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Abstract

The present paper deals with an algebraic function field analogue of B-expansions of real numbers.
It completely characterizes the sets with eventually periodic and finite expansions. These characteri-
zations are unknown in the real case.
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1. Introduction

B-Expansions of real numbers were introduced by Rényi [16]. Since then, their arith-
metic, diophantine and ergodic properties have been extensively studied by several authors
(cf. for instance [1,2,7-9,15,19]). In this paper, we consider an analogue of this concept in
algebraic function fields over finite fields. There are striking analogies between these digit
systems and the classical S-expansions of real numbers.

In order to pursue this analogy, we recall the definition of real B-expansions and survey
the problems corresponding to our results. For 8 > 1, the B-transformation T = Tg is
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defined for x € [0, 1) by T(x) = Bx — |Bx]. By iteratjng this map and considering its
trajectory x L T(x) 3 T2 (x) = - with Xj= BT/~ x|, we obtain an expansion

x=x187 Frp 4

We will call the sequence dg(x) = .x1x2--- the B-expansion of x. We say that dg(x) is
finite when x; = O for all sufficiently large i. This is the case when there is an integer i > 0
such that Tx = 0.

Consider the sequence dg(B — |B]) = .cic2---. Then

I=1BIp~ +e1p™? ~

Let

and dg(1) =.cicy---

1

/_{I_ﬂj fori =1,

;= .
+cj—1 fori>1,

The sequence d/’g(l) is of special interest. It plays an important role in the study of Dg,
the set of all -expansions of numbers of [0, 1). If dg(l) is eventually periodic, then 8 is
called a B-number. If dé(l) is finite, B is called simple B-number. In the case that 8 is a
(simple) B-number, an easy argument implies that 8 is an algebraic integer.

It is easy to prove that an infinite sequence of nonnegative integers (x;);>1 is the S-
expansion of x € [0, 1) if and only if

xip X pT < g (1.1)

foreveryi > 1.

Now let x > 1. Then there is an 1nteger n such that g” < x < "', We define in a
similar manner dg(x) =x_, - - - x_1x0.x1x2 - - - . Note that dg (1) # dﬂ(l), sincedg(l) =1.,
while d}g(l) =.c\c)

Note that if B = b € Z, then dj(x) coincides with the ordinary b-ary expansion of x.

Let

Per(B) = { € [0, 00): dg(x) is eventually per10d1c} and
Fin(8) = { [0, 00): dg(x) is ﬁmte}
Recall that a Pisot number is an algebraic integer § > 1 for which all algebraic conjugates

y with y # B satisfy |y| < 1. A Salem number is an algebraic integer 8 > 1 for which
all algebraic conjugates y with y # B satisfy |y| < 1 with at least one conjugate having

lyl=1.
Theorem 1.1. (Bertrand and Schmidt [7,19].) If B8 is a Pisot number, then

Per(8) =Q(B) N[0, o0).



396 K. Scheicher / Finite Fields and Their Applications 13 (2007) 394—410

Since every rational integer b > 1 is a Pisot number, this result is a natural generalization
of the well-known fact that x € Q if and only if dj(x) is eventually periodic.

Schmidt [19] proved a partial converse of Theorem 1.1, namely if Q N[0, oco) C Per(8),
then B is a Pisot or Salem number. It is conjectured, that also if 8 is a Salem number, then
QN [0, 00) C Per(B). In the setting of algebraic function fields, we will prove an analogue
of Theorem 1.1 for Pisot and Salem elements.

A similar situation occurs in the case of finite expansions. We say that a number § > 1
has the finiteness property or property (F), if

Fin(B) = Z[B~'] N0, 00). (F)

This property was introduced by Frougny and Solomyak [9]. They proved that (F) implies
that § is a Pisot number. Akiyama [3] proved that even the weaker condition Z C Fin(g)
implies that 8 is a Pisot number. Several classes of Pisot numbers are known, such that
(F) holds. On the other hand, there exist examples of Pisot numbers, such that (F) is not
fulfilled (cf. [3,9,11]). For algebraic function fields, we will prove that no such exceptional
cases exist.

This paper is organized as follows. In Section 2, we will define F((x ")), the field of pole
like formal Laurent series about co as well as the analogues to Pisot and Salem numbers
in F((x~1)). Furthermore, we will provide a simple algorithm to compute the coefficients
of Pisot and Salem elements in F((x~!)). In Section 3, we will define the 8 -expansion al-
gorithm for F((x 1)) and prove that there are no dependencies between consecutive digits.
Section 4 is devoted to periodic expansions. We will prove an extended analogue of Theo-
rem 1.1 together with its converse. In Section 5, we will give a complete characterization
of all bases, which give rise to finite expansions. Such a characterization seems to be very
hard to achieve in the real case.

While preparing this paper, the author was informed that similar results have been
proved in a forthcoming paper by Hbaib and Mkaouar [10]. They considered the analogue
of B-numbers in algebraic function fields. We will mention their results in Remarks 4.6
and 5.7 below.

2. Pisot and Salem elements in the field of formal Laurent series over a finite field

Let F be a finite field, F[x] the ring of polynomials, F(x) the field of rational functions.
Let F((x~1)) be the field of formal Laurent series of the form

¢
z= Y uxf, zyeF, @.1)
k=—o00
where
{=degz:= {max{k: zx 20} forz #£0,
-0 for z = 0.
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Remark 2.1. v(z) := —deg z is an exponential valuation of F(x1)).

Define the absolute value

2] = | heE for 20,
0 forz =0,

where 1 > 1 is an arbitrary but fixed real number. Note that the set of possible values of
| - | is a discrete set. Then F(x ")) is the completion of '(x) with respectto | - |.

Thus F[x] is the analogue to Z, F(x) is the analogue to Q and F((x ")) is the analogue
to R.If B e F(x~")), then F(x, B) is the analogue to Q(8), F[x, B] is the analogue to Z[S]
and F[x, ﬂ_l] is the analogue to Z[ﬂ_l].

Since | - | is not archimedean, | - | fulfills the strict triangle inequality
|z + w| gmax(|z|, |w|) and 2.2)
|2+ w| =max(|zl, [w]) if [z # |w]. (2.3)

Fora e F(x~") andr e Ry, set D(a,r) ={z e F(x~1): |[z—a| <r}. Letz beasin (2.1).
Define the integer (polynomial) part |z] = Zi:o zxxX where the empty sum, as usual, is
defined to be zero. Therefore |z| € F[x] and z — |z] € D(0, 1) for all z € F(x~1). Note
that |z +w] = |z] + lw], |—z] = —|z] and | z]| < |z|.

For a good reference on function field arithmetic, we refer to Rosen [17]. The following
definitions are from [6, Chapter 12].

Definition 2.2. An element 8 = 8] € IF((x’l)) is called Pisot element if it is an algebraic
integer over F[x], |8] > 1 and |B;| < 1 for all Galois conjugates f3;.

Definition 2.3. An element 8 = 1 € F(x™1)) is called Salem element if it is an algebraic
integer over F[x], || > 1, |8;| < 1 for all Galois conjugates 8;, and there exists at least
one Galois conjugate B such that || = 1.

In general, B and its Galois conjugates are hard to compute. Therefore, the conditions
in Definitions 2.2 and 2.3 are difficult to verify. By considering the Newton polygon (cf.
[13,14]) of the minimal polynomial, the following, more useful equivalences [6, Theo-
rem 12.1.1] can be derived.

Theorem 2.4. Let B € F(x~") be an algebraic integer over F[x] and

P =y"—ary" ' - —a,, a eFlx], (2.4)

be its minimal polynomial. Then

(i) B is a Pisot element if and only if degay > 0 and dega; > max;’.=2 degaj;
(i) B is a Salem element if and only if dega; > 0 and dega| = max?=2 dega;.

In both cases B is a single zero with |B| = |aj|.
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In Theorem 2.6, a method to compute the coefficients of Pisot or Salem elements is
given. For the proof, we will need the following auxiliary result.

Lemma 2.5. If z, w € F(x 1) with |z| = |w|, then |z" —w"| < |z —w]||z|"~! foralln € Z.
Proof. The statement is trivial for n = 0. For n > 0, we have

|Zn_wn|=|Z_w||zn—l+Zn—2w+u_+wn—l|

n—1—j

n—1 ; _
<|Z—w|ma(>)<|z w/| =1z —w|lz|" !
j:

and

|Z7n _wfn} — ’wn _Zn||Z7nw7n| <lw _Z||w|n71|zfnw7n|

=lz—wl|lz™"". O

Theorem 2.6. Let 8 be a Pisot or Salem element and (2.4) be its minimal polynomial. Then
deg B = degaj and the recurrence

az an
vy =ai, yk+1:a1+—+...+? fork>1
Yk Yk
fulfills
k—o00

Proof. First we prove by induction that |yx| = |aj| for all k > 1. For k = 1 this assertion
is trivial.

Let |yx| = |lai| or equivalently, deg yx = dega;. For j = 2,...,n, it follows from
degaj > 0 and dega; > dega; that

degaj/y,f_1 =dega; — (j — 1)degyr < degaj; — 1dega; =0 < degay.

Thus deg yx+1 = degaj or equivalently |yxy1| = |a1|. From Lemma 2.5, we get

| | (1 1 >+ . < 1 1 )'
Yitl = Vel = a2\ — — —— T\ LT T o
Yk o Yk—1 " oty
laz| Ian|>
< max s [Yk — Yi—1l.
= <|611|2 lay|"

Since |ai| > 1 and |a;| 2 |a;|, the left factor is constant and less than 1. Thus, the sequence
converges to a limit « with |«| = |ay]|. Since B is the only zero of (2.4) with |8| = || and
a=a+arJo+---+a,/a"" ", wehavea = . O
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Example 2.7. Let p(y) = y> + xy + x over Z,. Since dega; = degay, its zero must be a
Salem element. Then the above sequence converges to

1
/3=kll>fgloyk=x+§xzk—71~

Since p(y) is a quadratic polynomial, we have

21
Br=a1—p=) —.

3. B-Expansions in F(x 1))

Let B,z € F(x~") with || > 1, |z| < 1. A representation in base B (or B-
representation) of z is an infinite sequence (d;);>1, d; € IF[x], such that

00 d;
=Y =, 3.1)
25

A particular B-representation—called the B-expansion—can be computed by a greedy al-
gorithm.

This algorithm works as follows. Set r© =7 and let dj = |Bri=D |, r) = grU-b
dj for j > 1. This procedure yields a representation of z of the form (3.1). Note that
Id;| <|B| and |r”’| <1 for all j. The B-expansion of z will be denoted by

dg(z) = .dids - --.

Note that

k
r® = gk (z - ngﬂ—@).
=1

An equivalent definition of the B-expansion is obtained by using the g-transformation
T =Tg on D(0, 1) which is given by the mapping

T:D©0,1)— D@,1), z+ Bz—|Bz].

Then dg(z) = (di)?il if and only if d; = LﬂTi_l(z)J. Note that dg(z) is finite if and only
if there is a k > 0 such that T%(z) = 0.
Analogously to the real case, let dg(8 — [B]) = .c1c2-- -,

, L8] fori =1,

_ ! _ / /.'.
Ci_{+ci_1 fori > 1. and dﬁ(l)_.clc2 .
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If d/’g(l) is eventually periodic, then B is called a B-element. If d/’g(l) is finite, B is called
simple B-element.

Now let z € F((x 1)) be an element with |z| > 1. Then there is a unique k € N such that
IBI* < |z] < |BI¥*!. Hence |z/B8%*!| < 1 and we can represent z by shifting dg(z/pF+")
by k digits to the left. Therefore, if dg(z) = .d1dad5 ..., then dg(Bz) :=d;.dad3 . ... In the
sequel, we will use the following notations:

Per(8) = {z € F((x_l)): dg(z) is eventually periodic} and
Fin(B) = {z e F((x~")): dp(2) is finite}.
The following theorem provides an analogue to the condition mentioned in (1.1).

Theorem 3.1. An infinite sequence (d;) j>1 is the B-expansion of z € D(0, 1) if and only
ifldj| < |B| for j > 1. Therefore, consecutive digits of z are independent.

Proof. The proof runs nearly along the same lines as in the real case. O

Remark 3.2. In contrast to the real case, there is no carry occurring, when we add two
digits. Therefore, if z, w € F(x ™)), we have dg(z +w) =dg(z) + dg(w) digitwise.

Example 3.3. Take p(y) from Example 2.7. Since 82+ xB +x =0and 1 = —1in Z,, we
obtain

11
x= g =Bt lE gt

Thus dg(x) =11.11.... Therefore, x € Per(8) but x ¢ Fin(B).

4. Periodic expansions

The aim of the current section is to study the set of elements with eventually periodic
expansions. In the case of Pisot elements, Theorem 4.1 provides an analogue to the classical
result of Bertrand and Schmidt [7,19] mentioned in the introduction. Theorem 4.4 contains

the converse of Theorem 4.1.

Theorem 4.1. Let B be a Pisot or Salem element. Then

Per(B) =F(x, B).

Proof. The proof for Per(8) C F(x, B) is trivial. To prove F(x, 8) C Per(8), we mainly
follow [12, Proposition 7.2.19].
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It is sufficient to prove the result for F(x, 8) N D(0, 1). Let z € F(x, 8) N D(0, 1). Then

n—1
z=q"") pif
i=0

with g, p; € F[x] and degq as small as possible. Let (dx)r>1 be the S-expansion of z, let
Bj, j=2,...,n, be the Galois conjugates of 8 = | and

n—1 k
r = p (q“ > il - Zdzﬂﬂ) @1
i=0 =1

for j =1, ..., n. Therefore, rfk)

We have |r¥| = [r®| <1 for all k. For j =2,...,n, from |;| < 1 and |d¢| < |B|
follows

=r® and rj(.k), Jj =2,...,n, are the conjugates of r®.

}r;k)| < max<|ﬁj |k ‘r}o)

miax (|de 1)) < max(|r(”

,1Bl) < o0. 4.2)

In (4.2), the strict triangle inequality (2.2) has been applied (this is the crucial step which
does not work for real -expansions by Salem numbers). Therefore, |r](.k)| is bounded for
all k and j. We need a technical result.

Lemma 4.2. Let R% = (rfk), e, r,(lk)) and B = (,Bj_i)lgi,jgn. Then for every k > 0, there
exists a unique n-tuple W® = (w%k), ceey w,(,k)) € F[x]" such that R® =g~ 1w® B,

Proof. The proof runs along the same lines as the proof of [12, Lemma 7.2.20]. Thus, we
will skipit. O

(O
; | is
bounded for every j, the sequence ||H®|| is bounded. As the matrix B is invertible, for
every k > 1,

Now we proceed with the proof of Theorem 4.1. Let H® = gR®. Since |r

OB = WO = (o w) | = mas [0 < oo,

Thus there exist p and m such that W™+P) = W "and therefore, r"+P) = ™ which
implies that the B-expansion of z is eventually periodic. O

In order to prove the converse of Theorem 4.1, we will need the following

Lemma4.3. Let z, w e F(x ™), z # w and |z| > 1. Then for every k > 0O there exists some
nz0with |7" —w"| > k.
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Proof. Let k > 0. We distinguish three cases.

(i) If |z] # |w|, then |2"'| # |w"| for n # 0. Thus

¢ — | = max(J2"] [ ) > 2P

s

Since |z| > 1, there exists some n > 0 with |z|" > k.

(i) Let |z] = |w| and |z — w| > 1. If p > 0 is the characteristic of I, then for m > 0 we
have z/™ — wP™ = (z — w)P™ and thus |z’ — wP™| = |z — w|P™. Since |z — w| > 1,
there exists some m > 0 with |z — w|P" > k.

(iii) Let |z| = |w| and |z — w| < 1. Then

’z”’"“ - w”m+l| = |z""(z —w) + (2" — wP")w|

< max(|2]"" 2 = wl, |z — w|P" |w]).

Note that |z — w|P™|w]| is bounded for m > 0. From (2.3) and |z| > 1 follows that
there exists some mq > 0 such that

[Pt = wP | = 121z — w
holds for all m > mg. Now the statement follows easily. O
Theorem 4.4. Let F[x] C Per(8). Then B is a Pisot or Salem element.

Proof. From |8 — |B]| < 1 we obtain

d d
1Bl =B+ 5 + o2+, where|d;| < |B].

BB

Since | 8] € F[x], the expansion of | 8| must be eventually periodic. Therefore,

d di  diyr di+p di+1 di+p

L8] 2134_?4_...4_@4__’3“_1 ng+p +7l3k+1’+1 +“'+—,3k+2[7 + ...,
Thus
di dy di dk+
k B e A P L4 S e .
B (qu p- ﬁk) B (LﬂJ - scis )

Therefore, B is an integral element of FF(x). Note that if the 8-expansion of | 8] is finite,
the right-hand side of this equation is zero.
Suppose that 8 has a Galois conjugate B; # 8 with |8;| > 1. By Lemma 4.3, we can

choose m with
p ) 4.3)

J

|,B’" - ﬂﬂ > max(l,
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Since |8™ — |B™]| < 1, we have

18" | =p" +,3+§+ , where |¢;]| < 1.

Since [B™] € F[x], the expansion must be eventually periodic. Consider the S-expansion
ofz=|B"|—p" € D, 1). Let r ®, rj(.k) be as in the proof of Theorem 4.1. Equation (4.1)
yields

k (k)
18" ] =,B’"+Z% n rﬁ—k for k > 0.

=1
Since [8™ ] € F[x] and B; is a Galois conjugate of §, it must fulfill the equation

(k)
LB"] =BT +Z ﬁ ork > 0.
J

Since the expansion of z is eventually periodic, the ¥ take only finitely many values.

Thus, the same is true for rJ( ). Hence, limy _, oo r® /¥ = 0. If there exists B; with |8;| > 1,

then hmkﬁoor( ) / ,Bk 0. Therefore,

> 1 1
" — B+ ez(———)zo.
AR
From
i oo | ey oo | ey ,3
Yo =5p)| <ol ) < 5

we get a contradiction to (4.3). O
We can combine Theorems 4.1 and 4.4 to obtain
Corollary 4.5. An element 8 € F(x ™)) is a Pisot or Salem element if and only if
F[x] C Per(B).
Remark 4.6. Hbaib and Mkaouar [10] proofed a slightly stronger result: in Theorem 4.4,

already the condition dg(B — | 8]) € Per(B) implies that 8 is Pisot or Salem. Thus g is
Pisot or Salem, if and only if it is a B-element.
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5. Finite expansions
In the present section, we will study Fin(8), the set of finite expansions. Contrary to the

case of real S-expansions, we can prove a complete characterization result in our setting.
We will need the following

Lemma 5.1. Let B be an arbitrary element of F(x~1) with degp > 0, and let z €
Flx, B~ have purely periodic B-expansion with period n. Then z € F[x, B].

Proof. Assume z € F[x, 7'] is purely periodic with period n. Let dg(z) = .dids .. ..
Since z € F[x, ,3’1], there is an m such that ™"z € F[x, B]. Therefore,

="z —di ™ — - —dpy €Fx, 8. D
Theorem 5.2. Let B € F((x~1)) be a Pisot element. Then
Fin(8) =F[x, p7']. (F)

Remark 5.3. Note that (F) is true if and only if for every z € F[x, ,3_1], there is k£ > 0 such
that 7%(z) =0.

Proof. Since it is trivial that Fin(8) C F[x, '], we need to prove only the opposite in-
clusion. Let

B — a1 p — gy =0 5.1)

with dega; > dega; for j > 1.

From Theorem 4.1 it follows that Fx, 8~'] ¢ F(x, 8) C Per(B). Thus z € F[x, B~!]
has an eventually periodic expansion. Since addition is performed digitwise, z can be de-
composed into z =z + z),, where dg(z ) is finite and dg(z) is purely periodic. Hence,
by Lemma 5.1, z,, € F[x, B]. Since

k
O =y +2p) = Y dii
=1

there is an integer k such that r® e Fx, B1, and we can restrict our attention to F[x, 8].
Let B={1,8,...," Yand V = {vy, ..., v,} where

v; zlgifl —alﬁi72—~~—ai—1 5.2)
a; an
— E R i (5.3)

Note that vi = 1. Then B and V are bases of F[x, 8] considered as lattice over F[x].
Using (5.2), the coordinates with respect to V' can be computed from the coordinates
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with respect to B by a linear system of equations. Hence, for every z € F[x, 8], there are

21, ..., 2n € F[x] such that z = zjv; + - - - 4+ z,v,. Denote by ¢(z) = 2 =@z,

the (transposed) vector of coordinates with respectto V. If v= (vy, ..., v) T, thenz=1z-v.
In base V, multiplication by B is represented by the matrix

a az .- Aap—1 d4p
0 0 0
M=\|0 :
: .. .. 0 0
o --- 0 1 0

Define the vectors e = (1,0, ..., 0)T and 0 = (0, ..., O)T. We consider the greedy algo-
rithm for z € F[x, 8] with respect to V. Since T (z) = Bz — | Bz], the B-transformation
with respect to V takes the form 7, : F[x]* — F[x]" with

Z+—> Mz — |[Mz-v]e. 5.4

Furthermore, ¢(7T (z)) = t,(¢(z)), which shows that the following diagram is commuta-
tive:

Flx, B] — = Flx, f]

Flx]" — Flx]".

Substituting M, v and e into (5.4), we can express T, as follows:

-
T (21,2200 2n) | (L2 F o 1V 2 Tat) (5.5)

Thus, F[x]" together with 7, provides an analogue to the so-called shift radix system de-
fined in [4,5]. However, due to our notation, the indices here are in the reverse direction as
in [4,5].

Since the image of 7, in (5.5) does not depend of z,,, we can confine ourselves to the
mapping t,_| (F[x]"! — F[x]"~! defined by

T
Tn—1:(21, 22, . - vZn—l)T = (_LZ1U2 +-+zp-1vnl, 215 - - vZn—Z) . (5.6)

Thus, (F) is true if and only if for every 70 ¢ ]F[x]”’1 with z© # 0, there is a k > 0, such

that z®) = r/z‘_l (z©) = 0. Therefore, if z& = (zik), e, z(k) ), then (F) is true if and only

n—1
if max"_| deg zgk) = —o00.
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Fori =2,...,n it follows that

a
df:gv,-:deg(/3 =+ —i—ﬁn 'ZH)

< mréx(degaj -(—-i+ l)degﬁ) <dega; — 1 dega; =0.
Jj=i

Hence, for (Z(O) cee, flo)l)‘r # 0, we obtain

deg(— |_z§0) vt 4+z220 n]) < ma]x deg(z P vis1) < max degz (5.7

Note that the left-hand side of (5.7) is either nonnegative or —oo. It follows from (5.6)
and (5.7) that

1
degz{" < Irﬁaf((dengo) —1).
i=

From (z{", .. ,(,1,)1)T =, ZEO), . z(o) ,) T, we obtain
1
degz(z) 1x(degz(1> 1)
-2
= max(max degz -2, Innax deg zl(o) — 1)
i=1 i=1

= max(deg z(o) 1,...,deg Z(O) —1,deg ngl - 2)~

Analogously follows from (z;”..... 2,7) " = 1 i 2" ..., 2T that
1
degzlg) <1r1lla1x(degz(2) 1)
12
—max(degz\” — 1,...,degz®; — 1,degz”, —2,degz”, - 2).

After n — 1 such steps we have
degzln_l) < max(degzgo) -1, degz(zo) —2,..., de:ngf?1 -2).

Therefore, since (z(" b 1(1'1 ]1))T = (Zgn_l), z(ln_z), o Zgl))-r’ it follows that

n—1 1
maxdegz(" )
i=1

|
—malxdegz(" D < r'rllalx(degz(o) 1).
l

Going on this way, we will find a number & such that max/_ deg z<k) —oo. O

The following theorem forms the converse of Theorem 5.2.
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Theorem 5.4. If F[x, 5_1] C Fin(B), then B is a Pisot element.

Proof. Applying arguments from complex analysis, the proof of the corresponding result
for real B-expansions [9, Lemma 1(b)] is rather short. Unfortunately, this technique does
not work in our context. Therefore, we will adapt the idea of [18, Lemma 2.4].

Suppose that

m%%cdegaj >degay.
]:

We will construct an element z € F[x, 8] which does not have a finite representation. De-
fine

ig:= max{i e{l,...,n}: dega; =m%¥degaj]
]:

and

jo(Giseovzn) )

. {min{i €{l.....,n}: degz; =max’}_, degz;} if max]_,degz; >0,

o0 otherwise.

Select z© := (zgo), s 2T —(x,0,...,0)T. Then
Jo () + 1 <. (5.8)

Thus 1 <ipg<nand 1< jo(z(o)) <n. Letz® = (zgk), e, z,(lk))T. We will show that z(®
has an infinite representation by proving that

Jjo(z®) +1<ip forallk > 0. (5.9)

This implies that max”_, deg z% = 0 and hence z® #0.
We will prove (5.9) by induction. Since (5.9) holds for k = 0 by (5.8), we can proceed
to the induction step. Suppose that (5.9) holds for a certain k£ and note that

T T
D = (G T (BT 50

T tn—1

We distinguish two cases.

Case 1. jo := jo(z®) < iy — 1. By (5.10) and because jy < n, we have

m’éi( deg Z§k+l) = max (deg Z;ﬁ) ,deg Z§k+l))
j:
- max(deg Ziﬁii) deg ZEkH)) (by the definition of jj)

> 0.
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Thus jo(z*TD) =1 or jo(z**tD) = jo + 1. Both of these inequalities imply that
Jo(2**P) <ip—1

and we are done.

Case 2. jo := jo(z®) = ip — 1. Let v; be as in (5.2). The definitions of iy and jo imply that

degv;, =0, degv; <degv;, fori > i,

(k)

degz(k) >0, degz;k) <degz; ~,

io—1 for j <ip—1.

Thus

deg(zg()_lvio) > deg(z,v;)  fori #i.

14
This implies that no cancellations occur in the highest power of x in the sum

zgk)v2+---+zflk,)]vn.

Hence,

(k)

deg(z%k) va+ e +2, 0 v) =deg P

io—1

+degv;, >0,
and therefore

deg(— ink)vz +-- 4 Zgi)lan)

n—1 k)

k k
® ) = degzlgo)_1 = r}lzaicdegz;- )

io—1

= deg(zgk)vz + e + Zfzk—)lvn) = deg(Z

This implies that

(k+1)
j .

deg zng) > m’ﬁ;& degz
j=
Thus,
jo(Z(k+l)) =1<ig—1
and we are done also in this case. O

It turns out that condition (F) is equivalent to a seemingly weaker condition.

Theorem 5.5. F[x, 811 C Fin(B) if and only if Fx] C Fin(8).
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Proof. Of course, if F[x, 8 -1 Fin(B), then F[x] C Fin(B). To prove the converse, con-
sider an element

21 <t
44+ =
B Bt

There exist finite expansions z; = Zj d,-j/,Bj. Therefore z; /8 = Zj d,://,B"“'j. Adding up
the corresponding digits, we obtain the -expansion of z, which is again finite. O

z=2z0+ eIF[x,ﬂ_l], where z; € F[x].

We can combine Theorem 5.2 with Theorems 5.4 and 5.5 to obtain
Corollary 5.6. An element § € F(x ™) is a Pisot element if and only if
F[x] C Fin(B).

Remark 5.7. In [10] it was proved that 8 is a Pisot element if and only if it is a simple
B-element.
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