite-dimensional simple Lie algebra over F. As usual, we identify L with the
subalgebra ad L of the derivation algebra DerL and denote by L, the semisimple p-envelope of L (it
coincides with the p-closure of adL in the restricted Lie algebra DerL). Given a torus T of maximal
dimension in L, we let H stand for the centralizer of T in L; that is,

H:=c(T)={xeL|[t,x]=0VteT}.

Let I'(L,T) be the set of roots of L relative to T; that is, the set of all nonzero linear functions
y € T* for which the subspace L, :={x e L|[t,x] =y (t)x Vt € T} is nonzero. Then H is a nilpotent
subalgebra of L (possibly zero) and L decomposes as L = H@@yerwn Ly . By [P-St 04, Corollary 3.7]
any root y in I"(L, T) is either solvable or classical or Witt or Hamiltonian. Accordingly, the semisimple
quotient L[y] = L(y)/radL(y) of the 1-section L(y):=H & EB,-E]F; Liy is either (0) or sl(2) or the

Witt algebra W (1; 1) or contains an isomorphic copy of the Hamiltonian algebra H(2; 1)®® as an ideal
of codimension < 1. For «, 8 € I'(L, T) we denote by L(«, 8) the 2-section Zi’jer Liq+jg, where
Lo = H by convention.

We say that T is standard if H(" consists of nilpotent derivations of L and nonstandard otherwise.
In [P-St 04] and [P-St 05], it was shown that if all tori of maximal dimension in L, are standard,
then L is either classical or a filtered Lie algebra of Cartan type. On the other hand, the main results
of [P 94] imply that if L, contains a nonstandard torus of maximal dimension, say T’, then there
are o, B € I'(L, T) such that the factor algebra L(«, 8)/radL(c, B) is isomorphic to the restricted
Melikian algebra M(1, 1). In particular, p =5 in this case.

The main result of the present paper is the following:

Theorem 1.2. If the semisimple p-envelope of L contains nonstandard tori of maximal dimension, then L is
isomorphic to one of the Melikian algebras M(m, n), where (m, n) € N2.

Together with the main results of [P-St 04] and [P-St 05] Theorem 1.2 implies the Classification
Theorem. In view of [St 04, Corollary 7.2.3] we also obtain:

Corollary 1.3. Any finite-dimensional restricted simple Lie algebra over an algebraically closed field of char-
acteristic p > 3 is, up to isomorphism, either one of W(n;1), n > 1, Sm; DM, n >3, H2r; D@, r > 1,
K@r+1; DM, r > 1, M(1, 1), or has the form (Lie G), where G is a simple algebraic F-group of adjoint
type.

For the reader’s convenience, we now give a brief overview of the proof of Theorem 1.2. Since our
goal is to show that L = M(m,n), we need to produce a subalgebra L) of codimension 5 in L. As in
the previous two papers of the series, local analysis is vital here. All possible types of 2-sections in
simple Lie algebras are described in [P-St 04, Section 4]. The list of 2-sections is long, but a thorough
investigation shows that most of them cannot occur in our situation. We prove in Section 5 that
if T is a nonstandard torus of maximal dimension in L, and «,8 € I'(L,T) are [Fp-independent,
then rad L(«, B) C T and either L[o, 81 = M(1,1) of Lla, 81V Z H(2; (2,1))®; see Theorem 5.8. In
particular, this implies that all root spaces of L with respect to T are 5-dimensional. This intermediate
result is crucial for the rest of the paper. In order to prove it we have to refine our earlier description
of 2-sections with core of type H(2; (2,1))®; see Theorem 3.6(5). The proof of Theorem 3.6(5) relies
heavily on a classification of certain toral derivations of H(2; (2, 1)). The latter is obtained in Section 2,
the longest section of the paper.

In Section 6, we show the restricted Melikian algebra M(1,1) has no nontrivial central exten-
sions and describe the p-characters of irreducible M(1, 1)-modules of dimension < 125. This gives
us important new information on the p-mapping of L,; see Section 7. To proceed further we need
a sufficiently generic nonstandard torus of maximal dimension in L,. We show in Section 9 that
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there is a nonstandard torus T of maximal dimension in L, for which H3 = [er(T), [cr(T), e ()]
contains no nonzero toral elements. We then use the new information on the p-mapping of L,
to construct for every o € I'(L, T) a subalgebra Q (o) C L(«) such that L(o) = H ® Q («), and set
Loy = ZaeF(LT) Q (a). By construction, L) is a subspace of L. In order to show that it is a sub-
algebra, we need to check that [Q (), Q(B)] C Q (&) ® Ziemp Q(B + ia) for all Fp-independent
o, B e (L, T). This is carried out in Section 10. The rest of the proof is routine.

All Lie algebras in this paper are assumed to be finite-dimensional. We adopt the notation in-
troduced in [P-St 97,P-St 99,P-St 01,P-St 04] with the following two exceptions: the divided power
algebra A(m; n) is denoted here by O(m;n), and the Melikian algebra g(m,n) by M(m, n). Given a Lie
subalgebra M of L, we write M, for the p-envelope of M in Lp.

2. Toral elements and one-sections in H(2; (2, 1))

The Lie algebra H(2; (2, 1)) will appear quite frequently in what follows, and to deal with it we
need some refinements of [B-W 88, (10.1.1)], [St 91, (VL4)] and [P-St 04, Proposition 2.1]. Set S :=
H2;(2,1)@, G:= H(2;(2,1)), and denote by S¢) (resp., G(;) the ith component of the standard
filtration of S (resp., G). Recall that S, = H(2; (2,1))® @ FD¥; see [St 04, Theorem 7.2.2(5)], for
instance. By [B-W 88, Proposition 2.1.8(viii)], G =V & S where

2 2_ _
V=FDu(x"") @ FDu(x) @ D (x7 PP 1).
Note that V is a Lie subalgebra of G, and in DerS we have V[Pl = V3 = 0. We denote by G the p-
envelope of G in DerS. As VIP1 =0, it follows from Jacobson’s formula [St 04, p. 17] that §=V & Sp.

We remind the reader that G is a Lie subalgebra of the Hamiltonian algebra H(2) =span{Dy(f) | f €
0(2)} and

[DH(f). Du(g)]=Du(D1(f)D2(g) — D2(f)D1(g)) (Vf. g€ 0(2)).
Furthermore, Dy (f) = Dy (g) if and only if f — g e F.

Lemma 2.1. Every toral element t of S, contained in S\ S o) is conjugate under the automorphism group of S
to an element

=D (a1 +px? + (a1 + ) Y), =14 P,
where u € {0, 1}. Each such element is toral.

Proof. (a) Write t =aDq+bD>+w witha,b € F and w € S(g). By our assumption, ¢ is a toral element
of Sp; that is, t/?! =¢. Since (aD; +bD3)!P! =aPD¥ and w!P! € S(g), Jacobson’s formula yields a = 0.
Since t ¢ S(g), it must be that b # 0. There exists a special automorphism o of the divided power
algebra O(2; (2, 1)) such that o (x;) =b~'x; and o (x2) = bx. It induces an automorphism @, of the
Lie algebra S via ®;(E)=0 o Eoo ! for all E € S; see [St 04, Theorem 7.3.6]. After adjusting t by
@, it can be assumed that b = 1. The description of AutS given in [St 04, Theorems 7.3.5 and 7.3.2]
implies that for any A € F and any pair of nonnegative integers (m,n) such that either (m,n) = (p2, 0)
orm+n>3,m<p? n<pand (m,n)#(p,1) there exists Omn,. € AutS with

Omna@) =u+ 2D (x™x"), u]  (Mod Sipmin—1)) (Vi€ Sa)).
Because

[D2. Du (4" ")) = D (™) (1 <n<p -1,
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it is not hard to see that there is g € AutS such that g(t) = Dy(xq + /Lx1p)) + DH(fx(p 1)) for some

meF and f = Zp P ,x@ with A; € F. If u # 0, then there exists o € F with «?~ 'y =1 and
a special automorphlsm O'/ of the divided power algebra O(2; (2,1)) for which ¢’(x1) = ax; and
o' (x3) = xy. It gives rise to an automorphism @, of the Lie algebra S such that &, (DH(XY) (S))) =

(xr”DH(x(r) (S)) for all admissible r and s; see [St 04, Theorem 7.3.6]. Adjusting t by &, we may
assume without loss that u € {0, 1}.

Put r = D1(x +;Lx§p)) =1 +;1,x§p_1), f’:=D1(f), and assume from now on that t = Dy(x; +
1)+ D (fxF ™).
s @dDy(fx; "))(@dDy(x1 + ux H(fx; 7)) =0 for 0<k<p-—3, Dyxs +
(b) As @dDy(fx"" ")) (ad Dy( P)kDu(fxP)) =0 for 0 <k 3, Dy(
,ux(p))“” D (fx(p 1))“ﬂ 0, and

[DH(x1 + ,uxgp)), DH(rifxgj))] = DH(r”]fxgj_l)) aA<i,j<p-1),

Jacobson’s formula yields

tP! = (ad Dy (x1 + pxP)) P~ (D (FXPDY)

41 1 [DH(f (p— 1)) (adDH(x1 +ux(p))) (DH(fx(zpfl)))]

N |

Du(rP'f) + [ H (), D (P2 fx0)]

(75 outsoien )

= DH(r”_lf) + DH(ff/rp_zxgp_U) — MDH(rp_3x§p_2)f2x§p_]>).

=Du(rP7'f) + %DH(f/rp’zfxgpfl)) -

As rP~1 =r~1 the RHS equals t if and only if f = (x; + ;fo))r as claimed. O

Denote by O(2; (2, 1)) [x1] the subalgebra of O(2; (2, 1)) spanned by all xgi) with k <i < p? and
let O(2; (2, 1)[x1]:= 0(2; (2, 1)) (0y[x1]. For u € O(2; (2, 1))[x1] put u’ := D1 (u) and set 7 _x1+ux(p)
so that t,, = Dy (F + rrx(p Dy Note that 7 =r.

Lemma 2.2. Let t;, be as in Lemma 2.1 and put C;, := cg(ty).

(i) The Lie algebra C,, has an abelian ideal CL of codimension 2 spanned by all Dy (u + u/Fxép_])) withu €

0(@2; (2,1))[x1] and by DH(xng)). Furthermore, C;, = Fn,, ® Fh;, © C;L, wheren,, = Df +,uDH(x§p))
and hy, =Dy (r~'x; — xgp)).

(ii) Givena e F andv € O(2; (2,1))[x1] put

p—1 )
Ya(v) = ZaiDH(r_ivxgl)) +ap_lDH(rv/x(p 1))
i=0

Then for every k € Fy the k-eigenspace of adt,, has dimension p? and is spanned by all @y (u) with
ue02;2,1)[x].

(iii) In G we have th] = —phy —ny, and nEf] =0.

(iv) If =0, then C,, is nilpotent and Ft,, is a maximal torus in G.
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Proof. (i) It is straightforward to see that C;L is abelian and t;, € C},. Also,
(p—1) (p)
[DF.tu] =D (™) = =[P (%”). tyu].
implying n;, € C,,. For all u e <x§i)|0 <i< p?) we have

[Da(r"x2). D+ P ™)) = =Dy (") + Dy (a7 = B/ ),
[DH(Xép)),D (u—l—urx(p 1))] _DH(u/x(zpfl)).

As a consequence,
[hu, Du(u+uixP )] = —Du (' + (') P ™) (21)

for all u € O(2; (2, 1))[x1]. Putting u =7 gives hy, € Cy,.
(ii) We claim that for all u € (x(l') [1<i<p? andall ke I} the following relations hold:

[Du(u+u rx(p 1)) o (V)] =k (ru'v), (2.2)
[Py (%2 — %), k()] = [h. k()] = @ (7 1V). (23)
Indeed, since kP~1 =1, rP =1, and X;p—Z) . xgk) =0 for 2 <k < p—1, the LHS of (2.2) equals Dy (w),

where
w=Di(u+u rxép 1)) D2 (pk(v)) — D2(u+u rxgp 1)) D1 (pk(v))
=W +u" PV urxPY) (Zk‘r“vxg Vv 2)) wie ™ (v 4+ k() x2)

(an iy g‘—l)) +u’1~‘V/X(p 2)

+ ku”rr vxép R ku’vx(zp_l) - u/Fv’xép_z) +ku'F(r! v)/xgp_l)

=k Zk r i Ty v) x(') + k(u"Fr- Ty vu'v+ u/F(r’lV)/)x(zp_l)
—ka rir ') x(') o )/x(zp_l).

But then Dy (w) = ke (r~'u’v) and (2.2) follows. Since
(_r—] v/)/ —r 2y — 1 v,

the LHS of (2.3) equals Dy (y), where
y= (Zk’ riuxdTD AP 2)>
— . ) p—1
-1 (Zk'i(r—l)l1(—"_2"/)VX(2') +Zk1r_'v/x(')) (Fv/)/ (p—1) +X(p 1) ,
i=1 i=0
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p—1
2. (Zklir'vxg) - Fv/xép_1)>
i=1

(Zk’lr vx(z')>+2k' (=) <') (v 4+ TV )x’J l)—f—xp Dy

=r rrv/xgp U—f—Zkl _i - v) (1) —r 1Fv”x;p*])
= Zk’ ri(—r x(') + (2 — i )P
_Zkz —i 1 /x(')—i—r( _1v/),x§p_1).

This shows that Dy (y) = Dy(—r—'v'), proving (2.3).

Setting u =7 in (2.2) now gives [t,, g(v)] = kgi(v). Since ¢(v) # 0 for all nonzero v €
O(2; (2,1))[x1], comparing dimensions yields that C, is spanned by hy,, n, and C;L and that
for every k € Fj; the k-eigenspace of adt, has dimension p? and is spanned by all g(v) with
ve0@2; 2, 1))x1].

(iii) Clearly, n}}" Dp — uP(xP7VDy)P = 0. Next observe that
1) = [P (5~ ). DY + 1D ()] = D (Y22 28 ) =0,

We claim that th] + phy +ny, =0.If =0, then h, = Dy — x(zpfl)Dl and ny, = DY; hence, our
claim is true in this case. Assume now that 1 # 0 and set q :=h, + pc‘1nﬂ. Since our remarks at
the beginning of this part imply that gP! = (h, + u='n, )P = th], we are reduced to showing that
qlPl + g =0. As [DH(x(p l)xz) (ad D7)} (DH(x(p 1)xz))] =0 for all i < p — 2, we see that

q”) = (u~1D? — Dy — ILDH(Xgp_UXz))[p] = (=D — MDH(Xgp‘l)xz))[P]
_ 1 -
= —DF — @d D) (1Du (")) — [0 (" x2). @ D)P (D (4 x2))]
=—D} + Dy + 2Dy (x{ "x2) = —uq.

and our claim follows.

(w) Now suppose 1t = 0. Then ¢, = Dy (x1(1+x ™)), hyy = Dy —xP) = &PV — 1)D; and
ny, = Dj3. Set C :=Cp and C() := C N G(. By Lemma 2.2(i), which we have already proved, C is
spanned by DY, (x(p D _1)D; and by all DH(xgk“) +x§k)7x§p_l)) with 0 <k < p? — 1. As a conse-
quence, C = FDf @ F(xgpq) —1)D1 & Fty, @ Cgy. As Gy is a restricted subalgebra of G, so is C(g).
From this it is immediate that Cg) is a p-nilpotent subalgebra of G. Note that CNS = Ft,, & C(g) is an
ideal of C. Since ((x(p D _1ypplel = —D¥ and (D¥)P1 = 0 (as derivations of S), Jacobson’s formula
implies that CI! ¢ FD? @ Ft,, & C(q) and C'?" C Ft,, & C(q). Since C(g) is p-nilpotent and [t,,, C] =0,
it follows that CIPI° = Ft, for all e > 0. Hence C is a restricted nilpotent subalgebra of G and Ft, is
the unique maximal torus of C. O
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If u belongs to the linear span of all xgi) with 2 <i < p?, then r~1u’ € O@2; (2, 1)), forcing
(r~'w)? = 0. For k € IF‘X we write S for the k-eigenspace of adt,l In view of (2.2) we have that

(ad Dy (u 4 Fu'xP™ U))"(Sk) = (0) for all k e Fy. Since
(ad Dy (u+ Fu'x ™))" () € (ad Dy (u +Fu'xP ")) () € (€)' = @

by Lemma 2.2(i), it follows that (ad Dy(u + fu’x(p_l)))l’ = 0. Therefore, for all u as above and c € F
the exponential exp(cad Dy (u + u'f ép ]))) is well defined as a linear operator on S.

Lemma 2.3. Suppose (1 # 0 and let Z(t,,) denote the stabilizer of t, in AutS.

(i) exp(cad DH(xgm) +x§m71)Fx(2p_”)) € Z(ty) forall3<m< p
(ii) For every he GNC, with h ¢ C;L there exist z € Z(t,) and a € F* such that z(h) = ah;, + bt,, +

2
sDH(xgp ) forsome b, s € F.
(iii) If h € (G N Cy) \ C},, then for every k € ]F; there is v € 1+ 0(2; (2, 1)) 1)[x1] such that ¢k (vy) is an
eigenvector for ad h and ¢y (vy)!P) is a nonzero p-semisimple element of G.
(iv) Foreveryh e (GNCy)\ C;L there exists a nonzero x € c¢s(t;,) such that ad x is not nilpotent and [h, x] = Ax
for some nonzero A € F.

Proof. (a) For 1 <m < p? set Dy, :=ad DH(X(m) +x(m D (p_l)). As (ad Dp)P =0 for m > 3, in order
to prove (i) it suffices to show that

p—1

2 i ) [Dh (1), Dh ' (v2)] =0 (Vy1,y2€S, Ym>3). (2.4)
i=
It follows from Lemma 2.2(i) that D2,(C,) C (C))" = (0). Therefore, we just need to show that (2.4)
holds for all y; = ¢ (vq) and y; = ¢;(v2), where k,l € IF; and vq, vy € O(2; (2, D))[x1].

For 3 <m < p we have (r‘lxgm_”)“’“)/2 =0, since O(2;(1,1)) is a subalgebra of 9(2; (2, 1))
and W > p. In light of (2.2) this gives (adDy)P*tV/2(gi(v)) =0 for all i € Fy and v e
0(2; (2,1))[x1]. Hence (2.4) holds for m < p.

If m> p+ 2, then (2.2) yields that Dﬁn(gok(vl)) = @x(wq) and Dﬁ,_i(wl(vz)) = ¢(wy) for some
wi € 0(2; (2, D))ip+1plxi] and wa € 025 (2, 1)) (p-ippr1[X1]- As [@(W1), ¢1(w2)] =0 in this case,
we deduce that (2.4) holds for m > p + 2. As O(2; (2, 1))(p2)[x1] = 0, this argument also shows that
(2.4) holds if m=p + 1 and either vy or v, belongs to O(2; (2, 1))1)[x1].

Thus, in order to prove (i) it suffices to show that (2.4) holds for m=p +1 and vi = v, =1.
Suppose the contrary and set

p—1

1 . i
Yi=3 M—_m[®p+1 (D). DY (@) ]-

i=1

Arguing as in the preceding paragraph we now observe that Y is a nonzero multiple of either

gokH(xgpz_])) (if k+1+#0) or DH(X§p2—1)(1 —xgp_l))) (if k+1=0). In any event, (adnu)p_l(Y) #0.
Set N, :=adn,. We know from the proof of Lemma 2.2 that [Ny, Dpi1]= D1, [D1,Dp411=0
and N (¢i(1)) =0 for all i € F. From this it follows that

p—1

_ 1 i
NETn = Zl.(p (Z( D [NL (D41 (D)) N"”(@L&w(l)))})
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p—1

=3 DD} (@), (DE ™ Dpr) (@ ()]

i=1
p—1

+ 3 (DD Dy ) (@ (D). DY (@i(D)]

i=1
= DY ([ (1), Dpir (@1(D)]) = [@e(D), (DY D1 (1(1)]
+ DI (D1 (@), (D)) = [(DP ' Dpsr) (@ (D), (D]
= (D2 Dps) ([ (D), (D)) = [ (D), @1 (x)] = K[k (), @1 (D]

(we used (2.2) and the equalities r” =1, kP =k and [P =1). On the other hand, comparing components
of xp-degree 0 and 1 one observes that

Ok (v — kuvHr=1) ifk+1£0,

[(ﬂk(U),wl(V)]Z{ Y ifk+1=0

kDp((u'v—uv) + @W'v — uv’)/Fxg_

for all u, v € O(2; (2, 1))[x1]. But then l[g(1), r}{P)] + kX)), @1(1)] = 0 and [gr(1), 1(1)] =0,

forcing fo] (Y) =0, a contradiction. Statement (i) follows.
(b) Observe that C;, NG = C;L ®Fh,. If heC, NG and h ¢ C),, then Lemma 2.2(i) implies that

x _ D) p*-1 () , =Dz (p—1
there are a € F*, b, s € F such that h =ahy, +bt, +sDy(x; )+Zi=2 aiDy(xy" +x; X, ) for
some a; € F. Since C}, is abelian, r is invertible, and

(expa;Dm)(hy) =hy +aiD (7 (X" D 4 %" P5P~V)) (3 <m < p?)

by (2.1), we can clear the g;’s by applying suitable automorphisms from Z(t,). This proves state-
ment (ii).
2
In dealing with (iii) we may assume that h =h, + sDH(xgp )) where s € F. In view of (2.3) we

2— . . o .
need to find vy =1+ b1x(11) + bzxgz) + -4 bpz,lxgp D and Nk € F satisfying the condition

2
NP (Vi) = [hu + SDH(xgp ))s (pk(Vk)]

2_ p—1 L. .
=—g(r'vy) +sDu (xgp D, (Zk’r’vkxgl) + kplfvéxép_z)>)

i=0

)

2
= —@i(r~'v}) + skek (xgp Vi)

This holds if and only if

2_ 2_ 2_
~by —baxy — - — by x PP 4 skxP TV = er(1 4+ b b1 P).

Set bg := 1. Because

-1 -1 p—1 )
r<1 s b,-xgw) _ (1 s bjxg')) ; M(xgp—” ; Zb,-pxgw—U)
i=1 i=1

i=1

p—1

p*-1
(1% mi )+ S
i=1

i=0
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by Lucas’ theorem, this leads to the system of equations

bo=1;
bi = —nbi—1, 1<i<p®—1, i¢pZ;
bip = —nr(bip—1 +ubi—1), 1<i<p—1;

Nkbp2_q = sk.

Arguing recursively, one observes that there is a bijection between the solutions to this system and

the roots of a polynomial of the form xP° + Zf’i;] LiX' — sk, where A; € F. Since F is algebraically
closed, it follows that our eigenvalue problem has at least one solution.

(c) In view of our discussion in part (b), ¢x(vk) = Dp(x2) + b1Dy(x1) (mod S(g)). Since Dy (x2) =
—D1 and S(g) is a restricted subalgebra of G, Jacobson’s formula shows that (V)P = —Df + wy
for some wy € S. In particular, @ (vi)!P! # 0. Note that gy (vi)P! € C,, N'Sp Nkeradh. Now, using
(2.1) it is easy to observe that C/,L N keradh = Ft;,, whilst from Lemma 2.2 it is immediate that

C,NSp=F(uhy +ny). Lemma 2.2 also implies that why, +n, = —th] and th]Z = —uphgf].

Let hs denote the p-semisimple part of h in G, an element of C,, Nkeradh N S,. Since the above
discussion shows that C;, NS, Nkeradh has dimension < 2, in order to finish the proof of (iii) we
need to show that t, and hs are linearly independent.

Suppose the contrary. Then adh acts nilpotently on C;l. Recall that h e hy, + C;l and C;L is abelian.

So adhy, acts on C,’L nilpotently, too. Since @ # 0, our earlier remarks and Lemma 2.2(iii) now show

that ad(h&fj) = —padh, —adny acts trivially on CL- Since this violates (2.1), we reach a contradiction.
Statement (iii) follows.

(d) In proving (iv) we may assume that h=h, + sDH(xgpz)); see part (b). We claim that there

exist u =x1 + c1x( ) +-tcp zxgp ) and A € F* such that

[h, DH(u—i—urx(p 1))] ADH(u—i—urx(p 1))

Since C;L is abelian, it follows from (2.1) that
[h.Du(u+u rx(’J 1))] [, Dy (u+u rx(p ]))] =-Du(r v +(r ’1u/)/Fx§p_1)).

Thus, we seek u such that r~'u’ =a — Au for some a € F. Since r~' =1 — ngpq)‘ this entails that
a=1, ¢y =—A, and

-2 -2
(1—pxP™") (1 + Z cmﬁ”) =1+¢ ()q + Z cmﬁ””). (2.5)
i=1

i=1

Since xP7V . (1 + X 22y = &P P e (ip+p7])) by Lucas’ theorem, we see that
ciyi=cic if pt @+ 2) lnduction on k shows that cypip_1 =ck (cf_] + w1 for 0<k<p—1.As
Cp2_1 =0, this yields c (c Ty )P =0. As c; = —A #0, we see that ¢c; must satisfy the equation
XP-14ypu=0. Conversely, any root of this equation gives rise to a solution of (2.5) with A = —c1 #0
(recall that w # 0 by our assumption). The claim follows.

We now set x := Dy(u + u’Fxépfl)), where u is as above. Clearly, x € S. Since r—'u’ — 1 ¢
01)(2; (2,1)), it follows from (2.2) that (adx)?(gi(v)) = kPo(r~u)Pv) = ke(v) for all v e
0(2; (2, 1))[x1] and all k € F},. This implies that ad x is not nilpotent, completing the proof. O

1
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We now let t be a 2-dimensional torus in G.

Lemma 2.4. There exist nonzero uq, u € S such that t = F(Df +uq) @ Fuy.

Proof. Since VI[P =0, the restricted Lie algebra G/Sp is p-nilpotent. As t is a torus, it must be that
tC Sp. Then tN' S # (0), for dimt=2.

Suppose t C S. Since S(g)/Sq1) = sl(2) and S(—1)/S(o) is a 2-dimensional irreducible module over
S©)/Sq). every nonzero element of t N S acts invertibly on S(_1)/S( ). Therefore, t N S # (0)
would force t C S(g), which is false because S(g) has toral rank 1 in S. On the other hand, if tN S =
(0) (and still t C S), then t would contain an element of the form D +u with u € S(g). But this would
yield Df et+S=S5, as S( is a restricted subalgebra of S,. Therefore, t ¢ S. Since D1 is nilpotent
and S has codimension 1 in Sp, our statement follows immediately. O

Lemma 2.5. Let h =cs(t) and let « € I'(S, t).

) If a vanishes on b, then G () is solvable.

) If ¢ does not vanish on b, then G() = H(2; 1).
) dimG, =p+8y0forally e I'(G,t) U({0}.

)

1
2
3
4) I'(S, ) U {0} is a two-dimensional vector space over IF},.

—_~ e~~~

Proof. Note that cs,(t) =t+h and t is a standard torus of maximal dimension in S,. Therefore, the
results of [B-W 88, (10.1.1)] and [St 91, (VI)] apply to t.

If  does not vanish on b, then G(«a) = H(2; 1) by [P-St 04, Proposition 2.1(2)]. Suppose a(h) = 0.
As t is a maximal torus of Sp, we have that a(Ll[g]) =0forallie IF;. Then S(«) is nilpotent due to
the Engel-Jacobson theorem. As G/S is nilpotent too, we conclude that G(«) is solvable.

By [B-W 88, (10.1.1(e))], there is a 2-dimensional torus t in S, such that all roots in I'(S,t)
are proper. Then [St 91, (VI.2(2))] applies showing that all root spaces of G with respect to t' are
p-dimensional and dimeg(t') = p + 1. By [P 89], all root spaces of G with respect to t must have
the same property, and dimcc(t) = p + 1 (see also [P-St 99, Corollary 2.11]). As dimS = p3 — 2 and
dimS, <p forall y € I'(S, t), we derive that |I"(S, t)| = p%—1. As a consequence, the set I'(S, t)U{0}
is 2-dimensional vector space over Fj,. This completes the proof. O

Lemma 2.6. Under the above assumptions on t and S the following hold:

(1) IfTR(Y, S) = 2, then all roots in I" (S, t) are Hamiltonian improper.

(2) IfTR(H, S) =1, then I'(S, t) contains a solvable root.

(3) Suppose that TR(h, S) =1 and b, N S(o) contains a nonnilpotent element. Then for any solvable a €
I (S, t) the 1-section G () is nilpotent.

Proof. Suppose TR(h, S) = 2. Then no root in I"(S,t) vanishes on h; hence, all roots in I"(S,t) are
Hamiltonian by Proposition 2.5(2). If h N Sy contains a nonnilpotent element, x say, then the image
of x in S¢g)/S(1) = sl(2) acts invertibly on S(_1)/S(0). As b is nilpotent, this would force h C S(g), and
hence TR(h, S) =1, a contradiction. Consequently, tN Sy = (0). By [B-W 88, (10.1.1(d))] (see the proof
on pp. 232-233), every Hamiltonian root is then improper.

Now suppose TR(b, S) = 1. Then the unique maximal torus of h, is spanned by a toral element,
hence it follows from Lemma 2.5(4) that there is a root in I"(S, t) which vanishes on . Every such
root is solvable by Proposition 2.5(1).

Finally, suppose that TR(h,S) =1 and b, N S(g) contains a nonnilpotent element. Since S is a
restricted subalgebra of Sp, we then have Sy Nbhp Nt (0). Since tN S = Fuy for some nonzero
up € S (see Lemma 2.4), it must be that u € Sy and u[zp] € Fu,.

If o € I'(S, 1) is solvable, then «(h) =0 by Lemma 2.5(2). As explained in the proof of Lemma 2.5
the Lie algebra S(«) is nilpotent. There exists an element t € F*u, with t!Pl =t such that G(a) =
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¢ (b). Set W :={v — (adt)P~1(v) | v € V}. By construction, W C ¢c(t) and G=W @ S. Since V C Gy
and t € S(g), we have the inclusion W C G(y). In particular, all elements of W act nilpotently on ¢ (t).

Since S(«) is a nilpotent ideal of G(«), the set (adg)S(@)) U (adg)W) is weakly closed and con-
sists of nilpotent endomorphisms. Since G(«) = W & S(«), the Engel-Jacobson theorem now shows
that G(«) is nilpotent. O

Lemma 2.7.If t € S, is a toral element not contained in S, then t is conjugate to D‘; + D1 + Dy (x1x2) under
the automorphism group of S.

Proof. By our assumption, t = an + w for some a € F* and w € S. Choose « € F satisfying «? =a

and let o, denote the automorphism of S which sends DH(xg')x(ZJ)) to a"‘1DH(x§')x(21)) see [St 04,
Theorem 7.3.6]. Then oy (t) = —aDy(e~'x2)? + w’ for some w’ € S. Hence we may assume that
a = 1. The description of AutS given in [St 04, Theorems 7.3.5 and 7.3.2] shows that for any pair of
nonnegative integers (m,n) # (p, 1) such that either p <m < p? and n < p or (m,n) = (p2,0) and
any X € F there is oy € AutS such that o (u) = u + A[DH(x(m) (")) u] (mod Sit(mn—1)) for all
u € S¢) Using Jacobson’s formula (with u = D4) it is not hard to observe that

Omn (DY) =DP —2Dp (" Px)  (mod Sgmin—p—1))-

This implies that there exists g € AutS such that g(t) = D‘D + bDy + DH(xgpz_p)w) for some
¥ € Flx1, %] C O(2; (1,1)) with ¥ (0) = 0. Write ¢ = > 1//1)((') with ¥; € Fxz], where ¥(0) =
The element g(t) being toral, it must be that b = 1. Note that (adDH(x(p p)W))(ad(Df +
D1)) (D (P P y) =0 for 0<i<p—3 and

(ad D (6" '9)) ad (D} + 1)) (Dus (")) = [P (67" "'v). iy (7))

Because
p—1
(ad DY +adD1)" = (~1)'(ad D1)P (ad D)~ Z( 1)i=1(@ad D)~
i=0 i=1

and Df(l/f) =0, Jacobson’s formula yields that

0 = (07 + 01)"+ (@ (0 + D)™ (Du (")) + 5[0ux” 7). D 7'4)]

=D} + D) — Du(xP"y) + 3 Dy (xq)
i>p

for some g; € F[xz]. As the RHS equals D} — Dy (x2) + DH(x(p Py and x(p Dy = (p Do, we
derive that yo = —xp, ¥; =0 for 1 <i<p—2, and ¥;p_1 = Y. In other words, ¥ = —(1 +x§p Dyx,

and
git)= (Df +D1) DH( (P p) ) DH(X§p27])X2).

Next we show that this element is toral. Note that

(D? + D1) = Dy (x ~Px2) — Dy (1" ~Vxz) = (DF + D1) — [D? + D1, Dy (x 'x2)
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and (pzp_l) - (‘;; 11) "7 1) — 1= -2 by Lucas’ theorem. Then

(D1 (P (1447~ )a). Dy (1 + X2~ )2)] = [ (6" Px). D (5 )]

2D ( (p _1) 2)

In view of the earlier computations this gives

(Df + D — DH(Xgpz_p)Xz) — DH(X(pZ_UXz))[p]
=D} — (ad(D} + D))" (Di (7 'x2)) = Du (<" ~'x2)

= Df — DH(Xz) — DH(Xgp _p)X2) — DH(Xgp _1)}(2).

2 2
So the element DY + Dq — DH((xgp P +x§p “Dyx,) is indeed toral.
As a result, all toral elements in S, \ S are conjugate under AutS. To finish the proof it remains to
note that the element D} + Dy + Dy (x1x2) € Sp \ S is toral. O

3. Two-sections in simple Lie algebras

In this section our standing hypothesis is that L is a finite-dimensional simple Lie algebra and T is
a torus of maximal dimension in the semisimple p-envelope L, of L. Given «q,...,a5 € I'(L, T) we
denote by radr L(cq, ..., as) the maximal T-invariant solvable ideal of the s-section L(«q, ..., as) and
put

Lloeq, ..., 05] :=L(q, ..., 05)/radr Loy, ..., ). (3.1)

We let S = §(a1, ...,05) be the T- socle of Llaq, ..., as], the sum of all minimal T-stable ideals of the
Lie algebra L[«1, ..., o). Then S= @l 1 S,. where each S, is @ minimal T-stable ideal of L[, ..., os].
It is immediatg from the definition that both T and L(aq,...,as)p act on Ly, ..., as] as derlvations
and preserve S. Thus, there is a natural restricted Lie algebra homomorphism T + L(ay,...,as)p —
DerS which will be denoted by ¥y, . «,. Note that L(az,...,as) Nker¥y,,. o =radr L(aq, ..., as)
and, moreover, the image of ¥, . can be identified with a semisimple restricted Lie subalgebra of
DerS containing Lo, ..., as] as an ideal.

We often regard the linear functions on T as functions on the nilpotent restricted Lie algebra
¢, (T) by using the rule y (x) := (y(x“’]e))”fe for all x € ¢, (T), where e > 0 (this makes sense be-
cause T coincides with the set of all p-semisimple elements of ¢, (T)).

Let nilH, denote the maximal p-nilpotent ideal of the restricted Lie algebra Hp. According to
[P-St 04, Corollary 3.9], the inclusion H* C nil Hp holds and all roots in I'(L, T) are linear functions
on H.

Lemma 3.1.If § € I"'(L, T) has the property that §(H) # 0, then §([Ls, L_s]*) =0 and [Ls, L_s]*> C nil Hp.
Proof. This is immediate from [P-St 04, Proposition 3.4]. O

Proposition 3.2. Let t be a torus in L, whose centralizer in L is nilpotent, and assume further that t contains
the all p-semisimple elements of the p-envelope of ¢ (V) in Lp. Let € I"(L, t) be such that L(n) is nonsolvable
and denote by S(n) the socle of the semisimple Lie algebra L(n)/rad L(n). Then the following hold:

(1) the radical rad L(n) is t-stable;
(2) the socle S(n) is a simple Lie algebra invariant under the action of t;
(3) the centralizer cs(t) is a Cartan subalgebra of toral rank 1 in S.
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Proof. The torus t satisfies the conditions of [P-St 04, Theorem 3.6]. Moreover, our first statement
is nothing but [P-St 04, Theorem 3.6(1)]. The last two statements are immediate consequences of
[P-St 04, Theorem 3.6(3)] and [P-St 04, Theorem 3.6(4)]. O

Theorem 3.3. For every y € I'(L, T) the radical rad L(y) is T-stable and either L[y] is one of (0), sl(2),
W(1;1), H2; D@, H2; 1) or p = 5, L, possesses nonstandard tori of maximal dimension, and L[y] =
H(2; 1)@ @ F(1 4 x1)*0,. If y is nonsolvable, then the derived subalgebra L[]V is simple.

Proof. This is immediate from [P-St 04, Corollary 3.7]. O

Lemma 3.4. Let g = H(2; 1)® @ F(1 4+ x1)?~13, and b a Cartan subalgebra of g. Then either 4 is abelian or
h3 contains a nonzero toral element of g.

Proof. We regard g as a restricted Lie subalgebra of §:= H(2;1). Recall that §= H2;1)® @
FDH(xgp)) =) FDH(X(")) @ FDH(XEP_I)XEP_U). Since P! ¢ H(2;1)® by Jacobson’s formula, b coin-
cides with ¢4(y) for some nonzero toral element y € H(2; 1)@, By a result of Demuskin, there is
o € Aut H(2; 1)@ such that either o (y) = Dy ((14x1)x2) or o (y) is a nonzero multiple of Dy (x1x2);
see [St 04, Theorem 7.5.8]. In the latter case, there exist a,b € F such that o (h) is contained in the
span of aDy(x") + bDy (") and all Dy (x\"x’) with 1 <i < p — 1, hence is abelian. Then b is
abelian, too. So assume we are in the former case. Then there are a,b,c € F such that o(h) coin-
cides with the span of all Dy ((1 +x1)’x<')) with 1<i<p—2and z:=a(1+x)? "Dy +bDy () +
cDy((1 + x1)P*1x§p_1)). If a =0, then it is easy to check that o (h) is abelian, whilst if a ## 0, then
(ad2)2(Dy((1 +x1)3x§3))) is a nonzero multiple of o (y). This completes the proof. O

Next we recall our results on 2-sections of L with respect to T. Let o, 8 € I'(L, T) be such that
L(a, p) is nonsolvable. As explained in [P-St 04, p. 793], the T-socle S =TS, B) is either a unique
minimal ideal of L[, 8] or S=S1 @ S,, where TR(S;) =1 for i =1, 2 and each S; is T-stable. More-
over, in the latter case the following holds:

Theorem 3.5. (Cf. [P-St 04, Theorem 4.1].) If§ = §1 ® 52, then there exist 81, 8 € I' (L, T) such that
L5117 @ L8217V € Ller, B C L[811 6 L[S21.

When the T-socle S is a minimal ideal of Lo, B], we have two possibilities: either TR(?) =2 or
TR(S) =1.

Theorem 3.6. Suppose S is the unique minimal ideal of L(«, B) and TR(E) =2.ThenS is simple, Wy g(Ly) C S
forall y € I'(L, T), and one of the following holds:

(1) SlsoneofW(Z 1),SG:; DD, H4: DD, K3; DD and L, B] =
(2) Sisoneof W(1:2), H2; 1; @ (), H2; 1; A) and

Llo, B1=S + W p(T) N Liet, B1;
(3) S=M(1,1) and L[, Bl =
(4) S is aclassical Lie algebra oftype Az, By or Gy and L[e, B] =
(5) S=H(2; (2,1))?® and ¥y 4(T) C S,. Moreover,

H(2: 2, 1)? ¢ Lo, B C H(2: 2, 1) @ Dy (xP7) @ POy (xP* - VxP~ D).

In cases (1), (3), (4) the Lie algebra L[o, 8] is simple, and L{cz, 8]V is simple in all cases.
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Proof. If S is not isomorphic to H(2; (2,1))®, then the statement follows immediately from [P-St 04,
Theorem 4.2]. So assume S = H(2; (2,1))®. Then [P-St 04, Theorem 4.2] says that L[a, 8] C § where
§ is the p-envelope of G =H(2; (2,1)) in DerS. Recall that Yup:T+La,B)p— DersS is a restricted
Lie algebra homomorphism. Hence Sp lies in the image of ¥, 4. In the present case, DerS =G @
F(x1D1 + x2D3); see [B-W 88, Proposition 2.1.8(vii)] for instance. If ¥y g(T) ¢ G, then there is a
surjectiveNrestricted Lie algebra homomorphism Wy (T + L(ct, B)p) — F(x1D1 + x2D2) whose kernel
contains Sj. But then [St-F, Lemma 2.4.4(2)] yields that the restricted Lie algebra Wy (T + L(«, B)p)

C([)n]tams 3-dimensional tori, a contradiction. Consequently, ¥y g(T + L(c, B)p) C G, forcing ¥y g(T) C
glrlc s,

Let t’ be an optimal 2-dimensional torus in Sp By [B-W 88, Lemma 1.7.2(b)], there is a torus T’ of
maximal dimension in T + L(«, 8)p such that ¥, g(T’) =t'. Let H' denote the centralizer of T’ in L.
Note that L(a, 8) = L(a’, B) for some o', 8’ € I'(L, T’) (this follows from the main result of [P 89]
and [P-St 99, Corollary 2.10]). Each lOl + jp’ with i, j € F, can be viewed as a linear function of t'.

Since t' is optimal, t' N S=¢nN S(o) is spanned by a nonzero toral element, t; say; see [St 92,
(VL1)]. Since I'(S,¢) U {0} is a 2-dimensional vector space over Fp, by Lemma 2.5(4), there is §' €
I'(L(a,B), T’ ') such that 8'(ty) =0. Since, then, & also vanishes on cz(t), the Engel-Jacobson theorem
yields that S(8’) is nilpotent. Since 9/5 is solvable, G(8") must be, also. But then L(8") is solvable,
too. As explained in [St 92, (V1.4)] the union Uxeﬂ?; S,,y contains a nonnilpotent element of §. Hence
U,.EJF; Lis contains a nonnilpotent element of Lp. Since Ljy C rad L(¢’) for all i e F, it follows from
[P-St 04, Proposition 3.8] that §’ vanishes on H’.

Recall that S, = FD? ®S and G =S, @V, where V is the F-span of DH(xgpz)), DH(xgp))

2 ~ ~
and DH(xgp _1)xgp_1)). Hence G3 C S. Pick a toral element t; € ' \'S (such an element exists by
Lemma 2.4). By Lemma 2.7, we may assume that t; = Df + D1 + Dy(x1x2) (one should keep in

mind here that 5(0) is invariant under all automorphisms of S; see [St 04, Theorem 4.2.6]). Set
V’:=(1d — (adt;)P~1)(1d — (ad t1)P~1)(V). Then

GW) CWapH) Cegt) =5, () BV',  g(t)’ Ce5(t) C W p(H).

The elements (Id— (adt;)?~1)(Dy (P”)) and (1d — (ad )P~ (D 7"~ "xP 1)) lie in G(p_a) C Gy

whereas [t1, DH(x<p>)] = 0. Consequently, (Id — (adt1)P~1)(V) C Gq). As adt, preserves G(1) we get
V' c Gay.

We claim that L[e, 8] C G. Indeed, suppose the contrary. Recall that G = SeVv’ C Lo, B]1+ V' and
G=S@®FD? @ V'. Then §=L[e, B]+ V', hence

Y Cegt) = cpja,prrv () =W g(H) + V',

Since (W p(H') + V)3 c Wy, p(H"), Jacobson’s formula and induction on k enable us to deduce that
(W g(H) + vHPI (vl Z:-‘:olllaqﬁ(H’)[p]k for all k > 0. From our earlier remarks we know that
V' C Gy consists of p-nilpotent elements of G. Therefore, (W g(H') + V")PI C 3¢ Wy s(H)P for
all sufficiently large e. Since H’ is nilpotent, this forces ¢ = (¢)!PI° ¢ (Wy 5(H')!PI* for e > 0. But then
8’ vanishes on t'. By contradiction, the claim follows.

2

Suppose Lla, 81 ¢ H(2; (2,1)@ & Dy (")) @ FDH(x§ “DxP~V) and pick p € F*. Recall the
elements t, € S and hy, € ¢g(t,) from Lemma 2.1. Our present assumptlon on L[, B] implies that
e, p1(tp) 2 C;l; see Lemma 2.2(i). As L[«, 8] C G by our remarks earlier in the proof, L[c, 8] con-
tains an element from (G N Cy) \ C);; call it h. In view of Lemma 2.3(ii), we may assume that

2
h=h, +sDH(x§p )) for some s € F.

Let hg denote the p-semisimple part of h in the p-envelope of L[, 8] in G. It is immediate from
Lemma 2.3(iv) that the elements hg and t,, are linearly independent. This implies that t,, := Fho® Ft,
is a torus of maximal dimension in G. Recall that the restricted Lie algebra homomorphism ¥y g
takes T 4 L(a, B)p into G. Hence it follows from [St-F, Lemma 2.4.4(2)] that there exists a torus of
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maximal dimension T” in L, contained in T + L(«, 8)p and such that t, = ¥, g(T") and T Nkera N

ker 8 C TNT”. We denote by H” the centralizer of T” in L. By construction, there exists h e H” with
‘I’a,ﬁ (h)=

Set To := T N kera N ker B. Because L(«, B) = ¢, (Tp), it is straightforward to see that L(y”) =
L(a, B)(y") for every y” € I'(L, T") with y"(To) = 0. Since Wy g(T") =t,, there exists §” € I'(L, T")
such that 6”(To) =0, 8”(t,) =0 and §”(ho) # 0; see Lemma 2.5(4). Then C}, C Yo p((L(ex, $))(8")) C
Cy, and 8" (h) # 0. Since (L(c, B))(8”) = L(8"”) by the preceding remark, Lemma 2.2(i) shows that §”
is a solvable root which does not vanish on H”. In view of [P-St 04, Proposition 3.8], this entails that
every root space Lis» = (rad L(8"));s», where i € Fp, consists of p-nilpotent elements of L. Since ¥y g
is a restricted Lie algebra homomorphism, this means that for every A € F* all A-eigenvectors of the
linear operator (ad h)‘% must act nilpotently on S. As this contradicts Lemma 2.3(iv), we now derive

on i . @ ) (-1, (p-1)
that our present assumption is false. Thus, L{a, 8] C H(2; (2,1))'Y @ FD (x;" ) @ FDy (x; Xy ),
completing the proof. O

If S is a minimal ideal of Lo, B] and TR(E) =1, then [P-St 04, Theorem 4.4] implies the following:

Theorem 3.7. Suppose Sisa unique minimal ideal of L(«t, B) and TR(S) = 1. Then there exists § € Fpa+FppB
such that Wy g(Ly) C Sfor ally e I'(L, T) \ F,é8. Moreover, one of the following holds:

(1) Lla, Bl1=Ln] forsomen e I'(L, T) N (Fpax + Fpp);

2) S=H2; 1), L[, B] C Der H(2; 1)@ and dim ¥, 4(T) = 2;

3) S® O@m;1) C Lla,B] € (DerS) ® O(m; 1) x (Id ® W(m; 1)), where S is one of sl(2), W(1; 1),
H2; 1), S=5®0@m;1),andm > 0.

In cases (1) and (2) one can take § =0, i.e. ¥y g(Ly) C §for ally e '(L, T).
More information on the two-sections of L can be found in [P-St 04, Section 4].
4. Nonstandard tori of maximal dimension

From now on we assume that T is a nonstandard torus of maximal dimension in the semisimple
p-envelope L, of L. In light of [P 94, Theorem 1] this implies that p = 5. As explained in Section 2,
the linear functions on T can be regarded as functions on the nilpotent restricted Lie algebra c;, (T).
Set H :=¢;(T) and define

2=0(,T):={seI'(LT)|sH) 0}

As T is a torus of maximal dimension in Lj, it is immediate from [P 94, Theorem 1(ii)] that there
exist [Fp-independent roots «, 8 € I'(L, T) for which L[a, B] = M(1,1). By Lemmas 4.1 and 4.4 of
[P 94], we then have io + jB € §2 for all nonzero (i, j) € IE%. In particular, £2 # . In view of Schue’s
lemma [St 04, Proposition 1.3.6(1)], this yields

L,= Z[LB, Ly,—s1 (Yy e (L, T)U{0}). (4.1)
S5efl

Because of [P 94, Theorem 1(ii)] we can also assume that TR(L) > 3. Our main goal in this section
is to give a preliminary description of the 2-sections of L relative to T. More precisely, we will go
through all possible types of 2-sections (described in Section 3) and eliminate some of them by using
our assumption on T.

Lemma 4.1. For any nonsolvable o € 2 there exists § € I'(L,T) such that L[x, 8] = M(1,1) and
a([Lig, L_io], [Lg, L_g]) # 0 for some i € IE‘;.
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Proof. Since « is nonsolvable and o«(H3) # 0, Theorem 3.3 implies that Lla] = H2; 1)@ &
F(1 + x1)*3;. By [P-St 04, Theorem 3.5], there is k € IF; for which the set £, :={8 € I'(L,T) |
8([Lka, L_ke]) # 0} is nonempty. Since Wy (H) N H(2; 1)@ has codimension one in ¥, (H), Schue’s
lemma [St 04, Proposition 1.3.6(1)] implies that there exists 8 € £2; with the property that

Vo (H) =W (H) NH2; D@ + W (ILg, L)

Hence there exist hy € L(@)® N H and hy € [Lg,L_g] with a([h2, [h2,h1]]) # 0. Note that
B([h2, [hz, hq]]) € B([Lg, L_/g]z) =0 by Lemma 3.1. In particular, « and g are linearly independent
over Fp,. Since B8 € £21, we then have

B([h2.lha.m]])=0;  «([h2,[h2,h1]]) #0;  B([Lka L—kal) #0O. (4.2)

We now look more closely at the T-semisimple quotient L[e, 8] of the 2-section L(«, 8). Since «
is nonsolvable, Lo, 8] # (0). Let S denote the p-envelope of the T-socle S of L[, ﬁ] in DerS, and set
U := Wy g([h2, [h2, h1]]). Given x € S we write x, for the p-semisimple part of x in S. Because the roots
a, B are Fp-independent, hy € L(@)® N H = Z]e]F; [Lio, L—jo] and hy € [Lg, L_g], it follows from
Theorems 3.3, 3.5, 3.6 and 3.7 that u € S. Now relations (4.2) enable us to find v € 'Svﬂlﬂa,ﬁ([Llca, Lia])
such that the span of u; and vs is 2-dimensional. This yields ¥y g(T) C S showing that TR(S) = 2.
Since B([Lka,L—kal) # 0, we also deduce that there are Fp-independent 61,8, € I"(L, T) for which
[(Wa.p(Ls,)s Wa,p(Lsy)] # 0. In view of Theorem 3.5, this implies that S is a minimal ideal of Lla, B].

Theorem 3.6 now says that Sisa simple Lie algebra and ¥, ,g(Ly) c'S for all yel(T)N
(Fpa +Fpp). Since o(H, [Lgy, Lo ]) # 0, the torus ¥y g(T) C S= Sp is nonstandard. Applying [P 94,
Theorem 1(ii)] we conclude that L[a, 8] = M(1, 1), finishing the proof. O

Proposition 4.2. If o € 2 and B € I' (L, T), then one of the following occurs:

) Lla, B1=(0).

) Lloe, B1 = L[8] forsome é € ' (L, T).

) LI811D @ L[8]D ¢ Lla, B] € L[81] @ L[62] for some 81,8 € I'(L, T).

) S®0@m; 1) C Lla, B] C (DerS) ® O(m; 1) x (Id ® W(m; 1)), where S is one of sl(2), W(1; 1),

H2;1D)®,S=S®0@m;1),andm > 0. N

(5) H2; 2.1)? C L[, B1 C HR: 2, 1)) and S = H(2; (2, 1)@ = L[, B1V. Furthermore, each 1 €
I'(Lla, B1, Wo,p(T)) is Hamiltonian, n(We,g(T) N'S) #0, and I' (L[, B1, Yo ,p(T)) = (Fpa @ Fpp) \
{0}.

(6) Lla, B1=M(1,1).

(1
(2
(3
(4

Proof. (a) Set T := Wy 4(T) and H := Wy g(H). If I'(L[a, 1, T) =¥, then L(, B) is solvable, forcing
Llo, 1= (0). If @ £ ' (L[, B1, T) C Fp$ for a single root 8, then for any §' € (Fyoe ® FpB) \ Fps we
have that Ly C rady L(«, B). Then L[c, 8] = L[§]. So we may assume from now that I'(L[x, 8], T)
contains two roots independent over Fj. Then L[«, 8] is described in Theorems 3.5, 3.6 and 3.7. Let
S be the T-socle of Lla, B]. If S is not a minimal ideal of L, B, then Theorem 3.5 says that we are
in case (3) of this proposition. Thus, we may assume further that S is a minimal ideal of L[c, Bl.

(b) Suppose TR(S) = 2. Then L[, B8] is described in Theorem 3.6. Since a(H3) # 0, there exists
ne ' (S,T) with n(H?) #0. In cases (1)-(4) of Theorem 3.6 we have H® C (T+HN SB¥=HnN 5)3
implying that H' = cS(T) acts nontriangulably on S. But then [P 94, Theorem 1(ii)] shows that =
M(1,1). This brings up case (6) of this proposition. _

(c) Suppose L[e,p] is as in case (5) of Theorem 3.6. Then S = H(2; (2,1)® and L[«, 8] C

: @ ) (p*-1) (p—l) T . < = .
H(2; (2,1)“ @ FDy (xy” *) @ FDy (x; ). Furthermore, T C S. If no root in I'(S, T) vanishes
on T NS, then Lemma 2.5(2) shows that we are in case (5) of this proposition. So assume for a con-
tradiction that there is § € F(S T) with §(T N S) = 0. By Lemma 2.4, we have T N S = Fuy # (0).
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Since & vanishes on uy € T NS, we may assume without loss that u; is a toral element. As before, we
put G=H(2;(2,1)) and §= §p @® V, where V C Der’S is defined in Section 2. Since « € £2, the Lie
algebra H3 acts nonnilpotently on S. ~

(c1) We first suppose that TNS ¢ S(0)- Then we can find ¥y g such that TNS= Ft, where u € F,;
see Lemma 2.1. Thus, no generality will be lost by assuming that u; =t,,. But then it follows from
Lemma 2.2(i) that

HcCun (H2: 2 1)? @ u(xP7) @ iy (X VxP ) = ¢,

and [H, H] C [C},, C},]1= (0). Since H acts nontriangulably on S, this is impossible.

(c2) Now suppose that T N'S C S¢). Then T N S contains a nonzero p-semisimple element,
say t; see Lemma 2.4. It follows from Lemma 2.4 and our earlier remarks that =T + G. As grt €
G)/Ga)y = sl(2) acts invertibly on G(_1) = G/Go), this implies that H C T + ¢6(T) =T + ¢g,,(T).
But then H" c Gy acts nilpotently on G, a contradiction.

As a result, no root in I'(S, T) vanishes on HN'S and we are in case (5) of this proposition; see
Lemma 2.5(2).

(d) If L[, B] is as in case (1) of Theorem 3.7, then it is listed in the present proposition as
type (2). If L[, B] is as in case (2) of Theorem 3.7, then S = H(2; 1)@, L[a, B] C Der H(2; )?,
and T is a 2-dimensional torus in DerS. It is well known that any 2-dimensional torus in DerS is
self-centralizing; see [St 92, (IlL1)] for instance. But then y(H") =0 for all y € Fpar @ Fpp. Thus,
this case cannot occur in our situation. Finally, case (3) of Theorem 3.7 is listed as type (4) in the
present proposition. 0O

Corollary4.3. Let @ € 2 and B € I' (L, T). If L[, B] is as in cases (1)-(3), (5) or (6) of Proposition 4.2, then
ZieF; (rad L(y))iy Cradr L(x, B) for all nonzero y € Fyor + 8.

Proof. If L[a, B] is of type (1) or (2), then all 1-sections of L[c, 8] are semisimple and there is
nothing to prove. If L[«, 8] is of type (3), then there are h; € H N L[§;] such that §;(h;) # 0, where
i=1,2 (recall that H = Wyg(H)). It follows that rad Lo, 1) € H + L[&1D. As each L[§]D is
simple, we get rad(L[a, 8](y)) C H for all nonzero y € Fpa @ Fpp. If Llc, B] is of type (5) or (6),
then all T-roots of L[, 8] are Hamiltonian and the corresponding root spaces are 5-dimensional
(see Lemma 2.5 and [P 94, Lemmas 4.1 and 4.4]). Hence in these cases rad(L[a, 8](y)) C H for all
ye@ra@Fpp)\{0}. O

Lemma 4.4. The following hold for every y € I'(L, T) with y (H) # 0:

(a) All elements in UieF; (H3>N[(rad L(¥))iy.L_iy]) are p-nilpotent in L.
(b) If y € £2, then all elements in UieF; ((rad L(y))iy U [(rad L(¥))iy, L—iy]) are p-nilpotentin L.

Proof. We will treat both cases simultaneously. Set
Q= {a e (L,T) ‘ a( U (H*N[(rad L(y))l.y, Loiy]) # 0) }
ieFy

Q"= {a er.m| a( U ((rad L)' U[(rad L(y)), L,-,,])) # 0}.

: X
ieF,
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Assume for a contradiction that either £2' # ¢ or y € 22 and £2” # . Note that 2’ C 2" N £2. Since
¥ (H) # 0, Schue’s lemma [St 04, Proposition 1.3.6(1)] shows that there exists p € £2' or € £2” for
y € £2 such that

Y ([Ly, L) #0. (4.3)

In both cases, the type of L[y, ] is determined by Proposition 4.2. If L[y, ] is as in cases (1),
(2), (3), (5) or (6) of Proposition 4.2, then Zie]F; (rad L(y))iy Cradr L(y, ) by Corollary 4.3. Since

W € £2” in both cases, this yields Ly, C radr L(y, u). Easy induction on n based on (4.3) now gives

> (rad L)y, C () (radr L(y, M))(") = (0).

ieF) n=1

Since this contradicts our assumption that either .9’ or £2” is nonempty, L[y, ;] must be of type (4).
Then the minimal ideal of L[y, ;] has the form S =S ® O(m; 1), where S is a restricted simple Lie
algebra of absolute toral rank 1 and m > 1. According to [P-St 99, Theorem 3.2] we can choose ¥, ,

such that T = W), u(T) has the form F(ho ® 1) @ F(d® 1 + Ids ® tp) for some d € DerS and some
nonzero toral elements to € W(m; 1) and hg € S. B
Since TR(L[y, n]) = 2, the roots ¥ and w span the dual space of T. Therefore, y(ho ® 1) # 0 or

(ho ®1) # 0. It is straightforward to see that y vanishes on all (rad L(]/))g:J and [(rad L(y))iy, L_iy]
with i € F. Because p € 2", this observation in conjunction with (4.3) shows that ¥, , (Liy4ju) C
S ® O(@m; 1) for all nonzero (i, j) € (Fp)z. There are in both cases

xe U ((rad L(y))g] U|[(rad L(y))iy, Liy]) and helly, L_,]

i X
iefFy

such that y (xP1) =0, pu(xP1) 0 and y (h) # 0. But then 2 < TR(S ® O(m; 1)) = TR(S) =1, a contra-
diction. O

Proposition 4.5. Let « € 2 and B € I'(L, T) be such that L[e, B] is as in case (4) of Proposition 4.2. Then
S=S®0(;1), where S = H2; 1)®, and Wy g can be chosen such that T := We g(T) = F(ho ® 1) &

F(lds ® (1+x1)d1) for some nonzero toral element ho € S. Furthermore, $2 # I" (L, T) and the following hold
fory e M'(Lle, B, T):

ye & yho®1)#0;
yee = alP)#o0 or (LY #o0.

Proof. By our assumption, S=s5® O(m; 1) where m > 1, S is one of s[(2), W(1;1), H2; D®. Recall
that ¥y g takes T + L(«, B)p into Der(S ® O(m; 1)). Let

m: Der(S® O(m; 1)) = (Der S) ® O(m; 1) x (Ids ® W (m; 1)) - W (m; 1)
denote the canonical projection. According to [P-St 99, Theorem 3.2], we can choose ¥y g such that
Ti=Wyp(T)=Fho® D@ FUA®1+1ds ®to),
where Fhg is a maximal torus of S, d € DerS and tg is a toral element of W (m;1). Moreover, if

to € W(m; 1)), then to = Z}”:] six;j0;, where s; € Fp, and if to ¢ W(m; 1)), then d =0 and o =
(1+x1)01.
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Our argument is quite long and will be split into two parts, each part consisting of several in-
termediate statements. Given a subset X of T 4 L(«, B)p, we denote by X the set {¥, g(x) | x € X}.
If {x1,...,xm} is a generating set of the maximal ideal O(m; 1)), then we sometimes invoke the
notation O(m; 1) = F[xq, ..., Xm].

Part A. We first consider the case where tg € W(m; 1)(g).
Claim 1. 7 (H) C W (m; 1)q).

Indeed, suppose the contrary. Then Schue’s lemma [St 04, Proposition 1.3.6(1)] shows that there
exists k € I'(L, T) with x(H) # 0 such that 7w ([Ly, L_]) ¢ W (m; 1)(0). Then there is E € [Ly, L]
such that E = E' +1ds ® 7w (E) with E’ € (DerS)® O(m; 1) and 7 (E) = > 1, a;3; 0 (mod W (m; 1)(0))
for some a; € F. No generality will be lost by assuming that a; # 0. Then

0= [to, 7 (E)] Zas,a, (mod W (m; 1)),

forcing s; = 0. But then hy ® xp e H and
@AE)P M (ho@xP ") € FX(ho ® 1) + S ® O(m; D),
which implies that [L,, L_,]? ¢ nil Hp. As this contradicts Lemma 3.1, the claim follows.
Claim 2. There exists v € I'(L[a, B1, T) with 7w (Ly) ¢ W (m; 1)y and v(hg ® 1) = 0.
Indeed, S is derivation simple and 7 (T + H) ¢ W (m; 1)(0) by our general assumption in this part
and Claim 1. Hence there is v € I'(L[e, 81, T) with 7 (L,) ¢ W (m; 1)(g). Since 7 ([ho ® 1,L,]) =0, it
must be that v(hg ® 1) =0.

Claim3. Ify e I'(L[, B], T), theny € 2 < y(hg ® 1) #£0.

Let y be any root in I'(L[e, 8], T) with y(ho ® 1) =0. Asho®1e T is a nonzero toral element,
y € ]va where v is the root from Claim 2. Hence there is E € L;;, for some i € IF‘X such that 7 (E) ¢

W (m; 1)(0) As before, we have that 7(E) = Zl 18i0; #0 (mod W(m; 1)), and it can be assumed
that a4 7& 0. Then hg ®x1 € S iy - Note that hg ® O(m; 1) is an abelian ideal of the centralizer of ho ® 1
in DerS. Consequently, ho ® X1 € rad(L[«, B](Y))—iy and

athg®1= [E,ho ® x1] (modS ® O(m; l)(1)).

It follows that [L;,, (rad L(y))_j, ] contains an element which is not p-nilpotent in L,. Then y ¢ £2
by Lemma 4.4. Since « € §2, these considerations show that o(hg ® 1) # 0. As a consequence,

ia+jyeR & (a+jy)(H)#£0 & ieF; < (ia+jy)(ho®1)#0,
hence the claim.
Claim 4. The Lie algebra 7t (H)? consists of p-nilpotent elements of W (m; 1).
Otherwise, there is y € H3 with y!P € T\ F(hg®1), so that y!P =bi(hg®1)+b2(d®1+1ds ®tg)

for some by € F and by € F*. Let v e I'(L[a, 8], T) be as in Claim 2. Then v(hg®1) =0 and v(d®1+
Ids ® to) # 0, forcing v(y[p]e) # 0. It follows that v € £2. This contradicts Claim 3, however.
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Claim 5. d € Fhy.

Claim 1 in conjunction with our standing hypothesis in this part shows that there is a Lie algebra
homomorphism

@ :(DerS)® O(m; 1)+ (H+T) — DerS
whose kernel is spanned by (DerS) ® O(m; 1)(1) and those elements of H + T which map (DerS) ®
O(@m; 1) into (DerS) ® O(m; 1)(1y. Suppose d ¢ Fho. Then ¥ (T) = Fho & Fd. Since d is a semisimple
derivation of S, it follows that S = H(2; 1)@ and ¥ (T) is a torus of maximal dimension in DerS.

Since every such torus is self-centralizing in DerS, by [St 92, (IIl.1)], it must be that H C T + ker ¥,
Note that

(H+T) C(Der$) ® 0(m; 1) + F(lds ® to) +1ds ® 7 (H)
and F(Ids ® tg) 4+ Ids ® w (H) C ker¥ by our assumption on to and Claim 1. Hence
Hc(T+ker¥)NHC (kerW)NH+T)+T
C (DerS) ® O(m; 1)1 + F(Ids ® to) +1ds @ w (H) + T,

forcing H> C (Der S) ® O(m; Dy +lds ® 7 (H)3. In view of Claim 4 the Lie algebra on the right acts
nilpotently on S ® O(m; 1). But then H? acts nilpotently on L[a, 8], a contradiction.
As a consequence, H N (S ® O(m; 1)) = ¢s(ho) ® Anngm;1)(to) and we may take d = 0.

Claim 6. Let v be as in Claim 2. Then
HNS C W p([(radL(v)) ., L,])+HN(S®Om; 1))

By definition, there is E € L, such that

7(E) = Za,ﬂ,- £0 (modW(m; 1)), ar#0.
i=1

V\_/ellave shi)wnNin the course of the proof of Claim 3 that cs(hg) ® x; C rad L(v)—_,. Then ¢5(hg) ® F C
[E,S_v]+HN(SNO@m;1)1)). As a consequence,

HNS =cs(ho) ® Anom;1)(to) C cs(ho) ® F + cs(ho) ® O(m; 1)1
C [Lv, (rad L) v ]+ HN (S @ Om; 1)1)).
Claim 7. If v is as in Claim 2, then v(H) = 0.

As S ® F is T-stable and S is not nilpotent, there is w e I'(S,T) with (S ® F), # (0). Then
m(lds ® to) =0 and hence ©(hyp ® 1) #0. It follows that

Lla, Bl() € S® O(m; 1) + H C (Der S) ® O(m; 1) 4 1ds ® W (m; 1) ).
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Let @ : L[a, B](u) — Der S denote the natural T-equivariant Lie algebra homomorphism with ker @ =
Lla, B1(w) N ((Der S) ® O(m; 1)1y + lds ® W(m; 1)) and S C im®. Then [St 04, Theorems 1.2.8
and 1.3.11] show that

TR(ker @) < TR(L[a, Bl(i)) — TR(S) < TR(L(p)) — TR(S) <1 —TR(S) <0,

implying that ker @ is a nilpotent ideal of L[, 8]1(it). As @ (L[, B](14)) contains S, it is semisimple,
hence isomorphic to L[u]. Note that u € £2 by Claim 3. As L[it] # (0), Theorem 3.3 says that p=5
and @ (L[o, B1(w)) £ HR2; 1)@ @ F(1 +x1)*3,. In particular, ¢ is Hamiltonian. Observe that

(@d(1 + x1)*3,)*Du (1 +x1)°%3) = Du (1 + x1)x2). (4.4)

By (the proof of) Lemma 3.4, we may assume that hg = Dy ((1 + x1)x2). Then (4.4) shows that there
exists D € @(H) such that [D, [D, cs(h)]] ¢ nil ¢s(hg).

Note that nil cs(hg) has codimension 1 in cs(hg). As ker @ acts nilpotently on L[e, 8](w), there is
D e H with w(D, [D,S N HIJ) #0. Since HN (S ® O(m; 1)@1)) is an ideal of H, Claim 6 entails that
Wy p([(rad L(v))_y, Lv]) NH?3 does not consist of p-nilpotent elements of Lp. In view of Lemma 4.4(1),
this yields that v(H) =0.

Since tg € W (m; 1)(0), the 2-section L[c, B] is semisimple (not just T-semisimple), and S is the
unique minimal ideal of L[c, 8]. On the other hand, applying Proposition 3.2 with t =T Nkerv shows
that the unique minimal ideal of L[c, 8] is a simple Lie algebra (notice that ¢;(t) = L(v) is nilpotent
by the Engel-Jacobson theorem). But then m = 0, a contradiction. This means that the case where
to € W(m; 1)y cannot occur.

Part B. Thus, we may assume that to ¢ W (m; 1)0). Because of [P-St 99, Theorem 3.2] it can be
assumed further that T = F(hg ® 1) ® F(Ids ® (1 + x1)31). Then HN'S = cs(hg) ® F[Xa, ..., Xm]-
Since o and B are Fj,-independent, there exists A € Fya + FpB such that A(hg ® 1) =0 and
A(Ids ® (1 +x1)91) = 1. Note that

Fho® (1+x1)' € Sip € (radL(0))i  VieF}. (4.5)
Hence (rad L(1));; contains nonnilpotent elements of L, for all i € IE‘;. Lemma 4.4(b) yields A ¢ £2.
Since S ® F is T-stable and not nilpotent, there is k € I'(L[a, 8], T) with (S ® F)x # (0). As «(Ids ®
(1+x1)d1) =0, it must be that kK (hg ® 1) #0.
Claim1. Ify e I'(L[a, B, T), theny € 2 < y(hg ® 1) #0.
As €2 and A ¢ £2, one has i + jhe 2 forall i e Fy and j € Fp. So
ia+jref?2 & i#0 & (a+jrtho®1)#0 Vi, jelF,.

Since « and X are Fj-independent, their F,-span contains I" (L[, f], .
It follows from Claim 1 and (4.5) that I"(L{o, 8], T) \ 2 = ]F;A and L, contains nonnilpotent
elements of L, for all y € I'(L[et, B, T)\ L. Thus, it remains to show that m = 1.

Claim 2. The subspace Y7L, S ® x;0(m; 1) is H-invariant.

Note that L[o, B1(k) = H+ S ® F[xa, ..., xm]. In particular, x is nonsolvable. Let v : L[c, B](k) —»
L[k] denote the canonical homomorphism. By Theorem 3.3, the Lie algebra LIk]D is simple. As the
ideal S ® F[xa,...,xn] is perfect, ¥ maps it onto L[k]V. As a consequence, S ® Flxa, ..., Xmly =
kery N (S ® F[x2, ..., Xxn]), showing that S ® F[x, ..., Xm]q) is H-invariant.
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Claim 3. S= H(2; 1)® and [D, [D, h] acts nonnilpotently on S forsome D € Handh € HN'S.
We have seen in the proof of Claim 2 that
Lik] = (Lla, Bl()) = L[, Bl(k)/rad (L[er, Bl(k)) = S + H/(H Nrad L(k)).

Our choice of ¥ and Claim 1 imply that x € £2. So Theorem 3.3 implies that L{x]= H(2;1)® & FD
and there exists h € Zie]pr [Lic, L_ic] such that [D, [D, ¥, (h)]] acts nonnilpotently on L[k]. Pick D €

v~ 1(D)NH and set h:= Yy, ﬁ(fl). Standard toral rank considerations show that ker s acts nilpotently
of Lla, B](k) (see the proof of Claim 7 in Part A for a similar argument). In light of the preceding
remark this implies that « ([D, [D, h]]) # 0.

Claim4. m=1.

We first note that L{a, 8] C L(A) + (Der S) ® O(m; 1). If all derivations from the set User; 1ds ®
7 (L) preserve the ideal I := ZT:z S®xjO0(m; 1) of (DerS) ® O(m; 1), then Claim 2 entails that I is

a nilpotent T-stable ideal of L[c, 8]. Since L[c, 8] is T-semisimple, this would force m = 1. 3
So assume for a contradiction that there exists E € Ly, for some k € IF; such that Ids ® r (E) does

not preserve I. Since 7 (E) is an eigenvector for (1+ x1)9; with eigenvalue k = 0, it has the form

m
T(E) = fi(xa, .. xm) (T +x0) 00+ fi(a, . xm) (14 x1)%0;
j=2

for some fi,..., fm € F[X2,...,X%m]. As w(E) does not stabilize I, it must be that fio(0) ;é 0 for
some jo > 2. After renumbering we may assume that jo = 2. Since cs(hg) ® (14 x1)P~*x, C S_ o C
(rad L(1))_g;., we have that

¢s(ho)) ® F C[E,S_ta ]+ (S® Flx1, ..., Xmly) N H

=[E,S_to] +cs(ho) @ Flx1, ..., Xml(1)-

From this it follows that

HNS =cs(ho) @ FIX1, ..., Xm] C [Lia, (rad LX), | + ¢s(ho) @ FlXa, ..., Xm] ().

The subspace I N H = ¢s(hg) ® Flxa, ... JXmlqy is H-invariant by Claim 2 and acts nilpotently on
L[oz Bl(k). These observations in conjunction with Claim 3 imply that (ad D)2([Lyy, tad L(A)) o ]) C
H3 N [L, (rad L(A))_g,] does not consist of nilpotent derivations of S. But then A(H) =0 by
Lemma 4.4(a).

We now set t:=T NkerA. Since L(A) = ¢;(t) is nilpotent by the Engel-Jacobson theorem, Propo-
sition 3.2 says that L(«,B)/radL(c, 8) has a unique minimal ideal, S’ say, which is a simple
Lie algebra. Then S’ must be the image of S=5® O(m; 1) under the natural homomorphism
¢: Lo, Bl - L(e, B)/rad L(a, B). As a consequence, ker¢ NS coincides with the radical of S. As the
latter equals S ® O(m; 1)1y, we derive that S ® O(m; 1)1y =ker¢ NS is an ideal of L[«, B]. On the
other hand, 7 (E) ¢ W (m; 1)(0). This shows that our present assumption is false and m =1.

The proof of the proposition is now complete. O

Corollary 4.6. Let o € 2, 8 € I'(L,T) and suppose L[c, 8] is as in case (4) of Proposition 4.2. Then
ZiE]F; (rad L(y))iy Cradr L[, B] forally € 2 N (Fpa 4 Fpp).
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Proof. Pick y € 2N (Fpa +FpB) and view it as a T-root of L[c, B]. In the present case L[a, 8](y) =
H+3S(y) and S =H@2; D@ ® O(1; 1); see Proposition 4.5. Furthermore, in the notation of Propo-
sition 4.5 we have that y =ik + jA for some i € F; and j € Fp, where «,1 € T* are such that
kho®1) =relFX, x(Ids ® (1 +x1)31) =0, A(hg®1) =0 and A(Ids ® (1 + x1)d1) = 1. Let S; denote
the ¢-eigenspace of ads hg. Then

S =P Skir® A +x0) = P Suir =H2; H?
keFp keFp

as Lie algebras. Hence rad(L[«, 8](y)) =rad(H + §(y)) C H. The result follows. O
We are now in a position to prove our first result on the global structure of L.
Theorem 4.7. If « € §2, then « is Hamiltonian, dim L, = 5, and rad L(«) C H.

Proof. For y e I'(L, T) put Ry, := (radL(y)),. Let u € £2 be such that rad L(i) ¢ H. By Theorem 3.3,
the radical of L(u) is T-stable. Hence there is a € F; such that (rad L(i4))qyu # (0). Put v :=au and
note that v € £2. For k € Z, define

Ip:=Ry, Ik::Z[Ly,,[...[L,,k,Rv]‘-.]], I::ZIk.

Vi Vi k>0

Clearly, I is an ideal of L containing R,. We intend to show that I C L. As a first step we are going to
use induction on k to prove the following:

Claim. If\) +Y1+--+WE 2, then [L)/] s [Lyk’ Ry]---]] C RV+]/1+"'+)/I<'

The claim is obviously true for k =0, and it also holds for k =1 thanks to Corollaries 4.3 and 4.6.
Suppose it is true for all k <n and let y4,...,yn € '(L,T) be such that v+ y1 + -+ € 2. If
v4+y;efRorv+y ¢ I'(L,T) for some i <n, then applying Corollaries 4.3 and 4.6 gives

(Lo [ Ly RuT- ] € [l [ [ D [y g RI] ] ]] o B
C[L)/]v["'[z;"'[L}/anU+)/i]"']"']]+1n—1-

In this case the claim holds by our induction hypothesis. So assume from now that v+y; € I'(L, T)\ £2
for all i < n. We may also assume that ¥ :=v + y; + --- 4+ ¥4 is not solvable, for otherwise we are
done. According to Lemma 4.1 there is k € I'(L, T) such that L[V, k] = M(1, 1). Moreover, it follows
from [P 94, Lemmas 4.1 and 4.4] that the radical of every 1-section L[V, k](§) is contained in ¥ , (T)
and

(Fp¥ + Fpi) \ {0} C 2. (4.6)

Take an arbitrary «’ € (FpD +Fpk) \ Fpb. It follows from (4.6) that ¥+ Fpx’ C I'(L, T). Note that the
rule

Y=y & -y mw=0

defines an equivalence relation on the set of all F-valued functions on H. Since y; < —v for all i <n,
we have that ¥ < (1 —m)v. If v +«’ =<0, then D+ (1 —n)k’ ¢ 2. As D + (1 —n)x’ # 0 by our choice
of «’, this is not true; see (4.6). Thus, v +«’ % 0, showing that v +«’ € £2 whenever v+«’ € I'(L, T).
But then [R,, L,/] C Ry 4, by Corollaries 4.3 and 4.6. As v+ y; < 0 and «’ € 2 by (4.6), we also have
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that v + (y; + k') € 2 whenever v + (y; +«’) € I'(L, T) for all i <n. So arguing as above one now
obtains that [[Ly;, Lc/], Ry] C Ry4y,4«. This implies that

(L [ty R ]] L] € Riger C rad L(D, &),

As M(1,1) is a simple Lie algebra, Schue’s lemma [St 04, Proposition 1.3.6(1)] yields

[ ([Lyrs [+ Ly RVT-+-]]). M, D] = (0),

forcing [Ly,, [- -+ [Ly,, Ry]---11 C (rad L(D, k")) C (rad L(D)) = Ry;. This completes the induction step.
As a consequence, I, C Ry, for all y € 2. On the other hand, it follows from [P 94, Lemma 3.8]
that §£2 contains at least one Hamiltonian root, A say. Then I, # L;, implying I # L. Then I = (0),
proving that rad L(n) C H for all u € 2. As a consequence, all roots in §2 are nonsolvable.
Now let o € £2. Because « is nonsolvable, it follows from Theorem 3.3 that « is Hamiltonian. Since
rad L(«) C H, this gives dimLy =5. O

5. Further reductions

In this section we are going to prove that no root in I"(L, T) vanishes on H3. Theorem 4.7 will
play a crucial role in our arguments.

Lemma 5.1.If y € I'(L, T) does not vanish on H, then y € £2.

Proof. Suppose there is 8 € I'(L,T) \ £2 such that B(H) # 0. By (4.1), there is « € £ such that
B([La,L_¢]) #0. Then [Lg, [Ly, L_¢]]1 = Lg, implying that « + 8 € I"(L,T) or —ax + B € I'(L, T). Since
B ¢ £2 by our assumption, we have that o + g € £2 or —a + B € §2. Theorem 4.7 then shows that
{o, ¢ + B} or {«, —a + B} consists of nonsolvable roots. Then L[, 8] cannot be of type (1) or (2) of
Proposition 4.2.

Suppose L[a, B] is as in case (3) of Proposition 4.2 and set §1 :=«, 8 :=a+ B ifa+B8e€ (L, T)
and 8 :=«,8 :=a — B if —a + B € I'(L, T). In either case, we can find elements hq, hy € H> such
that 8;(hj) =6 for i, j € {1,2}. As a consequence, a(hp) =0 and B(hy) # 0. But then g € £, a con-
tradiction.

Suppose L[a, B8] is as in case (4) of Proposition 4.2. Then Proposition 4.5 applies. As o € §2, Propo-
sition 4.5 says that a(ho ® 1) # 0. This forces ¥y g(Lio) C S. Since B([Ly,L_q]) #0, we now deduce
that 8 does not vanish on ¥y g(H) N S. This forces B(ho ® 1) # 0. Applying Proposition 4.5 once again
we obtain g € £2, a contradiction.

Suppose L[e, B] is of type (5) of Proposition 4.2. Then S = H(2; (2, 1))@ and L[«, ] C H2; (2, 1)).
In this case lI/a,ﬁ(H)3 c S, and it follows from Lemma 2.5 and Demuskin’s description of max-
imal tori in H(2;: )@ that ¥y (H) N S is abelian and nil(¥y g(H) N'S) has codimension 1 in
Wy g(H) N'S; see [St 04, Theorem 7.5.8] for instance. As « € £2, this means that ¥, g(H) NS =
lI/a,,g(H)3 + nil(¥y, g (H) ﬁ§). As a consequence, y € I'(L[a, B], Wu,p(T)) is in £2 if and only if
Y (Wo,g(H)NS) £0. As & € £2, Theorem 4.7 implies that « does not vanish on [Wo g(La), Yu.p(L—a)].
As Wy g(Liy) C S, this shows that

Wop(H) NS = [Wa p(La), Wa p(L_o)] +nil(We g (H)NS).

But then ﬂ(lpa,ﬂ(H)ﬂg) # 0 by our choice of 8, implying that 8 € £2. Since this contradicts our choice
of B, we derive that L[, 8] cannot be of type (5).

If L[a, B] is as in case (6) of Proposition 4.2, then (Fpo 4 FpB) \ {0} C £2 by [P 94, Lemmas 4.1
and 4.4]. So this case cannot occur either, and our proof is complete. O

Proposition 5.2. If ;v € I' (L, T) vanishes on H, then L, consists of p-nilpotent elements of L.
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Proof. Suppose for a contradiction that there is € I'(L, T) with w(H) = 0 such that oc(LEf]) #0
for some o € I'(L, T). It follows from (4.1) that every root is the sum of two roots in §2. Therefore,
we may assume that « € £2. Since « is nonsolvable by Theorem 4.7, there exists 8 € £2 such that
Lle, B1=M(1, 1) and a([Lig, L—ie], [Lg, L_g]) # O for some i € F; see Lemma 4.1. Lemma 5.1 shows
that g € ©2.

__ We now consider the T-semisimple 3-section L[«, B, u]. Set T:=, Ao (D), H:=y, . (H) and
S:= S(a B, ). Given a Lie subalgebra M of L[«, B, u] we denote by M, the p-envelope of M in
DerS. Note that the restricted Lie algebra T + L[e, B, 1lip) C DerS is centerless. As T is a torus of
maximal dimension in T + L(«, 8, it)p, it follows from [St 04, Theorem 1.2.8(4a)] that T is a torus
of maximal dimension in T + L[c, B, lip)- Let J be a minimal T-invariant ideal of L[c, B, i]. Then
TR(J) < TR(L[e, B, 1) < 3; see [St 04, Theorems 1.2.7(1) and 1.3.11(3)].

(a) Suppose TR(J) = 3. Then it follows from [St 04, Theorem 1.2.9(3)] that the restricted Lie algebra
(T+L[a B, wlip)/ Jipy is p- -nilpotent. From this it is immediate that T C Jip), J = S and L[a, B, ul=
H+S. By Block’s theorem, S=5S®0(@m; 1), where S is a simple Lie algebra and m € Z... Let = denote
the canonical projection

Der(S ® O(m; 1)) =DerS) @ O(m; 1) xIds ® W(m; 1) » W(m; 1).

In the present situation [P-St 99, Theorem 2.6] implies that the torus T is conjugate under Aut(S ®
O@m; 1)) to To ® F for some torus Tp in Sp. Hence we can choose ¥y g, such that T=ToQF.
Then L{a, 8, ](or) = H+ S(a) ® O(m; 1). Since « is nonsolvable, there is a surjective homomorphism
¥ Lla, B, u](@) — Lla] # (0). By Theorem 3.3, (im)( is a simple Lie algebra and the unique min-
imal ideal of im. Since Tp is a torus of maximal dimension in Sp, Theorem 3.3 also applies to the
1-section S[]. So it must be that (imy)® = S[a]™. As a consequence,

S nkery = (rad S(@) N S@) V) ® F + S(@)P ® 0Om; 1)1y

is H-invariant. As S(c) is not solvable, it follows that 7 (H) C W (m; 1)(0). But then S ® O(m; 1)y is
an ideal of L[, B, u]. As Lla, B, ] is T-semisimple and T = To ® F, we now obtain that m =0 and
Lle, B, ] =H+S.

As a consequence, ¥y g, (Ly) C S for all y € I'(L[a, B, 0], T). This implies that L[a, 81 = M(1, 1)
is a homomorphic image of the 2-section S(a, B), showing that~ﬁﬂ§ is a nontriangulable subalgebra
of S. We now set t:= Wy g, (T Nkeru) and bh:= S(u). Then S is simple, t is a torus of dimension
at most 2 in §p, and HNS c h. This inclusion in conjunction with our assumption on p and the
Engel-Jacobson theorem shows that b is a nontriangulable nilpotent subalgebra of S. But then [P 94,
Theorem 1(ii)] yields S = M(1, 1). As TR(M(1, 1)) =2 by [P 94, Lemma 4.3], we reach a contradiction
thereby establishing that TR(J) < 2.

(b) We now put T :=T N Jip) and observe that

dimT’ > TR(J1p), T + Llet, B, 4]ip1) = TR(J1p)) # 0;

see [St 04, Theorems 1.2.9 and 1.2.8(2)] (one should also keep in mind that T + L[, 8, Wip) is cen-
terless).

Suppose (T’) # 0. Then Wy g ;i (Liy) C J forall i e IF; and hence ¥y g, (Ly) C J by our choice
of a. Since L{a, ] =M(1, 1) is simple, it follows that ¥y g, (Liw4jg) C J for all nonzero (i, j) € IFIZ,.
As a consequence, the p-envelope of HN J in Jp) contains a torus of dimension at least 2. This torus
must be smaller than T’, because p vanishes on H. But then TR(J) > 2 which is not true.

Thus, «(T’) =0. Then «(T’) # 0 or B(T’) # 0. Relying on the simplicity of L[a, 8] = M(1,1) and
arguing as before, we derive that J(«, 8)/rad J(a, B) =M(1,1). As u(T’) =0, it follows that dimT" =
TR(J) = 2. By Block’s theorem, | = J' ® O(k; 1) for some simple Lie algebra J' and some k € Z,.. The
above shows that TR(J’) = 2. The natural homomorphism J — J/J' ® O(k; 1)q) = J' maps J(«, B)
onto a subalgebra g of J’ such that g/radg = M(1,1). As TR(J') = 2, this implies that ], contains a



3584 A. Premet, H. Strade / Journal of Algebra 320 (2008) 3559-3604

nonstandard 2-dimensional torus. Applying [P 94, Theorem 1(ii)] now yields J' = M(1, 1). Since this
holds for every minimal T—invaNriant ideal of L[«, 8, 1] and TR(L[w, B, 4]) < 3, we may conclude at
this point that the T-socle S = S(w, 8, u) =S ® O(m; 1) is the unique minimal ideal of L[, 8, i].

Recall that all derivations of S =M(1, 1) are inner; see [St 04, Theorem 7.1.4] for instance. In this
situation [P-St 99, Theorem 3.2] says that ¥y g, can be chosen such that T=(To®1)+ F(ds ®tg),
where T is a 2-dimensional torus in S, =S and to € W (m; 1). Furthermore, L[c, 8, u]=M(1,1) ®
O(m; 1) xIds ® 0 for some Lie subalgebra d of W (m; 1). Note that T' =T NS = To ® 1. Using the sim-
plicity of L[c, 8] and arguing as before, we observe that ¥y g ;; (Lig+jp) C S for all nonzero @, e IF;.
By the choice of 8, we then have a([gm, §_ia], [§,3, §_ﬁ]) #0 for some i € IF;. This means that Ty is
a nonstandard torus in S = M(1, 1).

If to ¢ W (m; 1)(0), then we may assume further that to = (1 + x1)d1; see [P-St 99, Theorem 3.2].
Choose h,h’ € ¢s(Tg) such that [h, h'] acts nonnilpotently on S. Recall that p(To ® F) = 0. Then
u(lds ®to) # 0 and hence there exists r € Fjj such that h® (1+x1) € Sm and @ (1+x)P~1eS_ -
Clearly, the element

[h® (1 +x),h &1 +x)P 1] € [Spu, Syl

acts nonnilpotently on s.

Suppose to € W(m; 1)). Since S is (Ids ® (Ftg + 0))-simple, there is r € F, such that 9, ¢
W (m; 1)) (here dg = m(H) is the centraliser of ty in ?). On the other hand, looking at the 1-
section L[a, 8, ul(e) = H + S(av) ® O(m; 1) and applying Theorem 3.3 to L[a] # (0) one observes
that 7w (H) € W (m; 1)(0) (see part (a) for a similar argument). So it must be that to# 0 and r € F7.

Let E € Ly, be such that w(Wy g u(E)) = ZT:1 a;9; (mod W (m; 1)), where not all a; are
zero. We may assume after renumbering and rescaling that a; = 1. In the present situation
[P-St 99, Theorem 3.2] says that Wy g, can be chosen such that to = Z'}Ll sixjo; for some sj € Fp.
As [to, T (Wy,p,(E))] is a nonzero multiple of 7 (¥ g, (E)), it must be that s; # 0. Therefore,
¢s(Tp) ®x1 C E,m, implying that [Wy g . (Lry), §,m] contains nonnilpotent elements of s.

(c) We have thus shown that there is r € IF; such that [Lyy, L_r,] contains nonnilpotent elements
of L. Therefore, the set

={y er@. 1) |y (L. L-rul) #0}

is nonempty. By Lemma 5.1, we have the inclusion £2; C £2. Also, u ¢ £21, because p(H) = 0. Since
[t #0, there is y € I'(L, T) such that u (L)) 0.

Suppose y € £2. Since M(Lgf]) # 0, all elements from u +F,y are in I'(L, T). Since w(H) =0,
we then have u ~|—F;y C £2. Since all roots in £2 are nonsolvable by Theorem 4.7, the T-semisimple
2-section L[y, 1] cannot be as in cases (1), (2) or (3) of Proposition 4.2. If L[y, ] is of type (4), then
Proposition 4.5 implies that @, (L) C S. As (L") #0, this forces W, , (Liy) C S for all i € F.
Since v vanishes on H, it follows from the description of ¥, ,(T) given in Proposition 4.5 that

> Wy u(Lip) C ey (ho) ® O(1: 1).

: X
ieF,

As the subalgebra on the right is abelian and ¥, ,,(L;)) # (0) for all i € F;, this contradicts our choice
of w. So L[y, u] is not of that type. If L[y, ] is as in case (5) or case (6) of Proposition 4.2, then
Corollary 4.3 shows that no root in I"(L[y, u], ¥y u(T)) = (Fpy @ Fpu) \ {0} vanishes on ¥y, ;, (H).
As w(H) =0, this is false.
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Thus, y ¢ 2. Schue’s lemma [St 04, Proposition 13.6(1)] yields L, = 25691 [Ls, Ly—s]. If
X1...,Xq €Ly, then

d [p] d
(Zx,) EZXSP] (mod H),
j=1

j=1

by Jacobson’s formula. Note that the set H U (U5691,1<>1[Lév L,g][P]k) is weakly closed. Since p van-
ishes on H, the Engel-Jacobson theorem implies that there is k¥ € £21 such that u([L, Ly_K]“’]) #0.
Note that « and y —« are both in §2, hence ¥, « ,(L¢) # (0) and ¥y, « ,(Ly ) # (0) by Theorem 4.7.
Let §:§(y,x,u) and let J be any minimal ideal of L[y, «, i]. Put Ty :=¥) , ,((T) N Jip;, where
Jip1 is the p-envelope of J in DerS. Since Jipy is centerless, it follows from [St 04, Theorem 1.2.8(a)]
that Ty is a torus of maximal dimension in Jip).

Suppose w(T1) = 0. Then either «(T1) # 0 or (y — «)(T1) # 0, for T; # (0). In any event,
Yy «.u(Le, Ly—«]) C J and therefore M(]%,p]) # 0. But then w(T1) # 0, a contradiction. Thus,
Ww(T1) # 0, forcing ZieF; Wy keu(Liy) C J. As Kk € £2q, this yields ZieF; Yy eu(Li) C J. As
a result, the nilpotent subalgebra J(u) acts nontriangulably on J. As «([Lyy,L_u]) # 0 and
Wy,K,M([LK,Ly,K][p]) C Jip1» we have that TR(J) = dimT; > 2 (one should keep in mind that u
vanishes on H but not on [L, Ly _]P}).

Since k € £2, we can now argue as in part (a) of this proof to deduce that TR(J) < 2. As a result,
TR(J) = 2 for any minimal ideal J of L[y, k, u]. As TR(L[y, k, n]) < 3, this shows that S= S®0@m; 1)
is the unique minimal ideal of L[y, «, 1] and TRGS) = TR(S) = 2. According to [P-St 99, Theorem 2.6],
we can choose ¥y i, such that

Wy e n(D=(To®1) + FAd®1+1ds ®tg), Ty CSp, deDerS, toeW(am;1).

Moreover, if d is an inner derivation of S, then we can assume further that d = 0. Since T = T(’J ®1,
we get dim T = 2. Set t:= Ty + Fd, a torus in Der S. The subalgebra S® F of S is invariant under the
action of ¥y, , ,,(T). Given § € I'((S® F), ¥y ... (T)) we denote by 5 the unique t-root in I"(S, t) for
which S;® F = (S ® F)s.

(d) Suppose to € W(m;1)«). Because S and S® O(m; 1)) are both T-invariant, T acts on
s S/(S ® O(m; 1)(1y) as the torus t C DerS. Since SK # (0) and « € £q, we also have that
Yy i, u(Liry) # (0). We mentioned above that ¥y . ,(Liry) C S. Define to := t N kerx. Then
dimtp < 2 and cs(tg) = S(ft). Because Sp ® O(m; 1)1y is p-nilpotent and S(M) acts nontriangula-
bly on S by our discussion in part (c), the subalgebra S(it) is nilpotent and acts nontriangulably on S.
Applying [P 94, Theorem 2(ii)] now yields S = M(1, 1). But then all derivations of S are inner; see
[St 04, Theorem 7.1.4] for example. Then d =0 and t is a torus of maximal dimension in Sp. It fol-
lows that S(it) = cs(tp) is a Cartan subalgebra of toral rank 1 in S. Since such Cartan subalgebras are
triangulable by [P 94, Theorem 2], our assumption on tg is false.

Thus, tg ¢ W (m; 1)(0). Recall that u and « are both nonzero on T1 = T() ® 1. Since p vanishes on
H and the nonsolvable root x does not vanish on ¥y, ., ([Lix, L_ix]) C ¥y i, (H) NS for some i € FX,
the roots i and « are linearly independent on T;. Hence

Wy e (T) =T1 @& (¥ i, (T) Nker pw Nker),

implying that 7w (¥ « . (T) Nker u Nkerk) ¢ W(m; 1)(g). In that case [P-St 99, Theorem 2.6] says that
Wy . can be selected such that d =0, to = (1 +x1)dq, and ¥y, M(T) Nker u Nkerk = F(Ids ® to).

Then S(K m) =S ® F[xa2,...,Xn] and the evaluation map ev: S(K m) — S, taking s® f e S®
Flx2,...,Xn] to f(0)s € S, is T-equivariant. As before, S(ft) acts nontriangulably on S. Since in the
present case t is a torus of maximal dimension in S, its 1-section S(ft) has toral rank 1 in S. Since
such a Cartan subalgebra must act triangulably on S by [P 94, Theorem 2], we reach a contradiction,
thereby proving the proposition. O
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Corollary 5.3. The following are true:

() 'L, T)=$.
(ii) Ifa, B € I' (L, T), then L[, B] is not as in case (4) of Proposition 4.2.

Proof. (1) Suppose I'(L,T) # §2 and let A € I'(L,T) \ §2. Take any o € §£2 and consider the T-
semisimple 2-section L[, A]. By Theorem 4.7, L(«) is not solvable, hence L[, A] is not as in case (1)
of Proposition 4.2. Because of Lemma 5.1 we have A(H) =0, hence L(1) is solvable. If L[c, A] is as in
cases (2), (3), (5) or (6) of Proposition 4.2, then L, C radr L(«, A) by Corollary 4.3, hence

(Lo, Lx] C (radr L(er, 1)) N Lgys C (rady L(x + A))aH = (0)

by Theorem 4.7 (because o + X € £2). If L[, A] is as in case (4) of Proposition 4.2, then it follows from
Proposition 4.5 that L, contains nonnilpotent elements of Lp. Since this contradicts Proposition 5.2,
we see that L[, A] is not of that type. As a consequence, [Ly, L] =0 for all o« € 2. But then (4.1)
yields that L, is contained in the center of L. This contradiction proves the first statement.

(2) If L[, B] is as in case (4) of Proposition 4.2, then Proposition 4.5 implies that one of the roots
in '(L,T) N (Fya +FpB) is not contained in £2. Since this is impossible by part (1), our proof is
complete. O

Corollary 5.4. For every o € I' (L, T) the radical of L(«) lies in the center of H.
Proof. Recall that rad L(e) C H by Theorem 4.7 and Corollary 5.3. Set
2,:={y el (LT)|y([H radL@)]) #0}.

Suppose £2; # (@ and let B € £2;. Since o, 8 € 2 by Corollary 5.3, Proposition 4.2 applies to L[c, B].
Since o« vanishes on [H,radL(«)], the roots @ and B are Fj-independent. As @ and B are both
nonsolvable by Theorem 4.7, L[¢, 8] cannot be as in case (1) or case (2) of Proposition 4.2. It cannot
be governed by case (5) or case (6) either, because in case (5) the radical of L[«, B](x) is trivial
by Proposition 2.5(2) and in case (6) the radical of L[a, B](c) is contained in ¥, g(T); see [P 94,
Lemmas 4.1 and 4.4].

Thus, L[a, B] is as in case (3) of Proposition 4.2. But then L[w, 8] = L[, B](e0) + L, B1(B) and
[Ly, Lg] C rady L(e, B). Since (a + B)([H,radL(«)]) # 0, and L(x + B) is solvable, it must be that
o+ B¢ I'(L, T). We now derive that [Ly, Lg] = (0) for all B € £2,. In view of Schue’s lemma [St 04,
Proposition 1.3.6(1)], this means that L, lies in the center of L.

This contradiction shows that 2, = ¢J. Hence the ideal Hy := [H,rad L(«)] of H consists of p-
nilpotent elements of L,. Now let g be any root in I'(L, T). Since Hy C H®, it follows from
Theorem 3.3 and (the proof of) Lemma 3.4 that ¥g(Hy) = (0). Then [Hy, L(B)] C rad L(B), forcing
[Hy, Lg] = (0); see Theorem 4.7. As a result, [Hy, L] = (0), and hence H, = (0) by the simplicity of L.
This proves the corollary. 0O

We are finally in a position to describe the 2-sections of L with respect to T. Let 3(H) denote the
center of H = ¢ (T).

Theorem 5.5. The following are true:
i) H* = (0) and H'P! C T.

(ii) dim H2 =3 and dim H? = 2.

(ili) H® c T and dim H/3(H) = 3.

(iv) 3(H)=HNT.
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Proof. (a) Let o € I'(L, T). Then « € £2 by Corollary 5.3(i). It is immediate from Theorem 3.3 that
H* c rad L(«). Then [H?, Ly] C (rad L())e = (0) by Theorem 4.7. Since this holds for every root o
and L is simple, we derive H* = (0).

Let N(Hp) denote the set of all p-nilpotent elements of Hp. Since dimL, =5 for all y e I'(L, T)
any p-nilpotent element x € N(Hp) has the property that (3dx)5(zyer(1,_r) Ly)=0. Then x!P! =0

by the simplicity of L. The Jordan-Chevalley decomposition in H, now yields (Hp)[p] C T, forcing
HPl ¢ T. As a result, statement (i) follows, and we also deduce that N(Hp) ={xeHp | xIP1 =0} and
HyCH+T.

Since H* = (0) and [T, H] = 0, Jacobson’s formula implies that (x + y)°! = x151 + yI3] for all
X,y € Hp. Therefore, N(Hp) is a subspace of H. By the Jordan-Chevalley decomposition in Hp, we
also get Hp CN(Hp) & T.

(b) Since I'(L, T) = £2, it follows from Theorem 3.3 and (the proof of) Lemma 3.4 that H? +
rad L(«w) has codimension 2 in H for every o € I'(L, T). Since rad L(«) C 3(H) by Corollary 5.4, there
exist x, y € H such that H=Fx+ Fy + H? + 3(H). As a consequence, H? = F[x, yl+ H3 and H3 =
FIx, [x, Y11+ Fly, [y, x]1 + H*. As H* = (0), this gives dim H> <2 and dim H2 = 1 + dim H3.

Let o, 8 € I'(L,T) be such that L[a, B] = M(1,1) (such a pair of roots exists by [P 94, Theo-
rem 1(ii)]). It is immediate from [P 94, Lemmas 4.1 and 4.4] that dim Wy, (H?) = 2. Hence dim H3 > 2.
In conjunction with the above remarks, this gives dim H> =2 and dim H? = 3. Statement (ii) follows.

(c) Since H* = (0), we have that H3 c 3(H). If the nilpotent Lie algebra H/3(H) has codimension
<3 in H, then it is abelian. In this case H2 c 3(H), forcing H3 = (0). This contradiction shows that
3(H) has codimension >3 in H. Since H? = (0) has codimension 1 in H2, the equality H>N3(H) = H3
holds. Therefore,

3 <dimH/3(H) = dim H/(H? + 3(H)) + dim H?/H?
<dimH/(H? + radL(a)) +dim H?/H? = 3.

This implies that 3(H) has codimension 3 in H.

Let h € 3(H) and write h = hy 4+ h, with h; € T and h, € N(Hy). In view of our earlier remarks,
hn, € 3(H) N (T + H). Because I'(L, T) = £2, Theorem 3.3 shows that for every y € I'(L, T) the element
Wy, (hn) € Wy (T) + W, (H) = ¥, (H) of Lly1 = H(2; D® & F(1 + x1)*3, is p-nilpotent in L[y] and
commutes with ¥, (H). Arguing as in the proof of Lemma 3.4 it is now straightforward to see that
¥, (hy) = 0. Then [hy, L(y)] Crad L(y). In view of Theorem 4.7, this entails that [hy, L, ] =0 for all
y € I'(L, T). As a consequence, h, =0, forcing 3(H) = HN T. Combined with our remarks in part (b)
this gives (iii), completing the proof. O

Corollary 5.6. Let o, B € I' (L, T). Then case (3) of Proposition 4.2 does not occur for L[, B].

Proof. Indeed, otherwise the T-socle of L[, B8] has the form S1 @ Sy = S1(81) @ S2(82). Then
Wy p(H) N Si(8;) = Ws;(H) for i =1,2. As 81,62 € £2 by Corollary 5.3(i), it follows from Theorem 3.3
that S;(8;) = H(2; 1)® @ F(1 + x2)*3, and Ws,(H) is a nonabelian Cartan subalgebra of S;(8;). Then
Lemma 3.4 implies that dim lI/(;,.(Hz) = 2. As a consequence, lI/a,ﬁ(Hz) N S;(8;) is 2-dimensional for
i=1,2. But then dim H2 > 4 contrary to Theorem 5.5(ii). The result follows. O

Corollary 5.7. The following are true:

(1) I'(L, T) U {0} is an Fp-subspace of T*.
(2) The p-envelope of H> in L, coincides with T.
(3) Hy=H+T.

Proof. (1) Since every y € I'(L,T) is Hamiltonian by Theorem 4.7, we have IF;)/ Cc I'(L,T). Let
a,B el (L, T) be Fy-independent. Then I"(L[c, B], Yo p(T)) contains two nonsolvable roots. In view
of Corollary 5.6, this implies that L[«, 8] is determined by case (5) or case (6) of Proposition 4.2. In
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both cases, I'(L[c, B], Wa,p(T)) U{0} =Fpa +Fp B; see Lemma 2.5(4) and [P 94, Lemmas 4.1 and 4.4].
As a consequence, o + 8 € I'(L, T). Statement (1) follows.

(2) By Theorem 5.5(3), H3> C T. Denote by Ty the p-envelope of H? in T and suppose that T # T.
Then Ty is a proper subtorus of T. By part (1), there exists y € I'(L, T) such that y(Tog) = 0. Then
y(H*) =0 contrary to Corollary 5.3(i). Therefore, (H?), =T.

(3) It is immediate from Theorem 5.5(i) that H, C H 4 T. Since T = (H3)p C Hp by part (2), we
now derive that Hy=H+T. O

We now summarize the results of this section:

Theorem 5.8. Let L, T and H be as above. Then the following hold:

(1) I'(L, T) U {0} is an Fp-subspace of T* and no root in I" (L, T) vanishes on H3.

(2 H3CT,3(H)=HNT,Hy=H+T,dimH/(HNT) =3, dim H? = 3, and dim H3 = 2. The p-envelope
of H? in Ly coincides with T.

(3) radL(@) =HNTNkere, dimLy =5, and L] = H(2; 1)@ @& F(1 + x1)*8; forevery a € I'(L, T).

(4) Ifa, p € I'(L, T) are Fp-independent, then either L[, 1= M(1, 1) or

(2)

H(2; 2, 1) C Lo, Bl C H(2: 2, 1).

Furthermore, L{a, B]1 = L(c, 8)/H N T N kera N ker S.

Proof. Parts (1) and (2) are just reformulations of our earlier results. In order to get (3) and (4) it
suffices to observe that rad L(«) C 3(H) = HN T; see Corollary 5.4 and Theorem 5.5(iv). O

6. Some properties of the restricted Melikian algebra

In order to proceed further with our investigation, we now need more information on central
extensions and irreducible representations of the Melikian algebra M(1, 1).

Proposition 6.1. Every Melikian algebra M(n), where n = (n1, ny), possesses a nondegenerate invariant sym-
metric bilinear form.

Proof. Adopt the notation of [St 04, Section 4.3] and consider the natural grading
M) =M 38M M1 &Me®M; @ &Ms, s=3(5" +5%) -7

of the Melikian algebra M = M(n). Recall that Mg = @ﬁj:1 xi0; = gl(2), M_3 = Fd; ® Fd, and

M = FxT@3; @ FxT®)3,, where 7(n) = (5™ — 1,5" — 1). Both M_3 and M are 2-dimensional
irreducible Mp-modules. Using the multiplication table [St 04, (4.3.1)], it is easy to observe that

[X] a1, X(I(H))éd =(-2+ Z)X(T@))Sl =0, [X281 s x(T@ 51] =0,

[X282, xT®5;] = (=1 4 2)xT®G;.

This shows that xXT™)3; is a primitive vector of weight (0, 1) for the Borel subalgebra b := Fx13; &
Fx,0, @ Fx201 of Mg. Now let f be the linear function on M_3 such that f(3;) =0 and f(3;) = 1.
Then (x101)(f) = —fo(x191) =0, (x202)(f) = —fo(x232) = f and (x291)(f) = — f o (x291) = 0, show-
ing that f € (M_3)* is a primitive vector of weight (0, 1) for the Borel subalgebra b. From this it is
immediate that (M_3)* = M; as Mop-modules. As M is an irreducible graded M,-module, [P 85,
Lemma 4] shows that there exists a module isomorphism 6 : M = M* sending M; onto (M;s_3_;)*
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for all i € {—3,...,s} (as usual, we identify (M;)* with the subspace of M* consisting of all linear
functions vanishing on all M with k # i).

Define a bilinear form b: M x M — F by setting b(x, y) := (0(x))(y) for all x, y € M. Since 6 is an
isomorphism of M-modules, the form b is nondegenerate and M-invariant. Next we define a bilinear
skew-symmetric form b’ on M by setting b’(x, y) := b(x, y) —b(y, x) for all x, y € M. As M is a simple
Lie algebra, the invariant form b’ is either nondegenerate or zero. As dim M = 5" +"2+1 js odd, it must
be that b’ = 0. Therefore, the form b is symmetric. O

From now on we denote by M the restricted Melikian algebra M(1, 1).

Proposition 6.2. IfJ\~/[ is a Lie algebra with center 3 = 5(37[) such that JVE/;, =M, then M™ = M and M =
MD @ ;.

Proof. We need to show that the second cohomology group HZ(M, F) vanishes. Let b be the nonde-
generate bilinear form from the proof of Proposition 6.1. By a standard argument explained in detail
in [P 94, p. 681], for every 2-cocycle ¢ :M x M — F there exists a derivation d € Der M such that
b(d(x),y) = —b(x,d(y)) and ¢(x,y) = b(d(x), y) for all x, y € M. Moreover, ¢ is a 2-coboundary if
and only if the derivation d is inner. Since Der M = ad M by [St 04, Theorem 7.1.4], for instance, we
now obtain H2(M, F) =0, as desired. O

If V is an irreducible module over a finite-dimensional restricted Lie algebra L over F, then there
exists a linear function x = xy € L£* such that for every x € £ the central element xP — xIP! of U(L)
acts on V as the scalar operator y (x)P Idy. The linear function x is called the p-character of V. Given
f € L* we denote by 3. (f) the stabilizer of f in L. Recall that 30 (f)={xe L | f([x,£]) =0} is a
restricted subalgebra of even codimension in L.

For our constructions in the final sections of this work we need some information on the p-
characters of irreducible representations of dimension < 125 of the restricted Melikian algebra M =

@?:—3 M.

Proposition 6.3. If V is an irreducible M-module of dimension < 125, then the p-character of V vanishes on
the subspace @@—2 M;. If V has a nonzero p-character, then dim V = 125.

Proof. Write M* = 5;__5(M;)*, where (M)* = {f € M* | EB#I- M; C ker f} and s =3(5+5) —
7 =23. Let x be the p-character of the M-module V. If x =0, then there is nothing to prove;
so suppose x # 0. Then y = Z?:_3 Xi» where x; € (M;)* and x4 # 0.

(a) We first suppose that d > 0 and let 2q = codimy3a¢(xq). Then [P-Sk 99, Proposition 5.5] yields
that 59 | dim V. Since dimV < 53, it follows that 35¢()xq) has codimension < 6 in M. Let b be the
M-invariant nondegenerate bilinear form from the proof of Proposition 6.1. Then x4 = b(z,-) = 6(2)
for some nonzero z € Ms_3_¢4 and 35¢(Xq) = ¢ (2). It follows that the set

X = {x € Ms_3_q | codimpea (x) < 6}

is nonzero. It is straightforward to see that X is a Zariski closed, conical subset of Ms_3_4 invariant
under the subgroup Autg M of all automorphisms of M preserving the natural grading of M. Let P(X)
be the closed subset of the projective space P(M;_3_4) corresponding to X and let T denote the 2-
dimensional torus of the algebraic group AutoM whose group of rational characters is described in
[Sk 01, p. 72]. Note that the Lie algebra of T equals F(adx;91) & F(adx29,).

The connected abelian group T acts regularly on X, hence fixes a point in P(X) by Borel’s theorem.
This means that there exists a nonzero xg € Ms_3_4 such that ¢y (xg) has codimension < 6 in M and
T-xo C Fxg. Let ng denote the normalizer of Fxg in M and set t:= F(x101) ® F(x29;), a 2-dimensional
torus in M. By our choice of xo (and T) we have that [t, xg] C Fxo.
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Suppose [t, xg] # 0. Then ng 2 ¢y (xo). As a consequence, ng is a proper subalgebra of codimension
< 5 in M. By a result of Kuznetsov [Kuz 91, Theorem 4.7], every proper subalgebra of M has codimen-
sion > 5 and every subalgebra of codimension 5 contains @i>] M; (see also [St 04, Theorem 4.3.3]
and [Sk 01, Section 1]). Since the subalgebra @i>1 M; of ng acts nilpotently on M, it must annihilate
Fxp. On the other hand, it is immediate from the simplicity of the graded Lie algebra M that the
graded subspace Anny¢(€P;. o Mi) coincides with Ms. So xo € M; forcing d = —3, a contradiction.

Now suppose [t, xo] = 0. Using [St 04, (4.3.1)] one checks 1mmed1ately that ¢ (t) =t @ Fx1x2 ®
Fxlxzal &) Fxf 3. In view of [St 04, p. 200], we have that t C Mo, x]x2 € My and Fx1x281 (&)
Fxlxzaz C Myg. As d > 0 by our present assumption, we have s —3 —d =23 — 3 —d < 20. Rescal-
ing xg if need be we thus may assume that either xg = xfx% or Xp = X101 + ax20, for some « € F
(by symmetry). Applying [St 04, (4.3.1)] it is easy to observe that cy; (xzxg) = (0) for i <0 and
¢, (X2x3) = t. This shows that the case xo = x3x3 is impossible (as cx(Xo) has codimension < 6
in M). If xo = x191 + ax202, then [xo, M] contains all x1 07 with i € {0, 2, 3,4} and all xlxzaz with
je{1,2,3,4}. It follows that codimyy cc(xp) > 8 in this case, showing that the case where d > 0
cannot occur.

(b) Thus d < 0. Recall from [Sk 01, p. 72] that the group of rational characters of T has Z-basis
{€1, €2} and the T-weight vectors 91,9y € M_3, 1€ M_y, 91,9, € M_1 and X1, X291 € Mo have
weights —2e1 — €3, —&1 — 2€2, —&1 — &2, —€1, —&3 and &1 — &2, —&1 + &3, respectively.

Assume that xo(x132) # 0 and consider the cocharacter &} : F* — Aut M such that (&} (t))(x) =t"x
for all t € F* and all weight vectors x € Mpg, 4me,» Where m,n € Z. Let M = @;., M(i) be the Z-
grading of M induced by 7. Since d <0 and xo(x192) # 0 by our assumption, we have that x =
X (=2)+ x(—=1) 4+ x(0) + x (1), where x (i) € M(i)* and x (1) # 0. Applying [P-Sk 99, Proposition 5.5]
to the graded Lie algebra ;. , M (i) we deduce that 33(x (1)) has codimension < 6 in M. Since
in the present case x191 € ny¢(F x (1)) \ 37 (x (1)), the normalizer ny¢(F x (1)) has codimension <5
in M. Using Kuznetsov’'s description of subalgebras of codimension 5 in M and arguing as in part (a)
we now obtain that x (1) =b(y, -) for some y € Mjs. Since in the present case s —3 —d # s, we reach
a contradiction, thereby showing that xo(x192) = 0. Arguing in a similar fashion one obtains that g
vanishes on x;01.

(c) Thus we may assume from now that d < 0 and xo vanishes on F(x192) @ F(x291). In this
situation [P-Sk 99, Proposition 5.5] is no longer useful, so we have to argue differently. Denote by g
the Lie subalgebra of M generated by the graded components Mi] Using [St 04, (4.3.1)] it is easy
to check that My = Fx; @ Fx2, M2 = F(x101 + X202, M = F(x1 01 + X1X202) @ F(x1x20, +x282) and

= (0). Then it is immediate from [St 04, Theorem 5.4.1] that g is a 14-dimensional simple Lie
algebra of type G,. We identify x with its restriction to g, denote by G the simple algebraic group
Autg, and regard L:= Auto M as a Levi subgroup of G. Clearly, T is a maximal torus of G contained
in L. Also, Lie(G) =ad g and 5 is a good prime for the root system @ = @ (G, T). Since the Killing form
k of the Lie algebra g is nondegenerate, we may identify g with g* via the G-equivariant map sending
X € g to the linear function x (x, -) € g*.

Let P be the parabolic subgroup of G with Lie(P) = ad(D; 9i), where gi = gNM;, and let @+ be
a positive system in @ containing the T-weights of @;. o gi. Let {1, o2} be the basis of simple roots
of @ contained in @*. Adopting Bourbaki’s numbering we will assume that go is spanned by t and
root vectors e+, and gq is spanned by root vectors ey, and ey,+q,. We stress that aq is a short root
of &.

Since g(xo) = xo for all geT and x_1 + x—2 + x—3 is a linear combination of T-weight vectors
corresponding to positive roots, the Zariski closure of T- x contains xo. It follows that dimG - y >
dimG - xp. Since xo vanishes on all root vectors e, € g with o € @ and 5 is a good prime for @,
the stabilizer Zg(xo) of xo in G is a Levi subgroup of G; see [P 95, (3.1)] and references therein.
Since the g-module V has p-character y, the Kac-Weisfeiler conjecture proved in [P 95] shows that
5dmGX)/2 | dim V.

Suppose xo # 0. Then Zg(xo) is a proper Levi subgroup of G. Since any Levi subgroup of G is
conjugate to a standard Levi subgroup, this implies that dim Z¢(xo) < 4. As a consequence,

dimG- x > dimG- xo =dimG — dim Zg(xo) >
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But then 5° | dim V, a contradiction. Thus, ¥ =k (y1 + y2 + ¥3, -) for some y; € g;.

Suppose yq1 # 0. Since y is a nilpotent element of g, all nonzero scalar multiples of y are
G-conjugate. From this it is immediate that the Zariski closure of G-y contains yi, implying
dimG-y > dimG- y;. As all nonzero elements of g; are conjugate under the action of L, we may
assume that y; =eg,. As dimcg(ey,) =6, it follows that

dimG- x =dimG: y >dimG- y; =dimG — dim Zg(y1) > dimG — dim¢g(y1) =8.

Applying [P 95, Theorem I] now gives 5% | dim V. Since this is false, it must be that y; = 0. If y, #0,
then y, is a nonzero multiple of exy,+a, (for go = [M1, M1] = Fexq,+a,)- AS ¥y = y2 + y3, it is easy
to see that the orbit P -y contains exq,+a,. AS 201 + ¢z is a short root of @, we can argue as before
to obtain 5% | dim V, a contradiction.

As a result, y = y3. Then x = x_3 vanishes on @,;72 M; as stated. If x # 0, then we can assume
that y = e3q, 424, (for all nonzero elements in g3 = [€24,+a,, M1] are conjugate under the action
of L). Since dim ¢y (e3q,+2q,) =8, it follows from [P 95, Theorem I] that 53 | dim V. Then dim V = 125,
completing the proof. O

7. Melikian pairs

Set I := I'(L, T). According to Theorem 5.8(4), if «,8 € I are Fp-independent, then either
Llo, B1=M or H2; 2,1)® C L[, B1 C H?2; (2,1)). If Llor, B] = M we say that (o, 8) € I'? is a
Melikian pair. Recall from Theorem 5.8(2) that H? is a 2-dimensional subspace of T.

Lemma 7.1. A pair (o, B) € I'? is Melikian if and only if H* Nkera 5 H® Nker g, i.e. if and only if s and
ﬂ|H3 are linearly independent over F.

Proof. Suppose H(2; (2,1)?® c Lo, 81 € H(2; (2,1)). Recall from Section 2 that H(2;(2,1)) =
H2;(2,1)@ @V and V3 = (0). Then L[, B1° C H(2; (2,1))?, forcing ¥y s(H)* C H2; 2,1)@.
But then Wy g(H3) C Wy g(T) N H(2; (2,1))@ has dimension < 1 by Lemma 2.4. In view of Theo-
rem 5.8(4) and the inclusion H3 C T, this means that H3 Nkera Nker 8 has codimension > 1 in H>.
It follows that @ and B are linearly dependent as linear functions on H3.

Now suppose that L[, 8] = M. In view of Theorem 5.8(1), both o and B are in £2. Therefore,
Wy p(T) is a nonstandard 2-dimensional torus in L[a, 8] = Der L[«, B]. Applying [P 94, Lemmas 4.1
and 4.4] now gives dim l,l/o,.,g(H)3 =2, which in conjunction with Theorem 5.8(5) yields that H3 N
ker o Nker 8 has codimension <2 in H3. So « and 8 must be linearly independent on H3. O

Corollary 7.2. For any « € I there exists 8 € I" such that («, B) is a Melikian pair.

Proof. It follows from Theorem 5.8 that H3 Nkera = Ft for some nonzero t € H3. Since H®> ¢ T and
L is centerless, there is a B € I with B(t) #0. Then («, 8) is a Melikian pair by Lemma 71. O

Lemma 7.3. If (o, B) is a Melikian pair, then
Ly(@,B) =L, BV ®TNnkeranker, Ly, BV =L, P =M.

Proof. (a) Since radr L(x, 8) = HN T Nkera Nker 8 by Theorem 5.8(5), we have that radr L(«, B) =
3(L(a, B)). Hence

(00— HNTnNkeraNkerp — L(cx, B) > M — (0)

is a central extension M. By Proposition 6.2, this extension splits; that is, L(c, 8) = L(ct, )V @ HN
TNkeraNkerg and L(a, B) =M.
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(b) Note that Lp(cr, ) = H + L(et, B), where H = ¢, (T), and [H, L(a, )] C L(at, B)V. Hence
H acts on L(a, B)V as derivations. As all derivations of L(cr, )" = M are inner by [St 04, Theo-
rem 7.1.4], it must be that H = H' & Ho, where Ho = c(L(a, )V) and H’ = L(er, §)" N H. From
part (a) of this proof it follows that H C T + H’. Consequently, [H, Hol=0.

Put I'":={y | y(H') #0} and let u be any root in I"’. Recall that dim L, = 5; see Theorem 5.8(3).
As H' is a nontriangulable Cartan subalgebra of L(e, B)M =M by [P 94, Lemmas 4.1 and 4.4], the H'-
module L, is irreducible. But then Ho acts on L, as scalar operators. On the other hand, it follows
from Schue’s lemma [St 04, Proposition 1.3.6(1)] that L is generated by the root spaces L, with
y € I''. It follows that 1710 acts semisimply on L, implying FIO C T. From this it is immediate that
Ho =T Nkera Nker B. As a result,

Ly, B) =L(a, B)V + Ho=L(a, )" & T Nkerar Nker B,
finishing the proof. O

Let (at, ) be a Melikian pair. Note that To := T Nkera Nkerp is a restricted ideal of Ly(x, B)
and T = H3 @ Ty. So the Lie algebra Ly(at, B)/To inherits a pth power map from Ly(c, B). Since
Ly(ct, B)/To =M by Lemma 7.3 and both Lie algebras are centerless and restricted, every isomorphism
between Lp(a, B)/To and M is an isomorphism of restricted Lie algebras. Any such isomorphism
maps the torus T/To of the restricted Lie algebra Lp(a, 8)/To onto a 2-dimensional nonstandard
torus of M. According to [P 94, Lemmas 4.1 and 4.4], any such torus is conjugate under AutM to the
torus t:=F(1+4x1)01 ® F(1 4+ x2)0.

Recall from Section 6 the natural grading of the Lie algebra M. For i > —3, we set M) := @j>i M.
The decreasing filtration (M))i»—3 of the Lie algebra M can be regarded as a standard (Weisfeiler)
filtration of M associated with its maximal subalgebra M g). It is referred to as the natural filtration
of M, because Mgy is the only subalgebra of codimension 5 and depth 3 in M. All components M
of this filtration are invariant under the automorphism group of M; see [St 04, Theorem 4.3.3(2) and
Remark 4.3.4] for more detail. Note that M =t® M_o).

Regard M=Ma To as a direct sum of Lie algebras and define a pth power map u — uP on M
by setting u? = ulP! for all u e M and u? =0 for all u € Tg (here u > ulPl is the pth power map
on M). The above discussion in conjunction with Lemma 7.3 shows that there exists a Lie algebra
isomorphism

Ly, f) <> M=M_z & D(T) (71)
such that
oL, M) =M, @(H)=t D, =1dy,. (7.2)
Note that & maps L,(at, 8)V onto MM = M. We stress that H3 is not a restricted subalgebra of
Ly(c, B), whilst @ (H?) is a maximal torus of M. There exists a p-linear mapping A: M — 3(M) = To
such that
Aw =o' WP — o1 (uP) (vueM),
where @~ (u) —> &1 (u)!P! is the pth power map in Lp.
Lemma 7.4. The p-linear mapping A vanishes on the subspace M) of M.
Proof. Suppose A(u) # 0 for some u € M(_p). Then there is y € I' which does not vanish on

A(u) € Tg \ {0}. Since A(u) C T Nkera Nkerp, the root y is Fy-independent of o and B. Let
M(y;a, pB) = EBI-JE]FP Ly tia+jg- By Theorem 5.8, M(y;a, B) is a 125-dimensional submodule of the
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(T + L(«, B)p)-module L. The map ad o @~ 1 gives M(y; o, 8) an M-module structure. Note that T
acts on M(y; «, B) as scalar operators. This means that the M-module M(y; «, 8) has a p-character;
we call it x. It is straightforward to see that A(x) = x (x)P for all x € M. But then x does not vanish
on M(_p). Since dimM(y; «, B) = 125, this contradicts Proposition 6.3. The result follows. O

We now set (Ly(a, YD) := @1 (M) for all i > —3. Then the following hold:
o (L, M3y =Lyp(a, pYD;
o (Ly(a, B)D) ) is a subalgebra of codimension 5 in Ly (e, B)V;
o ulPle Ly, B for all u e (Lp(a, B) V) (—2);
o (Ly(a, B)D)q) is a restricted subalgebra of L,(a, B).
Since the natural filtration of M is invariant under all automorphisms of M (see [St 04, Re-
mark 4.3.4(3)]), the above definition of the subspaces (Lj(c, ,3)(1))“) is independent of the choice
of @ satisfying (7.1) and (7.2).
8. Describing L (cr)
Fix € I' and pick B € I" be such that («, 8) is a Melikian pair; see Corollary 7.2. As before, we

put To:=T Nkera Nker B and let @ be a map satisfying (7.1) and (7.2). It gives rise to the restricted
Lie algebra isomorphism

B:Ly(@. B)/To "> M=M2 ®B(H?), B(H)=t.

By Theorem 5.8(1), no root in I" vanishes on H3. As dim H3 = 2, there exists a nonzero hy € H3
such that Fhy = H3 Nkerwo. As ®(Fhy) is a 1-dimensional subtorus of the nonstandard torus ¢, it
follows from [Sk 01, Theorem 2.1] that there is an automorphism of M which maps t onto itself and
F® (hy) onto F(1+ x1)91. Hence we may assume without loss of generality that

@ (Lp(@) = e ((1+x1)31) @ To, P (T) =t To, @ (he) = (1+x1)d1. (8.1)

For f e O(2;(1,1))) set f® := fk/k! for 0< k<4 and f® :=0 for k <0 and k > 5. Direct compu-
tations show that ¢y ((1 + x1)d1) has basis

X792, 37 A+ %01, %57 (1 4+ 2007, 87 A+ %0382, %5 (1 +x0)"81 [0 <r <4}

Using the multiplication table in [St 04, (4.3.1)] it is easy to observe that

r+s—1 r+s—1 _
ol

)
r+s—1 _
[xa +x1)al,x§>32]=—< )xg“ VA +xn)on;
S

[ (1 + %01, 257 (1 4 x1)91 ] = 0;

r+s—1 r+s—1\] _
_[( ’ )_z< o ) WA )2,

r+s r+s
[xg)(l+x1)2,x(25)(1+x1)3]]=—[2( : )-2( ) )]xg’“)(wx])z:o;

r+s—1 r+s—1\] _ -
[Xg)(]+X1)25X§)(1+X1)2]:2[—( )+< ) xg"‘s ])(1+X1)481;

[ (1+x0)%, 275

r N
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~ r+s _ ~
X +x1)°8. % 0,] = — A 4 x0)3 8
r
r+s—1 _ =
[ (r)(1+xl) 82 x(S)(1+X1)al]:< . >X(2r+s 1)(1+X1)481;

~ r N
[+ x5, %7 (1 +x1)?] = —( - )x(;“)az;
r

[ (1 4+ x1)332, P (1 +x1)3] = 0;

-1 _1 8 -
[x;r)(l+X1)431 Xz 8] [(r-ﬁ-s >+2<r+s )]X§T+$ V(14 x1)%3;:
S -1

N

r+s r+s 3
[0 (14 x0)%3. X0 (1 + x| = [3( ;L >+2< ;L )}xg“)al:O;
- r+s
[X(zr)(l+X1)481,X;S)(1+x1)2]=_< , )X§T+S)(1+Xl)3];

~ r_|._
[+ x)*01, 37 (1 +x1)°8,] = ( . ) 5500+ x0)%;

[+ x)%51, 57 (1 + )48 ] =0

In order to obtain a more invariant description of L,(e) we now consider a vector space R=R'&C
over F with dimC =dimT — 2 such that R" has basis {xﬁ’)x;]) 10<i,j<4,1<i+j<7} U{X(ZS)} U{z}.
We give R a Lie algebra structure by setting

i+k—1\/j+1-1 i+k—1\/j+1-1 i+k—1) (j+—
Gy o B Gy TR

for all i, j,k,I with 3 <i+ j+k+1<7 such that (j,I) # (0,0) whenever i + k =5, and by requiring
that [Fz+ C,R]=0 and

[X(i)x(j)’x(k)x(l)]::{o . ifi+j+k+1<2
1 %2 % % (=1)z ifj=I=0andi+k=5.

The Lie algebra R is a (nonsplit) central extension of H(2; 1)@ & FDH(ng)). Computations show that

r+s—1 r+s—1 _
o[ ) (1

4 -2), .
[ @0 x X(S)] (r+s 1)( X() (r+s )) ifr4s>2,
1 2= -z ifr=1,s=0;
4),,(r—1) (4) (S 1)
[—x7x " —x ]=0;

r+s—1 r+s—1 _
) (e
S s—1

2),,(r 4) ,(s—1) .
[Xl Xy TX X ]=0

)

@, 2,0 r+s—1 r+s—1 3) (r+s—1),
7% 07x | = 2[‘( + X1 % :

[X(Z)X(zr), X1 X(S)]

r N

1 r+s
[Xg+ ), X]Xés)] = —( )ngrS);

r
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T+ @ -D7_ (TTS=1\ 3) r+s-1).
[, —x7x ]—< r X1 7% ;
) @07 _ (TS, o+,
[ 7. X% ]—*< L I

)

3 4 ) r+s—1 r+s—1\] 3 (+s-1).
(X% x| =~ [( s +2 s X1 % ;

3, 4),,(s—1) .
[Xl Xy TX1 X ]:0’

P AP i r sz,

[X§r+1) (S+1)] 0:

[ P =1 T _
-z ifr=s=0;
3), 0 (s+1) r+S$\ @, o+s).
[X1 X% ]: . X1 7%

WA ) =0

By comparing the displayed multiplications tables it is straightforward to see that the following state-
ment holds:

Proposition 8.1. Any linear map ®’ : ¢yt ((1+x1)31) — R which takes To isomorphically onto C and satisfies
the conditions

—x§4)xg D if1<r<4,

O' (X (1 +x1)01) = .
z ifr=0,

o' (x\ 3, 0<r<4,

(r+1)

||

o
N
-
N
P

o' (x (r)(1 +x1)%9,

)
O' (X (1 +x1)?) x§2)x§), 0<r<4,
)
()
O (X1 +x)%) =

A 0<r<a,
is an isomorphism of Lie algebras.

We now fix @ described in Proposition 8.1 and set ® := ©’ o @1, «), where @ :Ly(a, f) — M
is a Lie algebra isomorphism satisfying (7.1), (7.2) and (8.1). Clearly, ® :L,(a) = R is a Lie algebra
isomorphism. We give R a pth power map by setting

=00 'MP) (vreR). (8.2)

This turns @ into an isomorphism of restricted Lie algebras. Because the p-linear map A:M —> To
vanishes on the subspace M) of M by Lemma 7.4 and © is defined via @, the explicit description
of @’ in Proposition 8.1 shows that the map (8.2) has the following properties:

()Y =0 ifo<r<4

(x1x)’ =0 ifr#0,1;

(xgz)x(zr)) =0 fo<r<4;
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PP =0 ifo<r<4
4

(xfl)xg_]))p =0 if1<rg

i

(X1X%2)P =x1x2, ie. x1xo is toral (8.3)

(we refer to [Sk 01] for more detail on the p-structure in the restricted Melikian algebra). Note that
(x1)P and zP lie in ©(T) = Fz @ C. Moreover, Fz = ® (H3 Nkerw) coincides the image of F(1 + x1)d:
under @1 and ©'((1 + x2)92) = X1 + X1X2.

We stress that all constructions of Sections 7 and 8 depend on the choice of a Melikian pair.

9. The subalgebra Q (a)

The results obtained so far apply to all nonstandard tori of maximal dimension in L,. However,
such tori need not be conjugate under the automorphism group of L. In order to identify L with
one of the Melikian algebras, we will require a sufficiently generic nonstandard torus of maximal
dimension in Lp.

Proposition 9.1. There exists a nonstandard torus T’ of maximal dimension in L, for which (¢, (T’ ))3 contains
no nonzero toral elements of L.

Proof. Let T and I" be as Section 8 and let («, B) € I'? be a Melikian pair. Choose an isomorphism
& :Lp(a, B) = M satisfying (7.1) and (7.2). Then H3 = @~1(). Set q; := @1 (%), n; = @~ 1(3) and
hi == nl[p], where i =1, 2. As the elements x;9; are toral in M, Lemma 7.4 says that both ¢q; and q; are
toral elements of L. Note that T = F(q1 +n1) ® F(q2 +n32) @ To, where To =T Nkera Nker B.

As @ is a Lie algebra isomorphism, it is straightforward to see that [g;, n;] = —n; and h; € Tg for

i=1,2. So it follows from Jacobson’s formula that (q; + ni)" = q; +n; + Z’]‘;é hlm] for all k > 1.

Since (H3)p =T by Theorem 5.8(3) and H3 = F(q1 +n1) ® F(q2 +ny), it follows that the p-closure of
Fh1 + Fhy coincides with Tj.

Recall that dimTo > 1. Let {t1,...,ts} be a basis of To consisting of toral elements of L,. For
X = Zj;l ajtj € To define Supp(x) := {j | j # 0}. Write hy = Zj‘:] Aiti and hy = Zj‘:] Wjti with
Aj, uj € F. Since the [p]th powers of hy and hy span Ty, it must be that

Supp(h1) USupp(hy) ={1,...,s}.

In particular, hy # 0 or hy # 0. Recall from Section 6 the maximal torus T of the group AutoM of
all automorphisms of M preserving the natural grading of M. For every o € Autg M the subalgebra
@~ 1(o () 4+ Tp) is a nonstandard torus of maximal dimension in L, and the elements (@ 1oo)(x101)
and (@ 1o0)(x29,) are toral in L, by Lemma 7.4. Since the group Autg M acts transitively on the set
of bases of M_s, there is T € Auto M such that the elements (@10 17)(31))P) and (@1 o 7)(8))P!
are both nonzero. Replacing t by 7(t) and renumbering the t;’s if necessary, we thus may assume that
A1 and w1 are both nonzero.

Since F is infinite, there exist a,b € F* such that the elements a’1; and bPu; of F are linearly
independent over F,. Applying a suitable automorphism from the subgroup T of Auto M one observes
that ¢ := F(a+ x1)91 ® F(b + x2)9,, is a 2-dimensional nonstandard torus in M and ¢ = (cj¢(t))3
(alternatively, one can apply [P 94, Lemmas 4.1 and 4.4]). This entails that

T := & (! ® To) = F(q1 +an1) ® F(q2 +bnz) & To

is a nonstandard torus of maximal dimension in L, with F(q1 4+anq) ® F(q2 +bny) = (c.(T"))3. Sup-
pose

)[P]

(x(q1 +am) + y(q2 + bnz))" =x(q1 +any) + y(q2 + bny) (9.1)
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for some x, y € F. Applying @ to both sides of (9.1) gives

(x(@+x1)01 + y(b +x20)) P = x(@+ x1)91 + y (b +x2)dy.
As both (a +x1)d1 and (b + x2)9, are toral elements of M, we get x, y € F,. Hence

X(q1 +am) + y(@2 + bny) = (x(q1 +any) + y(g2 + bny))”’

=x(q1 +any +aPhy) + y(q2 + bny + bPhy),

implying xaPhy 4+ ybPhy = 0. As a consequence, xaPA; 4+ ybP ;=0 for all j <s. But then aP)q and
bP 111 are linearly dependent over Fp, a contradiction. We conclude that (c(T"))? contains no nonzero
toral elements of L,. O

Retain the notation introduced in Sections 7 and 8. In view of Proposition 9.1, we may assume
that for every o € I' no nonzero element of H3 Nker« is toral in Lp.
The map © : L, (o) — R defined in Section 8 induces a natural Lie algebra isomorphism

B :Lp(@)/3(Lp(@) => R/3(R) = H(2; 1)® @ FDy (x5).

Let (R/3(R))( denote the ith component of the standard filtration of the Cartan type Lie algebra
R/3(R), where i > —1, and denote by L,(x)) the inverse image of (R/3(R))) under ©. We thus
obtain a filtration {Lp(a)¢) | i > —1} of the Lie algebra L, (o) with ﬂ,->_1 Ly(a)iy =T Nkera and
dim(Lp(a)/Lp(a)(0)) = 2. This filtration is, in fact, independent of the choice of ©, because (R/3(R))(0)
is the unique subalgebra of codimension 2 in the Cartan type Lie algebra R/3(R). Since & is a
restricted Lie algebra isomorphism, all L, (o)) are restricted subalgebras of L,(a). We denote by
niljp)(Lp(a)¢)) the maximal ideal of Ly () consisting of p-nilpotent elements of L.

Definition 9.1. Define
W={uelpy@®NLy@) o |u? el@)P}:
P={ueW|[u,Wlcw};
Q (@) := P + il (Lp(@)3))-

Because of the uniqueness of the filtration {L,(c)) |i > —1} this definition is independent of the
choices made earlier. The main result of this section is the following:

Proposition 9.2. If («, B) is a Melikian pair in I'?, then
Q@) =Lp@) N (Lp@, HV) -

Proof. (a) Choose any Lie algebra isomorphism @ : L, (a, 8) — M=MaTy satisfying (7.1), (7.2) and
(8.1). Then @ (L, () N (Lp(et, B)M) (o)) is spanned by

(302,67 A 4 x0)81, %57 (1 4+ x0%, %57 (14 x00%82, %57 (1 4+ x0)*91 [ 1 <r <4},

Let ® =@ 0 ®':L,(r) = R be the isomorphism associated with @. The explicit formulae for @’
yield that @ (Lp(@) N (Lp(er, B)1)(0)) is spanned by the set

{xlx(zr), xgz)xg), x§3)x(2r) |1<r<4}u {x§4)x§r) |o<r<3ju {xg) |2<r<5);

see Proposition 8.1.
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(b) Next we are going to determine ® (W), ®(P) and ®(Q («)) by using Definition 9.1. First we
observe that

@(Lp(a)ﬂmLp(a)(O)):Fz@( @ Fxﬁ”xé“);

0<i, j<4,2<i+j<7

see Proposition 8.1. It is immediate from Eqgs. (8.3) that
(PP € O(Ly(@) P NLy(@) ) whenever i+ j>2

Recall that ® is an isomorphism of restricted Lie algebras. In conjunction with Jacobson’s formula,
this shows that @ (W) is a subspace of R. As a consequence, we have the inclusion

b FX"x9 c ow).

0<i, j<4, 2<i+j<7

On the other hand, if z € ®(W), then the definition of @’ and our assumption on @ yield H3 N
kerow ¢ W. Then hy € W. As Fhy, = H3 Nkerao = FO~1(2), our assumption on h, in (8.1) yields
he = @1 (14 x1)d). It follows that hP! — hy € Ly (@)™ N To. As hiP! + hy, by our choice of T, this
entails Lp(er, 8)Y N Tp # (0) contradicting Lemma 7.3. We conclude that

W)= @ Fxf)xgj).

0<i, j<4,2<i+j<7
Letu=3 iSi, ]xg')xgj) € @ (P). Since x?),x?) € ®(W) and [xgz),xf)] =z, it follows readily from
the definition of P that $2.0 = 53,0 = 0. The multiplication table for R given Section 8 now shows that
©®(P) is spanned by
{ X x (3)} u {x(l)x x(l)xgz), gi)xf) | 1<i<g 4} u {xgi)xé") | 0<i< 3}.
(c) Finally, the nilpotent subalgebra ®(Lp(a)(3)) is spanned by
(xPxP lo<ij<4 5<i+j<7}u{xy. zJuc.

By (8.3), the Lie product of any two elements in this set is p-nilpotent in R. Since ® is an isomor-
phism of restricted Lie algebras, it follows that @ (niljp;(Lp(a)(3))) is spanned by {x(l) “ [0<i
4;5<i+j<7)U {xés)}. Comparing the spanning set of @ (Lp(a) N (Lp(a, B)V)(0)) from part (a) of
this proof with that of ®(Q (o)) = @ (P) + O (niljp;(Ly(c)(3))) we now obtain that

O (Lp@) N (Lp(e. V) o)) = @(Q(@)).
Since ® is an isomorphism, the proposition follows. O
Remark 9.3. Proposition 9.2 implies that Q («) is a subalgebra of L(w).
At the end of Section 8 we mentioned that ®’((1+x32)32) = x1(1 +x3). In what follows we require
some computations in the subalgebra ®(H) C cg(x1(1 + x2)). It follows from the multiplication table

for R that cg(x1(1+x2)) contains xgz)(l +x2)% and x?)(l +x2)3. Set wi=xy — (2) +2x(3) (4> _ng)
and observe that
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[x1(1+x2), w] = [x1, W] + [X1x2, w] = (—x2 + 2";2) - xf) - X?))

(e Qrale-(h)0 e

Applying Proposition 8.1 it is now easy to see that
3 ' ‘
P +x) @ Fwe Fzc O(Lpy.p)V NHy) C OH).
i=1

Direct computations show that

KP4+ 222 w] =x1(1 + %)% (1 —x2 + 227 — x5 —x5Y)
=x1(1+x2)° =x1(1+x2); (9.3)
[x?)(l +x2)3, w] = x?)(l +x2)3 (1 — X2+ 2x(22) — xg?’) — x(24))

=X (1 +x)" =x7 1 +x)2 (9.4)

Proposition 9.4. Let o be an arbitrary root of I'. Then for any r € I there exists a linear map lyq : Lrg — H
such that x — l.o (x) € Q (&) for all X € Lyo. Furthermore, HN Q (o) = (0) and L(o) = H + Q ().

Proof. In order to perform computations in L,(«) we are going to invoke the isomorphism ® =
©®’ o @; see Proposition 8.1. Recall that

OT)=Fx1(1+x)®Fzap C.

Replacing « by an I -multiple of e, if necessary, we may assume that ct(x1(1 +x2)) = 1. Using the
multiplication table for R it is then straightforward to see that

3 - :
O(Lyy) = @ilexg”(l +x) MO F(Y A+ =2 @ F(1+x)" = 1)

for all r e IF‘; and that @ (H) is sandwiched between @?:ﬁxgi)(l +x) ®Fw@® Fz and O(Hp) =

@?lexgi)(l +x)'® Fw @ Fz® C. We now define a linear map lyq : L — H by the formula o =
®~1om; o ®, where m; is the linear map from ©(L,) into ®(H) given by

mr(x?)(l +x) =17l =7z
my (X (1 + 1)) =201 +x0), 1<i<3;s
me((1+x)" —1) =rw.

Using the spanning set of ®(Q («)) from the proof of Proposition 9.2 one observes that w — x; €
©(Q(x)) and xf>(l + xp)t — xgi) € ©(Q(a)) for 1 <i < 3. By the same token, one finds that the
subspace @?:1 Fxgi) @ Fx, @ Fz® C of R complements ®(Q («)). Since x§4)(1 +x)"" 1 e ©(Q (a)) for
all r e Fj;, this implies that y —m,(y) € @(Q (a)) for all y € @(Lry) and R =6 (Hp) ® ©(Q ().

As a result, x — lro(x) € Q () for all r € Fy and all x € Lyo. Consequently, Ly(a) = Hp & Q ().
Since Q (o) C L(@), this yields L() = H & Q («) and the proposition follows. O

Proposition 9.5. Let N(H) denote the set of all p-nilpotent elements of L, contained in H. Then the following
hold:
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(1) N(H) is a 3-dimensional subspace of H.

(2) There exists a unique 2-dimensional subspace H_1y in N(H) satisfying the condition [H 1), H—1)] C
N(H). Moreover, [H_1y, [H(-1y, H—1)]] = H>.

(3) Forevery a € I' the subspace H(_1y + Q (@) is stable under the adjoint action of Q ().

Proof. Jacobson’s formula together with (8.3) and the multiplication table for R shows that the sub-
space N := Fxgz)(] +x)2 @ Fx§3)(] +x2)3 ® Fw consists of p-nilpotent elements of R. On the other
hand, it is clear from our remarks in the proof of Proposition 9.4 that ®(H,) = ©(T) @ N. Since & (T)
is a torus, this entails that N coincides with the set of all p-nilpotent elements of the restricted Lie
algebra ©(Hp). Since ©:L,(a) = R is an isomorphism of restricted Lie algebras, we deduce that
N(H) = ®~1(N) is a 3-dimensional subspace of H.

The elements DH(xgz)(l +x2)%) and DH(X?)(l +x2)3) of the Hamiltonian algebra H(2; 1)® com-
mute. Therefore, in our central extension R we have the equality

2 3 2 3
K21 +x)2 %71 +x)%] =[x ] =z (9.5)

Now take any linearly independent elements 1y = a1x§2)(1 +xz)2 + b1x§3)(1 4+ xz)3 +cqiw and up =

azxgz)(l +x)2 + bzxf)(l +x2)> +cow in N such that [uq, uz] € N. Then (9.5) together with (9.3) and
(9.4) yields

N > [u1,uz] = (a1by — azb1)z + (arc2 — azc1)x1(1 4+ x2) + (b1ca — b2C1)X§2)(1 +x2)%,
forcing ayb, = axby and ajcy; = axcy. If a; #0, then uy = Z—fuz which is false. Therefore, a; = 0.
Arguing similarly, one obtains a; = 0. This shows that H_1) := G)_](Fx?)(l +x)3 @ Fw) is the only
2-dimensional subspace of N(H) with the property that [H 1), H—1)] C N(H). Combining (9.4), (9.3)
and (9.5) one derives that [H(_1y, [H 1), H1)]] = H>.

Using the spanning set for @ (Q («)) displayed in part (a) the proof of Proposition 9.2 and the
multiplication table for R, it is routine to check that

[0(Q@), FXP(1+x)° @ Fw] c ©(Q (@) + FxP (1 +x2)° ® Fw.
This implies that H_1) + Q (&) is invariant under the adjoint action of Q («). O

10. Conclusion

For any y € I' we fix a map I, : L, — H satisfying the conditions of Proposition 9.4. Given x € L,,
we set X :=X —I,,(x), an element of Q (). Define

L) := Z Q).

yell

a subspace of L. We are going to show that L) is actually a subalgebra of L. Since it follows from
Remark 9.3 that [Q (y), Q(y)] C L for all y € I', we just need to check that [Q (&), Q (8)] C L(o)
for all Fp-independent o, B € I'.

Lemma 10.1. Let (o, B) be an arbitrary Melikian pairin I'?> and let x € Ly, y € Lg. Then [X, ¥] € Loy and

[% y1=[xy] (modQ(@)+Q(B)).
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Proof. Set A:={a}U (B8 +Fp«a). Proposition 9.4 says that L(§) = H ® Q (§) for any § € A. In conjunc-
tion with Proposition 9.2, this gives

(Lp, M) = (HN Ly, HV) D Q©) (V6 € A). (10.1)

Recall that @ : Ly (a, #)Y => M is a Lie algebra isomorphism taking H N Lp(cx, B)" onto ¢y (t) and
(Lp(a, B)M) o) onto Mq). Therefore,

dimHN Ly, )V =5,  dim(Lp(a, ﬁ)(”)(o) =120. (10.2)

Combining (10.2) and (10.1) we now deduce that for every § € A the subalgebra Q(§) =L,(8) N
(Lp (e, B)M)(0) has codimension 5 in the 1-section (L,(c, B)V)(8). Since Ly(a, B)P =M, it follows
from [P 94, Lemmas 4.1 and 4.4], for instance, that dim(Lp (e, 8)(V)(8) = 25. Therefore, dim Q (§) = 20
for all § € A.

For any u € A one has

Q(M)ﬂ( > Q(a)) c Q(M)ﬂ<

SeA\{u}

> L(zS)) CQ(uWNH=(0).

deA\{u}
This shows that the sum Q (&) + Z‘}:o Q (B + jo) is direct. But then
4
dim(Q(a) @ @ QB+ ja)) =6-20=120 = dim(L(a, ﬂ)(l))w)’
j=0

implying that (L, (e, 8)M)0) = Q (@) + > jer, Q(B + jat). As a consequence,
[Q@. a®]c (L@ HY) g (Lp@ HD) g ] C (Lo, HT) g,

4
=Q@+@P QB +jn) C Lo, (10.3)

i=0

This shows that [X, y] € L. Computing modulo Q («) + Q (8) we get

(%, 1= (1x. y1 = lagp (%, 1) = [%. IsD)] + L ([X. IsD)]) = [l ®). ¥] + 15 ([la %), ¥])
+ [le @), 1sWN]) + (latp (1%, ¥1) =l ([%. 16D]) = 1s ([l ®). ¥]))

e~~~

=[x, 1= [X D] = [le®), y] + 1

|

=[x yl+h,

—

where fi =l 14 (1X, Y1) = L (1%, Ls ()] = lp([la (0, YD) + [l (0, [ (1)]. As [x, Y] € Lg), it must be that
heHNLg=HN (Zyef Q(y)). Expressing h = ZyeF(VV —1l,(v)) with v), € L, we see that v, =0
for all y, whence I, (v)) =0 and h = 0. The result follows. 0

Theorem 10.2. L o) is a proper subalgebra of L.
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Proof. By our earlier remark in this section, we need to show that [Q (), Q (8)] C Lo for all pairs
(o, B) € I'? such that o and B are Fp-independent. If («, ) is a Melikian pair, this follows from
Lemma 10.1.

Take any Fj-independent «, 8 € I' for which («, 8) is not a Melikian pair. Then H3 Nkera =
H3 Nker B8; see Lemma 7.1. Recall that H3 Nkera = Fh,, for some nonzero hy, € H3. Put I'(@) :={y €
I'| y(hy) # 0}, Since H3 C T, the set I' () is nonempty. Then it follows from Schue’s lemma [St 04,
Proposition 1.3.6(1)] that

Z [Ly,Lg—y]. (10.4)

vel(a)

Let y be an arbitrary root in I' (). Since a(hy) = B(hy) =0, it is immediate from Lemma 7.1 that
(o, y) and (o, B — ) are Melikian pairs in I"2.

Suppose (o + y,B — y) is not a Melikian pair. Then (8 — ¥)(hgyy) =0 by Lemma 7.1. As
(B —¥)(ha) = —y(hy) # 0 and dimH? =2 by Theorem 5.8(2), this yields H> = Fhy & Fhg.. Also,
(@ + B)(he) =0 and (& + B)(ha+y) = (@ +¥) + (B — ¥))(ha+y) =0 by our assumption on (¢ + ¥,
B —y). This shows that « + 8 vanishes on H> and hence on (H3)p =T; see Theorem 5.8(2). But then
o + B =0, a contradiction. Thus, (¢ + y, 8 — y) is a Melikian pair.

If (¥, + B —y) is not a Melikian pair, then y (hgyg—y) =0. As y € I'(«), we then have H3 =
Fhy ® Fhyip—y. But then @ + 8 =y + (@ + B — y) vanishes on (H3)p, a contradiction. So (y, o +
B —y) is a Melikian pair, too.

We now take arbitrary u € Ly and v € Lg. By (10.4), there exist yi,...,yn € I'(a) such that
V= Z?’Zl[x,-, yi] for some x; € L, and y; € Lg_y,, where 1 <i < N. Applying Lemma 10.1 and the
preceding remarks we obtain

[, v] €

'MZ

Il
-

N
[@. 1%, 7il] + > _[Q (@), Q) + QB — )]
i=1

'MZ

Il
-

([t&, &1, 7] + [%, 1@, 711]) + Loy

([Q+y).QB—w]+[Q). Q@+ B—)]) + Lo C L)

Mz

1

Consequently, [Q (&), Q (B)] C L(o in all cases. The argument at the end of the proof of Lemma 10.1
shows that L) N H = (0). Hence L(q) is a proper subalgebra of L. O

Recall the subspace H(_1y from Proposition 9.5(2). According to Proposition 9.5(3), [Q (¥), H-1)] C
H1)+ Q(y) CH1)+ L for all y € I'. In view of Theorem 10.4, this means that

(Lo Hn +Lo) = [ZQ(V) H- 1>+ZQ(8)] CHeny + Lo

yel' sel’

Thus, L—1) := H(1) + L() is stable under the adjoint action of the subalgebra Lq).

We have finally come to the end of this tale. Let L’ denote the subalgebra of L generated by L.
Proposition 9.5(2) shows that H3 c L’. Then the p-envelope of L’ in L, contains (H3)p =T; see
Theorem 5.8(2). As a consequence, L’ is T-stable. Let y be any root in I". Then [T,x — 1, (x)] C L’ for
all xe Ly, implying L, C L'. As this holds for all y € I" and L is simple, we deduce that L’ = L.

It follows from Theorem 10.4 that L(_1y 2 L. We now consider the standard filtration of L as-
sociated with the pair (L(-1), L(g)) (it is defined recursively by setting L := {x € Lj—1) | [X, Li—1)] C
Li—1} and L :=[L—1), L—i+1)] + L(—i41) for all i > 0). Since L is simple and finite-dimensional,
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this filtration is exhaustive and separating. Let G = ;. Gi denote the associated graded Lie algebra,
where G; =gr;(L) = L¢i)/L(i+1)- A

Since L1y =H1) + Ly, we have that Li—iy=L+ 2321 (H(,U)j for all i > 0. Since (H(,]))3 C
H3 c 3(H) by Theorem 5.8(2), this shows that L—ay = L(_3), i.e. G_4 = (0). As dimH_1) =2, we
obtain by the same token that dimG_, <1 and dimG_3 < 2.

Let («, ) be any Melikian pair in I"2. By our remarks in the proof of Lemma 10.1, (L, (e, $)) N
Loy = (Lp (e, B)P)(0), while from the explicit description of ®(H_1y) in the proof of Propositions 9.5
and 8.1 we see that

Hey + (Lp@, D) g = (L@, D) ;). (10.5)

In particular, H_1) C Lp(a, B)V. It follows that the filtration of L, (e, 8)V = M induced by that of L
has the property that

Loy = (Lp. VY ML) + L1y, i=-1,-2,-3.

In view of (10.5), this entails that dimG_; =dimG_3 =2 and dimG, =1.

As dimG_1; = 2, and Go acts faithfully on G_;, we have an embedding Go C gl(2). As
(Lp (e, B)M) (o) acts on (Ly(a, YD) —1y/(Lp (e, B) M) (o) as gl(2), it follows from (10.5) that (L) N
Lp(er, BYM)/(Laay N Lp(ex, B)V) = gl(2). As a consequence, Go = gl(2). Finally, (10.5) yields that
Lp(a, B)M N Ligy # (0), giving G4 % (0).

Applying [St 04, Theorem 5.4.1] we now obtain that the graded Lie algebra G is isomorphic to a
Melikian algebra M(m, n) regarded with its natural grading. By a result of Kuznetsov [Kuz 91], any
filtered deformation of the naturally graded Lie algebra M(m, n) is isomorphic to M(m, n); see [St 04,
Theorem 6.7.3]. Thus, L = M(m, n), completing the proof of Theorem 1.2.

Corollary 10.3. Let L be a finite-dimensional simple Lie algebra of Cartan type over an algebraically closed field
of characteristic p > 3 and let T be a torus of maximal dimension in L, C Der L. Then the centralizer of T in
L, acts triangulably on L.

Proof. This is an immediate consequence of [P-St 04, Theorem A] and Theorem 1.2. O
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