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In this article we extend a theorem previously proved by H. Follmer for the Wiener process on C ([0, 1], R)
to diffusion processes; we therefore straightforward recover, under slightly less general technical assump-
tions but in its whole generality, a theorem already given by Dawson and Gartner. The result is intimately
related with a Ventcel-Freidlin action functional associated to some N-particle system which is driven
according to a non-linear McKean-Vlasov limiting equation.
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1. Introduction and result

In Dawson and Girtner (1987) the large deviations from the McKean-Vlasov limit
for N particle systems are investigated; the authors underline a strong analogy with
the now classical Ventcel-Freidlin theory. Moreover, they derive the following
expression of the associated action functional denoted by S(u(-)):

T

S(u(-))= L [4(0) = L () *w (Do dr.

Formally speaking, the space of probability measures on R’ denoted by . is
given a Riemannian manifold structure, for which each tangent space 7, at u € 4
is embedded in @’ (the Schwartz distribution space on R?) and equipped with the
norm

0117 = sup{(6, £) = 3w, |Vf 1P| fe @}
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7, thus coincides with the 6 € @’ such that the latter sup is finite (here |-|* denotes
the squared Riemannian norm induced by the diffusion matrix a(-)). L(u) is a
diftusion operator of the type 3 Y. a*/(-)87,+% b'(+; p)d;, of which the drift depends
on u € M: this dependance is to feature weak interactions between diffusions in the
mean-field model, where u equals in this case the empirical mean (1/N) Y, ,_ v 8x,
of N particles. Let us finally remark that ||| is the Legendre transform of the
mapping f - X, |Vf}?) for the dual pairing (%, 9') and generalizes the well-known
formulae when the underlying driving process is, say, Brownian motion or ordinary
diffusion processes. On the other hand, the quantity appearing in the integrand of
the action functional under squared norm value is related to the mean-field limit
dynamics: the so called McKean-Vlasov equation

(1) = L () (1)

(to be understood in the weak sense) defines, when existing, some process which
is to be the large number limit of the empirical mean (1/N) Y, ..  8x,, of our N
particles.

The main difficulty is to derive directly the expression of the action functional.
In fact, as H. Follmer pointed it out and showed in his ‘Cours de Saint-Flour’, when
the diffusion matrix equals everywhere the identity, there exists one single law Q,
on the Wiener space with prescribed marginals (v,),.(0,1) minimizing the Kullback
information with respect to the Wiener measure P, and for which the minimum is
computed by

1
F(Qy; Py)=F(qu; po) + J;) 7. —34v, ”771 du.

Moreover, Q, is Markovian. The proof of Dawson and Gartner’s result contains a
contraction argument (Lemma 4.6 of Dawson and Gértner, 1987) which uses a large
deviation principle for the diffusion laws on the path space; their proof consists in
giving three different expressions of the large deviations of the flow of one-
dimensional marginais and comparing them to each other. In Ben Arous and
Brunaud (1990), we met an analogous problem: we were interested in the large
deviations for the empirical mean of N particle system driven according to the
nonlinear McKean-Vlasov limiting equation; we also looked for characterizing the
minima of the large deviations rate function. But there, the crucial point was that
the rate function was the sum of the Kullback information w.r.t. some fixed process
and an integral functional of one-dimensional marginals. We thus had to look at
laws which minimize the Kullback information under prescribed one-dimensional
marginals.

We introduce now the principle notations and our main theorem; in Section 2,
we give its proof using the notion of h-path processes as indicated in Follmer (1986).

Let a:RYx(0, +0) >RY®R* be a diffusion matrix, which defines a pseudo
Riemannian metrics on RY;V,, (-,+),|'], denote respectively the Riemannian
gradient, scalar product and norm on the tangent space. In global Euclidean
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coordinate (x', ..., x%),

(X, Y), = ,Z, a,; (-, XY, (1)
i_ d i, _al

(V.f) —gla ( ’t)ax_,.’ (2)

X7 =(X, X)., (3)

(X, Y),= ¥ a¥(,0X'Y, (4)

(XN =(X, X),, (5)

where the matrix (a; (-, 1)),; denotes the inverse of (a™(-, 1)), ;= a. Let us observe
that formulae (2) and (4) both imply

lV,f|,2: Z ai,_i(_,t)a_f.if_

V=i jud 0Xx; ax,

(6)

Let b:R“ x [0, +0) »R“ be a measurable vector field (drift). We shall make the
following:

Assumption Al. For any T >0, there exist 0 <A, < Ay <00, By <00 such that, for
all (1, x)e[0, T]xR* and # R, are satisfied:

ArlBP=(6)7(x) < Ar|6],

|b(x, )| < Br,

limsup sup  sup [a(x’,s)=a(x’, 5)lus=0.
50 |x'—xF|ms Uss=T

For some fixed t >0 and ¢ R, let L,(£) be a second order differential operator,
defined for every fe Cx(R?) (the set of compactly supported twice differentiable
functions on R”) by

Ly o 7)

L@=3 ¥ a6 vy pienil

We shall omit & in L,(£), whenever it is applied on a progressively measurable
process X (1, £):
L(&(N(X (1, &)= L f(X,(€)).

Moreover, L¥ will denote the formal adjoint of L, acting on probability distributions
on R% Under Assumption Al, Theorem 9.1.9 of Stroock and Varadhan (1979) yields
the existence of a transition probability density 7 (s, x; 1, y) for the solution P of
the martingale problem associated with L,. Furthermore, we shall impose:

Assumption A2. For any nonnegative measurable function ¢ on R? such that

IT,q,’)(u,x):J' d(y)m(u, x; 1, y)dy <00, (u, x)dt®@m, as.,
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IT.¢ is a.s. equal to a continuous mapping from [0, 20) xR to [0, ), C* in x for
a.e. 1, such that, for all ¢ >0 the continuous modification of IT,¢ is CL*([0, t]xR?)
and satisfies

3
<—+ L,\.>H,¢ =0, O0ss<t
Jas

Let us now introduce the norm |||, , for some fixed probability measure p on
R?: if @ is the Schwartz test function space and @' the Schwartz distribution space

on R, 7,,={0e@'|||0]’., <}, where we defined

16117 = sup{(6, /) =X, [V D] f € D).
One can easily show that, if @, ,={fe @|{u,|V.f]})#0},

(8, )
(o [V 1D

Finally, let us recall the definition of Kullback information of a probability
measure with respect to another one:

Jol.=3sup | fé@u,,}.

Definition 1.1. Let (X, X) be some measurable space and u, A be two probability
distributions on (X, ¥). The Kullback information of pu with respect to A, denoted
by $(u; A), is given by

I(p: A) =supi(F, uy~log(exp(F), A)| FebL’(X, Z)}

where bL’(X,Y) denotes the space of all bounded, real valued X-measurable
functions on X. Moreover, when X is Polish and 2 its Borel o field, we may restrict
the sup over the set of all bounded continuous function on X. If we take a sub-o-field
F of X instead of X, we shall denote the corresponding Kullback information

We then have the following:

Lemma 1.1. With the preceding notations, the following holds:

du : dp
logl ==1}d <Aand—+¢cL
F(ui A) = J0g<dA> woifu and € (m),

+00 otherwise.

Remark. From now on, we shall always refer to the canonical space of the trajectories
0, = C([s,0); RY) from time s endowed with the canonical filtration (F,,) c(s 7=
(o{x,|s<=u= 1}) rersxys (Xu) uefocy Deing the coordinate projections.



M. Brunaud | Diffusion with fixed marginals 333

Notation. Throughout this paper, W<, will stand for the set of continuous trajectories
from [s, t] to R%

Our main result consists in the following:

Theorem 1.1. For fixed s € [0, ), let P, be the law of an It process with variance a
and drift b, with some fixed initial law at time s and satisfying both Assumptions Al
and A2. Some T > s being fixed, denote P the restriction of P, on W1 endowed with
its canonical filtration generated by the coordinate projections (x,),ci.r7- Let ¢=
(4 )ucrsT € M7 (RS be a flow of marginals such that g, ~ p, for all ue[s, T],
where (p,) uc1s 11 IS the corresponding flow for P. Let K (q) be the set of all the probability
distributions Q on W1 verifying both conditions

F(Q; P)<oo,

Qox.'=gq, foralluels, T].
We shall assume that K(q) is non-empty. Then there exists a single law Q in K(q),
minimizing $( - ; P). Moreover, Q is Markovian and satisfies the following * Pythagoras’
equality:

#(Q; P)=5(Q; P)+9(Q; Q) for any Qe K(q)

where the minimum is computed by

T

H(O P) =5 (q: p)+ J ldu— LEqu].. du

S

2. Proof of the theorem

2.1. First step: Existence of an I-projection

Let us first translate the conditions satisfied by any element of K(q). If {5;},~, is a
dense denumerable subset of [s, T] and {¢;};~, a total subset of C,(R“), the second
condition defining the set K(q) is equivalent to

V() eN*XN*, (i °x,, Q)=(¢iq.)

i.e., as the marginals of Q are already prescribed by ¢, to denumerable linear
constraints on Q. We shall reindex these constraints and put, if k is related to (i, j),
= (¢, qs,>, Yr=a;° X, SO that

VkeN* (g, Q) =c. (8)

It easily follows from these equalities that K(q) is a norm variation closed subset
of all the probabilities on Wﬁ'T From Theorem 2.1 of Csiszar (1975), we directly
obtain the existence and unicity of Q. Let us see now how to recover the solution
of our minimization problem according to a discretized procedure. We consider the
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problem consisting in finding a probability distribution Q which minimizes $(-; P)
under the n first preceding constraints. As a consequence of Theorem (3.3) of Csiszar
(1975) and the non-emptiness of K(gq), this problem admits a unique solution Q,
such that, for any u€[s, T], there exists a unique vector ™’ in R" solving the
normal equation in 6:

Vo [IOg{J exP(i 0;%) dP}] = (Cj)lsjsn, 9)

dQ,
dpP

and

= exp( 8»5-"’"’(!/_,-). (10)
F, j=1

We prove that the sequence (Q,),=; converges in variation norm and weakly to a
solution Q of the initial minimization problem (see Follmer, 1986). K,(q) will
denote similarly the set of the Q’s such that #(Q, P) <0 and Q satisfies the n first
linear constraints.

A property of Q, implies that, for any probability distribution Q in K, (q), the
following is verified:

F(Q; P)=4(Q; Q)+ F(Q.; P). (11)
But, if n=m, Q, < K,,(q), so that
Vm, Yazm, J(Q,; P)=%(Q,; Qn)+5(Qn; P). (12)

As K(g)<={,., K.(g) and K(q) is non-empty, the preceding refation implies that
the sequence ($(Q,: P)),-, is bounded by #(R; P), where R is an arbitrary element
of K(q); moreover, the same sequence is nondecreasing and thus convergent. Let
I be its limit. As

l—y(Omv P):SUP[‘?(Qn; P)_j(om, P)]:Sup }(Qns Qm)

n=m n=m
we get

lim sup $(Q,; Q,)=0.

Using the elementary inequality (where ||ul],.. denotes the total variation norm of
the measure u) (see Jacod and Shyriaev, 1988)
o =v[Pw=28(u; v),

we deduce from the above relations that the sequence (Q, ), is Cauchy and thus
converges in variation norm: its weak limit Q therefore exists. By means of the
lower semi-continuity of #(-; P), of the fact that (., K,(q) contains Q, due to
the continuity of the mappings Q — (¢, Q), we successively get the inequalities

lim $(Q,; P)=#(Q; P)
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and
I(Qu; P)=I(Q; P)

so that $(Q; P)=lim, .. #(Q,; P) and lim,_.. $(Q; Q,)=0. This shows that Q is
a solution of the initial minimization problem; its unicity follows from the unicity
of the solution of each minimization problem and the fact that K(q)=(,., K.(¢).
Nevertheless, the unicity of Q may be obtained from direct topological consider-
ations: as we are interested in a minimization problem, we may assume that there
exists some constant C > 0 such that the minimum is taken on K{(g) n{$(-; P)< C},
which is a compact convex non-void subset of M (W ); $(-; P) is a ‘good’ rate
function (i.e. its level sets are compact), lower semi-continuous and strictly convex
on K(q); so, #(-; P) attains its minimum at a unique point of K(q). Finally, taking
the limit n >0 in (11), we get the first assertion of the theorem, which shows that
Q is the I-projection of P on K(q) in the Csiszar’s terminology.

2.2. Second step: Description of Q

As has been shown in the preceding paragraph, the probability distribution Q,
solution of the minimization problem of the theorem exists and is unique. For two
main reasons, we need giving a more descriptive characterization of Q. On one
hand, the preceding one, though simple, is not explicit, as given by a limit of
unknown probability distributions. On the other hand, in view of our main result,
Q should be Markovian; this property does not follow the Csiszar’s like arguments.
This crucial feature is related to the smoothing procedure, which underlies an
entropy minimizing technique. Let us define Q' to be the unique probability
distribution minimizing $(-; P) under the n following constraints:

Vi, 1=j<n, Qe°x;' =g, (13)
One can easily show that the same arguments as above work to prove both its

existence and unicity. We first give a precise description of Q'”’ as an h-conditioned
diffusion law for some precise P-invariant mapping h.

(a) Thecasen=2: Letusfix te[s, T]and look for laws Q minimizing $5 _(-; P)
such that ‘
Qeox,'=gq, Qex,'=gq,
where g, and g, are two given probability distributions on R“. For any (x, y) in
RYxR? and any law R on Wféoo (also denoted by R, ,, when emphasizing on the
initial conditions) R} will denote the regular conditional probability distribution

of R, conditioned to be a.s. equal to x (resp. y) at time s (resp. f).
We also need the following definition:

Definition 2.1. Let w and ©’ be two paths in W . Let us pick some 7>0. The
t-splice of w and w’, denoted by & &, w' is the path defined by

ne v Jo($)oa(s) o' () w(s) if o()=w'(1),
(0 ®, w')(s) = {w(s At) otherwise.
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Moreover, if P and Q are two probability distributions on W§. and we
Wi, o ®, Q denotes the image of Q under the measurable mapping @' — » ®, w’
and P ®, Q the probability distribution P®, Q = P(dw)é,,0-

We now quote the following useful lemma from Varadhan (1984, Lemma 10.3):

Lemma 2.1. Let (X, 2) be a Polish space and F, < F,< X be sub-o-fields. Denote
also by A, u,, the regular conditional distribution of A and u given %,. Then

I M) =I5 (u; )+ EX¥(Ig(1o Ao)). O
We use the preceding notions to get the following:

Proposition 2.1. Let Q be any probability distribution on W1 and pick some t>0 in
(s, T). QF (resp. Q) will denote a regular conditional probability distribution of Q
given F,, (resp. o{x,, x,}). It then holds that:

Iz (Q; P)=F(vg; Vp)+J vo(dx®dy)Fs (Qk; P)

+E°S5,,(Qu; Pouiry)s

where v, (resp. vp) is the law of (x,, x,) under Q (resp. P).

Proof. We shall use twice Lemma 2.1. We plug %, = o{x,, x,}, %= %.,, =%, 1,
such that %, c %, %;. Using (2.1) with the pair (%, %,), we first get

F3..(Q; P)=95 (Q; P)+ E°%5 (Ql'; PL), (14)
and with the pair (%,, %),
95.,(Q; P)=95,  (Q; P)+E°F; (QU*; PI)). (15)

As an obvious consequence of the definition of %,, the first term of (15) equals
F(vo; vp); for the second term, we notice that, assumed to be finite, the Kullback
information of the conditional law Q%™ w.r.t. P2\ is computed by taking the
expectation of some o{x,, x,) measurable r.v., which justifies to be rewritten as said
in the proposition. We deal now with the second term of (14). It is obvious that

Qx'=5,®,Qy
and, because of the Markovian property of the family (P,..) where s=0and xe R4
PZ;' = 6(1) ®I Pt,w(l)'

We can now deduce that
yy‘»\,,-(QZJ'; Py = 9./7\‘7(5@ ®, Qu'; 8., ®, P o)
= ]:%,T(inl; Pr.w(t))-
The latter equality holds for the probability distributions 8, ®, R are nonrandom

until time ¢ and to compute the Kullback infoymation of the considered conditional
laws it is sufficient to take %, r-measurable functions. [J
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We can now get the characterization of Q'*’; we first minimize over all Q knowing
w — Q. Therefore the restriction of Q' on %, ; equals that of P, . Taking care
of this, we see that

0- ([ (XD PLE P, ) (16)

whenever v, minimizes J(-; vp) having its first (resp. second) marginal identical
to g, (resp. q,). Following Csiszar (1975) and using Lemma 2.5 from Donsker and
Varadhan (1976), the latter finite dimensional problem has a unique solution v,
such that there exist two positive measurable functions £, (resp. f,) p, (resp. p,) a.e.
strictly positive and finite with

log(f,)e L'(q,), idem for f;,

and
dy
5, eV =fG), veas.
Vp
We then deduce by a direct calculation the expression of the marginals
dg;
ap. () =£x) | fi(¥)m(s, x; 1, y) dy, (17)
d t Y(dx) S(x T s’ x; t’
9% ()) g LG5, 6 1. y) (18)
dpl Ipt(dx)w(sa xs t,.V)

Let us define

h(u, x) =J’f,(y)7'r(u, x;Ly)dy, ssu<t

As h(t,-)=f,, we straightforward verify that h is invariant for the diffusion of
law P, i.e. h(u, x)={m(u, x; t, y)h(t,y)dy for all te[s, T]. As

dQ

dP =.ft(xx)h(t, xp), P'a.S.,

Fat

dg,
4 (x)=f.(x)h(s, x,), P-as.,
dp,

we see that h(s, x,)> 0, P-a.s., and we finally obtain:

dQ dg, h(t, x,)
-— =—(x,)——, P-as.
aPl, “ap, S uisx) TS (19)

Notice that it is in no way assumed that the function A is strictly positive dt® m, (dy)
a.e. For this reason, let H denote the first hitting time of the closed subset h~'({0})
of [0, 0) xR,

H =inf{o > s|h(o, x,) =0},



338 M. Brunaud / Diffusion with fixed marginals

(inf{@} = 0). Similarly, let us define the stopping times T, and T by

|5
s 1 h

7~'=sup f,, =1lim 7~',,.

’I~“,,=inf{t>s

2
(u,xu)duZn},

Obviously, T=H, P-as. Let us write an It6 formula for ur—logh(-, X)
(urnHAT,),

(D’ xD) dBU

h(uAHAi‘naxu/\H/\f) JHAHAi'V.xh
log e =

h(s, x,) h

1 u/\H/\7~‘” V\,h 2
S Grew) eoae

u/\HA'T-'Hl 3
+ —\—+L,)(h ) dw.
[ (o v av

This latter relation may be written as

h(tAHAf‘n’xl/\H/\'f,,) (J‘“\HAFFN 1 J
=E€Xp

h(s, x,) Z(B_DWLLU)(h)(v, x,) dv)

x&(c-BYtaHNT,),

where B denotes the P adapted martingale
!
BI:xI_x,t_J b(xu’ u) du’ te[sa T]a

¢ the mapping defined on the complementary of k™ '({0}) by
c(u,x)=V logh(u,x), ssu=sT,

and &,(c- B) is the exponential martingale associated with ¢- 8 and starting from
s. Taking the limit n - o0, recalling that T= H, P-a.s., we get

1o :((: z:)) CXp (‘J‘S %(%'*’ L,)(h)(v, x,) dU) = 1{1<H}gs(c' BI(1).
(Whenever t = H, this latter equality boils down to 0=0.)

If we already know that h is strictly positive everywhere, then using Theorem
V.5.2 of Azencott (1983) and the regularity Assumption A2 on the kernel 7 of the
diffusion P, the preceding equality would straightforward imply that the restriction
of Q on [s, T]is a diffusion law with the extra-drift: V,(x)=a(s, x)V, log h(s, x)
and new kernel R

h(t, y)

h(s, x) (s, x; t,y).

(s, x; t,y)=
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Then, as a consequence of Assumption A2, we see that

h(f’ xl) o f Vs RYEPRY NIV § & |
=& (c-Bi)(1) on{i<H}
h(s, x,
Thus
dQ dg,
R =— g\’ ‘ y Ny /- 20
aPl,. dpx(x\) (c- B)(u,x,) (20)

(b) The general case: We now fix n+1 points (s,)y-;=, (by convention, so=s)
of the interval [s, T] and n+ 1 probability measures on R (g:)o=i=n. We look for
the law Q") minimizing I (- ; P) under the n+1 constraints

Qox'=gq, O<i=n
A chain use of the above Varadhan’s lemma shows us that

n—1 . . . ‘ ) ;
I5,(Q; P)= X 1(vgs vi)+ [ v (dx®dy)l 5 (Qix; Pyn)

+ EOI .7'\“1( QLX”; Ps,,,w(.v,,)) 3
where v’ (resp. v$') is the law of (x,, x,,, ) under Q (resp. P).
Similarly, Q' is given, at least formally, by

Si+1

n—1
(® ® J’ V((;)(dxi®dxi+l)P:::,+xl,~\'HI)@ P\'”,ys (21)

i=0 s

which is a kind of convatenation of diffusion laws, each of them being respectively
restricted on W, and such that each measure vg) is the unique solution of an
analogous problem as for v, but with g, (resp. q,) changed into ¢; (resp. g;..).

We therefore get, for every u€[s, T, suchthat s;<wu <s,,, forsome 0<si=n—1,

dQ(n) dq(.”)
dP |, dp,

(x,)&,,(c"” - B (u, x,), (22)

where ¢'” is the same mapping obtained as in (20) and B8'* is the restriction of the
Brownian maotion 8 on W,

aSity t

2.3. Third step: The lower bound

Let us choose in K(g) one Q, to which we shall refer all along this sub-section. As
Q < P, it is well known that the process Z = (Z,),-, where Z, = (dQ/dP)|z  defines
a positive uniformly integrable martingale. Under Assumption Al, Theorem 7.2.1
of Stroock and Varadhan (1979) yields the unicity of the martingale problem
associated with L,. Theorems 1.5 and 4.3 of Jacod and Yor (1977) thus show that
every adapted L'(P)-martingale admits the decomposition as a sum of its initial
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value and of a stochastic integral of the elementary characteristic martingale. In
particular, there exists one (%,,),=, previsible process ($,),<u=7 such that

t

Z,=Z,;+J ¢, dM, (23)

where (M,,),-, denotes the (%, ,).<,=+ adapted martingale

u

Mi,=xL—xL—J‘ bi(x,,o)do, 1=<i<d,

with quadratic variation process
AM MDy=a"(x,, u)du, 1<ij<d.

Thus, M. being continuous, so is Z..

Let us quickly show that Z,=(dgq,/dp,)(x,). By definition, Z, is the Radon-
Nikodym derivative of Q restricted to o{x,} with respect to P restricted to o{x.}.
Thus, for any bounded borel map f,

j’f(x,)Z_\» dp= Jf(xs) dQo= jf(y)q,\(dy)

dg,
d

= jf(y) %ﬁ (»)p,(dy) = Jf(xs) ~(x,) dP.
Ps P

Noticing that Z, is strictly positive P-a.s. (because p, and g, are equivalent), we
can define the following stopping times:

T,=inf{t>s|Z,<1/n}, n=1,

T* =inf{t>s|Z, =0},

such that T, converges increasingly towards T* P-a.s. The T,-stopped martingale
zZ= Z.,r, is a nonnegative margingale, so that the P-martingale Y7 can be defined
by

trT
" dZu
vi=[ "
o L

Moreover, this one fulfills the property that

Az YT,
R

is a Q-martingale. Solving the latter equation, we see that
Zh=z ey,
i.e.

ZI/\T,, :Zx/\T,, exp{’/l/\’l",, —%< Y)l/\T,,}, te [S, T]
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Taking the n— 00 limit in this relation and using the continuity of Z, we deduce
ZIAT*:ZS/\T* exp{ YIAT*_%< Y>IAT*}’ te[sa T]

Let us show that Q(T* <+o0)=0. First of all, Q(T,<)=Ep(Zr 11 .)<1/n
and this implies

Q(m {Tn<oo})=0=o(r*<oo>.

n=1

Thus, T* = +co, Q-a.s. Using Theorem 1.11 of Sharpe (1980) for the P-martingale
Y™, we see that

{T* <o} N{{Y) <0} ={T* <o} n{ Y« exists and is finite}

up to P-negligible events. As Zr+=0 on {T* <o} P-as., by continuity of Z and
the above expression of Zr« (put t =s), we also deduce that these events are P-a.s.
equal to

{T* <o} {Zr> 0},

and that (Y);» =40 on {T* <0} P-a.s. It is also well known that Z=0 P-a.s. on
[T*, cof (Lemma I11.3.6 in Jacod and Shyriaev, 1988). This enables us to compute
F3 (Q; P) for every t=s (recall that F3 (Q; P)=Ep(Z log Z,) whenever
Z/(log Z,)" € L'(P), and +o0 otherwise; we shall put 0log0=0). We easily get via
the Girsanov’s theorem the following expression:

I3, (Q; P)=35(qs; p)+1Eo((Y)7,)
which implies via Lemma 2.1 that

YEo(Y)r, < %5, (Q; P)=$(Q; P) <.
Taking the limit, we finally obtain

3EQ{{ Y )y T* =00} +3E{{ Y)1+; T* <00} <00, (24)
But, as Q(T* <+0) =0, we deduce

Eo{(Y)r} <o,

I3,,(Q; P)=95(q:; p,) +2Eo((Y),).

Similarly, on {T* = +o0}, Z,.> 0, P-a.s. and the restrictions of Q and P on {T* = +00}
are equivalent. Let J(¢) denote the function defined on R? x [0, +0] by

J(d)(x, 1) =+ blx, 1)+ P)i(x).

Re-using the representation of the P-martingales, we finally get the existence of an
adapted process i such that, for every t=s,

Z, = 1, 7+Z; CXP[J‘ P, dx, —J‘ ]('-/lu)(xm u) du}



342 M. Brunaud [ Diffusion with fixed marginals

As a consequence of the representation of Q'™ already obtained in the second
step (cf. (22)), we observe that Q'™ is (locally) equivalent to P, which implies, as
before, the existence of an adapted process ('"),., such that, for all t€[s, T],

d (n) d (\-") t 1
de = :]‘) (xs)epr wi:”dxu—j J(d/i"))(xu,u)du]. (25)

We then deduce the expression of the Kullback information of Q (resp. Q'™’) with
respect to P,

I3 (Q; P)=35(q,; ps)+ Eo (';' J‘ (. )i(x.) du), (26)
and

I3 ,(Q"; P) =95 (q."; p)+ Eo‘“’(% J R HED) du), (27)

using the fact that, if H. is a P-martingale, the process

K,=H, _<H’ J /N dMu>

(resp. K similarly defined but with ¢ replaced by ¢'™) is a Q- (resp. Q'"-)
martingale.
Let us now give the following:

Definition 2.2. Let Q be an element of K(q) and ¢ the adapted process defined as
above. Then, for any t€[s, T], ¢, denotes a regular conditional probability version
of ¢, knowing x,, i.e.

(Zl(x) = EQ[‘/’: |xr = x]-

Thus, as Eo[{#,)2(x,)]%.]= () 2(x.) + Eo[€ . — ) 2(x., u)], we get the lower
bound

33.(Q; P)=I35(q,; p.) +31Eo (J. J d)E()g.(dy) du)- (28)

Let us now show how this lower bound is related to the norms I-Nl4, .- Because
of our assumptions, P is the unique solution of the (a, b)-martingale problem, such
that, for all fe C(RY), the process

(f(x,) —fx) - j Lof(x.) du)

s t=s

is an adapted P-martingale. Consequently, thanks to the representation of the
martingale Z, we compute for any Q in K(q),

Eo(f(x)~f(x)) ={f, 4)=(f. 4)
= j (Vuf, udus qu) du+ J (Lufs 4u) du.
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We thus have, in the distributional sense,
(4= L¥qe, £)=(qu, VS, b)) (29)
But
X (D =Kae, € =V IO =K, (VDD +(q0, (VoS 900
= (g, ~ L¥a), )= Xa, (V. 1HD.

Because of the definition of || ,.,, given just before Definition 1.1, the preceding
inequality yields

g — L¥q. )%, <Xq., (&) (30)
We summarize these results in:

Proposition 2.2. For all Q in K(q) and all te[s, T],

t

0 (Qs P)zﬂ.%xqs;pwf ld—Lia 5, du. O

2.4. Fourth step: The lower bound is attained at Q

We have shown at the second step that $5_(Q; Q)'") tends to 0 as n tends to o,
for each te[s, T]. Using the above ‘Pythagoras’ equalities (12), we compute

. ~ d (n)
#5,(Q; Q") = 95 (0 P)—Ea[“’g( SP )]

I5.(Q; Q") =95 (4. p) +1Eo (J (ua(x,) du)

- [fe;,\.(qi"); ps)+3Eg (J CiVa(x,) du)]-

We finally get the following expression for our null convergent sequence:
5, (Q; Q)= 95 (q,; 9\")+3Es (J Qi — v )a(x,) du)

(where we have used the facts that Q < Q" and, consequently that g, <q'"). But,
as proved in the first step, Q'™ converges weakly and in variation norm to Q such
that, for all n=1, Q< Q' and $,(4,; q\"") tends to 0. We then conclude from
the last equality that

(4, ) = (" = uhu(x)

converges to 0 in L’ (2 x[s, T], 0®du).
The main result of the second step shows that for all = s, the process ' is

o(x,)-measurable and that there exists a piecewise continuous C* in x function
h'" such that

G\ (x) =V log h*""(u,x) for almost all (u, x) w.r.t. du® my,(dx).
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Due to Assumption A1, we see that, for almost all u[s, T], ¢ converges to 4,
in L*(R“, q,), and, as ¢’ is o(x,) measurable, that i, is too (one can easily verify
that if (Z,),., is some L* convergent sequence of o(X) measurable random
variables, its limit is ¢(X) measurable). This implies that u/;,, =, for almost all
u€[s, T] and that Q is Markovian. Recall (cf. Section 2.2(a) above) that H > ¢ iff
Z,>0: thus, T*= H and H =+, Q-a.s. We may also use the results contained in
Nagasawa (1989) which are especially suited for general h. According to the result
in Section 2.2(b), one can find a sequence of functions k'"/:R* x[ O, +), Cx in x
such that, for almost all ue[s, T],

117,, = lim V k" (u, x)

n—->oo

in L*(RY g,) norm. (In fact, before taking smooth approximations, the functions

match with V. log h'"’ on each subinterval [s;, s;,,) and that is why the preceding

equality takes place for all u but a denumerable union of finite subsets of [s, T].)
In fact, by means of the relation following (29), we have

K €Y 2> = Gur € = VKD 2 (s s Yok S)0) = s (VLKD)

The first term of the right side of this equality tends to 0; the second term is equal
to (¢, — L¥q., k). By definition of the norm N, =|¢, — L¥q,|5, ., we have

N, =lim sup((g, — L¥qu, k) =X qu, [V.ESV|D).

n-oc

The quantity of which we are taking the limit sup equals

o(1) +Xqu, € )2,
so that N,,Z%(qu,((d;u))ﬁ). Using the inequality (30), we conclude that the latter
inequality is in fact an equality. Thus

_ 1 [ ~
95,(Q; P)=95.(d::p)+5 J (gus (B2 du

=ff\<qs;px>+j V= LEqu] du

And, as Q € K(q), we get an equality in Proposition 2.2. We conclude that the lower
bound is really achieved at Q, and at this point only. O
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