View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Elsevier - Publisher Connector

JOURNAL OF APPROXIMATION THEORY 69, 167-172 (1992}

On a Conjecture of Z. Ditzian
DING-XUAN ZHOU*

Depariment of Mathematics, Zhejiang University, and Advanced
Institute of Mathematics, Hangzhou, Zhejiang, People’s Republic of China 310027

Communicated by Zeev Ditzian

Received June 5, 1990; revised April 1, 1991

A conjecture of Z. Ditzian on Bernstein polynomials is proved. This yields
additional information on the problem of characterizing the rate of convergence for
Bernstein polynomials.  ©© 1992 Academic Press, Inc.

The Bernstein polynomials on C[0, 1] are given by

Bn(f;x)z Z f(k/n)Pnk(x)’ {1}\7
where
Po(x)= (Z) (1 — )+ (2)

The relation between the rate of the polynomials’ convergence and the
smoothness of the function they approximate has been investigated in
many papers. Some of these results can be stated in the following theorem.

THEOREM A. For feC[0,1], X=x(1—x}, 0<a<2, 0<fB<2, ihe
following statements are equivalent:

s

(1) X2B(f,x)~fx) <M n P {3
(2) X2 f(x—1)=2f (x) + flx + )] S Mo(17/X)P2. {4)
Here M, M, are constants independent of n, x, and t.

In 1972, H. Berens and G. G. Lorentz [1] proved this theorem for o = f.
M. Becker [2] gave an elementary proof of this case. The case o =0 was
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proved by Z. Ditzian [3] and V. Totik [9]. Z. Ditzian [4] proved this
theorem for 0<<a < B <2 as well in 1980.

Theorem A had remained open for the case 2>a > >0 for a few years.
In 1987, Z. Ditzian [5] gave the proof of this case with the restriction
o+ B < 2. In that paper he also gave the following conjecture which allows
us to complete the proof for the remaining cases. In this paper we give a
proof of this conjecture, and show that Theorem A holds.

TueoreM (Conjecture of Z. Ditzian). Suppose for 0 < f < a < 2,
feCl0, 17 satisfies f(0)=f(1)=0 and

X2 | f(x =)= 2f(x) + f(x + )| < (£2/X)72 (3)

for any xe(0, 1), x+ 1[0, 171; then we must have for the case a+ f>2
(1) fx)=4,x+fi(x),

where fi(x)=O(x* P2}y gs x 507,

(2) f(x)=A45(1—x)+ fax),
where fo(x)=0((1—x)*+H?)as x > 1.

Proof. We need only prove (1).

From (5), we have for xe (0, 1)

|f(x) =21 (x/2)] < x=+A72
which implies

| f(0)/x —2f (x/2)/x| S x+ P21, (6)

Define g,(x)=2"f(x/2")/x for xe[4, 3], then g,eC[4,1]. For these
functions we have from (6) for ne N, pe N, xe[4, 3

L gn0) = gurp ) =] S (/28 — 25 (x/25 1Y)
k=n+1
< nip (x/zk—l)(rx+ﬁ)/2—l

< z (21—(u+ﬂ)/2)k71.
k=n+1
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Thus by « + f > 2, we know that {g,} is convergent uniformly on
[+, 3] So we can define

g(x)= lim g,(x)= lim 27f(x/2"}/x. (7

= 0 h—

]
e’

then ge C[ 4, 5

Now we prove that g is constant on [4, 17

Let A(x)=xg(x). From (5), for xe [}, 1], 1€(0, §), x+re[3, 5], and
ne N, we have

|F(e—0)/27) = 2f (x/2") + f((x + 0)/2")| S tPx == P2 mrxe o
and
(X — 1) gu{x—1) = 2xg,(X) + (X + 1) g (x4 )] S tPxE—Pr2pnl -z 52
By letting n — oc, we have from the definition of /4
Ax—1t)—=2h{x)+h(x+1)=0,

where x, x+te[4, 1] are arbitrary. From this fact, we know [8] that 4
is linear on [1, 1], say,

h(x)=ax+b.

Hence g(x)=a+ b/x.
Now from (7), we know that

g(ly=g(l)= lim 27f (2~

"<

therefore, we must have »=0 and
glx)=a (8}

On the other hand, as for every xe(0, 1), there exists n, such that
x2me 1 17; in view of (7) and (8) we get

/ 79
lim 2”f<2n>/x—— lim 2"~ ”Of(znzno>/ (x2")=a, xe(0, }).

" o0 n—ny— oc

Thus, by (6),

lf(x)/x—2”f(é—:>/ x

() )

<X
where the constant C is independent of » and x by a+ > 2.

< Cx(':z-v—ﬁ}v'z — 1,

k=1

64069 2-5
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By letting n — o0, we have for any xe (0, 1)
| f(x)— ax| < Cx@+H2,

The proof is complete.

Proof of Theorem A (For 2>a>f>0and a+ f>2). By [1], we need
only prove that (4) implies (3).

It is sufficient for us to prove the theorem on [0, 1], and to prove from
(4) that

|B.(f; x) = f(x)] <M, x*n P )

with a constant M, independent of n and xe [0, 1].

In this case we can assume that £, ,;=0 and | f(x)] < Mx“*+52 with
the constant M independent of x e [0, 1]. We divide the proof into two
parts.

For 0 <x < 2/n, the proof is easy:

1B X) ~ LGN <M S (kfm)@* P2 1kP, (x)jn+ M@+ 52

k=0

SMx Y (k)82 71P, o (x)+ Mxte P
k=1

nok—1 (e+pg)2~—1
SMxnl_(Hﬁ)/z“*'MX( )y (1 1 )Pn~1,k—l(x)>
k=2 B~

4 Mx+B72
< 8Mx*ip— P2, (10)

For 3> x>2/n, n>8, let d=(x/n)"?<x and define a Steklov function
as

fut)=(2/d) ﬂ:ﬂ (Qf (4 u+v)— f(142u+20) dude,  (11)

where f has been extended to ye[1,2] as f(y)=0.
Then we have

(0= 0] < M2y [ -t 0)% (14 0) 572 o

SM,d%(t+d)=—F72
and

|2 (DI <IMLdP (2 + d) P2 OM,dP —2(d=— P02 4 == B2y, (12)
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Thus we can estimate (9) as

|B.AS, x) = [N 1 fa(x) = f G + B fu—Fo ) + 1B, far X) — i )
<2MLd X P2 + MydPB,((r+d)™ P12, x)

+9M,d" B, (j (1 — upd*= B2 4yt =2y gy, x)

X /

<AM,x*n =52 4 OM,dP? ( d* =8 2xn

: {o— 12y

, re \
+(x/m)t =572 (B,,( (£~ u)udu, \:)\ !
’ J, ) )

< 50M,x%%n P72, {

s
Lo
——

where we have used the estimate

B, (J (t—u)u du, x) =B, ((¢* — tx*)/2—(* —x?)/3, x)
‘ = (Bn([3! x)_x:’)/6
<xn 24+ 3x%0

2
<4x4/n.

Combining (10) and (13), we have proved (9) for » > 8.
For n <8, it is trivial since |B,(f, x) — f(x)| < B, (M1, x)+ Mx <2Mx <
14Mx*?n =52, Qur proof is therefore complete.
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