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algebra. In this work, we apply the first-integral method to study the exact solutions of the
Eckhaus equation.
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1. Introduction

It is well known that nonlinear partial differential equations (NPDEs) are widely used to describe complex phenomena
in various fields of science, such as physics, biology, chemistry, etc. Therefore, seeking exact solutions of NPDEs is very
important and significant in the nonlinear sciences. In the past few decades, a great effort has been made in this task and
many powerful methods have been presented, such as the inverse scattering method [1], Hirota’s direct method [2], the
tanh method [3], the extended tanh function method [4], the Jacobian elliptic function expansion method [5], and so on.

The first-integral method was first proposed by Feng [6] in solving the Burgers-KdV equation which is based on the ring
theory of commutative algebra. Recently, this useful method has been widely used by many researchers, such as in [7-11]
and the references therein.

The Eckhaus equation is in the following form:

W, + W + 20 )W + W *w =0,

where ¥ = ¥ (x, t) isa complex-valued function of two real variables x, t. This equation is of nonlinear Schrodinger type. The
Eckhaus equation was found in [12] as an asymptotic multiscale reduction of certain classes of nonlinear partial differential
equations. In [13], many of the properties of the Eckhaus equation were investigated. In [14], the Eckhaus equation was
(exactly) linearized by a change of (dependent) variable. The aim of this work is to find exact solutions of the Eckhaus
equation by the first-integral method.

2. The first-integral method
Raslan summarized the use of the first-integral method [8].
Step 1. Consider a general nonlinear PDE in the form

F(u7 Uy, Ug, Uxx, uxta"~) =0. (1)
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Using a wave variable where & = x — ct, we can rewrite Eq. (1) as the following nonlinear ODE:
Gu,u’,u”,..)=0, (2)

where the prime denotes differentiation with respect to &.
Step 2. Suppose that the solution of ODE (2) can be written as follows:

ux, t) =f (). (3)
Step 3. We introduce a new independent variable
of (§)
X@E) =f©¢), Y=——, (4)
9§
which leads a system of nonlinear ordinary differential equations:
0X(§)
>y , 5
o &) (5)
aY(§)

ToE =F(X(§),Y()).

Step 4. By the qualitative theory of ordinary differential equations [15], if we can find the integrals for Eq. (5) under the
same conditions, then the general solutions to Eq. (5) can be obtained directly. However, in general, it is really difficult for
us to realize this even for one first integral, because for a given plane autonomous system, there is no systematic theory
that can tell us how to find its first integrals, nor is there a logical way for us to tell what these first integrals are. We will
apply the Division Theorem to obtain one first integral for Eq. (5) which reduces Eq. (2) to a first-order integrable ordinary
differential equation. An exact solution to Eq. (1) is then obtained by solving this equation. Now, let us recall the Division
Theorem:

Division Theorem. Suppose that P(w, z) and Q(w, z) are polynomials in C[w, z]; and P(w, z) is irreducible in Clw, z].
If Q(w, z) vanishes at all zero points of P(w, z), then there exists a polynomial G(w, z) in C[w, z] such that

Q(w,z) =P(w,2)G(w, 2).

3. The Eckhaus equation

Let us consider the Eckhaus equation:
iV 4 Y+ 2(10 )% + W' =0. (6)
We use the wave transformation
w(x, 1) =u@)e P E=kx —2at), )

where k, «a and S are constants to be determined later.
Substituting (7) into (6), we obtain an ordinary differential equation:

K" — (B + o®)u + 4ku'v? + v’ = 0. (8)
Using (4) and (5), we get

X(€) = v@), 9

Y(E) = (X(E)) Y (&) + e + X(é) 2 (X(é))s. (10)

According to the first-integral method, we suppose that X (£) and Y (£) are nontrivial solutions of (9) and (10), and
m .
QX Y) =) a0y =
is an irreducible polynomial in the complex domain C[X, Y] such that

QX(E). Y(E) = Y aX(E)Y'(E) =0, (11)

i=0
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where the g;(X) (i = 0, 1, ..., m) are polynomials in X and a,,(X) # 0. Eq. (11) is called the first integral for (9) and (10).
Due to the Division Theorem, there exists a polynomial g(X) + h(X)Y in the complex domain C[X, Y] such that
dQ  dQdX L dQ dy
de — dX de ' dY dE
In this example, we take two different cases, assuming thatm = 1and m = 2 in (11).
Case A: Suppose that m = 1; by comparing the coefficients of the Y’ (i = 2, 1, 0) on either side of (12), we have

= (g(X) + hX)Y) Z a(X)Y'. (12)

6100) = h(O (X), (13)
4
o (X) = [Ems»z +g(x>] @100 + h(X)ao(X), (14)
2
a(X) [(’3 %@ - ms»ﬂ = £(X)a0(X). (15)

Since a;(X) (i = 0, 1) are polynomials, then from (13) we deduce that a;(X) is constant and h(X) = 0. For simplicity, take
a;(X) = 1. Balancing the degrees of g(X) and ay(X), we conclude that deg (g(X)) = 2 only.
Suppose that g(X) = Ao + A1 X + A,X?; then we find ag(X).

_ ﬁ 2 4 A 3
ap(X) = By + AoX + 2X + 3k+ X, (16)

where By is an arbitrary integration constant.
Substituting ag(X) and g(X) into (15) and setting all the coefficients of powers of X to zero, we then obtain a system of
nonlinear algebraic equations and by solving it, we obtain

VB +a? 1

By=0, Aj=— . A =0, Ay=-—-, 17
0 0 k 1 2 k ( )
/ 2 1
By =0. Apg, M=0. A=—. (18)
K

where k, « and B are arbitrary constants.
Using the conditions (17) in (11), we obtain

2 1
YE) = —Vﬁ:“ma - 0@, (19)

Combining (19) with (9), we obtain the exact solution to Eq. (8) and the exact solution to the Eckhaus equation can be written

as
1
2. [(Brad)kx—2at)+59) ]2
ek _
vx, t) = im pl@x 0 20

Ve rah 1 etV (Brad) (ix—2at)+50) (20)

where & is an arbitrary constant.
IfA= %,/(,B + a?), then
kX ek(k(x72at)+éo)
il
1
kr 1 1 A 2.
=+ /= [ — - tanh <E(k(x —2at) + é‘o))] el@xtht),

1
w(x,t) =+ :|2 pl(ex+p)

1 + e*kx—2at)+%o)

22 2

Similarly, in the case of (18), from (11), we obtain
v = -V e, 1)

and then the exact solutlon of the Eckhaus equation can be written as

(22)

1
e~ tV (Brad)kx—2a0+8)  |?
olex+pt)

Ux, t) =/ (B +a?)
1— e,%\/m(k(xfzatﬁréo)

where & is an arbitrary constant.
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If2 = 2/(B + a?), then
1
o e~ Mk(x—2at)+£0) 2 ;
_ KA (ax+pt)
Y, t) = i\/: [1 _ eA(k(x2at)+Eo)] ¢

1
kx 1 1 A 2.
=4,/ — | —=+ = coth | =(k(x — 2ut i(ax+pt)
5 [ 5 +2co (2(<(x o )+§0)>] e

Comparing our results with Zhang’s results [ 16], it can be seen that the results are same.
Case B: Suppose that m = 2; by equating the coefficients of Y! (i = 3, 2, 1, 0) on either side of (12), we have

dr(X) = h(X)ax(X), (23)
8
di(X) = (Exz +g(X)> a(X) + h(X)ar(X), (24)
2 1 4
2 1
a;(X) [w:—za)x - k—ZXS} = g(X)ap(X). (26)

Since a;(X) (i = 0, 1, 2) are polynomials, then from (23) we deduce that a,(X) is constant and h(X) = 0. For simplicity,
take a,(X) = 1. Balancing the degrees of g(X), a;(X) and a,(X), we conclude that deg(g(X)) = 2 only. Suppose that
g(X) = Ag + A1 X + A,X?; then we find a; (X) and ao(X) as follows:

a;(X) =B +AX+/£X2+ EJF/E X3 (27)
! 0TI Y 3k 3 )7

1 2(B + o?
ao(X) = d + AoBoX + 2 (—% + A5 +A1Bo> X2

LY VIV ST I DIC LY Y (A +A%+A Ao+ 2)) x4
327 Tk T a\"%\3c "3 ) T2 T\ T

(B Y Y A e (2 (e ) (B2 ) e 08)
s\ 3k 3) T2\ ) e\ T\ T )3k T3 ) )

Substituting ay(X), a;(X) and g(X) in the last equation in (26) and setting all the coefficients of powers of X to zero, we then
obtain a system of nonlinear algebraic equations and by solving it with the aid of Maple, we obtain

d=0, By =0, Ap =0, A1 =0, Ay =——, (29)
where « and j are arbitrary constants.
d=0, By=0, Ay=0, A =0 Ay=—— B = —a?, (30)

where « is an arbitrary constant.
Using the conditions (29) in (11), we get

(=X*() £ V(B +a?)X(&)
. .

Y(é) =

Combining (31) with (9), we obtain the exact solution to Eq. (8) and then the exact solutions to the Eckhaus equation can be
written as

(31)

1
kx 1 1 A 2 .
oot =4 [5 -3 tanh <5(k(x — 2at) + so)ﬂ el@xthy), (32)
1
kx 1 1 A 2.
Y(x, t) ==+ 5 |:—2 + 3 coth (5(k(x — 2at) + Eo))] el @x+pt)

where A = %\/ (B + a?) and &g is an arbitrary constant.
Similarly, in the case of (30), from (11), we obtain

1 3
Y(é) = 5 (5 (33)
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and then the exact solution of the Eckhaus equation can be written as

k 1 2 Lo
U(x, t) = i\/j [] ellex—et), (34)
2 | (k(x — 2at) + &)

where & is an arbitrary constant.

4. Conclusion

In this work, we obtained exact solutions of the Eckhaus equation by using the first-integral method. The results show
that this method is efficient.
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