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We study the boundary value problem 7¢' = — A¢g, (I — P) ¢(0), Pg(7)} =0, where
T=T* A=A* P2=P, P*T=TP, T invertible. The motivation to consider such
problem comes from the transport theory. The behavior of values of t for which
there is a nontrivial solution (exceptional values) is investigated using the indicator
function. This is an analytic hermitian valued function of the real parameter ¢ which
reflects, in particular, the characteristic properties of exceptional values. © 1988

Academic Press, Inc.

1. INTRODUCTION

Let T and A be linear bounded selfadjoint operators in a Hilbert space H
such that Ker T={0} and /— A4 is compact. Denote by P, (P_) the
orthogonal projection corresponding to the positive (negative) part of the
spectrum of T (so that P, T=TP,, P, +P_ =1, 6(T|np,) < [0, ©),
6(T)ym p_) = (— o0, 0]). Consider the following boundary value problem:

(T9) ()= —Ag(t) + f(1); O<i<t (1.1)
lilrg P ¢t)=¢,; li;n P_¢(t)y=9¢_; 7> 0is given. (1.2)

Here f(1) is a given H-valued function of the real variable #; ¢ , eIm P
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are given vectors. Concrete boundary value problems of type (1.1), (1.2)
appear in the theory of radiation transfer and neutron transport (see, e.g.,
[2, 3]). Abstract boundary value problems of type (1.1), (1.2) have been
extensively studied recently (see [8, 11]). For positive semidefinite A, it
turns out that the problem (1.1), (1.2) has always a unique solution [8].
However, in the case A4 is not positive semidefinite, this is not always so
(this case is physically meaningful and important; in the problem of
radiation transfer, it reflects the presence of sources of radiation in the
medium). So it is of interest to obtain information concerning those values
of ¢ for which the homogeneous boundary value problem

(TP)'(1)= —Ad(1);, O<t<rt; (L.3)
lim P, §()=0,  lim P_¢(1)=0 (1.4)

has a nontrivial solution.

In this paper, we shall consider the boundary value problem (1.3), (1.4)
in the finite dimensional case (dim H < o0). This case is important from the
physical point of view (it appears in description of transport phenomena
when only a finite number of scattering angles is feasible; see, e.g., [12]),
and is, of course, much more tractable mathematically. We also believe
that investigation of the finite dimensional case will help to understand
better the infinite dimensional problem.

In fact, we shall study here the more general problem

Te' ()= —Ag(1), O<t<t (1.5)
(I-P_)¢(0)=0; P_g(r)=0, (1.6)

where T and A are n x n hermitian matrices with invertible T, and P_ is a
projection (not necessarily orthogonal) such that P* T=TP_. Clearly,
(1.3), (1.4) (with finite dimensional H) is a particular case of (1.5), (1.6).
The reason to consider the more general problem is that (1.5), (1.6)
behaves well (i.e., transforms to a boundary value problem of the same
type) under the transformation T — S*TS, 4 — S*AS, P_ - S~ 'P_S with
invertible S, while (1.3), (1.4) does not.

The values of (>0) for which there is a nontrivial solution to (1.5),
(1.6) will be called exceptional values. Observe that for the nonexceptional
values, the corresponding inhomogeneous problem is well posed. We shall
show in Section 2 that there is an analytic (on the real variable ¢) hermitian
value matrix function V(z) whose properties are intimately related to the
properties of the exceptional values. In particular, the exceptional values
are precisely the (real) zeros of det V(¢). The function V(¢) will be called
the indicator of the problem (1.5), (1.6). Recently obtained results on per-
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turbations of analytic hermitian matrix functions (see [6]), when applied
to the indicator, allow us to obtain certain facts concerning the behavior of
exceptional values under small perturbations of the initial data T, A,
and P_.

Of particular interest, motivated by the transport theory background,
are cases when A is semidefinite, or 4 has only one negative eigenvalue.
These cases are investigated in detail in Sections 3 and 4. Here we assume,
in addition, that the subspace Im P_ is maximal T-negative (which
obviously holds in the boundary problem (1.3), (1.4)), and we take the full
advantage of the possibility to apply the transformation 7T — S*TS,
A—S*AS, P_ > S 'P_S. One of the obtained results, perhaps not
unexpected, is that for positive semidefinite 4, there are no exceptional
values. The underlying reason is that in this case the indicator is negative
definite for £ =0 and decreases monotonically for positive ¢

We shall use the notation diag(Z,, .., Z,)or Z, ®Z, ® --- ® Z, for the
block diagonal matrix

Z, 0 - 0
0 Z, - 0
0 0 - Z

I, stands for the mxm unit matrix. When convenient, nxm complex
matrices will be considered as linear transformations C™ — C” with the
norm induced by the standard euclidean norms in C” and C”.

2. THE INDICATOR

Consider the problem (1.5), (1.6) where T and A are selfadjoint nxn
matrices, Ker T=(0), and P_ is a projection with P* T=TP _. A number
of 1>0 will be called exceptional if (1.5), (1.6) has a nonzero solution.
Introduce the function

V(t)=P*[Te " '41P_:Im P_ »Im P*.

The function ¥V(r) will be calied the indicator of the boundary value
problem (1.5), (1.6); it will play a crucial role in our analysis of exceptional
points. Observe that V(0) is always invertible.

The significance of the indicator is immediately seen from the following
theorem.

THEOREM 2.1. The number 1 > 0 is exceptional if and only if the indicator
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V(t) is not invertible for t=1. Moreover, the dimension of the space of
solutions of (1.5), (1.6) coincides with dim Ker V().

Proof. The general solution of T¢'= —A¢ is d(t)=e""T""14(0).
Assume that ¢(z) satisfies also the boundary conditions (1.6). Then

g(r)=e"T P_4(0),
$O
0=P_¢(1)=P [e~ “P_]4(0),

which is equivalent to

0=TP_¢(t)=TP_[e~"T 4P_7 ¢(0)= V(1) $(0). 2.1)

If ¢(r) #0, then P_¢(0)=0, and (2.1) implies that F(z) is not invertible.
Conversely, if V(1) is not invertible, then there is ¢, in Im P_ such that
¢, #0but V(t)¢, =0. Then

pry=e"""Mg,

satisfies (1.5), (1.6) and is not identically zero.
The above argument proves also the second statement of the
theorem. ||

The following basic property of the indicator lies at the heart of our
approach.

THEOREM 2.2. Let f,, .., f, be an orthonormal basis in lm P_. Then
P* fi, .., PXf, is a basis in Im P*, and with respect to these bases, the
indicator V(t) is a hermitian matrix for all t > 0.

Theorem 2.2 follows from a general statement on hermitian matrices and
projections:

PROPOSITION 2.3. Let B be a hermitian n x n matrix, and let P be a pro-
Jection. If f1, ..., f, is an orthonormal basis in Im P, then P*f,, .., P*f, is a
basis in Im P*, and with respect to these bases the linear transformation
P*BP: Im P — Im P¥* is given by a hermitian matrix.

Proof. If P*f,, .., P*f, were not a basis in Im P*, then (P*f;, g>=0
for some geIm P*, g+#0. So

(f;, Pg>=0 for j=1,.,p

and since f}, ..., f, is a basis in Im P, this implies Pg =0. We have obtained
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a contradiction with the fact that Ker P and Im P* are orthogonal com-
plements to each other.

For the proof of the second part of the proposition, observe first that
without loss of generality, we can assume that

I 0
P=[X 0]. (2.2)

(Let us justify this step. Let g, ..., g, be a basis in C” such that g, ..., g, is
a basis in Ker P and g,,,, .., g, is a basis in Im P. Let A, .., h, be the
orthonormal basis obtained from g,,.., g, by Gram-Schmidt
orthogonalization. In this basis, P has the form P=[$ ¥]. Since P>= P we
have [$]1B=[%], ie, [31(B—I)=0. Since Ker[$]=0 it follows that
B =1 Interchanging the order of the basis elements yields P =[% 3]). Then

I
[fl’ f25 Rt fp] =|:X:| U,
where U is an invertible matrix such that
U*[T X*] I U=1I
% .

Now, write

B, B,
B=[Bik 33]’ B,=B¥  B,=B?

with respect to the same orthogonal partition of C” as in (2.2). Then

(B, + B, X + X*B, + XB}X) U]

P*BP[ f, .., fk]=|: 0

On the other hand,

(I+X*X)U]=[U*l]‘

PALS1. s fi] =[ A 5

So the matrix 4= [a;]f,_, which represents P*BP with respect to the
bases f1, .., f, and P*f,, .., P*f, is defined by the equalities

alj
[(13l + B, X+ X*B¥ +X*B3X)] L [U*“] a5,
0 i 0 .

apy
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where u; is the jth column in U. It follows that
A=U*B, + B, X+ X*B} + X*B, X)U,
which is hermitian. ||

The indicator is an analytic matrix function which is invertible at =0.
Hence, the number of real zeros of its determinant (which are exactly the
exceptional values) is either finite of countable, and in the latter case, the
only accumulation point of the set of exceptional values is at infinity. A
simple sufficient condition for finiteness of the number of exceptional values
is that all eigenvalues of T7'4 be real. Indeed, in this case case it is easily
seen that the determinant of the indicator V(z) is a linear combination of
functions of the type t/e ~*". Let u, be the smallest among the numbers x in
the exponent of functions /e ~*' which appear in det V(¢) with a nonzero
coefficient. Then

e det V(1) = p(1) +q(1),

where p() is a polynomial, not identically zero, and ¢(¢) is analytic and
tends to zero as ¢ goes to infinity. Now it is clear that the number of (real)
zeros of det V(¢) is finite.

3. PERTURBATIONS OF EXCEPTIONAL VALUES

Let V(¢) be the indicator of the boundary value problem (1.5), (1.6).
Since V() is hermitian and analytic (as a function of the real variable ¢), by
Rellich’s theorem (see, e.g., [9] or Chap. A.6 in [4]) there is a represen-
tation

m@ 0 -0
V() = U~ ? “Zf’) ? u(e), (3.1)
00

where U(r) is an analytic matrix function of the real variable 7 which takes
unitary values and u,(t), .., u,(f) are real analytic functions of ¢ in R.
Clearly, ¢ > 0 is an exceptional point if and only if 7 is a zero of at least one
of the functions p;(¢). For a given exceptional value t let p,(¢), ..., p;(2) be
all the functions among p,(?), ..., u,(¢) which vanish at t (here r=r(t)
depends on 7). Denote by m, =m,(1), ..., m, =m,(t) the positive integers
defined by the equalities

-1

q

(a,(t)z{o for «=0,..m
Hi #0  for a=m,.
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The integers m, ..., m, are called the partial multiplicities of V(t) at t; their
number r is exactly dim Ker V(t) which coincides with the dimension of
the set of solutions of (1.5), (1.6). The signs ¢, =¢,(t), ..., ¢, =¢,(t) (+1 or
—1) of the nonzero real numbers u{™(t), ..., u{"™(t) form the sign charac-
teristic of V(t) at 7. For more information and other descriptions of the
sign characteristic of meromorphic hermitian matrix functions, see [5]. We
shall need also the quantity

s(ty={i|1<i<r,m;isodd, ¢, = +1}*
—{il1<i<r, m;isodd, s;=—1}%, (3.2)
where by 4% we denote the number of different elements in a finite set 4.
We use now the notions of partial multiplicities and sign characteristic in

order to describe the behaviour of exceptional values under perturbations
of the initial data (i.e., T, 4, and P_) of the boundary value problem.

THEOREM 3.1. Let t be an exceptional value for the boundary value
problem (1.5), (1.6), and let a <t < f8 be positive real numbers such that t is
the only exceptional value in (o, B). Then there is ¢ >0 with the following
property. For every system

T6'(1) = — A(1),

= < (3.3)
(I-P_)¢(0)=0, P_4(z)=0

with

and
IT—TI+1A-A4)+||P. —P | <e

the distinct exceptional values (if any) T, .., T, of (3.3) in (a, B) satisfy the
inequality

2 ¥ 5(z) = sig V(B) —sig V(a) (34)

Jj=1

where §(t) is the quantity defined for (3.3) analogously to (3.2), and sig H
denotes the signature (ie., the difference between the number of positive
eigenvalues and the number of negative eigenvalues, counting multiplicities)
of an invertible Hermitian matrix H.

This theorem follows from a general result on perturbations of analytic
hermitian matrix functions proved in [6, Theorem 2.17.
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In particular, when sig V(f) #sig V(«), there is always an exceptional
value for the perturbed system (3.3) in (a, f). However, if sig V(a)=
sig V(f), then the perturbed system may have no exceptional values in

(o, p) at all, as the following example shows.

Let

0 0 1
T:OIO},

L1 0 0

ExaMPLE 3.1.

0 0 0
Az{o 0 1.
010

Then, with respect to the orthonormal basis

AL

“fomo ol

(with which we shall work throughout this example) we have

_ P
I
+4

Te‘tT*IA -

12 r’ _1
2 4
ty/2
b=
ty/2 ?
— 7

Now for a complex number x with |x| # 1 let

—x 0

1
P =qa [x —1x|2 0
0 0 0

One easily checks that P2 = P_ and P* T= TP _. A straightforward com-

putation shows that the indicator is
2

V(1) = I/(z,x):H"i'W[."T

In particular,

Ve, —1+i/2)= —

409/130/1-14

], a=(1—|x|?)"L

2tRex+|xl2—1:|.

{4
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and clearly, for any x with
(Im x)*—~ (Re x)’—1>0
the indicator V(¢, x) has no real zeros.

In the particular case when all partial multiplicities are equal to 1 (in
such case we shall say that the exceptional value is simple) and all signs are
the same, one can say more about the perturbed exceptional values.

THEOREM 3.2. Let 1 be a simple exceptional value for (1.5), (1.6) and
assume that the signs (1) are all equal. Let (a, B) be a real positive interval
such that t is the only exceptional value of (1.5), (1.6) in (a, B). Then for
¢ > 0 sufficiently small there are exactly dim Ker V(t) exceptional values for
(3.3) in the interval (a, B). Moreover, all these exceptional values are simple
and the signs in their sign characteristics are all equal to the signs ¢,1).

Theorem 3.2 is a particular case of Theorem 3.1.

If one restricts the class of admissible perturbations of the data of the
boundary value problem, then sometimes it is possible to obtain more
precise information about the perturbed exceptional values than in
Theorem 3.1. For example:

THEOREM 3.3. Let 1, a, B be as in Theorem 3.1. Let B be a hermitian
matrix such that

AT 'B=BT '4 (3.5)

and Be=""'* is negative definite (note that (3.5) implies that Be ™" ' is
selfadjoint). Then for € >0 small enough the exceptional values t,, .., 1, (if
any) of the boundary value problem

Tg'(t)=—(A+eB)g(t); (I-P )$(0)=0; P_g(r)=0 (3.6)

which are in the interval (a, B), enjoy the following properties: Each t; is a
simple exceptional value whose signs in the sign characteristic are all +1 if
1, <t and all —1 if ©; > 1. The number of ;s (counting multiplicities) which
are smaller then 1 is exactly

{J | my(r)is even; et)= —1}* + {j | m(1) is odd; e(1) = +1}*.
The number of 1/'s (counting multiplicities) which are bigger than t is exactly
{j | myt)is even; g(t)= —1}* + {j | m(z) is odd; g,(z) = — 1} *.

An analogous result holds if Be *7"'4 is assumed to be positive definite.
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L1}

In this case “4+1” and “—1” in the statement of Theorem 3.3 should be

interchanged.

Proof. Let V(1) be the indicator for (3.6). We claim that V (7} — V(1) is
positive definite for sufficiently small ¢ > 0. Indeed, denote

fle)=Texp(—tT~ (4 +¢B)}

— TeétT‘lAe—srT‘lB

Then
SN om0 = TeitrilA(—rT”B)= —tBeArT*‘A,

which is positive definite, and our claim follows. Now Theorem 3.3 follows
from Theorem 5.1 in [6]. §

4. SEMIDEFINITE MATRIX A4

Throughout this and the next section, we consider the problem (1.5),
(1.6) under the additional assumption that Im P _ is a maximal T-negative
subspace. This means that, denoting by {-,-) the standard inner product
in C”, we have {(Tx, x) <0 for every x in Im P_\{0} and that Im P_ is a
maximal subspace in C” with this property. Clearly, this is the case in the
boundary value problem in transport theory, where Im P _ is spanned by
all the eigenvectors of T corresponding to negative eigenvalues.

Note that the subspace Ker P_ is maximal T-positive. Indeed, suppose x
in Ker P_\{0} is such that (Tx, x> <0. Then, for all y in Im P_ we have

{Tx,y>=(Tx,P_y>=(TP_x,y>=0,
so
(Tz,z)><0

for every z in Span{x,Im P_}. This contradicts the assumption that
Im P_ is maximal 7T-negative (any subspace M < C” which is strictly bigger
than a maximal T-negative subspace must contain a vector y with
{Ty, y>>0, see, e.g., Theorem 1.1.3 in [7]).

Observe also that the indicator V(¢) is negative definite for t=0.

In this section, we shall study the behavior of the indicator when the
matrix A is semidefinite. The notation X=Y (X>Y) for hermitian
matrices X and Y means that X—Y is positive semidefinite (positive
definite).
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THEOREM 4.1.  Assume that A is positive semidefinite, and let V(t) be the
indicator of the boundary value problem (1.5), (1.6). Then

V(t,) = V(ty)  for t,>1t,>0. (4.1)
In particular (taking into account that V(0) is negative definite), V(1) <0 for
all t>0, and there are no exceptional values.

For the case when P_ is the spectral projection corresponding to the
negative eigenvalues of 7, the nonexistence of exceptional values is known,
even in the infinite dimensional case (see [8]).

Proof. Consider first the case when A4 is positive definite. Using the
transformation T — S*TS, 4 —» S*A4S, P_ — S~ 'P_S, we can assume that

-1, 0 .
T—[ 0 [[], A =diag(4,, ..., 4,),

where 4; are positive numbers and k +/=n (indeed, since A4 is positive
definite, 7 and A are simultaneously diagonalizable). The conditions that
Im P_ is maximal T-negative and Ker P _ is maximal 7-positive translates
into

1 Y
P_=1 = , 4.2
Im P _ m[X], Ker P_ =Im [1] (4.2)

where X and Y are contractions: [|X]| <1, | Y| < 1. Then

1 _
Im P* =Im[_Y*:|, Ker P* =Im[ IX].

The condition P* T=TP_ means Y= X*. Now

—t7 4 __ Ql(t) 0 :'
Te ‘[ 0 0.0

where

Q,(t) =diag(—e'™, ..., —e'™),
0,(t) =diag(e ~"+1, .., e~ "),

and (up to a congruence by a constant matrix) we have

V(t)=Q0(0) + X*Qy (1) X
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(cf. the proof of Proposition 2.3). The derivative
V'(t) =diag(— A, e, .., —Ae™)

+ X*diag(— A, , e~ M L, —de )X

is clearly negative definite, and (4.1) is proved.
Assume now A is positive semidefinite but singular. Let {4,,}2_, be a
sequence of positive definite matrices such that 4,, - 4 as m — oo, and let
V(1) be the indicator of the problem (1.5), (1.6) with A replaced by 4,,.
By the already proved part of the theorem, (4.1) holds with ¥ replaced by
V,,. Taking into account that lim V,.(t)=V(t) for every t=0, the

inequality (4.1) follows. |

m— 0

The case when A is negative semidefinite is more complicated. We start
the analysis assuming first that 4 is negative definite.

THEOREM 4.2. Assume that A <0, and let v=min(k, ), where k is the
number of negative eigenvalues of T and I is the number of positive eigen-
values of T (counting multiplicities). Then the derivative V'(t) of the indicator
V(t) is positive definite. Moreover, there are not more than v positive zeros of
det V(1) (counted with multiplicities), and all partial multiplicities of V(t) at
any exceptional value are equal to 1 with the signs in the sign characteristic
all being +1.

Proof. Arguing as in the proof of Theorem 4.1, we have (up to con-
gruence by a constant matrix)

V()= 0,(1)+ X*Q,(1) X,
where | X <1,
Q.(1) = diag(—e"™, .., —e'™),
0s(1) = diag(e ™+, ., e,

and all numbers 4, are negative. Because of the latter condition, V'(¢) >0
for all real t. Now use formula (3.1), and let t be an exceptional value so
that u(t)=0 for some i Let y(z) be the ith column of U(r)~'; then
V() y(r)=0. On the other hand,

rt) = V(1) (1), p(1)>
and consequently

pi(t) = V() ¥(1), y'(2)> + <V'(x) ylx), y(1))
+ V() y'(2), (1)) = V(1) p(n), p(2)> >0.
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It remains to prove that det V(¢+) has not more than v positive zeros.
When 7 — o0 we have

1@l Z exp{t min{| Ay, - |4,]}}]

and

Q:(1)—=0

(recall that all ; are negative). Hence, V(¢) has exactly rank X positive
eigenvalues for ¢ large. Taking into account that u/(7) > 0 for every excep-
tional value 7 such that u/(t) =0, it follows that det V(¢) has exactly rank
X positive zeros. But rank X <v, and our assertion follows. |

COROLLARY 4.3. Assume A is negative definite. Then there is ¢ >0 such
that for every system

Tg'(1)=—Ag(1); (1= P_) (0)=0; P_4(1)=0 (43)

with

R

and
IT-T|+1A-Al+IP_ —P | <e

the number of exceptional values of (4.3) (counted with multiplicities) is not
smaller than the number of exceptional values of (1.5), (1.6) (also counted
with multiplicities). Moreover, all exceptional values of (4.3) are simple with
all the signs + 1 in the sign characteristic.

Proof. Combine Theorems 4.2 and 3.2. |

It can happen that the number of exceptional values for (4.3) is bigger
than that of (1.5), (1.6) (for instance, let

0 I

~

T= T:[ ] A =A=diag(4,, .., 4,)

with 2, <0,

I ~ I
ImP_=Im [0]’ ImP_ =Im [X:I

with X#0 and | X]| small). In such case the new exceptional values are
“coming from infinity.”
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The case when A is negative semidefinite is more complicated. Some
results will be summarized in the next theorem.

THEOREM 4.4. Assume that A is negative semidefinite and singular. Let v
and V(t) be as in Theorem4.2. Then V'(t)=20 for t>0. If, in addition, at
least one of the following conditions is satisfied:

(i) V' ()>0 for t=0;
(i) Ker A4 is T-negative;
(iii) Ker A4 is T-positive;

then all the exceptional values are simple with all signs +1 in the sign
characteristic, and the total number of exceptional values (counted with mul-
tiplicities) does not exceed v.

Proof. The inequality V'(t) =0 follows by considering a sequence of
negative definite matrices {4, }2_, which converges to 4 and using the
result of Theorem 4.2 (cf. the proof of Theorem 4.1). If (i) holds, then the
conclusion follows by repeating the proof of Theorem 4.2.

Consider the case when either (ii) or (iii) holds. Using the transfor-
mation T — S*TS, 4 » S*4S, P_ —» S~ !'P_ S with invertible S, and using
the canonical form for a pair of hermitian matrices (see, e.g., [10], also
[4,7]), we can assume that

~1, 0 .
T:[ , } A=diag(Ay, vy Apy fhyy o ),

where in the case (ii) holds we have 4, = --- =4, =0 for some p<k and
4; <0 for p<i<k and u, <0 for 1 <i</, while in the case (iii) hoids we
have p;, = --- =pu, =0 for some p</and 4, <0 for 1 <i<k and y, <0 for

p<i<l Now,

V(1) =diag(—e™, .., —e™) + X*diagle ™, .., e~ "X,

so in the case (iii) holds we obtain V’(¢)>0 for all real ¢, and the con-
clusion follows. Assume now (ii) holds. Let

0
M:ImX*+Im[ ]c@";
I,

then with respect to the orthogonal decomposition C* = M+ @ M we have

I 0 L T0 0
V")z[o Vlm]’ V")“[o Va(r)]’



214 RAN AND RODMAN

where Vi(t)>0 for t=0. Applying the arguments of the proof of
Theorem 4.2 to V,(t) rather than to V(¢) we obtain Theorem 4.4. ||

It should be noted that for a negative semidefinite A it can happen that
Ker A is neither T-positive nor T-negative (this case is not covered by
Theorem 4.4). The canonical form for a pair of hermitian matrices shows
that Ker 4 is T-definite (either 7-positive or T-negative) for a negative
semidefinite 4 if and only if 7~ '4 is diagonalizable.

In any case, if 4 is negative semidefinite, then 7~ '4 has only real eigen-
values and hence, the number of exceptional values is finite (cf. the remark
at the end of Section 2).

5. THE MATRIX A HAS ONE NEGATIVE EIGENVALUE

Here, we study behavior of the indicator in the case when A is non-
singular and has only one negative eigenvalue (counting with mul-
tiplicities). This case is important in applications (transport in supercritical
media; see, e.g., [1]). We start with general information (which follows
from the canonical form for a pair of hermitian matrices [10, 4, 7]) about
the eigenvalues of 7~ '4 when A4 is nonsingular and has only one negative
cigenvalue. 7~ '4 may be diagonalizable or not. If 7—'A4 is diagonalizable,
then all its eigenvalues, with the possible exception of two (counting with
multiplicities) nonreal mutually conjugate eigenvalues, are real. If 7-'4 is
not diagonalizable, then all its eigenvalues are real and there is precisely
one Jordan block in the Jordan form of T~ 'A of size bigger than 1. The
size of this exceptional Jordan block is either 2 or 3, and in the latter case it
must correspond to a positive eigenvalue. Let x, ..., x, be a Jordan chain
of T7'4 corresponding to a real eigenvalue A,:

(T7'A—AeDx, =0;  x,#0; (T '4A—iyDx,=x, ,, u=2,..4

(In view of the previous discussion ¢ < 3.) If this chain is maximal, i.e.,
there is no vector x,,, such that x,,..,x,,, is also a Jordan chain of
T-'A corresponding to 4,, then {(Tx,,x,>=0 for r=1,..,g—1 and
{(Tx,, x,» is a nonzero real number.

This information is taken into account in the following statement. The
number of positive eigenvalues of ¥(¢) (as a hermitian matrix for every
fixed t) is always considered with multiplicities counted.

THEOREM 5.1. Assume A is nonsingular with precisely one negative eigen-
value, and let V(t) be the indicator of (1.5), (1.6).
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(i) Assume that x,, x, is a maximal Jordan chain of T~ 'A
(necessarily corresponding to a real eigenvalue) and

{Tx,x,7>0.

Then V(t) has at most one positive eigenvalue for t =2 and at most two
positive eigenvalues for 0 <t < 2.

(ii) Assume that x,,x, is a maximal Jordan chain of T~ 'A and
{Tx,, x5»<0. Then V(t) has at most one positive eigenvalue for 0 <t<?2
and at most two positive eigenvalues for t > 2.

(ili) Assume that T~'A has a nonreal eigenvalue u. If Re p>0 then
V(t) has at most one positive eigenvalue. If Re u<0 then V(t) has at most
two positive eigenvalues (for t > 0).

(iv) Assume that T~'A is diagonable with all eigenvalues real. Then
V(t) has at most one positive eigenvalue.

(V) Assume that x,, x,, X, is a maximal Jordan chain of T '4
(necessarily corresponding to a real eigenvalue) and {(Tx , x;>>0. Then
V(t) has at most one positive eigenvalue (t > 0).

(vi) Assume that x,, x,, x, is a maximal Jordan chain of T"'A and
{Txy, x3> <0. Then V(t) has at most two positive eigenvalues for t <2 and
at most one positive eigenvalue for t = 2.

Before we proceed to the proof of Theorem 5.1 (which amounts basically
to checking each case by reducing first T, 4 to the canonical form for a
pair of hermitian matrices) let us indicate how Theorem 5.1 can be used to
derive information on the exceptional values. For this, we need the follow-
ing proposition (where 4= A* is not necessarily nonsingular with one
negative eigenvalue).

PROPOSITION 5.2. Let V(t) be the indicator for (1.5), (1.6) and suppose
that for each t in an interval (a, b) the hermitian matrix V(t) has at most k
positive eigenvalues. Assume that there are at least k+1 odd partial
multiplicities of V(t) with same sign ¢ in the sign characteristic corresponding
to some exceptional values in the interval (a, b). Then there must be an odd
partial multiplicity of V(t) corresponding to an exceptional value in (a, b)
whose sign in the sign characteristic is —e.

Proof. Arguing by contradiction, assume that the required partial mul-
tiplicity is absent. Consider the representation (3.1) of V(). Then the eigen-
values of V(¢) are the numbers uJt), i=1, .., p. Due to the fact that the
required partial multiplicity is absent, there is a point 7 in («, ) for which
V(t) has at least k+1 positive eigenvalues. This contradicts our
hypothesis. [
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Combining Theorem 5.1 and Proposition 5.2, we obtain certain infor-
mation about exceptional points in case A4 is nonsingular with one negative
eigenvalue. Note also that in cases (i), (ii), (iv), (v), (vi) (but not
necessarily in the case (iii)) of Theorem 5.1, the number of exceptional
points is finite.

The rest of this section is devoted to the proof of Theorem 5.1.

Proof of Theorem 5.1. Cases (i) and (ii). Using the canonical form for a
pair of hermitian matrices [10, 4, 7], we can assume that

0¢

= _Ik@)[s 0

0
:l@ll, A=il®"‘@ik®|:'u ?]@W@"'@"/,

where ¢ =1 (in case (i)) and ¢ = — 1 (in case (ii)), the numbers 4; and v, are
positive, and g is a nonzero real number. Then

e
e

4 . 0
TeflT A: _eql@ @_eikle)g[e

o —‘taeflgﬂ:l@e—%w@ (‘96‘ -A.tV[_
Write Te~'7 '* in the following orthonormal basis in C”: The first k vec-
tors in the basis are the standard ones ¢, .., ¢, (here and in the sequel
e,=[0,..,1,0,..,0]" with 1 on the gth place); the next two vectors are
(l/ﬁ)ekﬂ —(E/ﬁ)ek+2, (1/\/5.)e,wrl +(£/\/§)ek+2; the last / vectors
are the standard ones e,_,,, .., e,. Then in this basis T has the form
[ 9] and Te~*" 4 has the form

{ t t
22
! {

e 1—=
2 2

¢= _ei.lt@ @ _e,ikl@Ee——tsy

@efln@ @eftv/'

As in the proof of Theorem 4.1, write
Im P —Im[l] X <1
- X y 2
and then (up to congruence by a constant matrix)

o |
V(y=[IX ]cD\X

=(——e’“’€|—) @ -—e’“"(—Be(-l—é) e"")+X*K+K*X

+X*[se’”“<l —%)@e’”'@ (-Be”’] X,
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where K is the (/+1)x(k+1) matrix with the upper right corner
e(t/2)e " and zeros elsewhere. Observe that X*K+ K*X =c¢ce™ “*(1/2) B,
where

X1

B= xk s

Xy Xy Xep1 T Xpi

and [X,, .., Xg,]7 is the first column of X. So

t
Vi)=0Q, + X*Q, X+ se*’e”EB,

where
) , t
Q,=—etd - @—e‘*'@)E(—l —§>€'”“;

Q2 =£e,. n:;x(l _%)@eélwﬂ@ @eftv;‘

It will be convenient to rewrite ¥{(¢) in the form
V(1)=0, + X*Q, X +C,

where

Ql =__€)11:® @—El"’@—l

and
t
C=8€_1E“EB+(0® @0@8(—1 _%)elﬂu+ l>

Consider two cases:

(1) e=1. Then @, <—1 for all >0 and Q,<I for t>2. So
0, + X*Q,X <0 for all 1>2. Since C has at most one positive eigenvalue,
it follows that ¥(¢) has at most one positive eigenvalue for = 2.

(2) &= —1. As before, §, < —Ifor all t>0. Now Q, </ for 1<2. So
V(¢) has at most one positive eigenvalue for r<2.

To cover the remaining values of 1 write

V(iy=0, + X*0, X + C+ X*DX,



218 RAN AND RODMAN

where

0,=0@e @ - @e™",

and

D:(se’“"(l —%))@0@ @0

Clearly, C+ X*DX has at most two positive eigenvalues, and
0, + X*0, X is negative definite. So V(t) has at most two positive eigen-
values.

Consider the case (iii). Using the canonical form again, we can assume
that

01 ({7}
T=—1k@[ ]@1,, A=AI@---@ik®[ "]@vla--@v,,
10 u o

where 4;, v; are positive and u is nonreal. Then

—th

Te T 4= _eh'@ ---@—e"“@[ ?, ¢
e ™™ 0

]@e-tw@ @eftv,‘

Passing to a new basis, as in the cases (i) and (ii), we obtain
_ —L(u+a) ia—u
Rl T e
@e "D - De ",
where u=e " Write V(¢) in the form
V(i)=0, + X*Q, X+ X*K+ K*X+ (0@ --- @0D(—3 (u+a)+1)),
where
Q)= —e"® - @ —e*® —1;
Q,=e "Rrcos(tImp)De "' @ - De "™

and K is the (/4 1) x (k+ 1) matrix with the right upper corner  (u—u)
and zeros elsewhere. If Re u >0, then the conclusion is that V(¢) has at
most one positive eigenvalue. If Re u <0, then F(¢) has at most two
positive eigenvalues.

Case (iv). Here we can assume

T:'—Ik@lla A='11®"'@’1k®’1k+1®"'('B'lkJrl’
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where 4; are nonzero real numbers and precisely one of them is negative.
We leave the verification of this case to the reader.
Cases (v) and (vi). Here we can assume

0 0 17
T=—1,®¢{0 1 0|®I,
L1 0 0
0 0 47
A=4@ - @4LD|0 u 1SvD - DV,
Ly 1t 0

where 4;, v;, and p are positive and ¢ = +1. Applying similar ideas, as in
the cases (i)-(iii), we pass to a new basis given as follows: The first &, last /,
and the (k + 2)th vector are the standard ones, the (kK + 1)th and (k + 3)th

given by

and

[o 0.-L 0, =% O]T [0 0.-L 0% 0 o]T
3 vy £ \/E’ ) \/5, g nesy 3 seey > \/5, [ ﬁ, y seey b

respectively, where the first k£ and the last / coordinates are zeros.
In this basis, we have

T= _Ik+1 ®8®11+1

and
i £ 1 € 5 |
—14+- — —1?
+7 2t 7
_ ; 1 1
Te—'T 1A=—€""® _“(_D_e/ux@e—teu —_ e o
2 \/5.
€ 1 £
—1  ——=t 1+=7
a N

@e "D - Pe
If e= +1 (ie., the case (v) holds) we have
V()= 0,(t) + X*Q,(1) X + X*K + K*X,

where

0i(f)=—e"® - @ —e‘*’@e""(—l +% t2>,
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and
B 1
0 0 —te"“w
NE
0 0 1t G
K= 4"
L0 - 0 0 N

Writing V(1) in the form @, + X*0,X + X*K + X* DX + D, where
Ql = _e}.ll(_B (_B _ezlkt(_B “'6’,’“,

D

0@)1[26”“
4 b

O,=¢ "@De “De M@ - @e ™,

we see that O, + X*(J, X <0. Further,
- D K*1I
* * X*D =l X* .
X*K+K*X+X*DX+ D= ][K b ][X]

Now, we have (ignoring zero rows and columns)

[5 K*]ze’” —l—t 0 ——l—z
kb NE Vo
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and a computation shows that [2 '] has exactly one positive eigenvalue.
Then V(¢) has at most one positive eigenvalue. If ¢ = — 1, we obtain

V()= Q.(t)+ X*Q,(t) X + X*K + K*X + D,

where

D=0@e™ \/5

0:=(1-4r)e"@®e @ - @e ™,

and K is the (/+ 1) x (k + 2) matrix whose right upper corner is —3% r%e"
and zeros elsewhere.

Now O,(t)< —1I, Q,(r)<I for t>2, and X*K+ K*X + D has at most
one positive eigenvalue. So for =2, V(r) has at most one positive eigen-
value.

Next, rewrite

V()= 0,(1)+ X*0,(1) X + X*K+ KX+ D + X*DX, (5.1)
where
O,(t)= -1t "@e '@ --- e ™
and
D=e¢*®0.

It is easily seen from (5.1) that V(z) has at most two positive eigenvalues
for 0<r<2. |

REFERENCES

1. J. A. BALL AND W. GREENBERG, A Pontryagin space analysis of the supercritical transport
equation, Transport Theory Statist. Phys. 4 (1975), 143-154.

2. K. M. Case anD P. F. ZwrireL, “Linear Transport Theory,” Addison-Wesley, Reading,
MA, 1967.

3. J. J. DUDERSTADT AND W. R. MARTIN, “Transport Theory,” Wiley-Interscience, New
York, 1979.



222 RAN AND RODMAN

4

5.

6.

. 1. GOHBERG, P. LANCASTER, AND L. RODMAN, “Matrix Polynomials,” Academic Press,

New York, 1982.

I. GoHBERG, P. LANCASTER, AND L. RODMAN, A sign characteristic for selfadjoint

meromorphic matrix functions, Appl. Anal. 16 (1983), 165-185.

1. GOHBERG, P. LANCASTER, AND L. RoDMAN, Perturbations of hermitian analytic matrix

functions, Appl. Anal. 20 (1985), 23-48.

. 1. GOHBERG, P. LANCASTER, AND L. RODMAN, “Matrices and Indefinite Scalar Products,”
Birkhauser, Basel, 1983.

. C. V. M. vaN pER MEE, “Semigroup and Factorization Methods in Transport Theory,”

Mathematisch Centrum, Amsterdam, 1981.

. F. ReLLICH, “Perturbation Theory of Eigenvalue Problems,” Gordon & Breach, New

York, 1969.

. R. C. THompsoN, The characteristic polynomial of a principle subpencil of a hermitian
matrix pencil, Linear Algebra Appl. 14 (1976), 135-177.

. W. L. WaLus, “Stationary Solutions of Abstract Kinetic Equations,” Ph. D. thesis,
Virginia Polytechnic Institute and State University, Blacksburg, VA, 1985.

. G. M. WING, “An Introduction to Transport Theory,” Wiley, New York/London, 1962.



