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INTRODUCTION 

In the usual torsion theory over a commutative integral domain R, a 
significant place is occupied by the question of when “the torsion submodule 
t(M) of an R-module M is a direct summand of M” (hereafter referred to as 
“the condition”). Kaplansky [IO] h as shown that if the condition is satisfied 
by every finitely generated R-module, then R is a Pri.ifer domain; the converse 
is well known [2], Chapt. VII. Prop. 11.1. If  the condition is satisfied by 
every R-module M, whose torsion submodule is of bounded order, Chase 
[3], Theorem 4.3, has shown that R is, then, a Dedekind domain; the converse 
has been shown by Kaplansky [II], Theorem 5. Finally, if the condition is 
satisfied by every R-module, Rotman [16] has shown that R is, then, a field. 

A well-known extension of the notion of the torsion submodule for modules 
over arbitrary rings is the notion of the singular submodule of a module 
[5, 7,9]. It is the purpose of this paper to investigate “the condition” of the 
preceding paragraph, in the context of the singular theory over a nonsingular 
commutative ring R. In short, if M is an R-module and Z(M) its singular 
submodule, we study the condition: “Z(M) is a direct summand of M”. It 
is worthwhile to note that the commutative nonsingular rings are precisely the 
commutative semi-prime rings [12], Ex. 1, p. 108. 

Throughout this paper, unless otherwise indicated, a ring R is a commuta- 
tive ring with identity; all modules are unitary. For all homological notions, 
used in this paper, the reader is referred to [2]. 

1. PRELIMINARIES 

Let R be a ring and M an R-module. 

DEFINITION 1.1. We say M splits if Z(M) is a direct summand of M. 

* This paper was written with partial support from NSF Grant GP-7073. 
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The notion of large ideal (submodule) is well known, e.g. [27]. 

DEFINITION 1.2. We say M is of bounded order if there exists a large 
ideal I of R such that MI = (0). 

DEFINITION 1.3. (a) R has FGSP if every finitely generated R-module 
splits. 

(b) R has BSP if every R-module, whose singular submodule is of 

bounded order, splits. 

(c) R has SP if every R-module splits. 

The notion of closed ideal (submodule) is used here in the sense of Goldie 

[6, 7, Z8-J; ‘t ’ d fi d 1 1s e ne over a not necessarily commutative ring R. 

DEFINITION 1.4. A submodule BR of a right R-module AR is closed in 
A if B has no proper essential extension in A, i.e., if C is a submodule con- 
taining B as a large submodule, then B = C; equivalently if TX is a sub- 
module of AR such that T is maximal with respect to the property that 
B n T = (0), then B is maximal with respect to the property that 

B n T = (0). 
Commutativity is not needed in the following; for any right R-module 

MR , L(M,) denotes the lattice of large submodules of MR . 

LEMMA 1,5. Let M, A NR -+ 0 be an exact sequence of right R-modules, 
such that ker f = KR is closed in MR . If AR E L(M,), thenf(A,) E L(iV,). 

Proof. It is clearly sufficient to show the lemma in case N = M/K; we 
may further assume that KC A. Let TR be a submodule of MR , maximal 

with respect to the property that K n T = (0) and let w = W/K be a 
submodule of M/K such that A/K n W/K = (0); equivalently A n WC K 
and thus A n W n T C K n T = (0). Since AR E L(M,), we have 
Wn T = (0). It follows now by the maximality of K (Definition 1.4) that 

W = K or w = (a) and h ence A/K is a large submodule of M/K. Q.E.D. 

COROLLARY. Let R be Q (not necessarily commutative) ring and I a two- 
sided ideal of R, closed as a right R-s&nodule of R. <f ] is a large right ideal 
of R, then V(J) is a large right ideal of R/I. (V is the natural epi- 
morphism R -+ R/I). 

Proof. Let Y ~1 such that Y + 0 (modI). By Lemma 1.5, v(J) is a large 
right R-submodule of R/I, so there exists t E R such that rt E J and rt + 0 
(mod I). We thus have (Y + I)(t + I) = ?? E V(J) with ?% # Ti, hence v(J) is 
a large right ideal of R/I. Q.E.D. 
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PROPOSITION 1.6. If R is a ring with Z(R) == (0) and M any Jinitely 
generated R-module, then Z(M) is of bounded order. 

Proof. I f  Z(M) = M, then M is clearly of bounded order. In any case 

there exists closed submodule T of M such that Z(M) n T = (0) and 
Z(M) @ TEL(M). It follows from Lemma 1.5 that Z(M) @ TIT EL(M/T) 
and since Z(M) @ TIT C Z(M/T) we further have that Z(M/T) = M/T, [7], 
Prop. 2.3. Now Z(M) is isomorphic to a submodule of M/T, it is, hence, of 
bounded order since MIT is. Q.E.D. 

Remark. A consequence of the above proposition is that if R with 

Z(R) = (0) has BSP, R, then, has FGSP. 
We use the well-known, e.g. [Z7], concept of right quotient ring of a not 

necessarily commutative ring R as follows: 

DEFINITION 1.7. A ring S containing a ring R is a right quotient ring of 
R if RR E L(S,). 

Let S be a right quotient ring of R. Observe that if As EL(S~), then 
(R n A)R E L(R,) and if IR E L(R,), then IS E L(S,). Now if MR is any right 
R-module, then M OR S is a right R- and S-module. It follows from the 
above observation that Z((M OR S),) = Z((M OR S),) and hereafter we 
write Z(M @ S). Furthermore, for any left R-module RN we write M @N 
for M OR N, if no ambiguity arises. 

If  a (commutative) ring R has any of the properties of Definition 1.3, then 
certain quotient rings of R inherit them, and we deal with this problem in 
Proposition 1.9. But first a more general result is needed: 

PROPOSITION 1.8. Let R be a ring with Z(R,) = (0) and S a right quotient 
ring of R satisfying: (i) S is flat as a left R-module, and (ii) S OR S z S (by 

the canonical map xi si @ ti -+x s,t,). The following statements are, then, 
true: 

(a) For any right R-module MR with Z(MR) = (0), we have 

Z(M 0 S) = (0). 

(b) For any right S-module As and R-submodule RR of A, we have 
B@Sz BS. 

Proof. (a) We consider MR as an R-submodule of M @ S [17], Prop. 2.2, 
and note that if v  : M @ S + M @ S/Z(MBS) is the natural epimorphism 
(of R-modules) and V = v  1 M (i.e., the restriction of v  to M), then 
0 + M .$ M @ S/z(Mos) is exact since M n Z(M @ S) = (0). Now the 
sequence 0 -+ M @ S + (M @ S/Z(MBS)) OR S is exact by (i). By (ii) and 
the associativity of the tensor product [2] Chapt. II, Prop. 5.1, we have, 
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clearly that (M @ S/Z(MBS)) @R S g M 0 S/Z(M~S) . Thus, 
Z(M @ S) = (0) since Z(M 0 S/Z(M& = (0), [7], Prop. 2.3. 

(b) From the inclusion map RR It A, and properties (i) and (ii) of S, 
we have : 0 -+ B @ S + A @a S is exact and A @x S z As by 
xi ai @ si --C aisi . It follows now that B @ S e BS, by the above map. 

Q.E.D. 

PROPOSITION 1.9. Let R be a ring with Z(R) = (0) and 5’ a quotient ring 
of R, such that S is R-jut and S OR S g S (canonically). The following 
statements are, then, true: 

(a) If  R has FGSP, then S has FGSP. 

(b) If  R has BSP, then S has BSP. 

(c) If  R has SP, then S has SP. 

Proof. (a) Let A = a,S + a*. + a,S be any finitely generated S-module 
and set A* = a,R + *.* + a,R C A. I f  R has FGSP, then A: = .??(A;) @B 
and this gives A* @ S s @(As) @ S) @ (B @ S). By Prop. 1.8 we have 
A* @ S z A*S = A, Z(A*) @ S g Z(A*) S and B @ S s BS; in parti- 
cular .Z(BS) = (0) and Z(Z(A*) S) = Z(A*) S, so the above direct sum 
reduces to A = Z(A*) S @ BS. Thus S has FGSP if R does. 

(b) Let A be an S-module such that Z(A,) is of bounded order. It is 
clear that Z(A,) = Z(A,), hence if R has BSP, then AR = Z(A,) @ B. As 
in (a), it follows by Prop. 1.8 that A = Z(A) @ BS and S has BSP. 

(c) The proof of(c) is the obvious modification of the proof of(b). Q.E.D. 

An exact sequence 0 -+ A + B + C -+ 0 of R-modules is called an 
extension of A by C. The following lemma is well known [2], Chapt. XIV: 

LEMMA 1.10. If A and C are R-modules, then Extal(C, A) = (0) if and 
only ;f every extension of A by C splits [2], p. 5. 

PROPOSITION 1.11. For any (commutative) ring R, the following statements 
are equivalent: 

(a) R has FGSP. 

(b) Z(R) = (0) and Ext,l(M, S) = (0) for every FGNS R-module M 
and singular R-module S, where FGNS means “finitely generated non- 
singular”. 

Proof. (a) implies (b). Z(R) contains no idempotents f  0 so (a) 
implies that Z(R) = (0). I f  0 + S + X + M + 0 is any extension of S by 
M where Z(S) = S and M is FGNS, we see that Z(X) = S since S C Z(X) 
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and 2(X/S) E Z(M) = (0). Furthermore since X/S is finitely generated, 
there exists finitely generated R-module B _C X such that X = B + S. It 

follows from (a) that B = Z(B) @ C and we see that X = S + C. Since 

C n Z(B) = (0) the (last) sum is direct and the extension splits. It follows 
from Lemma 1.10 that Ext,r(M, S) = (0). 

(b) implies (a). It follows from (b) that the sequence 

0-+Z(M)+M-+M/Z(M)+0 

splits for any finitely generated R-module M, hence R has FGSP. Q.E.D. 
The following corollary extends Kaplansky’s result on Priifer domains 

(see Introduction). 

COROLLARY. If R has FGSP, then R is semi-hereditary. 

Proof. It is sufficient to show that every torsionless R-module is flat [3], 
Theorem 4.1. Since a torsionless R-module over a nonsingular ring R is 

clearly nonsingular, it follows, by a standard direct limit argument, that we 
shall have the corollary if we show that every “finitely generated non- 
singular” (FGNS) R-module is flat. 

Let Z be the ring of integers and C any divisible Abelian group. For any 
large ideal I of R and R-module M, we have 

Ext&M, Hom,(R/I, C)) E Homz(Tor,R(R/I, M), C) 

by [2], Chapt. VI, Prop. 5.1. Let M be a FGNS R-module. Since 
Hom,(R/I, C) is obviously a singular (of bounded order I, in fact) R-module, 
it follows by Prop. 1 .ll and the identity above that ToriR(R/I, M) = (0) 

for every large ideal I. The module M is hence R-flat [12], Ex. 1, p. 135, and 
R is semi-hereditary. Q.E.D. 

Remark. The converse of the above corollary is not in general true. There 
exists a commutative regular ring R, which does not have FGSP [Z5], p. 97: 
22.6. 

We complete what we started in Prop. 1.11, with the following homo- 
logical characterization of BSP and SP. The proof is an easy consequence of 
Lemma 1.10 and it is omitted. 

PROPOSITION 1.12. For a ring R with Z(R) = (0) the following statements 
hold: 

(a) R has BSP if and only if Ext,l(M, S) = (0) for every R-module M 
such that Z(M) = (0) and R-module S of bounded order. 

(b) R has SP if and only if ExtR1(M, S) = (0) for every R-module M 
such that Z(M) = (0) and R-module S such that Z(S) = S. 
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COROLLARY. Let R be a ring with Z(R) = (0), I a large ideal of R and N 
an R-module such that Z(N) = (0). If R has BSP, then N @ R/I g N/NI is 
R/I-projective. 

Proof. R is semi-hereditary by Prop. 1.6 (remark) and the Corollary to 
Prop. 1 .ll. Now the torsion submodule of N, t(N) = (x E N/xd = 0 for 
some nonzero divisor d of R}, is contained in Z(N), hence N is torsion free 
and thus R-flat [4], Theorem 5. If 5’ is any R/I-module we have by [2], 
Chapt. VI, Prop. 4.1.3, the isomorphism 

Ext;,,(N @ R/I, S) s Ext;(N, S). (1) 

Since S is an R-module of bounded order I, the corollary follows from 
Proposition 1.12(a) and [2], Chapt. VI, Corollary 2.2. Q.E.D. 

Remark. It is clear from the above proof and Prop. 1.11 that if R has 
FGSP, then M @R/I is R/I-projective for any FGNS R-module M and 
large ideal I of R. 

In this paper a ring R is regular in the sense of Von Neumann [2@ 
If R is a (not necessarily commutative) regular ring and A a right ideal of 

R, then A is generated by its idempotents and in particular A2 = A. This 
implies that if B is any right ideal containing A, then AB = A. We now, 
easily, have: 

PROPOSITION 1.13. Let R be a regular (commutative) ring and I a large 
ideal of R. If R has BSP, then R/I is a hereditary ring. 

Proof. Let J/I be an ideal of R/I; by the preceding paragraph J/I = /I JI 
and, hence, J/I is R/I-projective by the Corollary to Prop. 1.2. R/I is, by 
definition [2], a hereditary ring. Q.E.D. 

We close this section with a modification of Chase’s Theorem 3.1 [3], 
p. 464. Commutativity is not needed in the following. 

DEFINITION 1.14. Let R be a ring, A a left R-module and B a sub- 
module of A. B will be called a pure submodule of A if B n rA = rB for 
all r E R. 

DEFINITION 1.15. Let R be a ring and A a left R-module. Let {C,) be a 
family of left R-modules (where B traces some index set) and let 
fs E Hom,(A, C,). The family { fe} will be called a @-family of homomor- 
phisms if the following conditions are satisfied for any x f 0 in A: 

(a) fs(x) = 0 for almost all /3. 

(b) fs(x) f 0 for some p. 
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THEOREM 1.16. Let R be a ring and J an infinite set of cardinality 5 where 
5 > card R. Set A = nneJRta) where Rfa) = R as a left R-module. Let I be a 
two-sided ideal of R such that A/IA is a pure submodule of a left R/I-module of 
the form C @e Co , where each Ce is generated by a set of cardinality less than or 
equal to 5. Then any descending chain of principal right ideals of R all containing 
I, must terminate. 

Proof. Chase’s proof can be used with slight modifications and we indicate 
these here. The notation used is that of Chase. 

Let fB E Hom,(A/IA, C,) be the restriction to A/IA of the projection of 
C onto CB; { fO> is easily seen to be a @-family. 

Now suppose that the theorem is false and hence let 

be a nonterminating strictly descending chain of principal right ideals of R, 
all containing I. Let v  : A + A/IA be the natural epimorphism (of left 
R-modules) and set g, = fp; (ga} is not necessarily a @-family but it satisfies 
property (a) of a @-family and this is the property that is contradicted in 
Chase’s proof. Each go induces a Z-homomorphism gsR : A,, -+ Ce,; it is 

easily shown that, for a fixed k, {goI,} is a @-family of Z-homomorphisms. 

With no difficulty Chase’s argument now gives his crucial condition: 

(*) For any n, k > 0 and any /3r ,..., & there exists 3 E A,, and 

B f  81 7.a.p B, such that gak(*) f  0. 

Since for each k, {gak} is a @-family, Chase’s inductive argument goes through 
to give a sequence x0 , x1 , x2 ,... of elements of A and a sequence go0 , gs, , ga2 ,.. . 
selected from (go} such that : 

(9 x, E a,A . 

(ii) go,+4 + 0 (mod a,+GJ 

(iii) gan(x,) = 0 for k < n. 

Chase’s construction now gives an element x of A with the property that 
go(x) f  0 for infinitely many /3 and we have the desired contradiction. Q.E.D. 

An immediate application of Theorem 1.16 is the following much needed 
result (we resume commutativity of R): 

PROPOSITION 1.17. Let R be a ring with Z(R) = (0) and I a large ideal of 
R. If R has BSP, then any descending chain of principal ideals of R all containing 
I must terminate. 

Proof. Let J be an index set with card J = R. Let A = J&EJR(a) where 
R(~) = R and let 0 -+ K -+ F --t A ---f 0 be an exact sequence of R-modules 
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with F R-free. It follows from the Corollary to Prop. 1.12 that the sequence 
Q+K@R/I+F@RII-+A@RlI -+ 0 is split exact since Z(A) = (0). 
The hypotheses of Theorem 1.16 are now fulfilled with C = F @ R/I and 

the proposition follows. Q.E.D. 

2. RINGS WITH SP 

The main result of this section is the following characterization of rings 
with SP. Semi-simple means semi-simple with d.c.c. 

THEOREM 2.1. For a ring R the following are equivalent: 

(a) R has SP. 

(b) R is regular and has BSP. 

(c) Z(R) = (0)andf or every large ideal I of R, the ring R/I is semi-simple. 

(d) Every R-module M with Z(M) = M is R-injective. 

In Particular if R has SP, then R is hereditary. 
We give a circular proof in the order: (a) + (b) z- (c) 3 (d) + (a). 

Several of the results needed are of interest in themselves. 

(a) implies (b). It suffices to show that R is regular and this constitutes 

PROPOSITION 2.2. If R has SP, then R is regular. 

Proof. R has FGSP and is, hence, semi-hereditary by the Corollary to 
Prop. 1.11. It follows that the total quotient ring K of R is regular [4], 
Theorem 2. Thus it suffices to show that every nonzero divisor of R is 
invertible in R. To show this we use a variation of the argument used by 
Rotman in [Z6]. 

Let p be a nonzero divisor of R and assume that p-l F$ R. We, then, obtain 
a strictly descending chain of principal ideals of R : R 2 pR ># p2R 2 . . . . 

Set M = JJ,“=l R/pnR and 1, = 1 + pnR E R/pnR. I f  x is in M, we write 

x = [A&] where x, E R for each n. 
An element x of M is said to have infinitep-height, if for every n 3 1 there 

exists an element y  of M such that pny = x. 
M has no (nonzero) elements of infinite height. Indeed suppose x and y  are 

in M such that pny = x. It follows that pny, - xk EP~R for each k, hence 
xk ~pkR + p”R. I f  n > k, then pkR > p”R so that xk E pkR. Thus if x has 
infinite p-height, then x = 0. 

We show next that M/Z(M) does have elements of infinite p-height and 
this will complete the proof. Observe that C,“=l @ RIp”R Z Z(M). Let 

x = (11, 127 PI, 7 Pl, 9’.‘> pnlzrz+l 7 P%+, V). 
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We claim that x + 0 (mod Z(M)). I f  x E Z(M), then there exists j EL(R) 
such that Jx = (0). In particular jp” C p 2n-b11i for each n. This implies 
J C pn+lR for each n, a contradiction to BSP by the Corollary to Theorem 
1.16. 

Now for any n, let YM = (0, O,..., 12n+l, lznf2, P12,+3, P12n+4 ,...). As in 
the case of x above, we have y(,) + 0 (mod Z(M)). Now for each n > 1 

f  = x + Z(M) = (11 , 1, ,*.., $+lz(n-1)+1 > P”-11z(n--l)+2 , 0, O,...) 

+ PnyW + Z(M) = pny,,, + Z(M) = PV(?z, 

and thus f  is of infinite p-height. Q.E.D. 

Remark. Since a regular integral domain is a field, Rotman’s result [Z6] is 
now a consequence of the above proposition. 

(b) implies (c). Clearly Z(R) = (0) as R is regular. 

In the following sequence of results we show that R/I is semi-simple by 
showing that R/I has no infinite set of orthogonal idempotents. (Corollary to 
Prop. 2. 5). 

We start with a result of Tarski [19]: 

THEOREM T. (Tarski). I f  I’ is a countably infinite set, there exists a class K 

of subsets qf r such that: 

(a) card K = 2”o 

(b) card A = N, for every A E K 

(c) card A n B < =J for all A, B E K, (A f  B). 

In the following application of Theorem T, R need not be commutative. 

PROPOSITION 2. 3. Let R be a ring (with 1) and {A(“) : n E IJ a countably 
injinite family of nonzero right R-modules. Then MX = n,, Atn)/C, @ A(n) 
contains a submodule which is the direct sum of 2xo submodules of M. 

Proof. Let K = {X, : 01 E A} be a class of subsets of r with card A = 2Ko, 
card X, = N, and card X, n X, < cc (0~ # /3), by Theorem T. If  x is an 
element of I-In A(=) we write x = [x(n)] with x(n) E A(%). For each a: E A, let 
m, = [m,(n)], where 0 f  m,(n) E A(*) if n E X, , m,(n) = 0 if n 4 X, . 
Clearly m, + 0 (mod En @j Atn)). 

Set N = xa riii,R, 7Ti, = m, + Cn @ A’“); obviously N C M. We claim 
the sum Ca rTi,R is direct. Suppose f  E %,R n C,,+ F&R; we have 
; ==( F, =““i; +( *;’ ; “;I” where ri E R, OL # fli . This implies that 
m,n r m61 n yl -*. + [mBk (n) rk] E zn @ ACn). Now 

card(X, - & X,,) - co since Xa - & X,, = X, - (Jfcl (Xw n X,.) 

481/10/z-3 
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and card(ue, (X, n J&i>) < co by property (c), Theorem T. From this it : 
follows that m,(n) Y  = 0 for all but a finite number of the indices n, hence 
x = O(mod Cn @ A(%)). Q.E.D. 

The following is a generalization of a result by Sandomierski [28], 
Theorem 2.1; we supply the proof for completeness. Commutativity of R is 
not needed. 

THEOREM 2.4. Let R be a ring with Z(R,) = (0) and PR a projective 
module. If PR contains a large submodule BR , which has a set of generators 
G = {ki : ig I} with card G = co, then PR has a set of generators G’ with 
card G’ < card G. 

Proof. By [2], Chapt. VII, Prop. 3.1, there exists a family {x~} of elements 
of PR and a family { fa} C HomR(P, , RR) such that for all x E P we have 
x = C x, f&(x), where fa(x) = 0 for all but a finite number of the 01. 

It suffices to show that fa is the zero map for all but a set A of indices 01, 
with card A < card G. 

Let A = {ollfa(k~) # 0 f  or some i E I>; clearly card A < card G and for 
all 01 $ A we have fu(BR) = (0). Let x be any element of P; the 
ideal I = {Y E R/~Y E B} is, then, large by [Z7], Prop. 1.2. Furthermore let 
a $ A; for any Y  E I we have 0 = f&m) = fm(x) Y, hence fJx) I = (0). 
Thus fa(x) = 0, as Z(R,) = (0), hence .f, = 0. 

Let G’ = {xa : (Y E A}. Q.E.D. 

LEMMA 2.5. If R is a (commutative) regular ring, then idempotents can be 
&ted module any ideal I of R. 

Proof. Let j = p + I be an idempotent in R/I; we have p = eu for 
some idempotent e and unit u in R [4], Theorem I. Furthermore eu2 - eu E I 
so that (eu2 - eu)u-l=eu-ee~Iand,thus,j=t?,e~=e~R. Q.E.D. 

PROPOSITION 2.6. Let R be a ring and I a large ideal. If R is regular and 
has BSP, then R/I does not contain a countably in$nite set {t$, : n E I’} of ortho- 
gonal idempotents with the property that Cn @ &R/I is a large ideal of R/I. 

Proof. Suppose the proposition is false. There exists, then, a countably 
infinite set {e, : n E r} of idempotents in R such that {& : n E r} is a coun- 
tably infinite set of orthogonal idempotents in R/I, with the property that 
A = Cn @ &R/I is R/I-large in R/I. By a well-known argument we may 
further assume that the idempotents (e,} C R are orthogonal. 

Now consider the exact sequence 

(1) 
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where i is the canonical embedding of C @ e,R in n e,R and v is the natural 
epimorphism. Every R-module is flat [4], Prp. 10 and in particular R/I, so 
that the following sequence is exact: 

o + (C @ enR) @ R/I+ (n e%R) 0 R/I-+ (n e,R/xB,,,,) 0 R/I-t 0. 

(2) 

We now show the following: 

Claim. Every R/I-submodule of JJ e,R @ R/I containing (C @ e,R) @ R/I 
is countably generated. 

By the Corollary to Prop. 1.12, n e,R @ R/I is R/I-projective; since R/I 
is hereditary, by Prop. 1.13, every R/I-submodule of n e,R @ R/I is R/I- 
projective [2], Chapt. I, Theorem 5.4. The claim will now follow from 
Theorem 2.4 if we show that (C @ e,R) @ R/I is R/I-large in n e,R @ R/I. 
Thus, let y = X:=1 xi @ i f 0, where xi in e,R. Now n e,R @ R/I is 
R/I-nonsingular since it is R/I-projective and R/I is a nonsingular ring 
[5], p. 426. It follows that yA # (0) so there exists 8r such that 
0 f yt?r = (C x:i @ i) .?l = C xiel @ i. Clearly xiel EC @ enR, i = l,..., k 
so 0 f ~t?~ E (C @ e,R) @ R/I and the proof of the claim is complete. 

From this claim and sequence (2) we have: 

(*) every R/I-submodule of (n enR/zBie,R) @ R/I is countably 
generated. 

We now use Prop. 2.3 to construct an R/I-submodule N of 

such that N cannot be generated by fewer than 2Ho generators; this 
contradicts (*) and the proof shall be complete. 

Using the notation of Prop. 2.3, we let r, = [r=(n)], c1 E A where r,(n) = e, 
if 11 E X, , y,(n) = 0 if 7t $ X, . We set N = CaEn @ Ta,R C fl e,R/C @ e,R 
where card A = 2N~. The sequence 0 --+ N @ R/I-+ (n e,RIC @ e,R) @ R/I 
is exact and N @ R/I E zaGA @ (FUR @ R/I). We shall have the contra- 
diction to (*) if we show that FaR @ R/I f  (0) for each 01 E A. 
If FaR @ R/I = (0), then Fa = Ta,t for some t E I; from this we have 
[ye(n)] - [y,Jn) t] E C @ enR, an impossibility by the definition of Y, and the 
properties of {X, : 01 E A}. Hence N @ R/I cannot be generated by fewer 
than 2xo generators, a contradiction of (*): the proposition is true. Q.E.D. 

COROLLARY (Hypotheses as in Prop. 2.6). R/I contains no in$nite sets 
of orthogonal idempotents. 

Proof. Suppose the corollary is false and let (t;n : 12 E r} be a countably 
infinite set of orthogonal idempotents in R/I. Let v : R ---f R/I be the canonical 
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epimorphism and set J = 1, @ &R/I where J = V-I(J). Let I?, where 
K = v-‘(R), be an ideal of R/I, maximal with respect to the property that 
1 n I? = (a). In particular J @ J? is a large ideal of R/I. Let V : R/I + R/K 
be the epimorphism x + I + x + K. It is easy to see that i;(&) f  0 f  R/K 
and {G(&) : n E r} is a set of orthogonal idempotents in R/K. Furthermore 
I? = K/I is a closed ideal of R/I so that c(J @ I?) is a large ideal 

of R/K z R/I/K/I by the Corollary to Lemma 1.5. But 

and since K is a large ideal of R, the last statement contradicts Proposition 2.6. 
Hence, R/I contains no infinite set of orthogonal idempotents. Q.E.D. 

We now complete the proof(b) implies (c): R/I is a regular ring, since R is, 
and contains no infinite sets of orthogonal idempotents by the above corollary. 
This is well known to imply that R/I is a semi-simple ring. 

(c) implies (d). Let M be an R-module such that Z(M) = M. To 
show “M is R-injective” it is sufficient to show that for every large ideal 
J of R and f  E Hom,( J, M) there existsf * E Hom,(R, n/r) such thatf * j J = f. 
*Observe that Ia = kerf is large in JR , hence I is a large ideal of R, Consider 
the following diagram: 

where p, Y are natural epimorphisms, i, j are inclusion maps andf is induced 
by f; we have ILL = f and vi = jp. From (c) it follows that J/I is a direct 
summand of R/I, hence there exists g E Hom,(R/I, M) such that gj = f  
Letf*=gY;wehavef*‘i=(gv)i==gjp=fp=$ Q.E.D. 

(d) implies (a). Tivial. 

We complete the proof of the theorem by showing that if R has SP, then R 
is hereditary. Let M be any R-module and E its R-injective hull. In the 
exact sequence 0 - M - E + E/M - 0, E/M is R-injective by (d). It 
follows that inj. dim, M < 1 for every R-module M. R is hereditary, follows 
now from [2], Chapt. VI, Prop. 2.8. 
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Remark. It is now clear (e.g., from (b)) that if R has SP, then every 

homomorphic image of R has SP. 
Osofsky has shown [Z4] that a right hereditary ring which is right 

self-injective is a semi-simple ring. From this and Theorem 2.1 we obtain 
immediately the following: 

THEOREM 2.7. For any commutative ring R the following are equivalent: 

(a) R is semi-simple. 

(b) R is self-injective and has SP. 

Remark. ‘4 ring which has SP need not be semi-simple. Let K be a field 
and A an infinite index set. Let Q = naEA Kca), where K(a) = K, and 

R=C,,,@IP)$-l.KCQ, ~EQ. R is easily seen to have only one 

large ideaf, namely I = CaeA @ J(cnf and I is, of course, maximal. Since R is 

clearly regular, R has SP by Theorem 2.1 (c). R is not semi-simple. 
The fact that the ring in the above example has only one large ideal is not 

totally unrelated to SP. We show below (Theorem 2.9) that a semi-here- 
ditary ring with finitely many large ideals, has SP. 

Left perfect rings have been studied by Bass [I); the following theorem, 
contained in Bass’ Theorem P, records all the information we need here: 

THEOREM B (Bass). For any ring R, the following statements are equivalent: 

(a) R is left perfect. 

(b) R satisJes the descending chain condition on principal right ideals. 

(c) Every JEat left R-module is projective. 

LEMMA 2.8. Let R be a ring and I any (two-sided) ideal of R. If  A is afrat 

right R-module then A @ R/I e A/AI is a flat right R/I-module. 

Proof. For any left R/I-module C we have 

Torf(A, C) G Torf”(A 0 R/I, C) n>O 

by [2], Chapt. VI, Prop. 4.1.1. Q.E.D. 

THEOREM 2.9. If  R is a (commutative) semi-hereditary ring with finitely 
many large ideals A, ,..., A, , then R has SP. 

Proof. Let M and N be R-modules such that Z(M) = M and Z(N) = 0. 
Set I = nzl Ai; it follows by [27], Prop. 1.2, that I is large and it is clear 
that MI = (0). Furthermore N is R-flat [4], Theorem 5, and since R/I 
clearly has d.c.c. (in fact finitely many ideals) it follows from Lemma 2.8 
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and Theorem B (c) that N/N1 is R/I-projective. R, now, has SP by (I), 
Corollary to Prop. 1.12 and Prop. 1.12(b). Q.E.D. 

Remark. We do not know whether the converse of Theorem 2.9 also holds. 

3. RINGS WITH BSP 

In this section we establish the following characterization : 

THEOREM 3.1. For a ring R with Z(R) = (0), the following statements are 
equivalent: 

(a) R has BSP. 

(b) R is semi-hereditary and for every large ideal I of R, the ring R/I has 
d.c.c. 

The proof of (b) ’ pl. im res a IS essentially contained in the proof of ( ) . 
Theorem 2.9; observe that it suffices to show that Extar(N, M) = (0) for 

every pair of modules M and N such that Z(N) = (0) and M is of bounded 
order, say I (Prop. 1.12(a)). 

We postpone the proof of (a) implies (b) until some of the ideas involved 
have been sufficiently developed beIow. 

Let T denote the set of nonzero divisors in R and K the total quotient ring 

of R [4]. 

DEFINITION 3.2. For any ideal I of R, let 

I’ = (I E Rlrd E I, for some d E T). 

I f  M is an R-module we let t(M) = {m E M/md = 0, for some d E T}, the 
usual torsion submodule of M. It follows easily from Definition 3.2 that 
t(R/I) = I’/1 for any ideal I. 

LEMMA 3.3. Let R be a ring and I an ideal of R. The following statements 
are, then, true: 

(a) If R is semi-hereditary and I = I’, then If = I n J fm any other 
ideal J of R. 

(b) If  I = I’, then the sequence 0 -+ R/I-+ K/IK (canon&z2 map) is 
exact and KIIK is an R/I-essential extension of R/I. 

(c) IK = I’K. 

Proof. (a) R/I is torsion-free as an R-module, hence it is R-flat [4], 
Theorem 5. The sequence 0 -+ R/I @ J- R/I, induced by the inclusion 
map J C R, is thus exact and since R]I @ J z Jirf we have IJ = I n J. 
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(b) It is well known (e.g. [13], Prop. 1.5) that if M is any torsion-free 
R-module, then MK = {md-l/m EM, d E T}. Thus, let x E ZK n R; we 
have x = ad-l, a E I, d E T and from this xd = a E I, hence x EZ’ = I. We 
have the first assertion of (b). To show the second part, observe that if 
ad-l E K - IK, then a 4 Z and d $ I; we thus have (ad-l + IK)(d + I) = 
(a + ZK) E Zm(R/Z-+ K/IK) z R/Z and a f 0 (mod Z). 

(c) Clearly ZK C Z’K. Let xd-l E Z’K; there exists t E T such that 
xt = a E I. Thus x = at-l and xd-l = a(td)-l E IK. Q.E.D. 

PROPOSITION 3.4. Let R be a ring with Z(R) = (0) and BSP. Let I be a 
large ideal of R. Th e o f I1 owing statements are, then, true: 

(a) K has SP. 

(b) If I = I’, then R/Z e KIIK; in particular R/Z has d.c.c. 

(c) ZfZ n T # 0, then R/Z has d.c.c. 

Proof. (a) R is semi-hereditary by Prop. 1.6. (remark) and the Corollary 
to Prop. 1.9; it follows from this that K is regular [4], 2. Now K satisfies the 
conditions of Prop. 1.9, it, hence, has BSP and by Theorem 2.1 (b) it has SP. 
In particular K/ZK is a semi-simple ring. 

(b) If J/I is any ideal of R/I, it follows from Lemma 3.3 (a) that 
J/l z J 0 WI; f rom this and the Corollary to Prop. 1.12 we see that J/Z is 
R/Z-projective, hence R/I is hereditary. 

Now by Lemma 3.3 (b) and ( a a ) b ove, K/ZK is the maximal quotient ring 
of R/Z; in particular R/Z is a finite dimensional ring [Z7], Theorem 1.6. By a 
result of Hattori [7], Lemma 3, p. 156, R/Z is a finite direct sum of Dedekind 
domains, say R/Z = D, @ 1.1 @ D, and thus K/ZKCQ~@**-@Q~, QC 
the quotient field of Di . By the Corollary to Prop. 1.12, K/ZK is R/Z-pro- 
jective and this clearly implies that Q1 is D,-projective. The last condition is 
well known to imply that Di = Qi for each i, hence R/Z g K/ZK. In partic- 
ular R/I has d.c.c. 

(c) Let d E Z n T; it follows by an argument due to Chase [3], Theorem 
4.3 that RIdR has d.c.c. and this clearly implies that R/Z has d.c.c. Q.E.D. 

We can now prove: 

(a) implies (b). Let Z be a large ideal of R and f : R/Z -+ K/IK the 
homomorphism defined by f : r + I -+ r + ZK. We claim that f is an 
epimorphism; this follows from the fact that f is the composition 
RI1 L R/Z’ L K/I’K where 7 is an isomorphism by Prop. 3.4 (b), v is the 
natural epimorphism and K/Z’K = K/ZK by Lemma 3.3 (c). Note that 
ker f = Z/Z and K/IK is R/Z-projective; it follows that the exact sequence 
0 + Z’/Z+ R/I+ K/ZK -+ 0 splits. In particular If/Z is a cyclic R/Z-module 
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with the property that @‘/I) = II/I. This implies that If/I z R/J for some 
ideal J of R such that J n T # 0. Now R/I has d.c.c. since both R/J and 
KIIK do, by Prop. 3.4. Q.E.D. 

The proof of the theorem is now complete. 

4. DIRECT PRODUCTS OF HEREDITARY RINGS 

An easy consequence of the Corollary to Lemma 1.5 and [Z7], Prop. 1.2 (4), 
is that if M is an R/I-module, where I is a closed ideal of R, then 
Z(n/r,) = 2(&f,,,). It follows easily from this that a finite direct sum of rings 
has FGSP, BSP, SP if and only if each of the summands, correspondingly, 
has these properties. An infinite direct product of rings, however, does not 
preserve the last two. More generally we have the following: 

THEOREM 4.1. Let {R,: 01 E r} be an infinite collection of right hereditary 

rings R, (with identity). Then, the direct product nIaEr Rm is not a right here- 
ditary ring. 

Proof. It is sufficient to show the theorem in case card I’ = N, , since the 

direct product of countably many of the rings Rm is a direct summand of 
I-Jeer R, in an obvious manner. Set fl = n R, and I = x0 @ Ra; I is 
obviously a large (2-sided) ideal of (1 and it is countably generated over (1. 

Assume the theorem is false, hence /l is hereditary. It follows from 
Theorem 2.4, that every right ideal of A/I is countably generated. By Tarski’s 
Theorem T /I has 2N~ idempotents {e,} whose image {&} in A/I is a set of 
2”o (distinct) orthogonal idempotents. The right ideal C .$I of A/I is obviously 
not countably generated. 

The theorem is, hence, true. Q.E.D. 

We see from the proof of Theorem 4.1 that A/I does not have d.c.c., where 
the ideal I is large in fl. From this and Theorem 3.1 we have easily: 

THEOREM 4.2. Let (R, : OL E r} be an infinite collection of (commutative) 
rings R, satisfying Z(R,) = (0) and BSP f OY each 01 E I’. Then the direct product 

no RU does not have BSP. 
In the case of FGSP an analogous theorem does not hold. Any infinite 

direct product of self-injective nonsingular rings has FGSP [Z7], Theorem 2.7. 
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