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Abstract

Optimal upper bounds are given for the deviation of a value of a multivariate function of a fractional space from its average,
over convex and compact subsets of RVY,N >2.In particular we work over rectangles, balls and spherical shells. These bounds
involve the supremum and Lo norms of related multivariate fractional derivatives of the function involved. The inequalities
produced are sharp, namely they are attained. This work has been motivated by the works of Ostrowski [A. Ostrowski, Uber die
Absolutabweichung einer differentiebaren Funcktion von ihrem Integralmittelwert, Commentarii Mathematici Helvetici 10 (1938)
226-227], 1938, and of the author [G.A. Anastassiou, Fractional Ostrowski type inequalities, Communications in Applied Analysis
7 (2) (2003) 203-208], 2003.
© 2007 Elsevier Ltd. All rights reserved.
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1. Background

In the following, we follow Canavati [3]. Let g € C([0, 1]),n :=[v],v > 0,and o :=v —n (0 < o < 1). Define

(g (x) = e )f (x—0"gnd, 0=<x<I, (1.1)
the Riemann—Liouville fractional integral, where I' is the gamma function I'(v) = fooo e 'r’~1dr. We define the
subspace C" ([0, 1]) of C"([0, 1]):

CY([0. 1]) = {g € C"([0.1]) : T1—0g™ € C'([0, 1])}. (1.2)
So letting g € CV ([0, 1]), we define the v-fractional derivative of g as

g = (Ji-ag™)'. (1.3)

When v > 1 we have Taylor’s formula [3]

2 —1
g(r)=g<0>+g’(0)r+g”(0)%+ 4 g “()( )+<Jug<”>)(r) vt € [0, 1], (1.4)
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and when 0 < v < 1 we find
g(t) = (Jg™) (1), Vtelo,1]. (1.5)

Next we carry the above notions over to an arbitrary interval [a, b] € R (see Anastassiou [4]). Let x, xo € [a, b] such
that x > xq, xp is fixed. Let f € C([a, b]) and define

1 X
(T Hx) = —f x =)' fde, xo<x <b, (1.6)
L) Jx
the generalized Riemann—Liouville integral. We define the subspace C}C’O ([a, b)) of C"*([a, b]):

Cy ([a, b)) = {f € C"([a. b)) : T°, f™ € C'([x0, b])}. (1.7)
For f € C )‘C’O([a, b)), we define the generalized v-fractional derivative of f over [xo, b], as
Dy f = (J2, ™. (1.8)

We observe that DY f* = f™ neN.
Notice that

1 X
X0 () () — — e
—o ST () = I (x =) " (n)dr (1.9)

exists for f € C)‘C’O([a, b)).
We mention the following generalization of the fractional Taylor formula (see Anastassiou [4], Canavati [3]).

Theorem 1.1. Let f € C)‘C’O([a, b)), xo € [a, b] fixed.

1) If v =1, then

" (x x0)2
fx) = fxo) + f'(x0)(x — x0) + f" (x0) —5—
n—1
+ D )% +(T3ODY f)(x), allx €[a,b]: x > xq. (1.10)
) If0 < v < 1, we get
fx) = (j‘fOD)‘C’Of)(x), all x € [a,b] : x = xp. (1.11)

We also mention from Anastassiou [5], the basic multivariate fractional Taylor formula.

Theorem 1.2. Let f € C 1(Q), where Q is convex and compact C RN N > 2. For fixed xo, z € Q, assume that as a
function of t € [0, 1] : fx,(xo +t(z — x0)) € CY1([0,1]), alli = 1,..., N, where v € [1,2). Then

X0i

F@) = f@xo) + Z (Z’F o

)/ (1= 0" (fy, (xo + 1(z — x0)) " Vdr (1.12)

where 7 = (21, ...,2ZN), X = (X01, - - ., XON)-

The following general multivariate fractional Taylor formula comes also from Anastassiou [5].

Theorem 1.3. Let f € C"(Q), Q compact and convex, C RN N > 2, where v > 1, such that n = [v]. For
fixed xo,z € Q, assume that we have functions of t € [0,1] : fy(xo + t(z — x9)) € c=m(0, 1]), for all
=(a1,...,ay),; €Zt,i=1,...N;|a| = Z,]-V:lai =n. Then
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N of
f@) = f(xo) + ;(Zi - in)a_xi(xO)

1

N 2 N n—1
[(z(a —in)ai,q) f] (x0) [(Z(Zi —m)%) f} (x0)
X i=1 T i=1

2! (n—1)!

1 1 . N 5 n (v—n)
+ﬁ/o (1—n! [(;(Z,‘ —XOi)a_xi> f:| (xo + 1(z — xp)) ¢ dt. (1.13)

i) Ifall fo(x9) =0, == (a1, ...,aN), &; EZ+,i=1,...,N,|a|:=ZlNzlai=l,l=1,...,n—1,then

n (v—n)
iy vl 3 0 d 1.14
- =— 1—1)"" ;— X0i)— t(z — . .
F@ = fo0 = [ =0 N ey I I AR (1.14)
In Anastassiou [2] we proved the following Ostrowski type results (see [1,7]).

Theorem 14. Let 1 <v <2and f € C)‘jo([ot, b)), o < xo < b, x¢ fixed. Then

| D, oo, [x0,b1
< —2 (b v, 1.15
= TTo12 (b — xo) (1.15)

Inequality (1.15) is sharp, namely it is attained by f(x) = (x — xg)", 1 <v <2, x € [a, b].

1 b
b—/ Jdy — f(x0)
— X0 X0

Also in [2] we gave

Theorem 1.5. Let o < x¢ < b be fixed. _
Let f € Cy (la, b]), v = 2,n = [v]. Assume f©(x0) =0,i =1,...,n — 1. Then

| Dy, [ oo, [x0,b1
C(v+2)
Inequality (1.16) is sharp, namely it is attained by
f(x)=(x—x0)", v=>2, x€la,bl]

1 b
b—f SMdy — f(xo0)| < (b —xp)". (1.16)
— X0 X0

Establishing sharpness in (1.15) and (1.16), we proved first that [2]
1D}, (x — x0)" lloo,xo.0) = T (v + 1). (1.17)

In this article, motivated by (1.15) and (1.16), we present various multivariate fractional Ostrowski type
inequalities.

2. Results

We present our first result.

Theorem 2.1. Let f € C'(Q), where Q is convex and compact € RN, N > 2. For fixed xo € Q and any z € Q
assume that we have a function of t € [0,1] : fy,(xo + t(z — x0)) € cL[o, 1)), foralli = 1,..., N, where
v € [1,2). Then

max [|(f (xo +1(z = X0 Voo, r,00¢00, 11x 0

1<i
<

- B C'(v+ DVol(Q) /; llz — xoll;, dz. 2.1

/Q f(Z)dZ
Vol(Q)

‘f(XO) —
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Proof. From (1.12) we get

J@ == Z (er( );Ol) / (1= 0" (f (o + 1z = x0)) " Vdr, (2.2)
i=1
and
N
F@ - Foo)l = Z F(U’;Ol'/ (= 0" fur (0 + 1z — 300 Vlds
1
< FoFD ; Ixi — x0, [11(f, 00 + £z — x0)) ™D loo.reqo.11- 2.3)
That is,
1
/@) = o)l = Tw+1) llz = xolln Py I1(f o + 1z = X)) s, r,20€10,11% 05 (2.4)

Vz € 0, xg € Q fixed.
Hence we have

Jo f@dz f(xo)‘ _ [ JoW@ ~ fx0))dz

1
Vol(Q) = Vol(Q)/ |f(2) = f(x0)ldz

max, I(fe; o+ t(z = x0))) Y Voo, .0)e0,11x 0

Vol(Q)

(2 4 1<

B (v + 1)Vol(Q) fQ iz = xolli, dz, (2.5)

proving the claim. [

Next we give

Theorem 2.2. Let f € C"(Q), Q compact and convex, C RN, N > 2, where v > 1 such that n = [v]. For fixed
xo € Q and any z € Q assume that we have functions of t € [0, 1] : fu(x0 + t(z — x0)) € C"7"([0, 1]), for all

a: (o, ...ay),; €eZT,i=1,...,N;|a| = Zf»v:loti = n. Set
D" f(x0 + 1 (z — x0)) oo, 1, 20€10,11x @ = max I (x0 + 1 (z = X0))lloo. (.0)ef0.11x - (2.6)
Then
Flxo) — Jo f(@dz - D" f (x0 + 1(z — x0)) lloo, (¢, 2)€00,11x @ / Iz — xoll” dz 2.7)
Vol(Q) |~ C'(v+ 1)Vol(Q) b= :

Proof. From (1.14) we have

n (v—n)
e b z 9
') /0 (1—-19 1 [(;(Zi — XOi)a—xi) f:| (xo +1(z — x0)) ¢ |dt
1 N 5 n (v—n)
= rev+1 [(;(Zi —xo:’)a—xi> fi| (x0 + t(z — x0))

If(z) = fxo)| =

00,1€[0,1]

1 _
< m(”z — xollz)" 1D"™" f (x0 + 1 (z — x0)) oo, (r,2)€[0,1]x ©- (2.8)
That is, we get

(Ilz = xolls)"

NCEST ID"™" f (x0 + 1(z = X0))lloo. (t,2)€[0.11x 0 2.9)

If(z) = fxo)| =

Vz € Q, xg € Q fixed.
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Therefore as before in (2.5) we have that

Jo f(2)dz

Vol(Q) — fxo)| <

D / @) — fxo)ldz

@9 IDV=" f(x0 4 (2 — x0)) loo,(1,2)€[0,1]x 0
I'v+ 1)Vol(Q)

/ (lz = xoll7,)"dz, (2.10)
0

proving the claim. [
We continue with

Theorem 2.3. Let Q := [x¢, b] X [c, d], x¢ € [a, b), and f € C(la, b] X [c, d]).
)
Letl <v <2and ax{ € C)‘C’O([a, bl), yo € la, b].

Then
1
m/ S (x, y)dxdy — f(xo, yo)
(b —x0)" || 9%, f
< d— / | f(x0, ) — f(x0, YO)|dY+m H (2.11)
Proof. By (1.10) we have
£ ) = Fioy) = Lf( Cy1 5l e 2.12)
1y O7y - 1—,(])) o a v 1y ) .
x > xp,all y € [c,d].
That is,
£ ) = Flr0, )] < — %o " dr (2.13)
.y 0= 705 1 e ol , :
and
(60 y) = o, )] < (;C(_f)) 2 H (2.14)
for all x > xq, all y € [c, d].
However it holds that
|f(x’ )’) - f(x()v y0)| S |f(-xv )’) - f(xoa y)' + |f(x07 )’) - f(xo’ )70)|
0o f y
= |f (xo, y) = f(x0, yo)| + Fo+D | ox .y (x —x0)", (2.15)
Vx > x0,Vy € [c, d].
Consequently we obtain
1
_— , y)dxdy — ,
SIS Jf(x, y)dxdy — f(x0, yo)
1
= ,y) — , dxd
oa /[ o ) F 0 y‘
1
— ,y) — , dxd 2.16
S @D D P~ F G0 0l (2.16)
L S d ' Vdx
b —x0)d -0 ( Xo)/ |f (x0, ¥) = f(x0, yo)ldy + =——~ F( +1) 8x“ HOO’Q ; (x — xo)
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] (2.17)
0,0

(2.18)

1
T (b—x0)d—c¢)

(b—xo)'*t'd
C(v+2)

d
|:(b - Xo)[ | f (x0, y) — f(x0, yo)ldy +

8x”

(b — x0)"
Fv+2)

1 d Oyo S
=T / | f(x0,y) — f(x0, yo)|dy + H
—cJ.

proving the claim. [J

We further have
Theorem 2.4. Let Q := [xg, b] X [¢, d], xo € [a, ), and f € C"([a, b] x [c, d]). Let v > 2 be such that n = [v] and

gg{ S C" ([a, b]), yo € la, b]. We further assume that W =0,j=1,....,n—1.
Then
- - dxdy —
(b—xo)(d c)/ J(x, y)dxdy — f(xo0, yo)
1 (b —x0)" | 0y, S
< — , d _ . 2.19
e If(XO y) = f(x0, yo)ldy + Fo12) | 9 g (2.19)
Proof. By (1.10) we get again
L[ w1 2% d 2.20
- =— -V =2 (¢, y)de :
fx,y) — f(xo0,y) 1ﬂ(v)/xo(x ) axv(,y) , (2.20)
x > x0,Vy € [c,d].
And again
(x — x0)” f
2.21
[f(x,y) — f(XO)’)|_F( D (2.21)
Vx > xp,Vy € [c, d].
Also, it holds again that
(x — xp)" f
|f @, y) = fxo. yo)l < 1f(xo.y) — f(x0. yo)| + F(—+°1) (2.22)

Vx > xo,Vy € [c, d].
Integrating (2.22) over Q we prove (2.19). O

One can prove similarly to (2.11) and (2.19) inequalities in more than two variables. Next we study fractional

Ostrowski type inequalities over balls and spherical shells.
For that we make:

Remark 2.1. We define the ball B(O,R) = {x € RV : |x] < R} € R¥, N > 2, R > 0, and the sphere
SN=1 .= {x e RN : |x| = 1}, where | - | is the Euclidean norm.

SN—]

2
Let dw be the element of surface measure on and let oy = f -1 do = Fz(”TN//D For x € RN — {0} we

. . _ RN .
can write uniquely x = rw, where r = |x| > Oand w = 7 € SN=1|w| = 1. Note that fB(o,R) dy = “7— is the
Lebesgue measure of the ball.

For F € C(B(0, R)) we have fB(o R F¥)dx = Son—1 (fOR F(rw)rN_ldr) dw; we use this formula a lot.
The function f : B(0, R) — R is radial if there exists a function g such that f(x) = g(r), where r = |x|,r €

[0, R], Vx € B(0, R). Here we assume that g € C(‘)’([O, RD,1<v<?2.
By (1.10) we get

1 N
g(s) —g0) = m/O (s —w)" " (Dyg) (w)duw, (2.23)

Vs € [0, R].
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Hence

Vv

S
lg(s) — g0)] < F(T

0 Dggllso,0,r1, Vs € [0, R]. (2.24)

Next we observe that

d N R N—1
£(0) — fB((),R) f(ydy — |0 - fS (fo i(s)s ds)dw (2.25)
Vol(B(0, R)) Jon—1(fy sN—1ds)dw
= (0)—i/R (s)sVds| = — /RsN‘( (0) — g(s))ds (2.26)
g RV ), ¢ RN g g :
N (R oy @24 IDggllc N (% . n_1.  IIDjgllcNR"
< RN A s lg(s) — g(0)|ds < —F( TR, s ds = —F(v+l)(v+N)' 2.27)
That is, we have proved that
Js0.r) fFOdy N [ N—1 DyglloN RY
‘f O~ i my |~ 0w [ o e« A (229

The last inequality (2.28) is sharp, namely it is attained by g(r) = r", 1 < v < 2,r € [0, R]. Indeed by (1.17) we get
1Dyx"lloo,10,R1 = T'(v + 1).
Notice also that

N (R NRY
LHS (2.28) = — / sVHN=lgg = = RHS (2.28), (2.29)
RN 0 v+ N

proving optimality.
We have established

Theorem 2.5. Let f : B(0, R) — R, which is radial, i.e. there exists g such that f(x) = g(r),r = |x|,Yx € B(0, R).
Assume that g € C(‘)’([O, R, 1 <v <2 Then

fB((),R) S(dy
Vol(B(0, R))

[ DygllooN R”

N R
=F®—ﬁﬁgmﬂwl—————— (230)

FO = “Tw+ DO +N)

Inequality (2.30) is sharp, that is attained by g(r) = r".

We continue on from the previous remark.
Remark 2.2. We treat here the general, not necessarily radial case of f € C(B(0, R)). For any fixed w € SV~! the
function f(-w) is radial on [0, R]. We assume that f(-w) € Cy([0, R]),1 <v < 2.

3y
That is, 3-2 f(m) and it is continuous in r € [0, R], for any w € SN=1 Here we have

o fre) d af 1 1—v f
e = 3 (qu( (w)))(r) Ta_vor (f( —1) (t )dt> (2.31)

Of()

For x # 0,ie.x = ro,r > 0,w € sN-1 the fractional radial derivative
9 f(X)

is defined as in (2.31). Clearly
L= |,—0 is not defined.

We mention

Lemma 2.1. Everything is as in Remark 2.2. The function 03]:5 2 is measurable over B(0, R) — {0}.

Proof. For each n € N define

r—Y o) - fee
g”(r"‘)):”[f((r—%)w)—f(rw)}=f<( ”>l) firo)
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and note that each g, is jointly measurable in (r, w) since it is jointly continuous in (r, w) by f € C(B(0, R)), here
r € (0,R] and w € SV=1. In view of g,(r, ) — & gi‘”) df (rw) is jointly measurable in
(r,w) € (0, R] x s~ = B(0, R) — {0).

Then f(r -) is measurable in @ € S¥~!, Vr € (0, R]. Thus the integral I, (r, w) = r “r— t)l_”%(tw)dt, r e
O,R],w € SN-1 ¢ > 0 small, because it is a limit of Riemann sums, is measurable inw e SN, Since
r— t)l’”g—]:(tw) is integrable over [0, ], we get that I (r, w) is continuous in r — &, Ve > 0 small. Hence

lim I.(r, w) = I (r, ) :== /r(r - t)‘*”%(m)dr,
e—0 0 ar

as n — oo, we get that

proving I (r, ) measurable in w € sN=1 vr € (0, R].

But, by the assumption that f(-w) € Cy([0, R]), we have that I (r, ) is continuous in r € [0, R],Vw € s
Therefore by the Caratheodory theorem, see [6], p. 156, we get that I (r, w) is jointly measurable in (r,w) €
0, R] x SN-1 asitisa Caratheodory function. Since

ol (r, w) — lim n|:1 (r_%’w> —I(r,a)):|

or n—00

N-1

and also I (r — — a)) is jointly measurable in (r, w) € (0, R] x §"~!, we get that (”(r ®)

(r,w) € B(0, R) R) {0}, proving the claim. O

is jointly measurable in

We need
Lemma 2.2. All is as in Remark 2.2,
Additionally assume that f( is continuous on B(0, R) — {0}, and
ay f(x ) f(x
K::’ Ofi) = esssup Off))
or Loo(B(0,R)) ™ 1Bo,R
Then
oy f(ro
‘ /( )H <K, VoesV (2.32)
0, (re[0,R])
Proof. In the radial case (2.32) is obvious. Also it is obvious i ag;gr(gw) H 0R ag,g(rrvow) ), for some rg € (0, R].
00,0,
The only difficulty comes here if for specific wg € SV~! we have that
‘ 9y f (rao) |99 £ (0)
or? 00.[0.R] ar?
Then it is evident, for very small r* > 0, that by continuity of Of ( 0) we have
9y S (r*wo) 9y f (0)
ory arv |’
If
9y S (0) dp [ (x)
sup ;
v rl)
B(O,R)
then
3y f (r*wo) 3y f (x) 9y f(x)
————| > esssup . = . ,
dr Y Ipo.r) r 00,B(0,R)—{0}

a contradiction. [
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Remark 2.2 (Continuation). By (2.30) we get

a f(ra)) H NRY
00, (re[0,R]) - KNRY

T+ DW+N) ~TO+DHW+N)

‘f(O) N f(sw)sN‘lds‘ <
0

Consequently we find

N R Vol KNRY
‘f(O) — o RV /;N—l </0 flsw)s ds> da)‘ < —F(v Tho N

That proves
f(ydy KNRY
f(0) - Jso.n < . (2.33)
Vol(B(0, R)) '+ 1w+ N)
‘We have established

Theorem 2.6. Let f € C(B(0, R)), not necessarily radial, and assume that f(-w) € Cy([0, R]), 1 <v < 2, for any

we SN-1 . Suppose also Of( ) to be continuous on B(0, R) — {0}, and that ao f(x) < 00
Loo(B(0,R))
Then
f(ydy NRY oy f(x
f(0) — Joo.p < 0/ () . (2.34)
Vol(B(0, R)) v+ ar’ | L..BO.R)

‘We make

Remark 2.3. Let the spherical shell A :== B(0, R;) — B(0, R1),0 < Rj < Ry, A C RN, N > 2,x € A. Consider
= . O ) -

f € C'(A) and assume that there exists RleUx € C(A),1 <v <2;x =rwr €[R,R], o € SV!; where

O S 1=y d 1 g, fro)
— = 1"(2 > ar (le( —1) (ta))dt). Clearly here f(rw) € C ([R1, R2]) and 55— € C([Ry, R2]), Yo €

SN=1. For F € C(A) itholds [, F(x)dx = [ov-1 (f,fl2 F(ro)r¥~1dr)dw; we exploit this formula a lot here.

N_ pN
Initially we assume that f is radial, i.e., there exists g such that f(x) = g(r). Here Vol(A) = M. Then
we get via the polar method that
[a fd y‘ N /Rz N
Riw) — R _— $)s ds
fRo) = | = B~ g ), 5
N /Rz N-1
= (g(R1) — g(s)) sV~ 'ds
<R§V — RV ) ‘ Ry
< (-2 fR2 1g(R) — g(5)ls™~1ds = () (2.35)
<|\——- g(Ry) —g(s)|s s = .
RY —RY | Jk,
Here by (1.10) we get for s > Ry,
1 s 1
g(s) —g(R) = = | (s—w)" " (Dg g)(w)dw. (2.36)
L) Jg, :
Thus
1Dy glloo,(Ry, o]
18(s) — g(Rp)| < — (5 — Ry)”, 2.37)

Cv+1)
Vs > R;.
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Consequently it holds that

N(|[Dg, &lloo,[Ry, R21) Ry N—1
— R d
®) = ((Rg’ —RT O + 1)) /Rl e

N|Dg glloo,(r),Rs1

= = (%%).
RY —=RMHT(w+1) ()
Here
Ry Ry
I = (s — R sV lds = (=N ! (—s)N (s — R))Vds
Ry Ry
Ry
= (—1)N‘1/ (—Ry+ Ry — )Y~ (s — Ry)Vds
R1
N 1
= ()"~ ‘ [Z (- Rz)le(Rz—S)k] (s — Ry)"ds
k=0
N-1 Ry
— (( I)N 1)2 ( )( 1) kRN —k—1 (R2 _s)(k-‘rl)—l(s _ R])(U-‘rl)—lds
k=0 R
N-—1
N-—1 T'k+ DT 1
= Z( >(—1)kRN —k—1 (k+DI'(v + )(Rz—Rl)k+U+l
=0\ K Fk+v+2)
N-1 k k+v+1
1 R, —R
= T+ DN - D! - ) Ry -1 B2 — RY)
That is,
Ry N-1 1)k Ry — Ry )k+v+l
[ = (s—R)'sN ds =T+ (N = 1)! ¥R§”k’l%
R = (N —k— 1) Ck+v+2)

Continuing with (2.38) via (2.41), we have

o) NUYIDg &lloc,[Ry,Rs1 Ni:] (= Dk RN—k—l(R2 — Ry)kHvHl
*k) = - O .
RY — RY S (N—k—1D7? Tk+v+2)

Hence in the radial case we have proved

‘f(le) -

Vol(4) RY — R}

Inequality (2.43) is attained by g(s) .= (s — R)”", 1 <v < 2,5 € [Ry, R2].
Indeed, we observe that

N R v . N—-1
LHS 243) = | ———~ / (s — Ry)'s" ~'ds
RY —RY | Jr,

T+ DN! (R (=1)F Ry — Ry)ktv+!
_Tfev+h (=D év,k,l( » — R1) — RHS (2.43).
(RY =R \fzg W —k—1)! Lk +v+2)
and by (1.17) that says
Dk, (s = R1)"lloc,(R),Ry) = T (v + D).

We have established

Sa POy | _ [ NUIDR gl ik k1 Ni (D vkt (Ra— ROEH
= (N—k—1)! 2 Ck+v+2)
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(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)
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Theorem 2.7. Let A := B(0,Ry) — B(0,R1).0 < Ry < Ry, A € RN, N > 2. Consider f : A — R that
is radial, i.e., there exists g such that f(x) = g(r),x = rw,r € [R|,R],w € SN=1 x ¢ A. Assume that
g € Cg (IR, R2D, 1 <v <2

Then
fA f()dy _ N R N—1
’f(le)—W’ = |g(Ry) — W /Rl g(s)s™ ds
N—-1 k k+v+1
< N! ”D Ng”OONRl JRo] Z (—1) Rév_k_l (R2 — Rl) +v+ . (246)
Ry — R} k:o(N_k_l)! rk+v+2)

Inequality (2.46) is sharp, namely attained by g(s) = (s — Ry)", s € [Ry, R2].
We continue on from the last remark.

Remark 2.4. We treat the non-radial case here. For fixed w € S¥~! the function f(rw) is radial over [R;, R>]. We
apply (2.46) for g = f(-w) to get

N ko N—1
f(Riw) — m " f(sw)s ds

N! 3av'vf N—1
r _ ( l)k RN—k—l (R, — Rl)k+v+l . @47
- RY = (N—k—1! 72 Ckk+v+2)
Hence it holds that
o f(Riw)d N Ry
fSN 1 f( 1w)do - N N / ( f(SQ))SN_ldS) dw
wN (Ry — R)wy Jsv-1 \JR,
N! dgelvf N—1
" llood i (DF vkt (Ra = R
| RY-RY = (N—k—172 T(k+v+2)
811
rJ ‘ . (2.48)
arV 0o A
That is, we have proved that
N v
() [y SR fy f0dy| _ kS .49
2mN/2 Vol(A) v T
However we have for x € A
fA f(ndy (%) fsN 1 f(Riw)dw 3}%1
- =< 2.50
’f(x) Vo | =|f@ - e o I (2.50)

We have established the following result.

- v f(x) - -
Theorem 2.8. Consider f € C'(A) such that there exists RIT” € C(A),1 <v <2,x € (A). Then
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[ F(dy I (5) fen-1 f(Riw)do
‘f(x)— W <|fx)— AN/
N! M= by (Ra— RO 18k, f
" (RN RN) (kz W—k-D"2 Ta+v+2) ‘ or H @D
‘We make

Remark 2.5. This continues Remarks 2.3 and 2.4. Here we establish higher order multivariate fractional Ostrowski
type inequalities over spherical shells.
Here v > 2,n := [v] > 2,a := v — n. Consider f € C"(A), which implies that f(rw) € C*([R1, R2]), Yo €
) _ _
SN-1  Furthermore assume that there exists R—vx e C(A),x € A;x = ro,r € [R;, 2], w € SN-1 where
x) . O flro)
RleVx = F(ll 55 (le( -~ —a ¥ {;ﬁflw)dt). The last part implies % € C([R1, R2]), Vo € SN~ We start

again with f being radial, i.e. 3g : f(x) = g(r),r € [R1, R2], x € A.

We have
~ Jafndy
‘f(Rl Vo ) ‘ RN R ‘ / (g(s) — g(R))s" ~ds| =: (»). (2.52)
By (1.10) we have
n—1 — R k 1 s
e — sk = 3 W)+ o [ =0 D ), 2.53)

alls > R;.
Consequently it holds that

_ N S ORI [ N .
(x) = (W) [;T /1;, s (s — Ry)"ds
! f N-1 : v—1,pyv
*ro . S N (s —w)" "' (D, g)(w)dw|ds | by (2.41) (2.54)
Ll N-l 1)+ _ poyAHk
= (%) [(N— DY Ig® @Ry |3 gyt R ROT ‘
RY — R} i

= (N—-A—-D!? O+ k+ 1!

Dk, &lloo.[R).R Ry
4 RS Tl el (/ (s — Rl)"leds>
T+ 1) R,

1 A R> — R Ak+1
(Zél) (RN )[Zlg(k)(&)l Z (=D RNf)‘fl( 2 1)

(N—x—1D!?2 A+ k+ 1)
N-1 A Adv+1
(=D N—i—1 (R — Ry)

We have established the following result.

Theorem 2.9. Here v > 2, n .= [v]. Suppose that f isradial, i.e. f(x) = g(r),r € [R1, R2],Vx € A. Assume that
g € Ch (IR1. Ra)).
Then
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- _M‘_ (N /R2 N-1
—‘f(le) = g0~ gy —ew ) [, s

Vol(A)
® ( l)k N1 (RZ_RI))»+/<+1
- (RN )[Z|g (R)| FN=2=DU? Gkt D!
N—1 A At+v+1
v (_1) N—x—1 (Rz—Rl)
+ (D}, 8lloo. (k1. kD) (;0 oo TFoviy )} (2.56)

Inequality (2.56) is sharp, namely it is attained by g*(s) = (s — R1)", s € [R], Rz].
Proof of Sharpness. Again by (1.17) we get
IDg, &" loo.[R).Ry) = T(v + 1). (2.57)
Also it holds that g*®(R)) =0,k =1,...,n — 1.
Thus

LHS (2.56) N RZ( R)'sN1d
. = —— S — S S
RV —RV ) Jx, !

(NTeo+D\[E v R — R
B ( Ré\’ —R{V ) [2) (N —n— 1)!R2 TO+v+2) =RHS (2.56). O (2.58)

We give
Corollary 2.1. With the terms and assumptions of Theorem 2.9, additionally assume that g (R)) = 0,k =

1,...,n—1.
Then

NI N—-1 (_1)1 N1 (R, — Rl))»+v+1 )
h (W) (Zo WD Tarvry ) Pkslem e 2%

‘We continue from Remark 2.5 with

Remark 2.6. We treat here the general, not necessarily radial, case of f. We apply (2.56) to f(rw),w fixed,

r € [R1, R2]. We then have
N N!
Riw)— | —— so)sVds| < [ —
= (g )y o= ()

SYFU N-l A Akt
9 (-1 _,_1(Ry— Ry
X Z —{(le) Z—RQ’ A-1i72 PV
i=lor — (N—2—1D)! (h+k+1)!
v N—-1 1 A R> — R Atv+1
n RS 3 (=D Révfxq( 2 — Ri) . 2.60)
O’ lloo,a \Fzp (N =2 = D! T(A+v+2)
Therefore
_ R d N Ry
Son—1 f(Riw)dw S _ / ( f(sw)sN—lds) do
WN (R — Ry Jsv-1 \JR,
3 n—1 fSN e k(Rla))‘dw N-1 (—1)* Nf)Lfl(RZ_Rl))L+k+l
RN = N SN2 OTkrDl
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N 8;1 N—-1 (_1)A RNf),fl (R2 _ Rl))\+v+l s (2 61)
arv i\ (N—a—1 2 rA4+v+2) o '
That is,
L (5) Jov-1 f(Riw)do [, f()dy
=< (2.62)
27 N/2 Vol(A)
Consequently it holds for x € A that
Ja F(0)dy T (%) [ f(Riw)dw
—L < — 8 2.63
O e e A i + (2.63)
We have established the next result.
- v f( _ _
Theorem 2.10. Here v > 2, n := [v]. Consider f € C"(A) and assume that there exists % e C(A),x € A.
Then
Ja f(dy I'(%) fsn-1 f(Riw)dw
M = _—_— <
‘f(x) Vol | = /- e
N! r (%)« kf
——(R d
* (Rév —R{V) |:271N/2 ];(ngl ad £ 160)| a))
5 NZ‘I (D* v (Ro— RV
= ((N—-r-D!'? (A +k+ D!
4|2t Ni D v (Re = RO (2.64)
arv i\ (N—a—1)! 2 A+v+2) ’ '
We finish with
Corollary 2.2. With the terms and assumptions of Theorem 2.10, additionally assume that a—{, k=1, -1,
vanish on d B(0, Ry). Then
M < |f(x)— F(%) f(Riw)dw
- 2 N/2 SN—1 !
Ty — NZ D g (Re = ROM | O (2.65)
RY —RV )\ & (N—r—112 TOA+v+2) oY |l 4 '
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