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1. PROLEGOMENA 

A generalized quadrangle of order (s, t) is an incidence geometry 9 = 
(9,9?, Z) with point set 8, line set B, 9 n B = @, and incidence relation 
I satisfying the following axioms. 

Al. Each point (respectively, line) is incident with 1 + t lines (respectively, 
1 + s points). 

A2. No two points are incident with two lines in common. 

A3. If x E B is not incident with L E 9?, then there is a unique point y E .Y 
incident with L for which x and y are collinear, 

A GQ of order (s, t) with s = t is said to have order s. 
In case both s > 2 and t > 2 it is in general a hopelessly difficult problem 

to decide just how many pairwise nonisomorphic GQ of order (s, t) exist. 
Reference [3] contains a summary of some progress made on this problem, 
so here we comment only that there is a unique GQ of order (2,2), a unique 
GQ of order (2,4), a unique (up to duality) non-self-dual GQ of order (3, 3), 
and. only one known GQ of order (4,4). We conjecture that there is only one 
GQ of order 4. The purpose of this note is to show that a fair1.y weak hypo- 
thesis on a GQ of order 4 is sufficient to guarantee that it be isomorphic to 
the known one. 

L,et ;40 be a GQ of order s. The concepts of trace, span, regular pair (of 
points or lines), regular point (or line), triad, center of triad, etc., as used in [3] 
are assumed known. The points of PG(3, s), the absolute lines of a symplectic 
polarity of PG(3, s), and the natural incidence relation provide an example 
of a GQ of order s in which all points are regular. Moreover, in this example, 
denoted W(s), all lines are regular if and only ifs is even, i.e., s = 2”. Hence 
the known GQ of order 4 has all points regular and all lines regular. The main 
result of this paper is the followig improvement of a result in [3, Sect. IX]. 
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THEOREM. Let Y be a GQ of order 4. If 9’ has even one regular pair of 
noncollinear points (or nonconcurrent lines), then 9’ must be isomorphic to 
W(4). 

At a crucial point in the proof of this theorem we use the following 
characterization of W(s). 

RESULT VIII.1 OF [3]. Let 9 be a GQ of order s 3 2. Suppose that .4a 
has a regular pair (L, , L,) of nonconcurrent lines with the property that 
each triad of points lying on lines of tr(L, , L,) has a center. Then s = 2e 
and 9 is isomorphic to W(s), implying that all points and lines of 9’ are 
regular. 

Let (x, JJ) be a pair of noncollinear points in a GQ ;4p of order s. The pair 
(x, y) is said to be antiregular provided no triad (x, y, z) has more than 
two centers, in which case each triad (x, y, z) must have exactly 0 or 2 centers. 
This fact may be used to show that if Y has even one antiregular pair, then 
s must be odd (c.f. [3]). In particular, if 9’ is a GQ of order 4, then each pair 
(x, v) of noncollinear points of Y must belong to some triad (x, y, z) with 
at least three centers. Of course, a dual result holds for lines. Our investigation 
begins with triads having precisely three centers. 

2. ORTHOGONAL TRIADS 

Throughout this section let .Y = (9, -9?, Z) denote a GQ of order 4. Let 
(x, y, z) and (u, U, w) be triads of points of 9. We say that (x, y, z) is 
orthogonal to (u, 0, w) (written (x, y, z) 1 (u, v, w)) provided that the fol- 
lowing two conditions hold: (i) Each one of x, y, z is collinear with each one 
of U, 0, w; and (ii) (x, y, z) and (u, v, w) each have precisely three centers. 

Dually, the same terminology and notation are used for lines. 
For the remainder of this section we let 9 = (L, , L, , L3) and M = 

(M1 , Mz , MS) be a fixed, orthogonal pair of triads of lines of Y. Let xij 
be the point at which Iii meets Mj , and put R = (xij j 1 < i,,j < 3). 
Let T denote the set of points incident with some Li or some M, , but not 
both, and put V = R u T, 9’ = .Y\V: 

1 v/ = 21, so / 9” / = 85 - 21 = 64. 

An Li or Mj will be called a line of R. A line hitting two points of T 
(but no point of R) will be called a secant. A line hitting precisely one point 
of V (respectively R, 7’) will be called a tangent to V (respectively, R, T). 
A line of Y hitting no point V will be called an exterior line. Let H denote 
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the set of exterior lines. There are 6 lines of R, 12 secants, 27 tangents to R, 
24 tangents to T, leaving 16 exterior lines: 

1%" / = 16. 

For a point y E P’, there are precisely the following possibilities: 

(2) 

(3) (i) y is collinear with 3 points of R, with no point of T, and is on 
2 exterior lines. 

(ii) y is collinear with 2 points of R, with 2 points of T, and y is on 
2 tangents to T and on 1 exterior line. 

(iii) y is collinear with 1 point of R, with 4 points of T, and y is on 
0, 1, or 2 exterior lines, 0, 1, or 2 secants, and 4, 2, or 0 tangents to T, 
respectively. 

(iv) y is collinear with no point of R, with 6 points of T, and y is on 
0 or 1 exterior lines, 1 or 2 secants, and 4 or 2 tangents to T, respectively. 

Let q be the number of points of P’ on i exterior lines, i = 0, 1,2. Let kf 
be the number of points of 8’ collinear with i points of R, i = 0, 1,2, 3: 

j~p'i = 64 = ~ ki= ~ n,. 
i=o i=O 

(4) 

Count the pairs (x, y), with x E R, y E -P’, and x - y (X and y are collinear): 

108 = i ik, . 
i=o 

Count the triples (x, y, z), X, y E R, x # y, z E P, x - z, y ,- z: 

108 = 2k, + 6k, . 

Solving (4) (5), (6) for ki , we have: 

k, = 10 - k, > 0; 

k, = 3k, ; (7) 
kz = 54 - 3k,. 

Count pairs (x, L), x E P’I, L E B’, x incident with L: 

n1 + 2122 = 80. (8) 

Solve (4) and (8) for ~2~: 

no = n2 -16 30. (9) 

(6) 
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A point of 8’ is called special provided it lies on two secants. There are 
two possibilities in general. 

Case a. No secant is incident with two special points. 

Case b. Some secant is incident with two special points. We say that the 
orthogonal pair (9, J?‘) of triads is of type a or type b according as case a or b 
occurs. 

First suppose (3, J&‘) is of type a. There are six secants hitting a pair of 
Li's (or a pair of M,‘s), and any special point must lie on such a secant. 
Hence there are at most six special points, by the definition of type a. But 
12~ >, 16 by (9), and the only points on two exterior lines are either special 
points or are collinear with three points of R, in which case they are called 
cenfers of R. By (7) the number k, of centers of R is at most 10. So 16 < n, < 
6 + k, , k, < 10, imply that k, = 10, k, = 0, k, = 30, k, = 24, n2 = 16, 
n, = 0, fzl = 48. As any triad of points of R with two centers is easily seen 
to have three centers, and there are only six triads with 10 centers, some triad 
of R must have three centers. 

(10) If (2, J?‘) is of type a, then k, = 10 and some triad of points of R 
must have three centers. 

For the remainder of this section we suppose that (3, J&‘) is of type b. 

We may suppose that two special points y1 and ys lie on a secant 
N E tr(A4, , n/i,). Let Ki be the other secant through yi , i = 1,2, and suppose 
both Kr and K1 are in tr(L, , L3). As M2, M3, Kl , K, are all centers of the 
triad (L, , L, , N), this triad must have five centers, so that M1 - N, i.e., 
M1 and N are concurrent. But then (M1 , M, , M3) has four centers, contra- 
dicting 5? 1 kz’. 

(11) If y, and y, are special points lying on a secant N, and if the 
other secant through yi is Ki , i = 1,2, then Kl and K, do not meet the same 
two lines of R. 
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The secants meeting L, , L, , L3 are naturally divided into two opposite 
families: Two such secants are in the same family if and only if they do not 
meet the same two Li’s and do not meet each other. Similarly, there are 
two opposite families of secants meeting M, , Mz, M3 . 

Let N be a secant with two special points y1 and yz . We may suppose 
NE tr(M, , MS), and that if Ki is the other secant through yi ) i = 1, 2, then 

Ll 

L2 

L3 

Kl E tr(L, , &) and K2 E tr(L, , L3). Clearly Kl and Kz must belong to the 
same family. By considering which points of N are collinear with which 
points of L, , it follows easily that the third point y3 of N and on no Mi 
must lie on the third secant of the family containing Kl and K2 . 

(12) If a secant passes through two special points, it must be on three 
special points. The other secants through these special points must be the 
secants of one family. 

As (9, JX) is now assumed to be of type b, there must be a secant N with 
three special points yl, y2, y3 . Suppose, if possible, that the other secants 
Kl , K, , K3, through y1 , yz , y3 contain no additional special points. Let 
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N 
a -. -----_ 

b 

a, b, c be points of MI and M, as indicated in the diagram above. As 
there are only two available lines through the point a to meet KI, K2, and 
I&, one of them must hit two of the K$‘s. Let d and e be the remaining 
points of Kl and Kz, as indicated. The point b must be collinear with some 
point of Kl and some point of K2 . It follows easily that b - d and b - e. 
Also c must be collinear with some point of Kl and some point of Kz . But 
now the only available points are those where the line through a meets ICI 
and Kz . But c cannot be collinear with both of these. Hence Kl , KS, K3 
must pass through some additional special point. 

For example, if Kl has an additional special point, then by (12) ICI must 
have three special points. Moreover, by relabeling we may assume that the 
points and lines are related as in the diagram above. But now the three 
points of NS lying on MI , MS ) and Kl must each be collinear with some 
point of K2 . They cannot be collinear with any point of Kz on L, , L, , or Nr . 
Hence only two points of K, are available. It follows that Nz must meet Kz . 
Similarly, Nz - K3, N3 - Kz , and N3 - K3 . It follows that (Nr , N2, NS) _L 
OG 9 & 7 KS). 

(13) Let NI be a secant having two special points y, and yz , and let ICI 
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be the other secant through y, . If (N1 , N, , NJ is the family of secants 
containing N1 and (K1, K, , KJ is the family of secants containing Kl, 
then (Kl , K, , K3) I (N1 , NZ , N3). Moreover, the nine intersection points 
Ni n Kj are all special points. 

Suppose that k, > 0, so there is some point y E 8’ such that y is collinear 
with no point of R. By (3iv) y must lie on some secant; say y is on 
NE tr@& , Ma). Then y must be collinear with some point of M1. But the 
secants meeting iW1 and belonging to the family opposite to that containing 
N make it impossible for y to be collinear with a point of Ml lying in T. 
Hence y is collinear with some point of R. 

(14) k, = 0, implying k, = 10 when (8, &) is of type b, also. 
The fact that k, = 10, or really that some triad of points of R has three 

centers, is just what is needed to prove the theorem of this paper. 

3. PROOF OF THE THEOREM 

Throughout this section let Throughout this section let Y = (Y, 99,1) 
denote a GQ of order 4 having a regular pair (L, , L,) of nonconcurrent lines. 
Let tr(L, , L,) = {Mi 1 0 < i < 4}, and sp(L, , L,) = (L, / 0 < i < 4). Let 
xij be the point at which L, and Mj meet, and put R = (xij 1 0 < i, j < 41. 

(15) Each line of Y lies either in sp(LO, L,), in tr(L, , L,), or meets R 
in a unique point. 

Proof. This accounts for all 85 lines. i 

Clearly no triad of R could have four or five centers. Suppose some triad, 
say (x,,,, , xl1 , xZ2), has two centers y,, and y1 . Let Nij be the line through yi 
and xjj , i = 0, 1; j = 0, 1,2. Then L, , Mi , N,,j , N,$ are four of the five lines 
through Xjj , j = 0, 1,2. Moreover, for 0 < j < k < 2, each one of L, , iifj , 
N,?, Nlj meets one of L, , ii+!, , N,, , N,k . Hence the fifth lines through x0,, , 
xl1 , and xZ2 all meet at some point yZ . This proves the following. 

(16) Each triad of points of R has precisely zero, one, or three centers. 

Swwe (xoo , xl1 , xZZ) has three centers yO, y, , y, . Then for 0 < j < 2, 
yj is collinear with both xs3 and xqg or yj is collinear with both xs4 and x43 . 
By relabeling, we may suppose that y,, and y1 are both collinear with xs3 and 
xqg . If y, were collinear with both xs4 and xqs , then the two lines yZx,, and 
yZx,, must meet the lines yjx,, and yjx,, in some order, j = 0, 1. Any such 
possibility quickly yields a triangle. Hence yZ must also be collinear with xs3 
and xgq , proving (17). 

(17) If a triad ( y, , y1 , yZ) has three centers in R, it must have five 
centers in R. 
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From (16) it follows that either each of (x0,, , xl1 , x2& (x,,,, , xX1 , x3& 
hl~ x11, x4J has a unique center, or one of them has three centers and the 
other two have no center. Using this principle it is fairly easy to deduce the 
following. 

(18) Either each triad of points of R has a unique center, or each triad 
of points of R has exactly 0 or 3 centers. 

If every triad of R has a unique center, .Y is completely determined by 
[3, Result VJTI.l]. Hence from now on we assume that each triad ofpoints 
of R has exactly zero or three centers. 

It follows that each pair of noncollinear points of R belongs to a unique 
5-tuple of noncliinear points of R having three centers y. , yl, yz . Such a 
5-tuple will be called a circle of R with centers yO , y1 , yz . For each y E 9’\R, 
the points of R collinear with y form a circle denoted C, . Moreover, given 
y E P’\R; there are two other points y’, y” E .9\R for which C, = C,, = C,,?. 

There are 25 points xij in R with each xij lying on Li and on Mj and on 
4 circles. Two distinct points of R lie on a unique one of the 10 lines Li , Mj , 
or on a unique circle. It follows readily that the points of R together with the 
lines and circles of R are the points and “lines,” respectively, of the affine 
plane AG(2, 5). 

(19) If Y is a GQ of order 4 but not isomorphic to W(4), then each 
regular pair of nonconcurrent lines (or noncollinear points) of -4” determines 
an AG(2, 5). 

Continuing with the same notation as above, two points outside R that 
are centers of a same circle of R are said to be at the same level. The 15 points 
that are centers of circles in one parallel class are partitioned into 5 levels, 
3 points at each level. The 15 points in such a set are clearly pairwise non- 
collinear, and are said to form a fundamental 15 arc. The fundamental 15 arcs 
are labeled Ai , 1 < i < 4, in some order. 

Let y be one of the 60 points outside R, C, = {w, ,..., w,}, and let Ni be the 
line ywi , 1 < i < 5. The three points of Ni different from y and wi determine 
the three other circles (5 C,) through wi . Hence these 15 other points of the 
N<s are grouped into 3 sets called alignments of five points each, such that 
the five points of an alignment determine the circles in ooze parallel class. 
If y belongs to a fundamental 15 arc A?, then the three alignments with 
center y are contained, one each, in the three other fundamental 15 arcs. 

(20) Each alignment has a unique center. 

Proof Let y1 and y2 be centers of a same alignment W, so that 
tr( y1 , yz) n R = a. Hence Cul and Cyz belong to the same parallel class, 
implying y1 and yz belong to the same fundamental 15 arc. Relabel, if 
necessary, so that y1 , y, E A, are distinct centers of the alignment 



QUADRANGLES OF ORDER 4 275 

w = 1% , z2 9 z3 > 24 9 5 - z } C A, . Let Wi, be the alignment in A$ with center yi , 
i = 1,2; j = 3,4. As tr( y, , yJ = W, the four Wij are pairwise disjoint. 

Consider WI3 2 A,, for example. Suppose the points u1 ,..., ug of WI3 are 
labeled so that ylzj passes through uI E WI,, 1 <j < 5. If some .zj were 
collinear with some uk , j f k, then ylz+ll: would be a triangle. Hence no zj 
is collinear with a second point of WI3 . This holds for each Wtj . Hence each 
zk is collinear with a unique point in each Wij , 1 < k < 5; i = 1, 2; 
j = 3, 4. Let Wj = A,\( Wlj u WzJ, j = 3, 4. Then the three remaining lines 
through zi (not through y, or yJ, 1 < i < 5, each pass through one point of 
W, and one point of W, . Put W, = {a, ,..., a,), Wh = {b, ,..., b5}. On the 
average, each ai (respectively, each bi) is collinear with three points of W. 
But if some ai (respectively, bJ were collinear with four points of W, then 

(Yl 9 Yz 3 z a.) (respectively, (y, , y, , bi)) would be a triad with four, and hence 
five centers; i.e., ai (respectively, bJ would be a center of W, forcing it to 
belong to A, . It follows that each ai (respectively, bJ is collinear with exactly 
three points of W. It follows that the 15 lines through the zi’s and not 
through y1 or yz , together with the points of W u W, u W, , form a sub- 
system with 15 points, 15 lines, 3 points on each line, 3 lines through each 
point, and of course having no triangles. It follows that this subsystem Y’ 
must be the unique GQ of order 2. But W, W, , and W, are disjoint sets of 
five pairwise noncollinear points of Y’, contrary to the well-known fact that 
9” has six sets of five pairwise noncollinear points with each two such sets 
having a unique point in common (c.f. [I, p. 551). This contradiction com- 
pletes the proof of (20). 1 

(21) If y1 and ye are centers of two alignments having three points in 
common then y, and yz must be at different levels of the same Aj , 1 < j < 4. 

Proof. For example, let yi E Ai , i = 1, 2, and let W, = {w, ,,.., wg) and 
w2 = {WI, wz , w3 > w4’, w5’}, respectively, be the alignments in A, with 
centers y1 and yz , respectively. We may choose the notation so that 
Cw, = CWt, and Cw, = &,I . As y1 and yz are in distinct Aj, CV, and C~, 
must have a unique point in common, say CV, n Cg, = (z} = R n tr(y, , yz). 
If z = ylwj n y2wIc’, j, k C (4, 5}, clearly CWj n Cw,, + a, implying j = k. 
Suppose j = k = 4. It follows that ylw, must also meet y2w5’, and at a point 
of R since tr(WS , w,‘) C R. But this implies CU1 and CU, have two points in 
common, an impossibility. m 

(22) If y1 and yz are points in distinct levels of the same 15 arc Aj , 
the points of tr(y, , yz) are distributed into precisely two of the other 
fundamental 15 arcs. 

Proof. If tr( y1 , yz) belongs to one arc Aj , it clearly must be an alignment 
with two centers, an impossibility by (20). On the other hand, suppose that 
YI,YZE&, with wi E tr(y, , yz) n Ai , i = 1, 2, 3. The align:ments deter- 
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mined in A, by w1 , w2 , ws must have pairwise intersection exactly equal to 
{ y1 , y2), by (21). Let wq be some additional points of tr(y, , yJ, say wq E A, . 
So w1 and wq are at distinct levels of A, . The alignment detremined by wq in 
A4 must meet the alignments in A, determined by wz and w3 in just y, and yz . 
This forces w1 and wq to determine the same alignment in A,, an impossi- 
bility by (20). 1 

As any triad with more than three centers must have five centers, the 
following is an easy consequence of (20) and (21). 

(23) No three distinct alignments may have more than three points in 
common. 

But in fact even more is true! 

(24) No three distinct alignments may have three points in common. 

Proof. Let W, , W, , W, be three distinct alignments lying in A,, for 
example, and having in common the points w1 , wz , wa . The centers yi of Wi 
must all lie in the same Aj by (21), say yi E A, , i = 1, 2, 3. It follows easily 
that (yi9 yz, vd i (wyp w2, w,). By the duals of (10) and (14) some triad 
of lines joining the yi to the wj must have three centers. By relabeling, we may 
suppose that Ni = yiwi , 1 < i < 3, and that (N1, N2 , NJ is a triad with 
three centers. No center of (N, , N2, NJ may lie entirely outside R, since 
such a center would have three points, each lying in A, or A,. But no two 
points of a same Aj are collinear. It follows readily that each of the three 
centers of (N1 , N2, Na) must have one point in R, and the incidences must 
appear as in the diagram (perhaps after a little relabeling. 

But (cf. the diagram), u1 and u9 are points of the same fundamental 

15 arc Al that have a point x2 of R in their trace, implying they determine 
the same circle. However, the point z1 is outside R and also in tr(u, , uz). 
This is impossible, proving (24). 1 

(25) If w, and w, are points at distinct levels of some Aj , then tr(w, , w,) 
must have four points in some fundamental 15 arc and one point in another. 
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Proof. If not, then by (22) we may suppose that w1 , wz E A, , tr(w, , w,) = 
(Yl >...> y5}, with y1 , y2, y, E A, , yq, y5 E A, . The alignments W, , W, in A, 
determined by y4 and ys , respectively, contain w1 and wz and must contain 
distinct points at some other level of A, . At that level, the alignments wi 
determined by yi in A,, 1 ,< i < 3, must all be disjoint from W, and W, , 
by (21). It follows that WI, W, , W, must have three centers in A, , contra- 
dicting (24). fl 

Finally, suppose that tr(w, , wJ = {yl ,..., y5}, with w1 , wz E A, , 
Yl s..., y4 E A,, y5 E A, . Say that A, has w1 at level 1, w2 at level 2, and call 
the other levels 3, 4, and 5. Then the alignment W, determined by y5 in A, 
contains w1 and wz and points w3, wq , wj at levels 3, 4, 5, respectively. 
The alignments Wi , 1 < i < 4, determined by yi in A, contain w1 and wz , 
but must be disjoint from (w, , wq, WJ by (21). And by (2% Myi, YA 
1 < i < j < 4, must have precisely two points from levels 3, 4, 5 of A,. 
There are two available points at each level, and each yi is collinear with 
one point at each level. A contradiction is easily reached, since any three of 
the points yz ,..., y4 collinear with even one point in common at level 3, 4, 
or 5 yields a triad with three centers and a contradiction to (24). 

This completes the proof of the theorem. B 

4. CONCLUDING REMARKS 

Let Y be a GQ of order 4. Then each pair (li, , L,) of nonconcurrent 
lines must belong to a triad 9 = (L, , L, , LJ with three centers 
(Ml, Mz, M3) = JZ’. If both 8 and JY have five centers, then (L, , L,) is 
regular and Y is determined uniquely by the main theorem. If 9 has five 
centers but k’ has only three, it easily follows that the 10 points on the 
centers of 9 but on no line of 9 may be split into two sets of five, with one 
set being the trace of any pair of points in the other set. B-ut this would 
force Y to have a regular pair of points. By the main theorem 9 would 
have to be isomorphic to W(4), implying all points and lines are regular. 
This contradicts the assumption that J&’ has only three centers. Hence if 9 
is not isomorphic to W(4), then any triad with three centers has exactly 
three centers. Consequently, the study of orthogonal pairs of triads given in 
Section 2 should provide a reasonable first step in the investigation of a 
possible GQ of order 4 not isomorphic to W(4). 

Indeed, we can actually show the following. 

(26) Case b cannot occur. 

Proof. Suppose (9, J&?) is an orthogonal pair of triads of type b, so that 
a family JV = (NI , N, , NJ of secants to the Mj’s is orthogonal to a family 
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X = (Kl , Kz , KS) of secants to the Li’s. Let R’ be the set of points at which 
some Ni meets some Kj , 1 < i, j < 3. A pointy of .Y’ not in R’ will be called 
an exterior point. The family of secants opposite to JP” meets the family of 
secants opposite to X in somewhere between 0 and 9 special points, implying 
that there are between 9 and 18 exterior ponits lying on at least 1 secant. 

As there are 55 exterior points, there must be at least 37 exterior points lying 
on no secant. Let y be an exterior point lying on no secant. The same 
argument used above to show that y must be collinear with some point of R 
may now be used to show that y must be collinear with some point of R’. 

Case 1. y is collinear with one point of R and lies on four tangents to T 
(since by assumption y is on no secant). It follows that y is collinear with 
one point of R’ and on the same line joining it to a point of R. 

Case 2. y is collinear with two points of R and lies on two tangents to T, 
one meeting on L, , one meeting on Mj . It follows readily that y cannot be 
collinear with one or three points of R’. Hence y is collinear with two points 
of R’. As y is on five lines, one of the lines joining y to a point of R must join y 
to a point of R’. 

Case 3. y is collinear with three points of R. It follows readily that y 
must be collinear with three points of R’. As y is on five lines, y must be on 
some line joining a point of R to a point of R’. 

Hence there must be at least 37 exterior points on lines joining a point of R 
with a point of R’. But each point of R’ is collinear with a unique point of R, 
so there are at most 3 x 9 = 27 exterior points lying on lines joining points 
of R to points of Ii’. This contradiction proves (26). 1 
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