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Let X be a normed linear space over i (R or C). A function P: X —
KK is said to be a 2-polynomial if there is a bilinear functional IT: X x
X— K suchthat P(x) = Il(x, x) for every x € X. The norm of Pis defined by

1P = sup{|PCo)|:[lx]| = 1.

It is known that if X is an inner product space, then every 2-polynomial
defined in a linear subspace of X can be extended to X preserving the
norm. On the other hand, there is a 2-polynomial P defined in a two-
dimensional subspace of 2 such that every extension of P to /2 has norm
greater than || P| (see [1, 2]). Recently, Benitez and Otero [2] showed that
if X is a three-dimensional real Banach space X such that the unit ball of
X is an intersection of two ellipsoids, then every 2-polynomial defined in
a linear subspace of X can be extended to X preserving the norm. It is
natural to ask [2] the following.

Question 1. Suppose X is a normed space such that the unit ball of X
is an intersection of two ellipsoids. Can every 2-polynomial defined in a
linear subspace of X be extended to X preserving the norm?

In this article, we show the answer is affirmative when X is a finite
dimensional space. First, we recall the following result in [2].

LEMMA 1. If P and Q are 2-polynomials in X = R? such that

0 <{Px), 0x)} (x€EX)
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then there exists 0 < a < | such that
0=<aP(x)+ (1 - a)Q(x) (x € X).

LEMMA 2. Suppose X is a real normed space and suppose P, P,
are two positive semidefinite 2-polynomials on X. If Q is a 2-polynomial
such that

|Q(0)] = max {P\(x), Py(x)} (x € X),
then there are 0 = a, 8 < | such that for every x € X,
—((BP(x) + (1 = B)Py(x)) = Q(x) = aPi(x) + (1 = a)Py(x).

Proof. For every x € § with Q(x) = 0 (Q(x) < 0), let

A =y €0, 1]1:yP(x) + (1 = y) P(x) = Q(x)}
(B, ={y €10, 1]: =(yP,(x) + (1 = y) P(x)) = Q(x)}.)

To prove this lemma, it is enough to show that

A, ~D, M B0

{xES: Q(x)=0} {rES: Q(x)=0}

For any x € S with @(x) = 0 (respectively, Q(x) = 0), A, (respectively,
B)) is a nonempty closed subinterval of [0, 1]. So we only need to show
that for any x, v € S, if min {Q(x), Q(y)} = 0 (respectively, max {Q(x),
Q(y)} = 0), then A, N A # I (respectively, B, N B, # ).

Suppose that Q(x) = 0 and Q(y) = 0. For any z € span {x, y}, R, and
R, are defined by

R\(2) = Py(2) — Q(2)
Rz(Z) = Pz(Z) - Q(Z)

By Lemma 1, there isa y, 0 =y = 1, such that
0 =yR(z) + (I = ¥)R,.

This implies y € A, N A, . Similarly, if Q(x) = 0 and Q(y) =< 0, then there
exists 0 < y < | such that y € B, N B,. We proved our lemma. |
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THEOREM 3. Let II, and 11, be two inner products on R" and let
X = R" be the space with the norm

| xll = Vmax{IT,(x, x), O)(x, x)}.

Then every 2-polynomial defined in a subspace of X can be extended to
X preserving the norm.

Proof. Let P be any 2-polynomial on a subspace Y of X and let

”x”l = VI (x, x)
l[xll, = VIIy(x, x).

Without loss of generality, we may assume ||P|| = 1 and Y is a hyperplane
of X. So for any x € Y,

|P(x)] =[x

? = max{[lx|f, || x|}
By Lemma 2, there exist 0 < a, 8 < | such that for every x € Y,

T+ = B))xB) = Px) = of|x[} + (1 — ) x]3.

—(B| x|

Replacing | x|, (respectively, |x];) by (all,(x, x) + (1 — a)l,(x, x)"?
(respectively, (BII;(x, x) + (1 — B)IL(x, x))"?), we may assume that if
x € Y, then

—[|x[3 = PCx) = | [
Let IT be the symmetric bilinear functional associated with P. Then

there is a (bounded) symmetric operator T, (respectively, T5) on (Y, |-[|,)
(respectively, (Y, ||,)) such that for any y,, y, € Y

Iy, y) = iy, Ti(y2) = I(y,, To(y2)).

Since T, and T, are symmetric, they are diagonalizable. It is known that

1. every eigenvalue of T, (respectively, T,) is real;

2. if x; and x, are two eigenvectors of T, (respectively, T,) associated
with two distinct eigenvalues, then

M(x,, x;) = 0.
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Let Y, (respectively, Y;) be the subspace spanned by all eigenvectors of
7, (respectively, T;) associated with non-negative eigenvalues, and Y,
(respectively, Y,) be the subspace spanned by all eigenvectors of T, (re-
spectively, T.) associated with negative eigenvalues. Then Y, ¥;, Y3, ¥,
satisfy the following conditions:

3. Y=Y, @Y,=Y,DY,;
4. T(Y)CY,, T(Y)C Y, T(Y) C Y5, and Ty( ¥, C ¥,;
5. for any y;, € YN0},
My, Ti(y)) = 0> y,, Ty(y1)),
(y3, T\(y3) =2 0> [y( yq, To(y4),
Ly, ) = 0= IL(y5, y4).

We claim that ¥, N Y, = {0}. Suppose it is not true. Let y €
(Y, N Y,M0}. Then

0> Iy, To(y) = I(y, y) = Iy(y, T)(y) = 0.
We get a contradiction. Similarly, ¥, N ¥; = {0}. Hence, we have
6. dim (Y)) = dim (Y;), dim (Y,) = dim (Y,), and
Y]@ Y4= Y = Y2® Y3.
Let
M, ={z€ X:Ili(z, x) = 0 forall x € I},
M, = {z € X:IIz, x) = 0forallx € Y,},

By (5) and (6), dim (M;) = dim (Y,) + | and dim (M;) = dim (Y¥;) + 1.
This implies there is a non-zero vector z € M, N M,. Let ¢ be any non-
zero linear functional on X such that ker ¢ = Y. For any x € X, define

Y ¢(x))
P P< ()

We claim that if 0 < P(x), then P(x) =< | x|’.

Case 1. x — (¢p(x)/$(2)) z € Y,. Since z € M,, we have IT,(x — ($(x)/
$(2)) z, 2) = 0. So

-t
P(x) <" YRR YR

<||x,
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Case2. x~ (¢(x)/¢(2)) z € Y. Then there existy, € Y,and y, € ¥,
such that x — (¢(x)/d(2)) z = y, + y,. (Note. I1;(y,, y,) = 0 = II,(y,,
z2).) So

P(x) =P(x —%z) =y +y;, 3 +¥2)
=P(y)+P(y) =P(y)
=|lylf =[lxIf
= lxP.

We proved our claim. Similarly, if P(x) < 0, then |P(x)| < ||x|’. Hence,
P is an extension of P preserving the norm.

In {2, Lemma 2 and Proposition 2], Benitez and Otero proved that the
problem of extension preserving the norm can be reduced to the real case,
Hence, we have the following theorem.

THEOREM 4. Let 11, and 11, be two inner products on C" and let
X = C" be the space with the norm

x| = Vmax {IT,(x, x), I(x, x)}.

Then every 2-polynomial defined in a subspace of X can be extended to
X preservng the norm.
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