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The Principle of Maximum Conformality (PMC) eliminates QCD renormalization scale-setting uncertainties
using fundamental renormalization group methods. The resulting scale-fixed pQCD predictions are
independent of the choice of renormalization scheme and show rapid convergence. The coefficients of the
scale-fixed couplings are identical to the corresponding conformal series with zero B-function. Two all-
orders methods for systematically implementing the PMC-scale setting procedure for existing high order
calculations are discussed in this article. One implementation is based on the PMC-BLM correspondence
(PMC-I); the other, more recent, method (PMC-II) uses the Rs-scheme, a systematic generalization of
the minimal subtraction renormalization scheme. Both approaches satisfy all of the principles of the
renormalization group and lead to scale-fixed and scheme-independent predictions at each finite order.
In this work, we show that PMC-I and PMC-II scale-setting methods are in practice equivalent to each
other. We illustrate this equivalence for the four-loop calculations of the annihilation ratio R.+.- and the
Higgs partial width I'(H — bb). Both methods lead to the same resummed (‘conformal’) series up to all
orders. The small scale differences between the two approaches are reduced as additional renormalization
group {Bi}-terms in the pQCD expansion are taken into account. We also show that special degeneracy
relations, which underly the equivalence of the two PMC approaches and the resulting conformal features
of the pQCD series, are in fact general properties of non-Abelian gauge theory.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

A primary problem for perturbative QCD (pQCD) analyzes is
how to systematically set the renormalization scale of the QCD
running coupling to achieve precise fixed-order predictions for
physical observables [1]. A valid prediction at any finite or-
der should be independent of the choice of the renormalization
scheme, since the choice of the scheme is a theoretical convention.
The “Principle of Maximum Conformality” (PMC) [2-5] eliminates
the renormalization scheme- and scale-ambiguities order by order
in perturbation theory, consistent with fundamental renormaliza-
tion group methods [6-9]; it is also the principle underlying the
well-known Brodsky-Lepage-Mackenzie (BLM) approach [10]. In
the Abelian limit, the PMC is the standard scale-setting method
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used for precision tests of quantum electrodynamics (QED). The
elimination of the renormalization scale ambiguity removes an
unnecessary systematic error for pQCD predictions, thus provid-
ing scheme-independent precision tests of the Standard Model and
improving the sensitivity to new physics.

The renormalization group equation (RG-equation) determines
the running of the gauge coupling from the analytic properties of
the B-function:

dag Sl
2 Z;’j) =—a}() y_ Bidi(w), (1)

i=0

Blas(n)) =

where a perturbative expansion of the B-function in terms of the
coupling as; = os/4m is assumed. The expressions for fBo,..., 83
in the modified minimal-subtraction scheme (MS-scheme) can be
found in Refs. [11-15]. One can then use a Taylor-expansion to de-
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The RG-equation and the asymptotically expanded S-function
in (1) can be used to recursively establish a perturbative g-pattern
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The PMC utilizes this perturbative B-pattern to systematically set
the scales of the running coupling at each order in a pQCD ex-
pansion; the coefficients of the resulting series thus match the co-
efficients of the corresponding conformal theory with 8 = 0. Thus
the divergent o 8{'n! “renormalon” contributions are absorbed into
the scale-fixed running couplings. The pQCD convergence of the
resummed series is generally improved due to the elimination of
those renormalon terms. This is the same principle used in QED
where all g-terms resulting from the vacuum polarization correc-
tions to the photon propagator are absorbed into the scale of the
running coupling. As in QED, the scales are physical in the sense
that they reflect the virtuality of the gluon propagators at a given
order, as well as setting the effective number ny of active fla-
vors. The resulting resummed pQCD expression thus determines
the relevant “physical” scales for any physical observable, thereby
providing a solution to the renormalization scale-setting problem.
There can be a small residual scale-uncertainty in the final ex-
pression due to the truncation of the S-function; however, these
residual uncertainties are highly suppressed even for lower-order
predictions.

The scale-displacement relation (2) provides the simplest exam-
ple of the PMC: If one resums all-orders {g;}-terms in the right-
hand-side of Eq. (3), one (trivially) obtains as(u2) = as(i42)|pmc
at any fixed order, independent of 1 and the choice of scheme;
this agrees with the reflexivity property of the renormalization
group [16].

In this paper we will show how to systematically implement
the PMC scale-setting if one starts with an existing high-order
PQCD calculations for a physical observable. Such calculations
which are available in the literature are usually performed in a
conventional renormalization scheme such as the MS-scheme, as-
suming a single initial scale p. Two all-orders approaches for im-
plementing the PMC procedure for existing high-order calculations
have been suggested. One is based on the PMC-BLM correspon-
dence (PMC-I) [2]; the other method (PMC-II) [4,5] utilizes the
pattern of 8 terms illuminated by the Rs-scheme, which was in-
troduced in Ref. [4] as a generalization of the MS-like renormaliza-
tion schemes, thus enabling one to obtain nontrivial information
on the pQCD series. Both approaches satisfy all of the principles
of the renormalization group [16], and they lead to scale-fixed and
scheme-independent predictions at any finite order [2-5]. Both im-
plementations have been successfully used for making scale-fixed
and rapidly converging predictions for a number of high-order
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as(f2) = as(iq) — Poln <

high-energy processes [17-26]. We shall show that the two PMC
methods are, in practice, equivalent. Any small residual scale dif-
ference between the two approaches is systematically reduced as
more RG {B;}-terms in the perturbative QCD expansion are known.
Both implementations of the PMC allow one to determine the PMC
scales of a process order-by-order in pQCD.

In general, a pQCD prediction for a physical observable can be
written as an expansion'

m
p=>_ Zcun atilan 4 (4)
i=1 j=0

”

where the symbol “...” means even higher-order contributions,
p is the initial scale. The ny-terms count the number of ac-
tive flavors which arise from light-quark loop contributions to the
B-function. All of the explicitly written n¢-terms thus pertain to
the RG {B;}-terms, and - as in the BLM procedure - they provide
a guide to setting the renormalization scales. It is important to
note that the coefficients ¢; ; may also contain ng-terms which are
ultraviolet finite and are not associated with the B-function. For
example, terms arising from the ultraviolet finite quark-loop con-
tributions to the three-gluon and four-gluon vertices will be kept
unchanged during PMC scale-setting.

After applying PMC-I and PMC-II, all of the ng-terms which are
governed by the RG-equation will be resummed into the running
coupling; the pQCD series in Eq. (4) then changes to the resummed
‘conformal’ series:

p= Zr, bae Q) + - (5)

where M =Tlor Il for PMC-I or PMC-II, respectively. The coeffi-
cients r, o are the g-independent ‘conformal’ coefficients and Qp,;
are the PMC scales, where i = 1 stands for the leading-order (LO)
one, i = 2 stands for the next-to-leading (NLO) on, etc. The re-
sulting coefficients are conformal in the sense that they are UV
finite, scheme-independent, and do not depend on the resumma-
tion schemes, PMC-I, PMC-II, or any other implementation follow-
ing PMC. This will be shown explicitly for PMC-I1 and PMC-IIL

Let us describe the different implementations of PMC in more
detail:

PMC-I allows one to obtain the correct PMC scales using a step-
by-step method without first transforming the ng-terms into the
{Bi}-terms. This procedure is based on the observation that one
can rearrange all the Feynman diagrams of a process in form of
a cascade; i.e., the “new” terms emerging at each order can be
equivalently regarded as a one-loop correction to all the “old”
lower-order terms. All of the ng¢-terms can then be absorbed into
the running coupling following the basic B-pattern in the scale-
displacement formula, i.e. Eq. (3). The resulting PMC-I scales are
themselves expressed as perturbative expansions with the same
B-pattern of Eq. (3). More explicitly, the PMC-I scales can be de-
rived in the following way: The LO PMC-I scale Q; 1 is obtained by
eliminating all the ns-terms with the highest power at each order,
and at this step, the coefficients of the lower-power ng-terms are
changed simultaneously to ensure that the correct LO as-running
is obtained; the NLO PMC scale Q;, is obtained by eliminating
the ny-terms of one less power in the new series obtaining a
third series with less ny-terms; and so on until all ny-terms are

T We do not consider quark mass renormalization in this paper and will as-
sume n > 1 in our discussions. For the case of n =0, i.e. when the tree-level result
does not involve strong interactions, one can implement the PMC from the second
a'-term and all the following formulas apply.
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eliminated. The step-by-step coefficients for the ny-series can be
found in Ref. [2]. After performing these order-by-order scale shifts
m — QI,lv Q]q] — Ql.Zv QI,Z — Q]qg, ..., one eliminates all the
ny-terms associated with the as-running and derive the conformal
series.

It is noted that the PMC scale-setting can be automatically im-
plemented in a higher order pQCD calculation if one uses the
Rs-scheme. The usual subtraction constant In4mw — g is gener-
alized to In4mw — yg — 4. The resulting dependence on the extra
constant § flags all of the terms in the pQCD series proportional
to the B-function [4,5]. Thus, in contrast to PMC-I, PMC-II first
transforms the ny-series at each order into the specific g-pattern
dictated by the R;s-scheme; the resulting B-pattern leads directly
to the PMC scales and the conformal series. In this sense, PMC-II is
a theoretical improvement of PMC-I, since PMC-I only determines
the overall effective scales without determining the perturbative
terms which lead to those values. Due to the fact that the run-
ning of o at each order has its own {g;}-series as governed by the
RG-equation, the B-pattern for the pQCD series at each order is a
superposition of all of the {8;}-terms which govern the evolution
of the lower-order « contributions at this particular order. The re-
sulting B-pattern is then in general different from the B-pattern of
Eq. (3).

PMC-II suggests that the coefficients of the {B;}-terms in the
B-pattern can be fixed by requiring a “degeneracy relation” among
different {B;}-terms at different orders; the result resembles a
skeleton-like expansion [4,5]. By resumming the {8;}-series accord-
ing to this expansion, one also correctly reproduces the Abelian
N¢ — 0 limit of the observables [27]. Thus one can simultaneously
determine the PMC scales Qy; at all orders from their initial val-
ues p; ie. w — Qu1, 4 — Quz2, 4 — Qu3, ---, by resumming the
{Bi}-terms into the running couplings in the skeleton-like form.

The degeneracy relations introduced by PMC-II were originally
obtained by studying the pQCD series in the Rs-scheme [4]. Let
us show that theses relations are required by the conformality of
the final series. Using the RG-equation and the scale displacement
relation, we can write down the most general S-pattern for the
pQCD approximant of a physical observable. For example, Eq. (4)
can be rewritten as

p=roaf () + <r2 o +npory )GQH (n)

+ (r3 o+ IS + (n+ Dfory, ﬂér';z)a?“(m

+ <r4 o +nBary T + (4 Dy + (n+2)ory 4

2n? +3n n?+3n+2
———B1Bor [31*2+—ﬁ§ 22
n +3n2+2n
e h 23) a3 () + - (6)

By applying the PMC-II procedures [4,5], we obtain

P—T1 0ds (Q111)+T20 ar*l(Qy, 2)—|—r30 a2(Qu3)

+ry0-ait(Qus) +n [r'z'*l —ry 1] Bra 2 (1)

+ (nﬂz [ =i |+ g [ -1

22 43
i + LY [rg*z_rg2]>ag+3(m+..., 7)

This step does not require the degeneracy relations. However,
in order to ensure that p is conformal; i.e., to not contain any

{Bi}-terms, we get the required degeneracy relations: r12'*1* = rlzl*1 =

([ | g
131 =137,135= r3 5, etc.. Those degeneracy relations also en-

sure the elimination of all the remaining as(u)-terms in the pQCD
series, we then obtain the required scale-fixed PMC prediction.

Alternatively, if one implements PMC-I and requires the unique-
ness of the conformal coefficients for the two methods, we again
find the degeneracy relations. To show this, we transform the
general {B;}-series (6) back to ny-series, and by further applying
PMC-I, one finds

.0
.0=T110

I 1

r20_r20,

rho=r4o+7nCE(s  — 5% + 11nCACE (Y | —15%)
3.0~ 30 A 2,1 AVFU21 2.1

Tho=Tho— §c§\ (n(151rY | — 22815 + 771345 CF

-21 1 — i 7 41 12010
n+ )(r31 r31))+24n( r 1+ Iy,

—161r5)C3 — CACF(n(7r'2'. — 6ry"

— i CF —2(n+ 1)(r'3‘,1 ).

Thus to ensure the conformality of the PMC-I and the PMC-II final
expressions; i.e. r} o =r{'), we are immediately led to the degener-
acy relations. Followmg the same procedures, we can demonstrate
the equivalence of conformal series up to any order. This equiv-
alence can be explained by the fact that the scale-displacement
relation (2) acts only on the purely non-conformal {8;}-series, and
PMC-1 and PMC-II only differ in eliminating the ny-terms - ei-
ther by using the RG B-pattern directly, or by using the super-
positioned RG B-pattern. Thus, if one transforms the PMC-I predic-
tion to the one of PMC-II, or vice versa, the conformal coefficients
are not altered. More explicitly, by using the A-function to the
highest known order; i.e., four-loops, the conformal coefficients for
any semi-simple Lie gauge group with n¢-fermions and Nc-colors
are:

LI
{0 ="C10, (8)

11C
L _ A
2.0 =20+ 5

2.1, (9)

1
o=~ [~(B4CATE +132CaCrTRICo 1+
07 1672

16T%c3,0 +44CATrC3 1 +12]C/24C3_2:|, (10)
Ll 1 2 )
T40= 64—3[2CATF(—287CA +1208CACF +

924C%)ca1 — 48CATE(7CA +11CF)c3 1 —
264C3TE (7CA +11CF) 32 + 64T pca 0 +
176CAT2ca 1 +484C3Trcar +1331C3 ca 3], (11)

where C4, Cr and Tf are quadratic Casimir invariants [28]. For
an SU(N¢)-color group, we have C4 = N, Cp = (Ng —1)/2N, and
Trp=1/2.

Since the non-conformal {B;}-terms are eliminated in different
ways, the PMC-I and PMC-II scales can in principle be different.
Since they are both based on the RG-equation, the accuracy of the
PMC scales depend heavily on how well we know the {B;}-terms
of the process. One observes that the PMC-I and PMC-II scales are
themselves expressed as perturbative series, and their logarithmic
differences will be suppressed by specific powers of «s. To quantify
this, we define the logarithmic difference of the PMC-I and PMC-II
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Table 1

The logarithmic scale difference A; for Re+o- (Q =31.6 GeV), I'N(Z — hadrons),
F(T(IS) — e*’e‘), and T'(H — bb) up to four-loop QCD corrections, where NS
stands for the non-singlet contribution.

Aq Ar A3
Rete- (Q =31.6 GeV) —0.0043 +0.0973 +1.9389
'NS(Z — hadrons) ~0.0030 ~0.0826 +2.0432
r (T(lS)iﬁ e*e’) +0.0353 +0.1047 +0.0816
I'(H — bb) +0.0001 —0.0014 —0.0018

scales by A; =1InQy;/Qu,, and the first three ones for a four-loop
prediction read:

361 f 2 3
A1 =— a + O(ay), 12
1 64n2(n+l)c%’062,1T% s(1) (as) (12)

3P0 (5Ca +3CF) f

Ay = a
2 16n(n + 1)2C1’062.1T1: (11C2,]CA +4C2,0T}:) s(1)
+0(), (13)
A3 =3Cyx (7CA+11CF)£+O((15), (14)

where
f=6n*(n+1)ci gca3 + <2n3 +8n® +13n+ 7) G4

—6n (n2 +3n+ 3) €1,0€3,2€2,1,

g=4nm+1)(n +2)c1,0¢2,1(C%(84c2 1 TF — 121c32)
+44CATF(3c21CF —c3.1) — 16¢30T2).

As indicated by Eqs. (12), (13), (14), the LO logarithmic scale differ-
ence Ap starts at the order a2, which changes to order a! for the
NLO A,, and to order a? for the NNLO As. The value of A; can
be qualitatively understood through the scale-displacement equa-
tion (3), i.e.,

al(Qu) —al(Qri) = 2iBoAia 1 (Qu ) + O@?).

The leading term of A; may be of order aso. Since the NLO ny-term
is uniquely fixed, the order a? of InQy,1 and In Qy,1 must be equal.
This explains why PMC-I, PMC-II, and also BLM, are exactly the
same at the NLO level [29]. We further note that the order a} of
InQy,1 and In Qy,1, and the order a? of In Q2 and In Qy 2 are also
equal. This shows a non-trivial equivalence of the two scale-setting
methods at the non-conformal level, which means that PMC-I and
PMC-II are the same at the NNLO level. Moreover, if we know addi-
tional higher-loop contributions, we can achieve more precise and
closer PMC-I and PMC-II scales, and thus obtain smaller A;.

Table 1 shows several four-loop examples of how A; changes
with the increment of the loop corrections. The four-loop expres-
sions using conventional scale setting are adopted from
Refs. [30-37]. The PMC predictions for those channels can be
found in Refs. [23-26]. In the case of H — bb, the computed
scale differences are very small at any order. For example, the
largest difference for the case of H — bb is found between Q3
and Qq3, which is less than 0.2%. The logarithmic scale differ-
ences for R(e + e—) and I'N(Z — hadrons) are somewhat larger;
their magnitudes follow the trend |A1| < |A2| < |As], indicat-
ing that the PMC-I and PMC-II scale differences quickly dimin-
ish as we include more {B;}-terms to fix the PMC scales. In
the case of F(T(lS) — e+e‘), the logarithmic scale differences
|A1] < |A2| ~ |As| show that the scale differences between Q3
and Qy 3 are accidentally small even with less S-term information
than the case of Qy,2.

Table 2
The contributions of each of the contributions (LO, NLO, N2LO and N3LO) to the
four-loop pQCD approximate R§.

LO NLO N2LO N3LO Total
PMC-I 0.04294 0.00340 —0.00002 —0.00001 0.04631
PMC-II 0.04290 0.00352 —0.00004 —0.00002 0.04636
Conv. 0.04499 0.00285 —0.00117 —0.00033 0.04634
Table 3

The contributions of each of the contributions (LO, NLO, N2LO and N3LO) to the
four-loop pQCD approximate Rg",

LO NLO N2LO N3LO Total
PMC-I 0.2268 0.0249 —0.0091 —0.0012 0.2414
PMC-II 0.2268 0.0249 —0.0094 —0.0012 0.2411
Conv. 0.2037 0.0377 +0.0019 —0.0014 0.2419

In the following, we will consider two observables Rp+.- (Q =
31.6 GeV) and I'(H — bb) in detail to illustrate the differences and
common features of the PMC-I and PMC-II predictions. _

We rewrite the ete™ annihilation R-ratio and the H — bb de-
cay width as

Rere-(Q)=3) ei (1+R5(Q, ), (15)
q
_ 3GFMpm? u
I'(H—>bb)=—(1+R 16
(H—bb) == 2= (14 R(Q. ). (16)

where RY/?(Q, 1) = Y0 (@, wyait () and the scale  is
arbitrary. Here Q stands for a typical momentum flow of the pro-
cess. In order to compare with data, we will take Q =31.6 GeV
for the R-ratio and Q = My for H — bb. The coefficients Cie/H
with its explicit ny-dependence up to four-loop level can be found
in Refs. [30,31]. We adopt four-loop os-running and fix the QCD
parameter Az by using as(Mz) =0.1185 £ 0.0006 [38].

Tables 2 and 3 show the contributions of each contribution
up to the four-loop pQCD term Rg/H. The pQCD predictions us-
ing conventional scale setting with u = Q are also presented for
comparison. We have set the N3LO scale Q14 (Qu.4) to the be
highest order determined scale Q3 (Qjy3), following the prescrip-
tion of PMC-I. Tables 2 and 3 show that the pQCD convergence
for the PMC-I and PMC-II are very similar, which are, as required,
better than the conventional one due to the elimination of diver-
gent renormalon terms. The pQCD series for H — bb is almost the
same. There are slight differences for R(e*e™) due to the logarith-
mic scale differences listed in Table 1; however, these are greatly
suppressed by the magnitudes of the conformal coefficients and
the os-powers.

Fig. 1 presents the results for Rﬁ/H up to (n + 1)-loop QCD
corrections, together with their estimated errors iléﬁ/ Ha’s1+1|MAX
using both the PMC-I and PMC-II approaches. Here, C~§/H are
(n + 1)-order conformal coefficients, and the subscript “MAX”
means the maximum value of |(f,§/ Ha?“\ obtained by varying the
scale u within the usual region of [Q /2,2Q]. This error estimate
is natural for the PMC, since after applying the PMC-I or PMC-II,
the pQCD convergence is ensured and the only uncertainty is from
the last term of the pQCD series due to the unfixed PMC scale at
this particular order. When additional pQCD loop corrections are
taken into consideration, one obtains a weaker scale dependence.
This agrees with the conventional wisdom that as one incorpo-
rates a higher order calculation, one can obtain an increasingly
reliable scale-invariant estimate. The PMC-I and PMC-II predictions
are very close in magnitude; their values quickly approach conver-
gence, indicating that a low-order calculation could be sufficient to
achieve an accurate pQCD prediction.
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0.055
¢+ Conv.
<~ PMC-I
0.05t * PMC-IT | {
¢
z* @x*
0.045 + 1
0.04 :
RS RS RS
0.35
¢+ Conv.
03l « PMC-I
’ * PMC-II
025+ H }}H oxx
0.2r
0.15 : : :
R{f RY RY

Fig. 1. Results for R and R,’f up to (n+ 1)-loop QCD corrections together with their
approximate errors :I:\(fﬁ/HaQHWAX under the PMC-I and PMC-II methods, where
C/M is the (n+ 1)g-order conformal coefficient and n = (1,2, 3).

Let us end with a final comment on the generality of the de-
generacy relations found using the Rs-scheme [4]. The degeneracy
relations actually hold under any scheme, which was pointed out
in Ref. [5]. To explain this, we adopt the effective charge method
introduced by Grunberg [39]. Any effective charge as of a physi-
cal observable A can be expanded over the running coupling ar
of the Rg-scheme as

aa(w) = ar () + [y o + Bors 11a% (1) + [1§ o +
By +2Bord + B3TS Jlak () +

5
[0+ BTy 1 +2B1r5 1 + 5,31 Bors, +

3Bors 1 + 36442 + Barhslar ()t + -, (17)
where the universality of By and B; is used, and the explicit
scheme-dependence of B, is expressed. The A-function of the
A-scheme is related to the one of the Rs-scheme through the
identity, g4(aa) = %’;ﬁR(aR). If one analyzes another effective
charge ap in the same way, one finds that a4 can also be ex-
panded over ag, through scheme-transformations mediated by the
Rs-scheme

aa() =ag(u) + (55 + porsBHad () + (55 +
Bira +2p0rs% + BardSHad (w) +
045+ 9rg 4 28rd + 2 popirdl +
3Bors] + 383145 + BT DA + -+ (18)

This shows that the degeneracy relations still hold, even if scheme
B is not an MS-like scheme. The coefficients rff up to four-loop

level can be found in Ref. [5].> Among them the conformal ones
are

AB _ A B

ro0=T20"T20 (19)
AB _ A B B _AB

30 ="130 13,0~ 21 0120- (20)
AB _ A B B .AB B2 B \,AB

T30 ="T40 —T40 = 3130130 — (30 +2r30)13 05 (21)

which are purely expressed in terms of the conformal coefficients
rlf‘? [/]B in the Rs-scheme. This self-consistency shows that the ap-
plicability of the PMC is ensured and its predictions are scheme-
independent.

In conclusion, we have shown that the two all-orders PMC ap-
proaches are equivalent to each other at the level of conformality
and are thus equally viable PMC procedures. PMC-I implementa-
tion is a direct extension of the BLM approach, whereas PMC-II
provides additional theoretical improvements; in addition, it can
be readily automatized using the Rs-scheme. By construction, both
the PMC-I and PMC-II satisfy all of the principles of the renormal-
ization group, thus providing scale-fixed and scheme-independent
predictions at any fixed order. Those two implementations of PMC
differ, however, at the non-conformal level, by predicting slightly
different RG scales of the running coupling. This difference arises
due to different ways of resumming the non-conformal terms, but
this difference decreases rapidly when additional loop corrections
are included.

The key step of PMC-II is to use the pattern generated by the
RG-equation and its degeneracy relations to identify which terms
in the pQCD series are associated with the QCD B-function and
which terms remain in the 8 = 0 conformal limit. The B-terms
are then systematically absorbed by shifting the scale of the run-
ning coupling at each order, thus providing the PMC scheme-
independent prediction. The recursive patterns and degeneracy re-
lations between the B-terms at each order are essential for carry-
ing out this procedure. The implementation of PMC-II illuminates
how the renormalization scheme and initial scale dependence are
eliminated at each order. These advantages shows the PMC-II is
theoretically robust and is the preferred method for practical im-
plementations of PMC.
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