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1. INTRODUCTION

This article is primarily concerned with positive solutions for degenerate
elliptic systems of the form

A¢(W,)+ﬂ(x, W],W2)=O in D7i=1’2’ (11)

with homogeneous Dirichlet conditions w;=0 on dD. The function y(s)
satisfies the conditions y e C'[0, o), Y(0)=0, and ¥'(s)>0 for s>0.
Problems of this nature are of interest in reaction—diffusion processes in
biology and chemistry. For example, the case for y(u)=u", m>1, or
me (0, 1) for single parabolic equations (i.e., u,= Au™ + f(x, u)) has been
studied recently for porous medium analysis and population dynamics
(cf. [2, 7, 15, 18, 19]). As t — o these solutions tend to a solution of the
corresponding elliptic scalar equation. Studies have also been carried out in
these and other papers (e.g., [3, 4, 16, 17]) with «™ replaced by (u)
satisfying the conditions described above.

In this article, however, the hypotheses on f are quite different from
those in the papers mentioned above. For example, f is not necessarily
Lipschitz in # and may depend discontinuously on x. Thus even for the
scalar case, the results here are not covered by the other papers, although
there are some overlaps. Moreover, our emphasis here is on degenerate
systems (Section 3) and their applications (Section 4). These results are
quite different and generalize the papers mentioned above to practical
interesting cases. Other relevant results for the nondegenerate cases can be
found in [5, 9, 11].

In Section 2, we discuss some existence and uniqueness theorems for

* Research supported by a Taft Fellowship at the University of Cincinatti.

512
0022-247X/90 $3.00

Copyright © 1990 by Academic Press, Inc.
All rights of reproduction in any form reserved.


https://core.ac.uk/display/82738794?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

POSITIVE SOLUTIONS FOR ELLIPTIC SYSTEMS 513

scalar equations, which we use in Section4 for ecological models.
Monotone iteration is used to obtain a sequence which converges in
W2P(D)n W P(D) to a maximal solution. This procedure is used again in
the proof of Theorem 4.2. In Section3, we adapt the hypotheses in
Section 2 to deduce an existence theorem for systems. We use Schauder’s
fixed point theorem to find a positive solution in W>?(D)~ Wy ?(D) for
the system between appropriate upper and lower solutions. In Section 4, we
apply the results to simple ecological prey—predator models of interest.
Comparing the results with those for the nondegenerate case (m=1) in
[10], we find that (4.3) in Theorem 4.1 is a much less stringent sufficient
condition for coexistence in the degenerate case. For example, we do not
assume that the intrinsic growth rates of the species are larger than the
principal eigenvalue of the domain. In Theorem 4.2, although the equation
is nondegenerate, we allow the intrinsic growth rate a(x) to be discon-
tinuous and to have negative values somewhere. We obtain a sufficient
condition for the existence of a nonnegative solution for this model, which
is relevant in ecology (cf. [8, 13, 14]). Finally, we note that when y(u) =4,
our results in Sections 2 and 3 include the case of nondegenerate diffusion.

2. EXISTENCE AND UNIQUENESS OF SOLUTIONS FOR SCALAR EQUATIONS
WITH SPATIAL DISCONTINUITIES

Before discussing systems of equations, we study the existence and
uniqueness problems for scalar equations of the type

Ag(w)+f(x, w)=0 in D, (2.1a)
w=0 on oD. (2.1b)

Here D is a bounded connected domain in R™ (N >2) with boundary
0DeC* A=3%YN  0%0x? is the Laplacian operator. The functions
Y: [0, 0)—> [0, ), f: Dx [0, c0) - R' are assumed to satisfy the follow-
ing hypotheses:
(H1) ¢ eC'[0, ), y(0)=0, and y'(s)> 0 for s> 0.
(H2) There is a bounded interval [0, 5] such that
(i) feL*(Dx[0,5]);
(ii)) for any fixed xe D ae., the function f(x, y) is continuous in
yfor all ye [0, b];

(iii) there is a constant M >0 such that f(x, y,)—f(x, y,)=
—M¥(y,)—¥(y,)) for xe D ae, 0<y, <y, <b.
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(H3) For each fixed xe D a.e., the function f(x, y)/l//().)) is a strictly
monotonic increasing or decreasing function in y for y e [0, b].

The hypotheses and results in this section will lead to insights for the
study of systems in the next section. For fixed ideas, we give the following
definitions.

DerFINITION 2.1. Let u be an integrable function in D and « any muliti-
index. Then a locally integrable function v in D is called the ath weak
derivative of u if it satisfies

f u¢dx=(—1)'“'j uD*¢dx,  forall $eCH(D).

We write v=D%u and note that D“u is uniquely determined up to sets of
measure zero.

DEerINITION 2.2, Let k£ be a nonnegative integer and let 1 < p < co. The
space W*7(D) consists of all functions u in the real space L”(D) whose
weak derivatives of all order <k exist and belong to L?(D). The space
W*?(D) is normed by

1/p
Whep={ 3 [ ueoras)

lel <k "D

Denote by W§?(D) the completion in the space W*?(D) of the subset
CZ(D). 1t is well known that both W*?(D) and W& ”(D) are Banach
spaces.

DEFINITION 2.3. A function we C(D) is called a nonnegative solution of
(2.1) if w(x)=01in D and u=y(w)e W>?(D)n W} P(D) (p> N) satisfies

Au+f(x, ¥y "(u))=0  ae.inD, (2.2a)

u=>0 on éD, (2.2b)

where the derivatives of u are taken in the weak sense. A function w is
called a positive solution of (2.1} if, in addition, w(x)>0 in D.

We first prove an existence result for a nonnegative solution between the
“upper” and “lower” solutions in the sense of (2.3) below.

LEMMA 2.1. Suppose that (H1), (H2, 1) to (H2, iii) are satisfied. Assume
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that there are functions w, w in C(D) with 0<w<w<b in D and that y(w),
Wy(W) are in W-P(D) (p> N) satisfying the inequalities

—j Vw(w)v¢dx+j f(x, w)pdx=0, w=0 ondD, (23a)
D D

—j Vi () V4 dx+j F(x, W) dx <O (2.3b)

for all e CL(D), ¢ =>0. Then there exists at least one nonnegative solution
w of (2.1) satisfying w<w<w in D.

Proof. For any given ue C(D) with 0 <u<y(b), by hypothesis (H1),
we have 0<y Yu)<b, Yy Yu)eC(D); and f(x,¢¥ '(u))eL=(D) by
hypothesis (H2,1). Since D is a bounded domain, we obtain L*(D)c
L?(D) for all 1 £p< o0, and

Mu+f(x, ¢ ~"u))e LP(D).

Here M is given in hypothesis (H2, iii). It follows from the linear elliptic
L?-theory that the problem

Av—Mv+ Mu+f(x, ¢y "(u))=0 ae.inD, (2.4a)
b=0  onaD (2.4b)

has a unique solution v, say S(u«), in W>?(D)n W?(D) < C(D) satisfying
IS5, , < C [ Mu+f(x, 4~ (@), (2.5)

where C is a positive constant which depends only on D and p.

Letting w=y(w), #=y(w), we have by hypothesis (H1) that 0 <u<
u<y(b) in D, and u, #e C(D). Hence, as above, we obtain S(u), S(it) in
W?>?(D)n W§P(D) as the unique solution of (2.4) corresponding to » and
u, respectively.

We now construct a monotonic sequence {u;} which will converge in
W?2P(D) to a solution of (2.2). First, define uy=# in D. From the
arguments above, we can define v, ,, i=1, 2, ..., iteratively as the solution
of

Av—Mv+ Mu,+f(x, % *(u,))=0  ae.inD, (2.6a)
v=0 ondD (2.6b)

provided that each successive ;>0 in D so that f(x, ¥ ~'(u;)) i$ defined.
We then have u;, = S(u,)e W>P(D)n WhP(D)c C(D)for i=1,2, ....



516 LEUNG AND FAN

We first show that these u, are properly defined and that

0<y<<u2<u1<u0=ﬁ ]nD (27)
Since u,>0, Eq.(2.6) is meaningful for /=0. Multiplying (2.6a) by

$ € Cy(D) and integrating on D, we obtain for i =0 that

[ e —Mu, g vt | [Mutfoey 'w)Igde=0 (28)
for all ¢ e Cy(D). Since

jAu,.Hqsdx:—j Vu,,\Védx  forall ge CAD),
D D

(2.8) yields

— [ Vu, Vodc+ | [~Mu\+Mu+f(x ' @)]pdx=0 (29)

for all ge Cy(D). From the definition of u,=ii=y(w) and hypothesis
(2.3b), we have

—jD Vu Ve dx+fo(x,l/r‘(uo))¢ dx <0 (2.10)

for all g€ Cy(D) with ¢ >0. Setting i =0 (2.9) and subtracting (2.10), we
obtain

—j V(ul—uo)wdx—Mj (4 — tp)§ dx >0 (2.11)
D

D

for all e Co(D) with ¢ >0. It follows from the weak maximum principle
(see [6, p. 179]) that

sup (#; —up) <sup (u; —u,)* =0,
D aD

hence u, <ug=u in D. Similarly, using (2.9) with /=0 and hypothesis
(2.3a), we deduce that ¥ < u;. We next inductively assume that

usu;<u;, | <i inD (2.12)
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for j> 1. Thus Egs. (2.6), (2.8), and (2.9) are meaningful for i=jandj—1.
Letting i =j and j—1 in (2.6), we subtract to obtain

Ay — 1) = My — )+ M= ;) +/(x, 4 ()

_f(xa wAl(ujAl))zo ae. inD
llj+1_u-=O OnaD.

J

(2.13)

Since 0<y ~(u;) <Y ~'(u;_,) < b, we obtain from (H2, iii) that
M(u;_y—u) + (e ™ 1)) — [ ¥ () 20 ae. in D,
and (2.13) yields

A —u))—M(u;,  —u;) 20 ae. in D, (2.14)
U, —u;=0 on dD.
It follows from the maximum principle (see [6, p. 225]) that u;, , <u;in
D. Analogously, using (2.9) for i=j and (2.3a) as before, we obtain by the
maximum principle that ¥ <u,,, in D. By induction, we have

U - Sy S - Sup U<y in D.
We can therefore define by pointwise convergence in D

u(x)=lim u,(x)  inD.
By the Lebesgue Convergence Theorem, {Mu;+ f(x, ¥ ~'(u;))} must be a

Cauchy sequence in L?(D). From the equations satisfied by u; , , —u;, ,, we
obtain the estimate as in (2.5) that

lotis s —tsillz,, S C IM(uy—u) +f e, 7 W) = f O, ¥~ @), (215)

Consequently, {u,} is a Cauchy sequence in W?>?(D), and u,—»u in
W?P(D) as i —» co. Passing to the limit in (2.6), we have

Au+f(x, ¢ " "u))=0 ae.inD,
u=0 on 0D,

where the derivatives are taken in the weak sense and ue W27(D) (note
that v=u,_ in (2.6)). Furthermore, since the u, are in W} ?(D), which is
a closed subspace of W'?(D), and u, - u in W1 *?(D), we must also have
ue Wi P(D). Letting w=y ~'(u), we obtain w as a nonnegative solution of
(2.1) with w<w<w.
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With the addition of hypothesis (H3) and the assumption that the lower
solution w is positive in D we now deduce a uniqueness result.

THEOREM 2.1. Assume all the hypotheses in Lemma 2.1. In addition,
suppose that (H3) is valid and that w>0 in D. Then there exists a unique
positive solution w* of (2.1) satisfying

O<wgw*gsw in D.

Proof. Let w be the solution of (2.1) obtained from the monotonic
sequence in Lemma 2.1. Now w >0 in D, since w>=>w>0in D. Let z be any
positive solution of (2.1} with w<z<w in D. Then, u=(w), v=1(z) are
two positive solutions of (2.2) in W*?(D)n W ?(D) with 0 <u<u<i,
0<u<v<iin D. By applying the same argument as that used in the proof
of Lemma 2.1, we obtain u<v<u,<u# in D for each i=0, ... Hence, we
have the inequality

O<u<v<u<ié inD. (2.16)

It remains to show that v=u in D. Since both u, v are in W} ?(D), there
are two sequences {u,}, {v,} in Cy(D) which converge to u, v, respec-
tively, in W"?(D). Since u, v are solutions of (2.2) in W*”(D), and {u,},
{v,} have compact support in D, we use the definition of the weak
derivative to obtain

j udv, dx+f Flx ¥ (), dx =0 (2.17a)
D D
j b Au, dx+j (% ¥ (0))u, dx=0 (2.17b)
D D
for n=1, 2,.... Subtracting the two previous equations, we obtain
[ [0 du,—udv,)dx=] [f(x 9 @)w,~f (6§ )T dx. (218)
D D

It follows from the definition of the weak derivative and ue W"?(D), u,,
v, Cy’ (D) that we have

f udv,dx= —jDVqu,,dx
D

f vAu, dx= —JD Vv Vu, dx.
D
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Hence, the left side of (2.18) becomes

'[ [vdu, —u Av,] dx=f [VuVv,—VuVu,]dx
D D

- jD Vu(Vo, — Vo) dx — jD Vo(Vu,—Vu)dx.  (2.19)
From the Schwarz inequality, we have
|| VUV, =90 dx < [Vl 20y V(0 = 0 20
Since v, —» v in W?(D), p> N>2, it follows that
'fD Vu(Vv,, — Vo) dx - 0, as n— w.
Similarly, one also has
L Vu(Vu, —Vu) dx - 0, as n— .
Consequently, it follows from (2.19) that
jD [vdu, —u dv,]dx—0, as n— oo (2.20)
Equations (2.20) and (2.18) lead to the property that
'[D [y~ Yw)v, —f(x, ¥ " (v))u,] dx -0, as n— 0. (2.21)

On the other hand, from Sobolev’s Imbedding Theorem, u, and v, are
uniformly bounded in D, so the Lebesgue Convergence Theorem leads to

J, LG b ), = (e § @) ]
—>fD [fx ¥ @)o—fx ¢~ '(0)uldx, as n-o. (222)
From (2.21) and (2.22), we deduce that

fD Lf Ce ¢~ ())o—f(x, ¢~} (v))u] dx=0. (2:23)
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Suppose that v # u in D. The set

D, = {xeD|v(x)<u(x))
then has measure greater than zero. From assumption (H3), we have
Sy w)o—f(x, = (v))u
[f(x, v ') flx g 1(v))]
u v

= uv >0 (or <0) ae.inD, (224)

(recall that v(x) = ¢(w(x))>0 for all x in D). This leads to

ID [f(x, Y w)o—f(x, ¢ '(v))u] dx>0 (or <0), (2.25)

which contradicts Eq. (2.23), since
0=] /(v )o—1xy~'(0))u] dx

=ID Lf Gy~ @)v—f(x, ¢~ '(v))ul dx #0. (2.26)

This completes the proof of the theorem.

3. SYSTEMS

In this section, we study the existence of positive solutions for elliptic
systems of the type
AYy(w) +fi(x, w, wy)=0 a.e.in D,
AY(wy) + fo(x, wy, wy)=0 a.e.in D, (3.1)
w =w,=0 on 0D,
where the derivatives are taken in the weak sense; D is a bounded domain
in RV (N>2) with boundary dDe C? and y: [0, o) - [0, ), f;: D x
[0, o) x [0, c0) > R' are functions satisfying the following assumptions:
(A1) yeC'[0, ), Y(0)=0, and ¥'(s)>0 for s> 0.
(FA2) There are two positive constants b,, b, such that
(i) fieL=(Dx[0,5,1x[0,b,]) fori=1,2;

(ii) for any fixed xe D a.e. the functions f;(x, y,, y,) are con-
tinuous in (y,, y,) for all (y,, y,)e[0,5,1x[0, b,}, i=1,2;
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(iii) there is a constant M >0 such that

fi(x, & y2) = filx, m, y2) 2 —MW(&)—¥(n)
for xeD ae., y,€[0,b,], 0<n<E<h,.
f2(-x9 Yis i)—fz(X, Yis ’1)2 ‘M(l//(é)"‘p(’?))
for xeD ae,y,€[0,b,], 0<n<ELH,.
DEFINITION 3.1. A pair of continuous functions (w,, w,) in C(D) is

called a positive solution of (3.1) if y(w;) e W*#(D)~ Wy ?(D) (p> N) and
(3.1) holds.

THEOREM 3.1. Assume hypotheses (A1) and (A2). Suppose that there are
functions wi(x), w,(x) (i=1,2) in C(D) with y(w,), ¥(w,) (i=1,2) in
W'P(D) (p> N) satisfying the inequalities

—[ VW) Vedx+| fitew,w)gdx=0  for w<w, <, (32a)

—j Vl//(wl)v¢dx+f Filx Wy, wy)ddx <O for wy<wa<iw, (3.2b)
D D

—[ VW) Vpdx+| filewi, w)gdx>0  for wi<w <F, (320)
D D

~[ V) Vpdx+ | filxwy, $2)gdx<0  for w,<w, <, (32d)

for all e Cy(D), ¢ 0. Here w,=w;(x) are assumed to be continuous in D,
and 0w, <w,<w,<b,in D, w,>0 in D, and w,=0 on 3D. Then there
exists at least one positive solution (w¥, w¥) of (3.1) satisfying w, < w¥ <w;,
inD.

Proof. Let w;=y(w,), @, =¢(w;), X,={ueC(D), y;<u;<u; in D},
i=1,2, and let M be described as in (A2, iii). The set X, x X, is a bounded
closed convex set in C(D) x C(D). We define the map T2 X, x X, —» X, x X,
as

T(uy, uy)=(vy, v;) for (u;,u,)e X, xX,,

where v,, v,€ W2?(D)yn WE?(D)= C(D) (p> N) and (v,, v,) is uniquely
determined as the solution of the (decoupled) system

Av,— Mo, +f; (0, (), ¥ " Nuy))+ Mu;=0  inD, i=1,2.(3.3)

(Here the derivatives are meant in the weak sense.)

409/151/2-15
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We first show that (v,,v,)e X, x X,. From Eq. (3.3), and hypotheses
(A1), (A2,iii) and (3.2b), we have, for any g e CL(D), ¢ =0,

~| V@ —o)Vedr—M[ @ —v)gdr< — | LAGy @)Y ()
e ) ¥ )1 dx =M | (i~ u)$ <0, (34)

Hence the weak maximum principle implies that i, >v,. Analogously,
since

] Ve o) Vede =M | wi—v)pdrz = [ LA0nw )
N )y )1 dr =M [ (- u)$ >0 (3.5)

for any ¢e Cy(D), ¢>0, we deduce that u, <v,. We apply the same
procedure to prove that v, € X,.

We next show that T is a continuous operator from X, x X, into itself.
Let (u{, u!") be a sequence in X, x X,, which converges to (u,, u,) in
X, x X,. Define (¢!, v{") = T(u{™,u{™), and (v, v,) = T(u,, u,) as in (3.1).
By the classical L?-estimate for the linear problem (3.3), we have

of 0, , < Cof e ¥ ), ¥ () + Mu™|, (3.6)

with u; <v'” <@, for n=1, 2, .., where C, are positive constants. By (A2, i),
there exist constants M ;>0 such that

| fi(x, y1, y)I <M, foralmost all (x, y,, y,) e Dx [0, b,]x [0, b,].
(3.7)

Since D is a bounded domain in R", (3,7) implies that {f;(x, ¢ ~'(x{"),
¥ ~Y(u{")} are bounded sequences in L”(D). It follows from (3.6) that
{v!™} is a bounded sequence in W*?(D)n Wi ?(D) (p> N). Applying
Sobolev’s theorem, we can select a subsequence {v\"™”} from {v{™} such
that {v™} converges in C(D) to, say, v¥. To see whether {v{™} actually
converges to v¥* in W>?(D), we first deduce from (F2, ii) that

Sile, 7 ™) = @) = i (), ¥ (o)) (3.8)

pointwise in D. Since D is bounded, the Lebesgue Convergence Theorem
implies that the convergence in (3.8) is true in the L”(D) norm
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(N <p < o). The estimate (3.6) hence implies that {v{™’} converges to v*
in W%?(D). By the definition of {v(™}, we have, for k=1, 2, ..., that

A6 — Mol 4 f,(x, Y~ (™), ¥ ™) + Mu =0 inD, i=1,2.
(3.9)

Passing to the limit in (3.9), we obtain
Av¥ — Mo*+fi(x, ¥ " '(u), ¥ ')+ Mu;=0 inD, i=12 (3.10)

From (3.3) and (3.10), we see that both (v}, v3) and (v,, v,) are positive
solutions of the same linear problem. We conclude by uniqueness of the
positive solution of the linear problem (3.3) that (v¥, v¥)= (v, v,). Hence
we have {v"™} v, in C(D). Finally, we claim that the full sequence
{v!"} > v, in C(D) as i —» oo. Suppose not; then there exist a subsequence
{v!""} and a constant ¢,> 0 such that

o™ —v =g for j=1,2,... (3.11)

Here the norm is taken in C(D). Using the same argument as that used
above, by replacing {v!”} with {v!”}, we can select a subsequence of
{v{} which converges to v, in C(D). This contradicts the inequality (3.11).
Consequently, {v{} converges to v; in C(D) as i — co. This leads to the
conclusion that T is a continuous operator from X, x X, into itself.

We finally show that T is a compact operator. From (3.6), T maps a
bounded set in X, x X, to a bounded set in W} ?(D)x W ?(D). By the
Sobolev Compact Imbedding Theorem, the identity map from W} #(D) to
C(D) is compact. Hence, we can view T as a composition of a bounded
map from X, x X, to Wy ?(D)x W ?(D) followed by a compact identity
map from W} ?(D)x Wi ?(D) to X,x X,; and we conclude that T is a
compact operator from X, x X, into itself. Schauder’s fixed point theorem
asserts that 7 has a fixed point (uf, u¥) in X, x X,. It follows from (3.3)
that

dut +f1(x, ¢ (uF), ¥y "(u}))=0  ae.inD,
Au¥ + 506, ¢ " HuF), ¢y ~HuF))=0 ae.in D, (3.12)
uf=u¥=0 on dD.

The fact that (uf,ud) is in X, x X, implies that (uf,u¥) is in
W2?(D)~ W (D) and that u,<u¥* <ii, is in D for i =1, 2. Consequently,
(w¥, w¥) = "(u}), ¥~ '(u})) is a positive solution of (3.1) with w,<
w* <, in D.
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The following corollary is sometimes more readily applicable than
Theorem 3.1.

COROLLARY 3.1.  Assume hypotheses (Fll) and (~2) Suppose that there
are functions w;(x), w;(x) (i=1,2) in C(D) with y(w,), y(Ww,) (i=1,2) in
W2P(D) (p> N) satisfying the inequalities

AYy(w,)+fi(x, w, wy) =0 ae.inD  for w,<w,<w, (3.13a)
AY(wy) + fi(x, wy, wy) <0 ae.inD  for w,<w,<w, (3.13b)
AP(w,) + fo(x, wy, wy) 20 ae.inD  for w,<w <w, (3.13c)
Ay (Wy) + fo(x, w,, w,) <0 ae.inD  for w, <w,<w,;, (3.13d)

where the derivatives are taken in a weak sense. Here w,=w,(x) are assumed
to be continuous in D, and 0< w, <w,<w;<b,in D, w;>0in D, and w;=0
on 0D. Then there exists dit least one positive solution (w¥, w¥) of (3.1)
satisfying w; <w*<w, in D.

Proof. This is an immediate result of Theorem 3.1 since (3.13) implies
(3.2). To see this, we let ¢ e Cy(D), ¢ >0, and multiply (3.13a) by 4. We
integrate over D to find

[ apw)gax+] finw,w)gde=0  for wy<w, <, (314)

D D

It follows from the definition of the weak derivative that

[ V) Vadr+[ filxw, w)gd20  for wy<wa <y (315)
D D

Similarly, we can verify the rest of the inequalities in (3.2). By application
of Theorem 3.1, the proof is completed.

4. APPLICATIONS TO ECcoLOGICAL MODELS

In the first part of this section, we apply the results in Section 3 to a
prey—predator ecological model with degenerate density-dependent
diffusion

Au™ = u(a(x) —bu* —cv)=0 in D, (4.1a)
Av™ =v(e(x) + fu—gv¥)=0 in D, (4.1b)
u=v=90 on éD. (4.1c)
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Here D is a bounded connected domain in RY (N >2) with boundary
dDeC? and m, k, b, c, f, g are positive constants with 1 +k>m>1. We
assume that a(x), e(x) are two positive functions in L*<(D) with

a < ess inf a(x)>0 and [4 = ess inf e(x)>0. (4.2)
xeD xeD

For convenience, we denote a=%Tesssup,.pa(x)>0 and &=

ess sup, . p e(x)>0. The following theorem gives sufficient conditions for
the coexistence of the two species. If one compares them with the results in
[10] for the nondegenerate case, we see that the conditions here are much
more readily satisfied. For example, there is no need for the intrinsic
growth rates a(x) and e(x) to be larger than the principal eigenvalue for
the domain D. Other related references can be found in the Introduction
and in [8, 11, 12, 13, 14, and 16].

THEOREM 4.1.  Assume | +k>m> 1, hypothesis (4.2), and

glajc)> e+ f(a/b)'™. (4.3)

Then there exists a positive solution (u, v) of (4.1) with u, ve C(D) and u,
ve W*P(D)n W§P(D) (p> N). Moreover, the solution satisfies

O<u<(ab)’*, O<v<[g Ye+f(ab)™ 1 inD

Proof. We will apply Corollary3.1. Let b, = (a/b)"*, b, =
[g (e +f(a/b)"*]"*. Define
Y(s)=s" for 520
and
Ji(x, y1s y2) =yi(alx) = by — cy,),
Jox 15 y2) =yale(x) +fy —gp)*) for (x, vy, y2) €D x [0, ) x [0, ).

Then one can immediately verify that (F1) and (H2, i-F12, ii) are satisfied.
Since

Fi(x & ya) = filx, m, y2) = &a(x) — bE* — cy;) — nla(x) — bn* — cy,)
=(a(x) — ey (€ =n) = b(E* ! —p*+T)
Z(@—ch)(E—n)— b+ —n*tt)

for xeDae, y,€[0,b,], 0<n<ELSH,,

409/151/2-16
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we can verify the first part of (H2, iii) by showing that there is a constant
M >0 such that

(@—ch)(E—m)—b(E T =y ) > —ME"—n"), 0<n<E<h,. (44)
From hypothesis (4.3), we have g — cb, > 0; thus (4.4) is satisfied if

M@E" ="z b =yt for 0<n<E<h,. (4.5)
However, (4.5) can be readily verified if we note that the function

h(&)y=ME™—bE**! is increasing in [0,b,] by choosing M>
(b/m)(k +1)b* '~ Similarly, we verify the second part of (F12, iii),

Salx yi, E)=folx, yi,om)=Ee(x) + £y, — g&F) —nle(x) +fv, — gn*)
Ze(é—n)—g(Et! —ptrt)
= —MW(E)—y(n)), (4.6)
for xeD ae., y,€[0,b,],0<n<Eé<h, if M>(g/m)(k+ 1)b5+

To construct upper and lower solutions (u, v) and (i, 7), we let 4, >0 be
the principal eigenvalue for the problem

Aw+ Aw=0 in D,
w=0 on éD,

and ¢(x) be the principal eigenfunction. Then we have ¢(x)>0 in D and
#(x)=0 on 8D. We define u=p = (6¢)"™ in D for a small § > 0 to be deter-
mined. Thus they satisfy u=v=0 on 0D, u=v>0 in D. Also, we define
u=b,, v=>b,. We verify that
Aid™ + a(a(x) — bi* — cv) <i(a(x) — bu*)

= (a/b)*(a(x)— b(a/b)) <0 a.e. in D, forall v<v<s, (4.7)
AT+ o(e(x) + fu—gi*)<ov(e+ fu—gv*)=0  forall u<su<iu (48)

Moreover, we have

4" +u(a(x) — bu* — cv) = — 1,(34) + (6¢) '™ (a(x) — b(3¢)"™ — cv)

= (04)"" (= 2,(6¢)' V" + a—b(8¢)" — c7) 20
(4.9)
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for x a.e. in D and all v < v <, when § is sufficiently small, since g —cv >0
by assumption (4.3). Finally

Ay™ + v(e(x) + fu— gu*) = —1,(64) + (59)"" (e(x) +fu — g(54)""™)
> (66)" (—4:(69)' V" + e + fu— g(64)) 2 0
(4.10)

for x a.e. in D all u<u< i, when ¢ is sufficiently small, since e+ fu>0.
From Corollary 3.1, the four inequalities above imply that there is a
positive solution (i, v) of (4.1) with u, v in C(D); u”, v"e W>?(D)n
WgP(D); and

0<u<(ab)*  O0<v<[g '(E+f(ah)"*1¥  inD.

In the second part of this section, we consider a population model with
possibly discontinuous growth rate of the following type:

Aw +w(a(x)—bw)=0 a.e.in D,

(4.11)
w=0 on oD,
where b is a positive constant, and a(x) is a function in L*(D), which is
possibly discontinuous. Here D is a bounded connected domain in RY
(N =2) with boundary D e C% Suppose that

a(x)>1, ae.inD. (4.12)

We can construct w=a/b as an upper solution of (4.11), where a=29
€SS SUp,. p a(x)>0. Moreover, w=4J¢ is a lower solution, where & is
sufficiently small and ¢(x) > 0 is as defined in Theorem 4.1. Then, we apply
Theorem 2.1 to obtain a unique positive solution of (4.11) which satisfies
0<w<a/bin D. (Note that 1, and @ are used with the same meanings as
those given in the first example of this section.) However, in a highly
spatially heterogeneous habitat in ecological problems, hypothesis (4.12) is
not commonly satisfied. Consequently, we assume that a(x) is relatively
large in a subdomain D, of D, and may be small or even negative outside
D,. Let A, be the principal eigenvalue for D, ie., the first eigenvalue for
Adu+2u=0in D, u=0 on 0D,. More specifically, we write a(x) in the
form

_ fay(x), inD,
a(x)_{az(x), in D\D, (4.13)
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and assume that D, has boundary dD e C?; moreover, we impose the
hypothesis

a(x)> 4, ae for xeD,. (4.14)
Again, we let
a=ess sup a(x). (4.15)
xeD

THEOREM 4.2.  Assume that a(x)e L*(D) and that hypothesis (4.14)
holds. Then the Dirichlet problem (4.11) has one and only one nonnegative
nontrivial solution w (in the sense of Definition 2.3 with y(w) = w) satisfying
0<w<a/bin D. Moreover, w>0 in D.

Proof. Let y(s)=s for s20 and f(x, w)=w(a(x)—bw). One readily
verifies that (H1), (H2, i-H2, iii) are satisfied. We will apply Lemma 2.1 to
prove the existence of the solution. Let w, w be defined as

06(x), xeD,

_ 4.1
0, xe D\ Dy, (4.16)

w=a/b inD, w={

where f(x) is a positive principal eigenfunction associated with the
principal eigenvalue A, of the domain D,, and §>0 is to be determined.
For 6> 0 sufficiently small, we clearly have 0 < w<w in D. The constant
function w is in W"?(D), and we now verify that we W?(D). By the
definition of w, we have, for |a| =1, g Ci(D),

—f wD’¢ dx = —j 80(x) D*¢ dx. (4.17)
D D
Integrating by parts, we obtain
- j wD*$ dx = j 5D%0(x)é dx, (4.18)
D D

since 6(x)=0 on dD,. Hence the ath weak derivative of w is

0D*0(x), xeD,

4.19
0, xeD\D,. (4.19)

D*w(x) = {

Since D*w e L?(D), we obtain we W ?(D). To see whether (2.3a) holds, we
calculate

_j va¢dx+j »v(a(x)—b»v)'qﬁdxsf g<a(x)—bg>¢dx<0 (4.20)
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for all g€ CL(D), ¢ =0. To verify (2.3b), one has

—[ vwvs dx+j w(a(x) — bw) dx

—j 5VOV¢dx+j 50(x)(a, — b 60(x)) ¢ dx

j 549<pdx—j 5%¢ds+f 50(x)(a, — b 86(x)) ¢ dx
Dy Dy on Dy

=j [—is+a1—b50(x)]50¢dx—f 52—9¢ds, (421)
D oD n

which is positive for ¢ > 0 sufficiently small, by hypothesis (4.14) and the
fact that 80/0n <0 on éD,. Applying Lemma 2.1, we conclude that (4.11)
has a nonnegative solution w in W*?(D)n W} ?(D) with 0<w<a/b in D
and w>0in D,.

To prove that w>0 in D, let u(z, x) = e“w(x) for (1, x)e [0, + 0)x D,
where ¢ is a positive constant such that c¢>esssup, ., (bw(x)— a(x)).
Thus, since w satisfies (4.11) (in the sense of distributions), we also have
Au+ u(a(x) —bw(x))=0 in [0, + o0) x D; hence

u,=cu=cu+ Adu+ u(a(x) — bw(x))
=Au+u(c+a(x)— bw(x)) = du in (0, +00)xD,

by the choise of ¢. Thus u is an upper solution (in the sense of distribu-
tions) to the problem

v,=Adv in (0, +00)xD
v=0 on (0, +o0)xdD (4.22)
v(0, x) = w(x) in D.

Thus, if v is the solution to (4.22), we have u(s, x)=v(t, x)>0 in
(0, +0)x D (the last inequality follows from the maximum principle).
Thus w(x)>0 in D, by the definition of u (here use has been made of
comparison results for upper solutions in the sense of distributions; this
result can be found in [2]).

Finally, we prove that such a w is unique. Let w* be the solution
of (4.11) obtained from the monotonic convergence sequence as in
Lemma 2.1, using wo=a/b as the first iterate and defining w;, , = S(w)),
(recall y(s) =s). Using the fact that w < w,, we can prove that w < w; in D
by using the maximum principle as in (2.14) with u;, , and u, respectively
replaced by w and w;. This leads to the fact that 0 <w < w* in D. Let z be
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any nonnegative (nontrivial) solution of (4.11) with z < a/b in D. As above,
we have z<w* in D. Let f(x, w)=w(a(x)— bw). We follow the proof of
Theorem 2.1, with the role of u, v respectively replaced by w*, z until
(2.23). Then (2.23) implies that

0=L) [f(x, w¥)z —f(x, z)w*] dx = L} [f(x, w¥)z—f(x, 2)w*] dx
=j [f(x, w*)z —f(x, z)w*] dx, (423)

where Q, = {xeD|z(x)<w*(x)} and 2,={xeD|0<z(x)<w*(x)}. The
last equality follows from the fact that f(x, 0) =0 for x a.e. in D. However,

f(x,w*)z—f(x, z)w* <0 in Q,. (4.24)

We therefore conclude that w*=z in the set Q= {xeD|0<z(x)}. We
observe that the set 2 is open in D. Moreover, the set Q is also closed in
D for the following reason: Let x,e€ £, x, » x€ D. Then

z(x)= lim z(x,)= lim w*(x,)=w*(x); (4.25)

n— oc n - oc

however, w*(x) >0 in D, therefore z(x) >0, and x e Q. Consequently, we
must have @=D. In Q, we have concluded that w* =z Thus every
nonnegative nontrivial solution bounded above by a/b must be identically
equal to the same w* in D. This completes the proof.

Remark 4.1. If the function a(x) is in C*(D), O<a <1, and we have
a(x)< A, in D, then the only nonnegative solution of (4.11) in D is the
trivial solution. (Here A, is the principal eigenvalue for the domain D.)

Remark 4.2. If the function a(x) is continuous, more general results for
the degenerate case can be found in [16] and other works.

Remark 4.3. In this entire article, D has been assumed connected.
However, if D is not connected, we do not have ¢ > 0 in D but rather ¢ >0,
¢ # 0in D. Thus, in this case have the following corollary for Theorem 4.2.

COROLLARY 4.1. Suppose that D is not connected and that D, is
connected. Assume that a(x)e€ L*(D) and that hypothesis (4.14) holds. Then
the Dirichlet problem (4.11) has at least one nonnegative solution w (in the
sense of Definition 2.3 with y(w)=w) satisfying 0O<w<a/b in D and w>0
in the component of D which contains D,. Furthermore, if there is a positive
solution v of (4.11), with 0 <v<a/b in D, then it is the unique nonnegative
(nontrivial) solution of (4.11) satisfying 0 <w < a/b in D.
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