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0. Introduction

The paper concerns cohomological invariants of commutative noetherian local rings. Let R be such a ring, m its maximal
ideal, and let d denote the depth of R and e the minimal number of generators of m. The number e — d is called the embedding
codepth of R. It is equal to the length of a minimal free resolution F of R over P, where R is the m-adic completion of R and P
a regular local ring of dimension e, for which there is an isomorphism R = P/I; such an isomorphism always exists, due to
Cohen’s Structure Theorem. For ¢ < 2 the structure of F, and hence that of R, is determined by the Hilbert-Burch Theorem.

This paper is mostly concerned with rings of codepth 3, so we assume ¢ = 3 for the rest of the introduction. There exist
then integers | > 2 and n > 1, such that

03 02

F=0—pr 2 prtl 2 pit M p g (1)

The maps 9; are known in a few cases only. Buchsbaum and Eisenbud described them in [14] for | = 2, and in [15] when R
is Cohen-Macaulay with | = 3 or n = 1. Brown determined 9; for certain Cohen-Macaulay rings with n = 2; see [13].

The proofs of those theorems use the fact that F can be turned into a graded-commutative DG (that is, differential graded)
algebra; see [15]. Such a structure is not unique in general, but the isomorphism class of the graded k-algebra

A=F®pk, wherek=R/m, (2)

is an invariant of R. The possible isomorphism classes were determined by Weyman [33] in characteristic zero and by
Avramov et al. [11] in general. The remarkable fact is that for fixed I and n there exist only finitely many possibilities for A,
described explicitly by simple multiplication tables. These are reviewed in Section 1, along with other background material.

We are interested in classifying non-Gorenstein rings. A natural tool for the task is provided by the Bass numbers
;L}'( = ranky Exty(k, R), which are positive for all i > d when R is not Gorenstein, but vanish when it is. The Bass series
IR(t) = 3", 1k t' offers a useful format for recording the Bass numbers of R.

As our first result, Theorem 2.1, we obtain in closed form expressions

f® (1+0!

X)) = 20 and P{(t) = 0 with f(t), g(t) € Z[t], (3)
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where P,’f(t) = Zi)O ranky Torﬁ2 (k, k) t' is the Poincaré series of k. That such expressions exist follows from [11], via [18], and
g(t) was computed in [4].

For the goals of this paper we need the precise form of f (t) as well. In Section 2 the series I,’§(t) and P,’f(t) are computed
in parallel. Work in [6,2] reduces the problem to finding I,’:(t) and P,ﬁ‘(t) for the algebra A in (2). To compute these series we
use a battery of change-of-rings results, which are analogs of known theorems over local rings. Translation to the context
of graded-commutative k-algebras requires changes in statements and proofs; these are discussed in Appendix.

It has long been known that for Gorenstein rings [ is even, see [32], and that R is Gorenstein if and only if A has Poincaré
duality, see [8], so n = 1. Furthermore, R is complete intersection if and only if A is an exterior algebra, see [1], and then
| = ¢ — 1. In Theorem 3.1 we prove that membership in each one of the remaining classes imposes new restrictions on the
numbers [ and n. The arguments introduce ideas that have not been applied earlier in this context, such as utilizing the DG
module structure of Homp (F, P) over the DG algebra F from (1), and analyzing the growth of the Betti numbers of R over
complete intersection quotient rings of P.

In the first three sections the focus is on the structure of rings of codepth 3. The last section is motivated by open problems
on the behavior of Bass sequences of local rings in general. In the introduction of [ 17], Christensen, Striuli, and Veliche collect
precise questions and give a comprehensive survey of earlier results.

Theorem 4.1 gives complete answers in codepth 3: When R is not Gorenstein

up = yugt! (4)
holds for some real number y > 1and every integer i > 1, with a single exception:

pdt? = p& 1 =2 whenR = P/(wx, wy, 2) (5)
and w is P-regular, x,y is a P-regular sequence, and z is P/(wx, wy)-regular. In particular, we recover the asymptotic
information known from earlier work: the Bass sequence of R eventually is either constant or grows exponentially, see
[4]; it is unbounded when R is Cohen-Macaulay, but not Gorenstein, see Jorgensen and Leuschke [23]; if it is unbounded,
then (4) holds for i > 0, see Sun [30].

Neither the inequalities in (4), nor the description of the exceptions in (5), are formal consequences of the rational
expressions in (3). In fact, extracting information on the Taylor coefficients of a rational function from expressions for its
numerator and denominator is classically known to be a very hard problem.

Our approach is to prove first that Mer‘ > ,uﬁ“_] holds, with the exceptions in (5), by drawing on three distinct sources—
the expressions of the coefficients of f(t) and g(t) from Theorem 2.1, the relations between those coefficients implied
by Theorem 3.1, and certain growth properties of the Betti numbers of k that are satisfied whenever R is not complete
intersection. Once the growth of the Bass sequence is established, Theorem 4.1 easily follows from results in [4,30].

Since no additional effort is involved, all the results in the paper are stated and proved for local rings of embedding
codepth at most 3.

1. Background

In this paper we say that (R, m, k) is a local ring if R is a commutative noetherian ring, m its unique maximal ideal, and
k = R/m. Recall the invariants

edimR = ranky(m/m?) and depthR = inf{i € Z | ,uﬁz # 0}.
1.1. The following notation is fixed for the rest of the paper:
e = edimR, d = depthR, c=e—d, and h=dimR-—d.

We write K for the Koszul complex on a minimal set of generators of m. It is a DG algebra over R, so its homology is a
graded algebra with Ho(K) = k. We set

A =H(K)
and fix notation for the ranks of some k-vector spaces associated with A:
| = rankA; — 1 p = rank;(A?)
m = rank;A, q = rankg(A; - Ay)
n = rankA; r = rankg(5;)

where §,: A, — Homy(A1, A3) is defined by 6,(x)(y) = xy forx € Ay and y € A;.

1.2. Let R denote the m-adic completion of R. Cohen'’s Structure Theorem yields/ﬁ = P/I for some regular local ring (P, p, k)
with dim P = e; thatis, I C p2.

When I can be generated by a regular sequence R is said to be complete intersection; this property is independent of the
choice of presentation, see [ 16, 2.3.4(a)].
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Let F be a minimal free resolution of R over P and L be the Koszul complex on a minimal generating set of the maximal
ideal of P. There are natural maps

K=R®xK > R®K > R®pL < F®@pL>Fpk (1.2.1)
the symbol ~ denotes a quasi-isomorphism. In particular, an equality

rankyA; = rankpF; (1.2.2)
holds for every integer i. The Auslander-Buchsbaum Equality now yields

max{i | A; # 0} = ¢ = pd, R. (1.2.3)

Krull’s Principal Ideal Theorem gives the inequalities below; the first equality is (1.2.2) for i = 1; the third one comes
from the catenarity of the regular ring P:

I+ 1 = ranky(I/pI) > heightp,(I) = e —dimR=c —h > 0. (1.2.4)

By definition, the second inequality becomes an equality if and only if R is regular. Since P is Cohen-Macaulay, the first
inequality becomes an equality precisely when I is generated by a regular sequence; that is, when R is complete intersection.
When ¢ < 3, the equality Zizo(—l)’rankpﬂ =0,(1.2.2) and (1.2.3) give

m=I1+4+n. (1.2.5)

The following classification is the starting point for our work and is used throughout the paper. As always, /\, denotes
the exterior algebra functor. The functors X and Homy(—, X3k) and the construction x are defined below, in 1.5.

1.3. If ¢ < 3, then up to isomorphism A is described by the following table, where B, C, and D are graded k-algebras, and W
a graded B-module with (B, )W = 0:

Class [range] c A B C D

C(c) [c > 0] c B A Zke

S 2 BxW k

T 3 BxW Cx X(C/Csy) A Zk?

B 3 BxW CxXCy A Zk?

G(r) [r>2] 3 BxW CwxHomg(C, 23k) kx Xk

Hp.q) [p,gq=>0] 3 BxW C®D kx (ZkP @ X?%k9)  kx Xk

No two algebras A in the table are isomorphic, and neither are any two algebras B.

The table is compiled as follows. If ¢ < 1, then A; = 0 fori > ¢ and A; = k¢, by (1.2.2) and (1.2.3), whence A = A, Zk".
If c = 2, then F is given by the Hilbert-Burch Theorem; an explicit multiplication on F, see [5, 2.1.2], yields A = /\kEk2 or
A = kx W.When ¢ = 3 the possible isomorphism classes of A are determined in [33, Proof of 4.1] when k has characteristic
0,and in [11, 2.1] in general.

In some cases, the class of a ring and its structure determine each other:
1.4. Let R be a local ring with edimR — depthR = ¢ < 3.

1.4.1. The ring R is complete intersection of codimension c if and only if it is in C(c), as proved by Assmus [1, 2.7], see also
[16, 2.3.11]; for suchrings | = ¢ — 1.

1.4.2. The ring R is Gorenstein, but not complete intersection, if and only if it is in G(r) with ! = r — 1 and n = 1; for such
rings lisevenand [ > 4.

Indeed, R is Gorenstein if and only if A has Poincaré duality, by Avramov and Golod [8], and then [ is even, by Watanabe
[32, Theorem]; alternatively, see [15, 2.1] or [16, 3.4.1].

1.4.3. The ring R is Golod if and only if it isin S or in H(O, 0).

By definition, R is Golod if and only if all Massey products of elements of A, are trivial. The binary ones are just ordinary
products. Massey products of three or more elements have degree at least 4, and A; = 0 for i > 4. Thus, R is Golod if and
only ifAﬁ_ = 0. By 1.3, this occurs precisely for the rings in S or H(0, 0).

We recall a modicum of notation and facts concerning DG modules.
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1.5. Let E be a DG algebra over a commutative ring S. We assume E; = 0 fori < 0 and that E is graded-commutative, meaning
that xy = (—1)¥yx holds for allx € E;and y € E;j and x> = 0 when i is odd. The DG algebra E acts on its module M from
the left. All differentials have degree —1. A morphism of DG modules is a degree zero E-linear map that commutes with the
differentials; if it induces isomorphisms in homology in all degrees, it is called a quasi-isomorphism.

For every s € Z, set (¥°M); = M;_; forj € Z. The identity maps on M; define a bijective map ¢*: M — X°M of degree s.
Setting 8= M (¢ (m)) = (—1)°c5(dM(m)) and x¢*(m) = (—1)® ¢ (xm) for every x € E; turns £°M into a DG E-module.
Recall that Homgs(M, X°S) denotes the DG E-module with Homg(M, X°S); = Homg(M,_;, S), differential o(u)(m) =

(—1YT1d(m) for u € Homs(M, 2°S);, and E acting by (xu)(m) = (—1)! u(xm) for x € E;. Set M* = Homs(M, S).

The trivial extension E x M is the DG algebra with underlying complex E @& M and product (x, m)(x', m’) = (xx', xm’ +

(—=1Y"X'm) forx' € Ey andm € M;.

1.6. Let E be a DG algebra over S, and let M and N be DG E-modules

Modules Torf(M, N) and ExtiE(M, N) over the ring S are defined for every integer i, see [9, Section 1]. If E is a ring,
considered as a DG algebra concentrated in degree 0, and M and N are E-modules, treated as DG modules in a similar way,
then these derived functors coincide with the classical ones. When k is a field E — k is a homomorphism of DG algebras,
and the k-vector spaces Torf (M, k) and Extg(k, N) have finite rank for each i and vanish for i <« 0, we set

PR(t) =) rank,Torf (M. k) t' e Z[t][c]. (1.6.1)
i€z

I} = rankExty(k,N) '€ Z[t][t""]. (16.2)
i€eZ

Every morphism of DG algebras ¢ : E' — E induces natural homomorphisms of S-modules Torf (M, N) — Torf (M, N)
and ExtiE (M,N) — Exté, (M, N) for each i € Z. These maps are bijective when ¢ is a quasi-isomorphism.

A graded algebra over S is a DG algebra with zero differential; a graded module over a graded algebra is a DG module with
zero differential.

1.7. Let K be the Koszul complex K described in 1.1. The natural map K — k turns k into a DG K-module. From [2, 3.2] and
[6, 4.1], respectively, we get

PRE) = (1+0)°-Pf(t) and I§(t) = t°-I§(L).

If the resolution F in 1.2 has a structure of DG algebra over P, then the natural surjection F, = P — k turns k into a DG
F-module. The maps in (1.2.1) then are morphisms of DG algebras, so we get isomorphisms of DG algebras

F ®p k = H(F ®p k) = A. (1.7.1)
The invariance under quasi-isomorphisms of the DG derived functors in 1.6 gives
PE(t) =PA(t) and I¥(t) = I4(t).

When ¢ < 3we have F; = 0 fori > 3, see (1.2.3), so F supports a structure of DG algebra over P by Buchsbaum and
Eisenbud [15, 1.3]; see also [5, 2.1.4]. Thus, in this case we have

PR(t) = (1 + 6)° - PL(D). (1.7.2)
If(6) = t° - I(D). (1.7.3)

Techniques for computing Poincaré series and Bass series over graded algebras are presented in Appendix, along with a
number of examples.

2. Bass series

Our goal in this is section is to prove the following result.

Theorem 2.1. Let (R, m, k) be a local ring, set d = depthR and e = edimR, and let |, n, p, q, and r be the numbers defined in 1.1.
When e — d = ¢ < 3 there are equalities

e—1
U407 g Ry =1 r®

g(t) g(t)
where f (t) and g(t) are polynomials in Z[t], listed in the following table:

Pi(t) =
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Class g(t) f()

C(c) (1= 406! (1= 41!

S 1—t—1It? [+t —t?

T 1—t—I?—m=3)3—-t> n4+lt-202-3+1¢t*

B 1—t—It?—(n—-D3+t* n+d-2Dt—t>2+1¢*

G(r) 1—t—1It> —nt3 +t4 n+(0-nt—@F-Dt> -3 +1t*
H(0, 0) 1—t—1It? —nt3 n+lt+t> -3

H(p, q) 1—t—12—(n—pt3+qt* n+J—qt—pt> -3+t
p+q=>1

All of the Poincaré series and a smattering of the Bass series above are known:

Remark 2.2. Since rings in C(c) are complete intersection, see 1.4.1, the formula for P,f(t) is due to Tate [31, Theorem 6];
we have Ig(t) = t% because R is Gorenstein.

When R is in G(r) withr = [ + 1and n = 1, it is Gorenstein by 1.4.2. The formula for P,f(t) then is due to Wiebe [35,
Satz 9]; the other formula gives I,’§(t) =td,

When R is Golod, P,’f(t) is given by Golod [19] and Ig(t) by Avramov and Lescot [12]. In view of 1.4.3, this covers the rings
RinSand H(0, 0); for R in'S, Scheja [28, Satz 9] computed P{(t) and Wiebe [35, Satz 8] calculated If ().

The formulas for P,f(t) in the remaining cases were obtained in [4, 3.5].

In the proof that follows the series P,f(t) and Iﬁ(t) are computed simultaneously and in a uniform manner. A separate
calculation is needed for each class.

Proof of Theorem 2.1. By (1.7.2) and (1.7.3), it suffices to establish the equalities

RO _
PE(b) PE(®)

(Class C(c)). The formulas come from (A.3.1) and (A.4.1), respectively.

=(1+41t)-g(t) and (1410 - f(0).

(Class S). The formulas come from (A.2.1) and (A.2.2), respectively.

(Class T). The exact sequence 0 — X%k — C — C/C.; — 0 and formulas (A.1.1) and (A.1.3) give Pg(c/c>2>(t) =
t(1+ 3P (t)). Now (A.3.1) and (A.5.1) yield

T oo p 3
P,f(t)_(l t)(l r<1+r

The isomorphism of k-algebras B = E/E.3 withE = /\k2k3 and (A.9.1) give

— 2 4 5 6

Ig(t) —4 2 4 5 6 -2 2
=t (1 - (=3 43t = — %)) —t =3t =3+ 12
1A
Using formulas (A.5.1) and (A.8.1) we now obtain:
1
—— = (1=3043t" - =% — t(I =Dt + (I +n—3)t* +nt?)
Pk (t)
=(1+0(1—t—1It* —(n—3)t> = ).
If(t) -2 2 -1 -2 -3
PO = Gt =3+ + (I—2t" +U+n—3)t> +nt>)
k

=t +0Mm+1t — 262 — 4+ t%).

(Class B). Using (A.1.1), (A.1.3) and (A.3.1) we obtain
- 22 —t4
(1 —t2)2 - (1=1t2)2"

PSe, () =t-PE () =t-t7"- (P(D) — 1) =
From formulas (A.3.1) and (A.5.1) we now get

1
—— =(1-tH? -t —tH=1-—2t2 =283 + t* 4+ ¢°.
PE(t)
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Assume, for the moment, that there is an exact sequence of graded B-modules
0— X, > 'k— X B3y 3B—B —0 (2.2.1)

where B* = Homy(B, k). We then have a string of equalities, where the first one comes from (A.1.2), and the second one
from (A.1.1) and (A.1.3) applied to (2.2.1):

() PL(D)
PEE) PR
(27 (PE(E) — 1) + 71 PE(E)) + £ 73 172
PE(t)

1
PE(t)
=t 4227 — 142
Formulas (A.5.1) and (A.8.1) now yield:

=1+t7241t3.

% =(1-20 =20 +t*+ 1) —t(U— Dt + (I +n—3)> + (n— DE?)
P(®)
=1+0(1—t—1t" — (n— D +t*).
A
1';;((?) =742 =1+t + )+ (A=DtT +A+n=3)"+ - Dt )
k

=20 +0)(n+ -2t — > +1%).

It remains to construct the sequence (2.2.1). To do this we use the module structures on suspensions and dual modules,
described in 1.5. Recall from 1.3 that B=C x X' Cy, withC = /\, X k2. Choose a basis {a;, a;} for C;. With b; = (—1)i¢c(a;)
fori = 1,2,a3 = aya; and b; = ab; the set a = {1, a;, b;}1<i<3 is a k-basis for B. The non-zero products of elements of a
are listed below:

a1a; = —aap = das and albz = azb] = b1a2 = bz(l] = b3. (222)

Let o € (B*)_,, respectively, 8 € (B*)_3 be the k-linear map that sends as, respectively, b; to 1, and the remaining
elements of a to 0. The map defined by

7(s7?®), s 3¥) = xa — (—1)'yp

forx € Bjandy € B;; isamorphism w: ¥ 2B @ X 3B — B* of graded B-modules. Its image contains the basis of B* dual
to a, so 7 is surjective.
Set U = Ker (7). The surjectivity of = implies rank,U = 7. Set

uj = (¢72(a), (=15 3(by). vy = (¢ 2, 0), w = (0, s *(a3)),
and u = {u;, vj, w}j=12 3. Itis easy to see that u is in U and is linearly independent over k. Thus, u is a k-basis of U, so there
is an isomorphism of vector spaces

Vi, X k> U

satisfying v(aj) = ujand v(b;) = vjforj = 1, 2, 3, and v(1) = w. Simple calculations, using (2.2.2), yield v(bu) = bu(u)
forall b € aand u € u. This means that v is B-linear, and so validates the exact sequence (2.2.1).

(Class G(r)). Formulas (A.6.1) and (A.6.2) give

1
— =1—-rt? =t} 4+ 1¢°.
Pi(t)
B(t
';() =t 3 -t —r 412
Pk (t)
From formulas (A.5.1) and (A.8.1) we now obtain:
1
o A== +)—t(I+ 1=t +(+n—1t*+ (n— D)
k
=1+t —t—It2—nt>+ 4.
Iﬁ(t) -3 -1 2 -1 -2 -3
) = —rt —r+)+((+1=0t"+(+n—Dt7+ 0O — Dt )
k

=t2A+0(n+ -t — (- D — > +t).
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(Class H(p, q)). Whenp = 0 = gwe have A = k x W, so (A.5.1) and (A.7.1) give

P{(t)
I2(0)
PA(t)

When (p, q) # (0, 0), using (A.1.4), (A.2.1) and (A.2.2) we get

gt

1

—— =(1-pt?—qt]) - (1-13).

PR (1—pt®—qt) - ( )

5, qt24ptT —t

O =—"—"5"5"
1—pte—qt

From (A.5.1) and (A.8.1) we now obtain

1
PA(t)

1—pt2—qt3 ~

=(1+0(1-t—1 - @n—p¢t*+qth).

I3 ()
PA(t)

=t +0(n+ 1 —qt—pt®> — > +1t?).

=1—-t(I+ Dt + (+n+nt’) = (1+ 01—t — I —nt?).

=(4+DtTT+ 0+t 4+t — =t + O+ I+ 2 =),

=1-pt? —q)A -t —t(I—pt+(+n—p—t*+ (n— gt

These formulas gives the desired expressions for P,ﬁ‘(t) and Iﬁ(t). O

3. Classification

=@ +pt? =)0 -+ (I-pt' +(+n—p—@t >+ n—gt )

2495

We significantly tighten the classification of rings R of embedding codepth 3, recalled in 1.3, by proving that membership
in each one of the classes described there imposes non-trivial restrictions on the numerical invariants of R. Comparison with
existing examples raises intriguing questions, discussed at the end of the section.

Theorem 3.1. Let (R, m, k) be a local ring with edimR — depthR = ¢ < 3.
When R is not Gorenstein the invariants from 1.1 satisfy the following relations.

Class c h< I> n> p q T
S 2 1 2—h 0=n 0 0 O
T 3 1 3—h 2 3 0 O
B 3 1 4—h 2—h 1 1 2
G(r) 3 1 max{4—h,r+ 1} 2—h 0o 1 r
H(p,q) 3 2 max{3—h,p,q+ 1,2} max{2—h,p—1,q,1} p q ¢q

The notation used in the theorem remains in force for the rest of the section.

Remark 3.2. The entries in the columns for c, p, q, and r are read off directly from the description of the graded algebra A

in 1.3

Some numerical equalities determine the structure of the ring R.

Corollary 3.3. Assume ¢ = 3 and R is not complete intersection.
The following conditions then are equivalent.

i)l=q+1.

(ii) I=pandn =q.

(iii) Risin H(p, q) withn =p — 1.
)

(iv) R = P/(J + zR), where (P, p, k) is a regular local ring, | an ideal of P with | C p? and rank,(J/pJ) = | > 2,and z a

P/]-regular element in p2.

When [ or n is small the theorem is complemented by more precise results.

3.4. Let R be a local ring with ¢ = 3.
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3.4.1. If | = 2, then by Avramov [2, Proof of 7.2] one of the following cases occurs:

(a) h =0andRisin C(3).
(b) h =1and Risin H(2, 1) withn = 1, or in H(0, 0) or H(1, 0) withn > 1, orin H(2, 0) or T with n > 2.
(c) h=2andRisin H(0, 0) withn > 1.

3.4.2. If| = 3 and h = 0, then by Avramov [3, Proof of Thm. 2] R is in one of the classes:

(a) H(3, 2) withn = 2.
(b) Twithoddn > 3.
(c) H(3, 0) withevenn > 4.

343.Ifl>4,h=0,n=2,and p > 0, then by Brown [13, 4.5] R is in one of the classes:

(a) Bwitheven L
(b) H(1, 2) with odd L

We start the proof of the theorem with some general considerations.

Lemma 3.5. Write R in the form P /I, with P regular and dim P = e; see 1.2.
When R is not complete intersection the following assertions hold.

() I>c—h=e—dimR > 1 hold. N N

(2) I = 1impliesc = 2 and h = 1; furthermore, | = (wx, wy) where w is an R-regular element and x, y is an R-regular
sequence.

(3) h < 2 holds; furthermore, h = 2 implies that R is in H(0, 0).

(4) IfRis not Gorenstein and ¢ = 3, thenn > 2 — h.

Proof. (1) Formula (1.2.4) gives|+1>c—h=e—dimR > 1.

(2) When [ = 1 the ideal I is minimally generated by two elements, see (1.2.4); say, I = (u, v). As the regular local ring
P is factorial, we have u = wx and v = wy with relatively prime x, y. The sequence x, y is regular, so pd, R = 2. As R is not
complete intersection, the element w is non-zero and not invertible, so h = 1.

(3) From (1) we see that h < ¢ — 1 < 2 holds, and equality implies e — dim R = 1. The ring R then is Golod by Avramov
[5,5.2.5], and so it is in H(O, 0) by 1.4.3.

(4) For any maximal R-regular sequence x standard results, see [16, 1.6.16], give

Az = ((x) : m)/(x) = Homg (k, R/ (%)) = Exti(k, R) # 0,
son = ud > 1. Now recall that R is Gorenstein if and only if h = 0 and ud = 1. O

It is proved in [11] that for several classes of local rings R, including those of embedding codepth at most 3, there is a
complete intersection ring Q and a Golod homomorphism Q — R. This was used to show that for every finite module M
over such a ring, P,’S, (t) represents a rational function with fixed denominator.

In the proof of the next lemma we turn the tables: By applying the formulas for P,? (t) and P,f(t) from Theorem 2.1 we

express the Betti numbers ﬂiQ (R) in terms of the numerical invariants of R, defined in 1.1, then use information on the
asymptotic behavior of Betti numbers over complete intersections, obtained in [7].

Lemma 3.6. Set tg = 1 for Rin T and tz = 0 otherwise.
If c = 3 and R is not complete intersection, then the following dichotomy holds:

(Q) l>q+2andn > p — 13, 0r
(b)l=q+1andn=p—1— ;.

Proof. Parts (1) and (2) of Lemma 3.5 imply | > 2 and h < 2.1f h = 2, then Lemma 3.5(3) shows that R is in H(0, 0). When
Ris in H(0, 0) the first pair holds and the second fails. Until the end of the proof we assumeh < Tandp +q > 1.

We choose an isomorphism R = P/I, as in 1.2. By taking a close look at some arguments in [ 11], we set out to show next
that I contains a regular sequence x, y, such that for Q = P/(x, y) the induced map Q — R is a Golod homomorphism.

For R in T such a sequence is found in the proof of [11, 6.1]. It is also shown there that if R is in G(r), B, or H(p, q) with
p+q > 1,then for some x € I and P = P/xP the map P — Ris Golod. As the ideal I = I/xP of P has positive height, we can
choose a minimal generator y of I so that its image in R is regular. The natural map from Q = P/yP to R is Golod by Avramov
etal.[11, 5.13]. By the definition of Golod homomorphisms, see Levin [25], the following equality then holds:

Pg(r)=l.<1+t—1>,?(t). Rl ) (36.1)
‘ P(D)



L.L. Avramov / Journal of Pure and Applied Algebra 216 (2012) 2489-2506 2497

Inspecting the tabulated values of p and g, see Remark 3.2, we note that the various forms of P,’f (t) listed in Theorem 2.1
admit an uniform expression, namely,

1+ 0!

PX(t) = . 3.6.2
k() 1—t—1t2 — (n — p)t3 + qt4 — t> (362)
Now Q is in C(2), so P,? (t) is given by Theorem 2.1, hence (3.6.1) and (3.6.2) yield
—t 14+ 1—t—1It2— (n—pt>+ qt* — 7pt?
(1—1)-P2t) = R O (n—pt°+qt" —
R (1—1)? (1+1)e1
1—t
= (A=t -A =t =1t = (n—p)t> +qt* — zt*
L (n—p)t* + qt* — t*))
1
=——(t+ 1=t —pt? —(@q-nt* t°
o =D+ =P = (@ D+ wt?)
1+ —pt? 4 t? N (I-2t—(q— Dt
- 1—1t2 1—1t2
0 . > .
=1+(-2t+m+1-p2+ ) (-1=* "+ (n+1—p+ )t
i=1 i=1
The composite equality of formal power produces numerical equalities
I—1—q=8% ® - LR foralli > 1,
2i+1 2i (3.6.3)

n+1—p+te=p3,R — Y R foralli> 1.

The ring Q being complete intersection, the sequence of Betti numbers of each finite Q -module is eventually either strictly
increasing or constant, see [7, 8.1] or [5, 9.2.1(5)]. Thus, the left-hand sides of the equalities in (3.6.3) are either both positive
or both equal to zero. This is just a rewording of the desired conclusion. O

The proof of the next result, with its use of a DG module structure on a minimal P-free resolution of a dualizing complex
for R, presents independent interest.

Lemma 3.7. If c = 3 and R is not Gorenstein, then | > r + 1 holds.

Proof. There is nothing to prove for RinT, as then r = 0; see Remark 3.2.

By the same remark, rings in Bhave p = ¢ = 1and r = 2. Case (b) in Lemma 3.6 then cannot hold, as it implies n = 0,
and case (a) gives| >3 =r+ 1.

Rings R in H(p, q) have r = g, see Remark 3.2, and Lemma 3.6 gives | > q + 1.

For the rest of the proof we assume that R is in G(r). Thus, its Koszul homology algebra A has the form A = B x W, where
B is a Poincaré duality k-algebra with

rank,B; = r = rank;B,, rankgBs = 1, Bi-B1=0

and W is a graded B-module with B, W = 0. For every graded B-module N, set N’ = Hom (N, X3k) and endow this graded
vector space with the natural B-module structure described in 1.5.

Choose B € (B')o with Ker(8) = B.,. As B has Poincaré duality, the homomorphism of left graded B-modules«: B — B
with o (1) = B is bijective; thus,

A=BB®W and «:B=BB (37.1)

as graded B-modules, where B act on A-modules through the inclusion B C A.

As we may assume that R is complete, we fix a Cohen presentation R = P/I, a minimal resolution F of R as a P-module,
a DG P-algebra structures on F; see 1.2. Set F/ = Homp(F, ¥3P) and turn F’ into a DG F-module, as in 1.5.

Using (1.7.1) to identify the graded algebras F ®p k and A, we get isomorphisms

F' ®p k = Homp(F, k ®p X>P) = Homy(F ®p k, Z3k) = A’

of graded A-modules. Choose & € F}, so that these maps send &£ ® 1to (8, 0) € A’; see (3.7.1). The morphism ¢: F — F’ of
left DG F-modules with ¢(1) = & satisfies

(¢ @ k)p=0ca and (¢ Qpk)|lw =0. (3.7.2)

Let Y denote the mapping cone of ¢. We have H;(F) = 0 fori > 1 by choice, and H;(F') = Ext; (R, P) = 0 fori > 2
because h < 1 holds by Lemma 3.5(3). The exact sequences H;_1(F) — H;(Y) — H;(F’) now yield H;(Y) = O fori > 2.
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Note that Y is a bounded complex of finite free P-modules. If y € Y; is an element with d(y) = z ¢ pY;_1, then form a
subcomplex of Y as follows:

|py
Z= 0—Py— Pz— 0.

Since Z is contractible and splits off as a direct summand of Y, the natural morphism Y — Y /Z is a homotopy equivalence.
Iteration produces a homotopy equivalence Y — X, where X is a bounded complex of finite free P-modules satisfying

(X) C pX, (3.7.3)
HiX) EH;(Y) =0 for i>2, (3.7.4)
X; ®p k = H;j(Y ®p k) for ieZ. (3.7.5)

The construction of Y gives an isomorphism of complexes of k-vector spaces

0 Ws W, Wy
(&) (&) (&)
B3 . B2 . B « Bo N
Y ®p k = I T
B3B8 BB BB BoB
(&) (&) (&)
w; Wi W, 0

where in view of (3.7.1) and (3.7.2) all maps not represented by arrows are equal to zero and each ; is bijective. Now (3.7.5)
yields isomorphisms of vector spaces

w/ fori=0,1,
Xi® k=1 W,@W; fori=2, (3.7.6)
Wi_4 fori =3, 4.

The following equalities come from the definitions of W’ and W, (1.2.2) and (1.2.5):
rankkW(; = rankgW3 = rankyAs — rankgB3 = n — 1,
rank,W; = rank,W, = rankyA; — rankyB, = +n—r,
rankkWZ/ = rankgW; = rank,A; —rankgB; =1+ 1—r.

As a result, we now know that the complex X has the following form:

01

) 0 o
X =0 — p"1 2 pttn-r 3, p20+1-n 2, pln-r T, pn-1 _, 0,

The inclusion B; C A yield r < | + 1. We finish the proof by showing that if r = [ + 1, then R is Gorenstein, and that
r = lis not possible.

Ifr =1+ 1,thenX, = 0, so the map d,: P™~' — P"! is bijective. In view of (3.7.3), this forces n = 1, hence X = 0.
From (3.7.6) we get W = 0, so A has Poincaré duality, and hence R is Gorenstein by Avramov and Golod [8, Thm.]; see also
[16,3.4.5].

Assume now r = [. By (3.7.3) and (3.7.4), d,(X>) has a minimal free resolution

0—P"' - P"— P> > 0.
Since d,(X,) is torsion-free, it is isomorphic to an ideal of P minimally generated by two elements. Such ideals have projective
dimension one, see Lemma 3.5(2), hence n = 1. As W; # 0, the algebra A does not have Poincaré duality, so the ring R is not
Gorenstein; see 1.4.2. Thus, parts (3) and (4) of Lemma 3.5 imply h = 1; that is, dimR = d + 1. A result of Foxby [18, 3.7]
(for equicharacteristic R) and Roberts [27] (in general) now gives p,g“ > 2. This inequality, the exact sequence

0 — Exté!(k,R) — A, & Homy (A4, As)
of [8, Prop. 1], see also [ 16, 3.4.6], the equality (1.2.5), and our assumption yield

2<pdl =l4+n—r=1.
We have obtained a contradiction, and this finishes the proof of the lemma. O

Proof of Theorem 3.1. For the values of ¢, p, g, and r, see Remark 3.2.
Lemma 3.5(3) yields h < 2, with strict inequality when R is not in H(0, 0).
For [ and n we argue one class at a time.

(Class S). We havel > 2 — h by Lemma 3.5(1) and n = 0 by (1.2.3).
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(Class T). Lemma 3.5(1) gives | > 3 — h.Rings in T have ¢ = 0, so case (b) in Lemma 3.6 implies | = 1; since ¢ = 3, this is
ruled out by Lemma 3.5(2). Thus, the inequalities (a) of Lemma 3.6 hold, and they give n > 2.

(Class B). Lemma 3.5(4) givesn > 2 — h > 1, while Lemma 3.7 yields | > r + 1 = 3. By 3.4.2, the class B contains no ring
withh=0and ! = 3,so0! > 4 — h holds.

(Class G(r)). Here p = 0, so case (b) in Lemma 3.6 gives n = —1, which is absurd. Thus, case (a) holds, whence [ > 3. By
3.4.2,in G(r) there are no rings withh = 0and [ = 3, hence [ > 4 — h holds. So does [ > r 4+ 1, by Lemma 3.7.

(Class H(p, q))- Parts (1) and (3) of Lemma 3.5 give | > max{3 — h, 2}.
By definition, A = (C ®; D) x W with C = k x (kP @ X2k%),D = k x Xk, and C,W = 0 = D, W. The relations
AL 2C EC ®.D;y =A;-A;imply! > p, while A; D A; - A; = G, ® Dy = (, yield n > q. On the other hand, from
Lemma 3.6 we obtain the inequalities| > g+ landn>p—1. O

Proof of Corollary 3.3. When [ = g+ 1 the values of g and bounds for / in Theorem 3.1 show that Ris in H(p, ¢). Lemma 3.6
now gives n = p — 1, so (i) implies (iii).

If (iii) holds, then we have a stringl > p = n+ 1 > q + 1 = I, where the inequalities come from Theorem 3.1, the first
equality is given by Lemma 3.6, and the second one holds by hypothesis. We get | = p and n = g, which is (ii).

Assuming that (ii) holds, we see from Theorem 3.1 that R is in H(p, q). The description of A in 1.3 then yields A = C ®, D
with D = k x X'k. In particular, if a is a non-zero element in 1 ®; D1, then A is free as a graded module over its subalgebra
generated by a. Now [4, 3.4] shows that (iv) holds.

When (iv) holds Torf(P/j, P/zP) = 0 fori > 1, so we have isomorphisms

A= Tor’(P/(J + zP), k)
= Tor” (P/J, k) ® Tor” (P/zP, k)
= Tor’ (P/], k) ®x (k x Zk)

of graded k-algebras. They imply Tor’;(P/], k) ® Xk = As and pdp(P/J) = 2 the latter because A; = 0 holds fori > 3 by
(1.2.3). We get a string of equalities

q = rankAs = rank; Tor';(P/], k) =ranky(J/p)) —1=1—-1,
where the third one comes from (1.2.4) and (1.2.5). Thus, (iv) implies (i). O

To complete the classification of rings R with dim R — depthR = 3 along the lines of 1.3 and the results in this section,
one needs to determine for those rings all the restrictions satisfied by the invariants in 1.1. This leads to:

Question 3.8. Which sextuples (h, I, n, p, q, r), allowed by Theorem 3.1, Corollary 3.3, or the results cited in 3.4, are realized by
some local ring R with ¢ = 3?

The list of available answers is not long and runs as follows.

3.9. Let (P, p, k) be a regular local with dimP = e > 3 and x4, ..., X, a minimal set of generators of p. We describe rings
R = P/I with ¢ = 3 by specifying I.

3.9.1. The rings admitted by 1.4.2, 3.4.1, 3.4.2, 3.4.3 are realized by ideals I constructed in [15, 6.2], [2, 7.7], [3, Rem. (1),
p. 171], and [13, 3.4, 3.6], respectively.

3.9.2. The following sextuples (h, I, n, p, q, r) with | = q + 1 are realized:

(@) (0,2,1,3,1,3) byl = (x7, %3, X3).

(b) (O, L1—1,1,1—1,1—=1) byl = (%1, %)""! + (x3) for each | > 3.

(© (L, L1—=1,1,1—1,1— 1) by x;(x1,x2)""' + (x3) foreach | > 2.

There are no other sextuples with [ = q + 1, by Corollary 3.3 and Lemma 3.5(3).

3.9.3. Every sextuple (2,1, n, 0,0, 0) withl > 2 and n > 1is realized when k = C.
Indeed, for each such pair (I, n) Weyman [34] shows that P = C[[xq, ..., X.]] contains an ideal ] with rank; Tor’f P/], k) =

[ 4+ 1 and rank; Torg (P/], k) = n. On the other hand, if w is a P-regular element, then P/] with ] = wlI realizes the sextuple
(2,1,n,0,0, 0), since for each i > 1 there are isomorphisms of vector spaces

Tort (P/I, k) = Tor, (I, k) = Tor,_,(wl, k) = Tor} (P/], k),

and Shamash [29, Thm. (3), p. 467] shows that P/wlI is Golod; see also [5, 5.2.5].
There are no other sextuples with h = 2, by Lemma 3.5(3).

The only known examples in G(r) are the Gorenstein rings. We propose:

Conjecture 3.10. IfRis in G(r) for some r > 2, then R is Gorenstein.



2500 L.L. Avramov / Journal of Pure and Applied Algebra 216 (2012) 2489-2506

Lemma 3.7 is a first step towards a verification of this statement. If proved in full, it will eliminate an entire family from
the classification in Theorem 3.1.

Another elusive class is B, for which the only examples are those in [13]. Rings in T appear in several situations, and the
families H(p, q) seem to be ubiquitous.

4. Bass numbers

The following theorem is the third main result of this paper.

Theorem 4.1. Let (R, m, k) be a local ring, and set e = edimR and d = depthR.
When e — d < 3 and R is not Gorenstein there is real number y > 1, such that

ot > 9 p ndH=1 holds for every i > 1, (4.1.1)
with two exceptions for i = 2: If there exists an isomorphism

R P/(wx, wy) or (4.1.2)

R=P/(wx, wy, 2), (4.1.3)

where (P, p, k) is an e-dimensional regular local ring, w a P-regular element, x, y a P-regular sequence, and z a P /(wx, wy)-
regular element in p?, then

d d
HR+2 = MR+1 =2

In particular, when R is Cohen-Macaulay the inequalities (4.1.1) hold for all i.

The theorem should be viewed in the context of a number of problems raised in recent publications, sometimes under
the hypothesis that R is Cohen-Macaulay. We say that a sequence (a;) of real numbers is said to have strongly exponential
growth if 8' > a; > «' hold for all i > 0 for some real numbers 8 > o > 1.

Questions 4.2. Assume that (R, m, k) is a non-Gorenstein local ring.

(1) Determine the number inf{j € Z | u4™ > p&™" foralli > j}. (See [17, 1.3].)
(2) Does uﬁ“ > w4 always hold? (See [23, 2.6].)

(3) Does uy, > 2 hold for alli > dimR? (See [17, 1.7].)

(4) Does the sequence (u;) have strongly exponential growth? (See [23, p. 647].)

All of these questions are open in general. Here is a list of the known answers:

Remark 4.3. Assume that (R, m, k) is not Gorenstein.

(1) Aninequality u&™ > w4~ holds for i > 1in the following cases:

(@) m® = 0;see[17,5.1].

(b) R=Q/(0: q) for some Gorenstein local ring (Q, g, k); see [17, 6.2].

()R = S x, TwithS # k # T, except when S is a discrete valuation ring, and either edimT = 1 > dimT or

edimT =2 = dimT; see [17, 3.3].

(d) Ris Golod, except whene — d = 2 and ,ug = 1;see [17, 2.4].

In addition, 4" > 47" is known to hold in the following cases:

(e) fori > 3if Ris among the exceptions in (c) and (d); see [17, 2.5, 3.2].

(f) fori > 0if Ris Cohen-Macaulay withe — d < 3; see [23, 1.1].
(2) holds when R is Cohen-Macaulay and is generically Gorenstein; see [23, 2.3].
(3) holds when R is a domain, see [26, p. 67], or is Cohen-Macaulay; see [17, 1.6].
(4) holds in cases (a) through (f) of (1); see the references given above.

For rings with e — d < 3, Theorem 4.1 provides sharp answers to all the questions in 4.2. The next remark shows that
the theorem also implies 4.3(1)(e).

Remark 4.4. Let S be a discrete valuation ring and (T, ¢, k) a local ring.

IfedimT = 1and ¢ = 0 # ¢!, thenR = S x, T satisfies R = P/(wx, w*), where (P, p, k) is a regular local ring and
{w, x} is a minimal generating set for p. R

If T is regular of dimension 2, then R = S x, T satisfiesR = P/(wx, wy), where (P, p, k) isa regular local ring and {w, x, y}
is a minimal generating set for p.

In preparation for the proof of Theorem 4.1, we establish a technical result where the hypotheses are made on the Bass
series of R and the Poincaré series of k, not on the ring R itself. The argument relies on general properties of P,’f(t).
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Lemma 4.5. Let (R, m, k) be a local ring and letd, e, |, m, and p be asin 1.1.

Assume there exist polynomials f (t) and g(t) in Z[t], such that

R (1FO! « fO
P (t) = 7g(t) and IR(t) =t 20
) IF Y7, ait' is the Taylor expansion of (f (t) — g(t))/(1 — t?), then
Mg =g + 1»

d+1 d __
pr Mg =a—1,

ngt? — upt = a + (1 - Dao.
In case | > 1 and a; is non-negative for i > 1 the following inequalities hold:

patt — 8 > g (1— ap > a; fori > 2.

2) IfZi:O b;t' is the Taylor expansion of f (t)(1 4 t3)* /(1 — t%)?, where s is an integer satisfying 0 < s < m — p, then

Mg = by,
MR = by,
uﬁ“ ur' = by + (1= 2)bo.

d+l

In case | > 2 and b; is non-negative for i > 1 the following inequalities hold:

pat — @ > b (1= 2)bi_y > by fori > 2.

Remark. One has m — p = rankA; — ranky(A;)? = rank(A,/(A;)?) > 0.

Proof. Recall that the Poincaré series of k can be written as a product

(1+t)e(]+t3)m—p l_[iozoz(l+t2i+1)£2i+l

R — .
Pe(t) = 1- tz)"H Hio;(] — t2+2)e2it2

with non-negative integers ; > 0; see [21, 3.1.2(ii), 3.1.3] or [5, 7.1.4, 7.1.5].

To compare consecutive Bass numbers, we will use the identity

R
Z(/J/LH—I d-H 1) tl _ (1 _ [')I (t)

i€Z
(1) In view of (4.5.2), for j > 0 there exist non-negative integers ¢;, such that

] (1+1)°
P () = ( t2)l+l T+ Z Cftj
Formulas (4.5.1) and (4.5.3) give equalities

Z(Mdﬂ d+: 1y ¢ _(1+f(t)_g(t)>(l_t)
i€eZ g(t)

., fo-eg 1 o
=l-t+—— (1_t2)1_1(1+;cjt>

=1-t+ <Zaiti><l + (- l)tz-}—Zdjtj)

i=0 j=3

d+i—1

2501

(4.5.1)

(4.5.2)

(4.5.3)

with d; > 0 forj > 3.They yield 1 = ao + 1 and the expressions for /ﬁ”’ Ji wheni=1,2.Incasel > 1,andq; > 0

Z(MdH d+1 1)t>]_t+<Za[)]+(1—])t2)

i€Z

=ao+ (a1 — Dt + Z (@ + (= Dai)t'.
i=2

d+i—1

They imply the desired lower bounds for /,Ld+l — Uy wheni > 2.

denotes a coefficient-wise inequality of formal power series
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(2) In view of (4.5.2), we can write P,f(t) in the form

A+o°a+ey o

with non-negative integers ¢;. Formulas (4.5.1) and (4.5.3) give equalities

; i fOA+13)° 1 SN
Z(Md+ d+ l)t ( t2)2 (1 _ t2)l72 <] + chtj>
=3

i€Z
— (Z bjﬂ) (1 +A-22+) djtj>
j=0

=3

with d; > 0 forj > 3. They yield u¢ = by, and the expressions for u4* — u4"~! wheni = 1,2. When ! > 2, and b; > 0
holds fOl‘l > 1, we also have

D gt = gt (th) (1+a-2)¢%)

i€Z
= by + byt + Z (bi + (1 — 2)biy)t'.
i=2

The desired lower bounds for 4™ — pd+=!

wheni > 2 follow from here. O
The next lemma is the major step towards the proof of Theorem 4.1.
Lemma 4.6. If (R, m, k) is a non-Gorenstein local ring withe — d < 3, then
pudt > 41 41 holds fori > 1,
unlessi =2 andﬁis described by (4.1.2) or (4.1.3), and then
pgt? = pugtt =2.
Proof. Once again, there are several different cases to consider.

(Class S). Theorem 2.1 gives (1 — t — It?)IR(t) = t%(I + t — t?), hence

g =1
pptt - =1,
pd?
P 82 5 for >3,
We get u&t > pdH=1 4 1foralli > 1, except wheni = 1and [ = 1, and then 4 = ud™ = 2. Furthermore, [ = 1

implies (4.1.2) by Lemma 3.5(2).
For the rest of the proof we assume ¢ = 3 and let f(t) and g(t) be the polynomials from Theorem 2.1, satisfying
PE) = (1+0°71/f(6) and 5 (1) = t%f (¢) /g (t).
(Class T). The value of f (t) from Theorem 2.1 provides the first equality below:
fey o4l =202 — ¢ ¢
(1—13)? (1—12)?
0 . 0 .
=m=20+tH) G+ DT+ U - G+ De”

=0 =0

I
Mg

(1= Dj+ D)o+ 4 Z(n — DG+ Dt

J:O j=1
Theorem 3.1 gives I, n > 2, so Lemma 4.5(2) applies with s = 0 and yields
g —pg=1-1>1,
d+2j d+2j—1

[y T >m-DG{+1) =2 forj=1,

ug g = (- j+1=2 forj> 1.
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(Classes B, G(r), and H(0, 0)). Theorem 3.1 provides uniform expressions,
fOy=n+d-nt—@T —D2+ - 1Dt>+qt* and
g) =1—t—1It> — (n — p)t> + qt*,
for the polynomials that appear in Theorem 2.1. Using them, we obtain
fO)—gt) m—DA+)+A+1-1)(t+t)
1-1t2 1—1t2

=(n—1)+(1+1—r)t+(l+n—r)<ztj).

j=2

Lemma 3.7 gives|+n—r > 4+ 1—r > 2, so the series above has non-negative coefficients. Thus, Lemma 4.5(1) applies
and yields

pt =g =1-r>1,

pit - p8 > i —r>2 foriz>2.

(Class H(p, q) withp + q > 1). Theorem 2.1 gives

fOA+)  n+ -t —pt? — 3+t

3
a-og ~ (12 1+

o0
=n+ (-t +@n-pt*+) bt
i=3

where for i > 3 the numbers b; are defined by the formulas
byy1=(U—-qg+n—-pj+l+p—q-2 for j=1,
byy=(U+n—p—qj—1+n+q+1 for j>2.
By Theorem 3.1, we havel — q > 1,n —p > —1,and n > 1, hence
2n—p=n+@m-p)=n—-1=0,
b1 >b3=n—-2+2(l—q>n>1 for j>1,
byy>bs=n+2n—p)+(U—-q >n>1 for j=>2.
Thus, Lemma 4.5(2) applies with s = 1. With the preceding inequalities, it gives

W - =1-gz 1
pit? — = on—p+(-2n=m-p=In—-1 =0,
pdt — 81 > b > 1 fori > 3.

We conclude that g4+ > ;41

we unravel this special case.

The last two equalities forcen = 1and [ = p. Now Theorem 3.1 gives the inequalities in the string2 = n+1>p=1> 2,
whencel = p = n 4+ 1 = 2. Thus, we have shown that condition (iii) in Corollary 3.3 holds withn = p — 1 = 1. From
condition (ii) in that corollary we get ¢ = n = 1, so the formulas above yield

+ 1 holds for alli > 1, except wheni = 2 and In — p = I(n — 1) = 0. To finish the proof,

pp? =gt =g+ l-g=n+l-g=2.
On the other hand condition (iv) gives an isomorphismﬁ = P/(J + zR), where (P, p, k) is a regular local ring, ] is an ideal
of P contained in p? and minimally generated by 2 elements, and z is an element of p? that is regular on P/J. Since R is not
complete intersection, neither is P/J, which means that ] = (wx, wy) for some non-zero element w in p and P-regular
sequence x, y. Thus, (4.1.3) holds. O

Proof of Theorem 4.1. We may assume that R is complete. A construction of Foxby, see [18, 3.10], then yields a finite
R-module N, such that

patt = gR(N) foralli > dimR — d. (4.7.1)

By [4, 1.4 and 1.6], when ¢ < 3 the Betti sequence of every finite R-module either has strongly exponential growth or
is eventually constant. Since R is not Gorenstein, Lemma 4.6 rules out the second case for the module N in (4.7.1). Thus,
,BiR(N) > «' holds for some real number & > 1and alli > 0.



2504 L.L. Avramov / Journal of Pure and Applied Algebra 216 (2012) 2489-2506

The series P,’S(t) converges in a circle of radius p > 0, see [5, 4.1.5]. As p is equal to limsup;{1/,] ﬁé(N)} we get
0 < p < 1/a < 1.Fix areal number S satisfying

1/p> B > 1. (4.7.2)
Sun [30, 1.2(c)] proved that there is an integer f, such that

BR(N) > BBY ,(N) holds foralli > f + 1. (4.7.3)
Setj = max({3, dimR — d, f} and define real numbers y’ and y” by the formulas

y' = min {8, ug™/ug, min{ugt /gt sag)

y// — min {]/,» Mg+2///v

In view of (4.7.1) and (4.7.3), the following inequalities then hold:

Z—H}.

d+i { y/,u,d+i_1 fori=1andi > 3,

> .
Mo = Yy udt=1l fori> 1.

From (4.7.2) and Lemma 4.6 we see that y” > 1 holds unless R satisfies (4.1.2) or (4.1.3), else ¥’ > 1 holds and

pdt? = p@*1 = 2. This is the desired result. O
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Appendix. Graded algebras

Here k denotes a field and B a graded k-algebra that is graded-commutative, has By = k and B; = 0 for i < 0, and rank;B
is finite; set By = B.;.
In addition, M and N denote finitely generated graded B-modules; we set

Hy(t) = Z rank,M; t'.
i€Z
We treat B as a DG algebra and M, N as DG B-modules, all with zero differentials. As a consequence, Torf’(M, N) and
Extz(M, N) are formed as in 1.6. The k-spaces Tor? (M, N) and Ext,(M, N) are finite for each i € Z and zero fori <« 0, so
Poincaré series Pﬁ,(t) and Bass series 11’3V are defined; see (1.6.1) and (1.6.2).

Here we assemble a collection of such series, used in the body of the paper. Their computations rely on analogs of results
concerning finite modules over local rings.

A.1. For the graded B-modules X*N and N* = Homy(N, k), see 1.5, one has
PEoy(t)y =t -PE(t) and IZN(@t)=t"5-1. (A1.1)
PE.(t) = 1IN (t) and I (t) = PE(p). (A1.2)
An exact sequence 0 - N — G — M — 0 with G freeand N C B, G yields
PR(t) =t (P (t) — Huyp,om(0)). (A13)
. IfB=C®Dand M = T ® U, where T is a graded C-module and U a graded D-module, then the Kiinneth Formula
gives
P (t) = PS(t) -PO(t) and Iy =1L -15. (A1.4)
The formulas above suffice to compute P,f (t) and/or Ig(t) in some simple cases.

Example A.2. If B = k x W for some graded k-vector space W # 0, then:

P(t) = (A2.1)

1—t-Hy(t)
I3 (t)

_ -1y _
P’E(t)_Hw(t ) —t. (A2.2)
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Indeed, B} = 0 implies Py, (t) = Hw (t) - P{(t), so (A.2.1) follows from (A.1.3). As B, (B*) = (B*), any lifting to B* of
some basis of the k-space (B,.)* minimally generates B* over B. Thus, there is an exact sequence of graded B-modules
0->U—>B®.By)"—>B" —0
with U € B, ® (B4)*, hence B, U = 0. From this and (A.1.2) we obtain
I5(6) = Pgu(¢) = Hy(6) - t - P¢(6) + Hw (£ 1),
because He, y«(t) = Hw (t™1). Since Hp(t) = Hw (t) + 1, the sequence also gives
Hy(t) = (Hw(®) + 1) - Hw(t™) — (Hw(t™) + 1) = Hw(t) - Hw(t™) — 1,
because Hg: (t) = Hg(t~!). From the last two formulas and (A.2.1), we get

IHO
O

t- (Hw(®) -Hw(t™") — 1) + Hy(t™") - (1 — t - Hw(t)) = Hw(t™") — t.

Example A.3. If B= A\, V, where V; = O for all even i, then there is an equality

o =] ! (A3.1)

s (1 _ ti+1)ranka,- :

Indeed, set ¢ = rank,V. When ¢ = 1 the isomorphism /\, Yik = k x X'k and (A.2.1) give the desired expression. For
¢ > 2 it is obtained by induction, using the isomorphism A\, (V' @ V") = A, V' ® /\, V" and (A.1.4).
Example A.4. When B has Poincaré duality in degree s there is an equality
B =t (A4.1)

Indeed, the condition on B means that the B; — Hom(Bs_;, Bs), induced by the products B; x B;_; — B, are bijective for
all i € Z. This implies an isomorphism B* = X ~*B of graded B-modules, so (A.1.1) and (A.1.2) give

I5@t) =PR.(t) = P2 () =t~ - PE(t) = .

The next result is an analog of a theorem of Gulliksen; see [20, Thm. 2]. The original proof, or the one for [22, Cor. 2],
carries over essentially without changes.

A.5. If B= C x W for some graded k-algebra C and graded C-module W, then

Bl = cl - P‘%(t)' (A5.1)
P(E) P (D) P, (t)
Example A.6. If B = C x X*(C*) with C = k x W, then the following hold:
PE(t) = ! ) (A6.1)
1—t-Hy(t) —tst1 . Hy (t71) 4 512
IFt) 11—t -Hy() =t - Hy(t™") + t5+2' (A62)

PE(t) s
Indeed, the isomorphism of graded B-modules *(C*) = (X°C)* and (A.1.2) give P . (t) = 12760 = £ - IE).
Now (A.5.1), (A.2.1) and (A.2.2) yield

v —t-ts-lcc(t) =
PE(t)  PE(O) Pg(6)
Since B has Poincaré duality in degree s, (A.4.1) and (A.6.1) imply (A.6.2).

1—t-Hy(t) — 5T Hy (71 + 52

The following analog of a result of Lescot, see [24, 1.8(2)], can be proved along the lines of the original argument, but
subtle changes are needed. Instead of going into those details, we refer to [10] for a direct proof covering both cases.

A.7. If B, # 0, then the following equality holds:

HON O
PE(t)  PE(t)

(A7.1)

In the last two examples we adapt the arguments for [24, 3.2(1) and 1.9].
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Example A.8. If B = C x W for some graded k-algebra C with C; # 0 and graded C-module W with C, W = 0, then the
following equality holds:

HONIRHG)

PE(t)  PE(D)
Indeed, C is an algebra retract of B. The proof of [22, Thm. 1] transfers verbatim and gives Pﬁ (t) /P,f (t) = P,S (t) /PkC (t)
for each graded C-module N, viewed as a B-module via the natural homomorphism B — C. By (A.1.2), this implies that

I¥(t)/PE(t) = I¥ (t)/PE (t) holds as well. Since B, = C. @ W as graded B-modules, using the preceding equality and (A.7.1)
(twice) we obtain

+ Hy (t71). (A.8.1)

By ISt V(e IS (t ISt

SO _ O KO IO ey O

Pit) — PE(t)  PE(D) P (£) Py (£)
Example A.9. If B = E/E., where E is a graded k-algebra that has Poincaré duality in degree s, then the following equality
holds:

B 1

BB( Lot (1 - B—) —t. (A9.1)

Py (t) P (t)

Indeed, set (—)" = Homy(—, X*k). Applying the functor (—)’ to the exact sequence 0 — B, — B — k — 0 we get
(By)" = B'/B., as graded B-modules. Since E = E’ as graded E-modules, (—)" applied to 0 — X*k — E — B — 0 gives
B =E, henceB'/B. = E,/E.; =B, and thus B, = (B})' = (¥ °B,)*.

Now from formulas (A.1.2), (A.1.3) and (A.7.1) we obtain

—S * B
Bo o Pey O PR -1
Pi(t) P(t) P(t) Pi(t)

All the labeled formulas in this appendix are used in computations in Section 2.
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