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Abstract

Consider the fractional differential equation

Dαx = f (t, x),

whereα ∈ (0,1) andf (t, x) is a given function. We obtained a sufficient condition for the existe
for the solutions of this equation, improving previously known results.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction

The qualitative properties of the solution of the fractional differential equation

Dαx = f (t, x), (1)

whereα ∈ (0,1) andf (t, x) is a given function, have been the subject of many invest
tions. This equation has been extensively studied by many authors [1–4,6]; El-Say
gave a systematic study. Since 1988 when El-Sayed [1] obtained a theorem of ex
and uniqueness for Eq. (1), the existence and uniqueness of Eq. (1) has also been d
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extensively in the literature. Now it is well known (see [2–4]) that Eq. (1) has a un
solution, provided that Lipschitz condition holds.

Therefore, our first aim in this paper is to establish a theorem which improves the
ing results in the literature [1–4].

The paper is organized as follows. In Section 2 we recall the definitions of fract
integral and derivative and related basic properties used in the text. Section 3 co
results for solutions which are continuous at the origin.

2. Definitions and lemmas

In this section we first give some definitions used in the text.
First, LetI = [0, T ] andD = I × C(I), whereC(I)is the class of all continuous func

tions defined onI , with the norm

‖x‖ = max
∣∣x(t)

∣∣, t ∈ I, x(t) ∈ C(I).

Definition 2.1 [3]. The fractional primitive of orderα > 0 of a functionf :R+ → R is
given by

Iαf (t) = 1

Γ (α)

t∫

0

(t − θ)α−1f (θ) dθ,

provided the right side is pointwise defined onR+.

Definition 2.2 [3]. The fractional derivate of order 0< α < 1 of a functionf :R+ → R is
given by

Dαf (t) = 1

Γ (1− α)

d

dt

t∫

0

(t − θ)−αf (θ) dθ,

provided the right side is pointwise defined onR+.

Now we need the following lemmas:

Lemma 2.1 [2]. Letx(t) ∈ C(I) andf (t, x(t)) ∈ C(D), if a solution of Eq.(1) exists, then
it is given by

x(t) = 1

Γ (α)

t∫

0

(t − θ)α−1f
(
θ, x(θ)

)
dθ,

whereΓ is the gamma function.

Lemma 2.2 [5] (Schauder fixed-point theorem).If U is a close bounded convex subset o

Banach spaceX andT :U → U is completely continuous, thenT has a fixed point inU .
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3. Theorem of existence

Theorem 3.1. If f is a continuous function onI × R and suppose the following holds:∣∣f (t, x) − f (t, y)
∣∣ � λ(t)h(r), (2)

whereh(r)is continuous on[0,∞) andh(0) = 0, r = |x −y|, |Iαλ(t)| < M for t ∈ I , then
there exists a continuous solutionx(t) of Eq.(1), which is defined on[0, µ̄] for a suitable
µ̄ < T .

Proof. Let Iµ = [0,µ], fix ν > 0 and denote norm of‖f ‖ = max|f (t, x)|, t ∈ I and
|x| � ν.

Chooseµ̄, ν̄ so that 0� µ̄ � T , 0� ν̄ � ν, ‖f ‖µ̄α

Γ (α+1)
� ν̄, and define the setA = A(µ̄, ν̄)

of functionφ in C(Iµ,R) which satisfiesφ(0) = 0 and|φ(t)| � ν̄ for all t ∈ Iµ̄.
The setA is a closed, bounded and convex.
For anyφ in A, define the functionGφ by the relation

Gφ(t) = 1

Γ (α)

t∫

0

(t − θ)α−1f
(
θ,φ(θ)

)
dθ, t ∈ Iµ̄. (3)

The fixed points ofG in A coincide with the solutions of equation inA. We can apply
the Schauder theorem to prove the existence of a fixed point ofG in A.

For anyφ in A, the operatorG is well defined sincef (θ,φ(θ)) is bounded forφ in A.
Also, Gφ(0) = φ(0) = 0, andGφ(t) is continuous fort ∈ I , µ̄ ∈ I .
Moreover, using the condition of (4), we have

∣∣Gφ(t)
∣∣ �

∣∣∣∣∣
1

Γ (α)

t∫

0

(t − θ)α−1f
(
θ,φ(θ)

)
dθ

∣∣∣∣∣

� 1

Γ (α)

t∫

0

∣∣(t − θ)α−1f
(
θ,φ(θ)

)∣∣dθ � ‖ f ‖ µ̄α

Γ (α + 1)
� ν̄

for all t ∈ Iµ̄.
Therefore,G :A → A.
The operatorG is continuous onA. In fact, if φn, n = 0,1,2,3 . . . , andφ ∈ A with

|φn − φ| → 0 asn → ∞.
Then fort ∈ I , µ̄ ∈ I , we have

|Gφn − Gφ|

=
∣∣∣∣∣

1

Γ (α)

t∫

0

(t − θ)α−1f
(
θ,φn(θ)

)
dθ − 1

Γ (α)

t∫

0

(t − θ)α−1f
(
θ,φ(θ)

)
dθ

∣∣∣∣∣

�
∣∣∣∣ 1

t∫
(t − θ)α−1

∣∣f (
θ,φn(θ)

) − f
(
θ,φ(θ)

)∣∣dθ

∣∣∣∣
∣Γ (α)
0

∣
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1

Γ (α)

t∫

0

(t − θ)α−1λ(θ)h
(∣∣φn(θ) − φ(θ)

∣∣)dθ

∣∣∣∣∣
�

∣∣Iαλ(t)
∣∣h(r).

Sinceh(r) is continuous on[0,∞) andh(0) = 0, we haveh(r) → 0 asr → 0. On
the other hand,r = |φn − φ| → 0 asn → ∞ and |Iαλ(t)| < M , thereforeG :A → A is
continuous.

For anyφ in A, let t, τ in I andt � τ , µ̄ ∈ I ,
∣∣Gφ(t) − Gφ(τ)

∣∣

=
∣∣∣∣∣

1

Γ (α)

t∫

0

(t − θ)α−1f
(
θ,φ(θ)

)
dθ − 1

Γ (α)

τ∫

0

(τ − θ)α−1f
(
θ,φ(θ)

)
dθ

∣∣∣∣∣

�
∣∣∣∣∣

1

Γ (α)

t∫

0

(t − θ)α−1f
(
θ,φ(θ)

)
dθ − 1

Γ (α)

t∫

0

(τ − θ)α−1f
(
θ,φ(θ)

)
dθ

∣∣∣∣∣

+
∣∣∣∣∣

1

Γ (α)

t∫

0

(τ − θ)α−1f
(
θ,φ(θ)

)
dθ − 1

Γ (α)

τ∫

0

(τ − θ)α−1f
(
θ,φ(θ)

)
dθ

∣∣∣∣∣
� ‖f ‖

Γ (α + 1)

[∣∣τα − tα − (τ − t)α
∣∣ + (τ − t)α

]
.

So we obtain that the setGA is an equicontinuous set ofC(Iµ̄,R). It is also uniformly
bounded. This provesGA is relatively compact and, thus,G is completely continuous. Th
Schauder fixed point theorem implies the existence point inA and the theorem is proved

Remark 3.2. If λ(t) = L > 0 is a constant, then condition (3) reduces to the Osgood
dition.

If λ(t) = L > 0 andh(|x − y|) = |x − y|, then condition (3) reduces to the Lipsch
condition.
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