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1. INTRODUCTION

The theory of random matrices, originally conceived to provide a de-
scription of the energy levels of the excited states of heavy nuclei, has in
recent years found applications in a diverse area of theoretical physics,
such as low-dimensional string theory, quantum transport in disordered
electronic systems and quantum chaos. In the formulation of Wigner, a
probability measure P(M)dM, where dM is Haar measure, is constructed
for an ensemble of N X N random matrices. If {x;;1 <j < N} is the
eigenvalue set of M, then

N
daM = T ., |x; — x,|° 1—1—11 dx, d[group],

l<j<k<

where, according to a theorem of Dyson, 8 takes on the values 1, 2, and 4,
for matrices with orthogonal, unitary, and symplectic symmetries, respec-
tively. Here d[group] is the measure of the corresponding unitary group.
The simplest choice for dM, which is invariant under a similarity transfor-
mation, is

P(M) o exp[—tr v(M)],

where v(x) is a function of x and for the purpose of this paper is taken to
be real. The proportional constant obtained by normalizing the probability
measure is

Zy = /; f7 exp[_fb(xl,...,xn)] dx, -+ dxy,
where,

D(xp,...,xy) =B 2 Injx;—x |+ Y v(x).

1<j<k<N 1<k<N

If M is complex Hermitian, and therefore invariant under unitary transfor-
mation, then B = 2. This is the simplest case. With appropriate normaliza-
tion, it can be shown that [17],

N N
SRS PP PRI, P8

1<j, k<N

where

N-1
Ky(x,y) = ;0 Vo (x) pi(x)vo(y) pi(y),
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is the reproducing kernel of the following system of orthonormal polyno-
mials, {p,(x)}, - o

o

| @) Pau(x)pu(x) dx = b, .

with the positive weight function,
W(x) = exp[—v(x)], —o<x<oo,

According to the standard theory [17], statistical quantities that measure
correlations between the eigenvalues can be expressed in terms of the
reproducing kernel. The best understood ensemble, also known as the
Gaussian ensemble has v(x) = x2. In the Gaussian unitary case (8 = 2),
the appropriate polynomials are the normalized Hermite polynomials. If
we adopt a statistical physics point of view, Z, becomes the partition
function of a gas of N logarithmically repelling classical charged particles
in one dimension held together by the confining potential v(x). Stability
requirement for the gas demands that w(x) must decrease sufficiently
quickly as x increases so that the partition function exists. The Hermitian
potential, v(x) = x?, is strongly confining in the sense that the associated
classical moment problem is determinate.

In the course of investigating quantum transport in disordered systems
we are led to a potential which diverges slowly, such that

limv(x)/Ix| = 0.

Note that in this case, although w(x) decreases slowly, the partition
function exists. Of particular interest is the case where the weight function
is log normal, i.e., v(x) = O([In x]?). Here the classical moment problem is
indeterminate. Technically, the Jacobi matrix, constructed from the recur-
rence coefficients of the orthonormal polynomials, is unbounded and does
not have a unique self-adjoint extension. Because the reproducing kernel,
K, which plays a central role in the theory, is (via the Christoffel-Darboux
formula) expressed in terms of py, py_,, and the recurrence coefficients;
it is therefore of interest to have accurate information on polynomials that
are orthogonal with respect to weight functions that deviate from the
Hermite weight. These weights as previously discussed are not only physi-
cally interesting, they are also of independent interest in the theory of
approximation. We are led to investigate three classes of weight functions
and the associated recurrence coefficients.

There are three classes of weight functions that attracted a lot of
attention in theory of orthogonal polynomials on infinite intervals in the
last 25 years. The first class is the class of Freud weights [13, 15, 22],

we(x; a) = exp(—|x|?), x € (—», ). (1.2)
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The other two are Erd0s weights,
wp(x; a) = exp(—exp(1x[*)), xe&(-o,%),a>0, (1.2)

and weak exponential weights [5],
W,e(x; @) = exp(—clln x|%), xe€ (0,%), a>0,c>0. (1.3)

Let {pF(x; @)}, {pf(x; @)}, {p’(x; @)} be the polynomials orthogonal
with respect to the Erdss, Freud, and weak exponential weight, respec-
tively. Freud [9] conjectured the large N behavior of the largest zeros of
pi(x; a) and the limiting behavior of their recursion coefficients. These
conjectures were confirmed and Lubinsky’s papers [13, 15] provide an
excellent up to date survey of the research in this area.

More recently the Erdds weights were studied in [11] and [14] and the
weak exponential weights were studied in [16] and [5], although some
special cases of them go back at least to Stieltjes’ work in 1894, see
Chihara [6, Chap. VI, Section 2]. Many of the g-orthogonal polynomials on
infinite intervals are orthogonal with respect to weight functions which
behave for large |x| as a weak exponential weight w,(x;2). It is more
convenient to rewrite (1.3) as

In x|
aﬁa—l

In Section 2 we outline the connection between Hankel determinants,
the tau function, and orthogonal polynomials. We also state the method of
Coulomb fluid approximation and we indicate how to use it in connection
with asymptotics of zeros and recursion coefficients of orthogonal polyno-
mials. Sections 3, 4 and 5 apply the material of Section 2 to the cases of
Freud, Erdds, and weak exponential weights, respectively. In each case we
carry out the details of the steps indicated in Section 2. In Section 4 we
apply the Birkhoff-Trjitzinsky method and state the form of the strong
asymptotics of the monic polynomials orthogonal with respect to an Erdds
weight. The corresponding result for Freud polynomials is stated in Section
3 and is taken from [4].

The following lemma will be used repeatedly in later development and is
of independent interest. It will be proved in Section 6.

Wye(X; ) = exp(— ) x€ (0,2),a>0,B>0. (14)

LEMMA 1.1. Let

, (1.5)

o0 c .z n
G _ n

( : ) ngo n!
with

lim " =1, (1.6)

n—ox N
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for some real number «. Then

lim z7“G(z)e* = 1. (1.7)

zZ— +

Our use of Lemma 1.1 will mostly consist of replacing quotients of
gamma functions of large arguments by their polynomial limiting behavior.
The idea of replacing a quotient of gamma functions by the first few terms
in their asymptotic development can be used, for example, to determine
the large z behavior of |Fy(a; c; z) and gives the result [8, (6.13.3)]. It can
also be applied to other entire generalized hypergeometric functions of the
type ,F,. Lemma 1.1 (and some mild extensions of it) provide a derivation
of the limiting behavior which is more elementary than the use of the
Mellin—Barnes integral representations. This will be elaborated and ex-
plored in some detail in a future work on asymptotics of generalized
hypergeometric functions of the type ,F, with r <s.

2. THE ~FUNCTION AND THE COULOMB FLUID ON R

The =function is a multiple integral representation for the solution of
the (multitime) Toda Lattice,

2,0=10.(0).], =123, (2.1)
where,
t=(t,t,,...),

and Q is the tridiagonal (or Jacobi) matrix whose elements Q,, , are the
recurrence coefficients of the three term recurrence relations of a monic
t-dependent family of orthogonal polynomials { p,(x, )},

P (X,8) =Pyia(X,0) + Qp (D) P(2,0) + Oyt ()P, -i(x,0). (2:2)

If A is a finite or an infinite matrix, 4, is the matrix which results from
A by replacing all the entries below the diagonal by zeros. In (2.2) x is the
spectral parameter and the polynomials { p,(x, #)} satisfy the orthogonality
relation,

/Kexp[—u(x) = ¥ tx7 | p(x, 1) pu(x, 1) dx = h,(1)5,, ., (2.3)

j=1
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where K c R and M is finite. Now the 7function is given by

Zy(1)
(1) = NT (2.4)
where the partition function Z, is
N N M
Zy(t) = [ exp| = ¥ u(x) 2 PO
K j=1 =1 [=

x T1 (xj—xk)zﬁdxj, M <=, (25)

The quantity Fy is defined through

Zy(1)
exp(—Fy) = my(1) = = (2.6)
We usually rename the recursion coefficients in (2.2) as
By (1) = On_1 n(1), ay(t) = Oy n(1). (2.7)

Note that the =function is equal to the Hankel determinant,

Dy_(t) = det( I“LjJrk)j,k:O,l ..... N-1’

where,
M
)= o] a0 - 3]
K =1

are the moments for the orthogonality weight for the polynomials { p,(x, )}
[21, Eq. (2.2.11) on p. 27].
From the orthogonality relation (2.3), (2.4), and (2.5) it follows that

TN- 1(t)TN+1(t)
BN = 2 . 28
) [7n(1)] (29)

Therefore,

By (1) = exp[—(Fy,q + Fy_, — 2Fy)]. (2.9)
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Similarly we establish

(1)
ay(t) =4, In = ﬂtl[FNJrl(t) — Fy(1)]. (2.10)
e (1)
We also note that a theorem of Dyson [17] yields
N-1
Zy(t) = ]_% h(t), (2.11)
j=

which corresponds to 4,(¢t) = D,(¢)/D,_,(¢) [21, Eq. (2.2.15) on p. 28].

For polynomials orthogonal with respect to even weight functions (such
as Freud weights and Erd@s weights) it is clear that «,(¢) = 0. Such
polynomials are called symmetric. Thus for symmetric *‘unevolved” polyno-
mials the only nonzero recursion coefficients are { 8,}. Therefore (2.9) at
t=0Iis

BNZeXp[_(FN+l+FN—1_2FN)]' (2.12)
Therefore we have established the limiting relation,
3%F)y 1 9*Fy 3°Fy
= - 1-— +0 : 2.13
Py eXp( IN? ) 12 gN* ( IN°® ) (2.13)

We shall denote the distribution function of the zeros of the unevolved
polynomials {p,(x)} by o (x). The Coulomb fluid method asserts that this
function o can be obtained from the following minimization problem,

min, F[o] subject tO/O'(x) dx = N, (2.14)
J
where,
Flo] =/Ju(x)a(x)dx—/JfJa(x)ln|x—on-(y)dydx. (2.15)

The function o satisfies the requirement o(x) >0 for x €J and is a
solution to the integral equation,

A=u(x)—2fa'(y)|n|x—y|dy, x elJ.
J
Here A known as the chemical potential (a constant for x €J) is the
Lagrange multiplier for the constraint [, o(x) dx = N, expl —u(x)] = w(x)

is the weight function and N is the degree of polynomials orthonormal
with respect to weight w(x),

[ P ) pu () w(x) dv = By . (2.16)
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where K is the interval of orthogonality. It is also assumed that we seek a
solution for o that is nonnegative in J. Observe that (2.14) is an extremal
problem in logarithmic potential theory for the external field u(x)/2N
and the solution o(x)/N is a probability density with support J for the
corresponding equilibrium measure, which describes the asymptotic distri-
bution of the zeros [20, Appendix IX]. In this paper we shall focus our
attention on cases for which K is the real line and where the external field
is such that the set J is an interval J = [e;, ez]. Note that o (-), being an
approximation to the zero counting function, is positive over its support J.
The minimizing function o satisfies an equivalent singular integral equa-
tion,

er O
u'(x) =2P —dy, x € (e ,ep). 2.17
(x)=2P " dy (€L ex) (2.17)
The Coulomb fluid method was developed by Dyson [7] for orthogonal
polynomials on the unit circle and has proved to be very accurate and
effective in other problems concerning random matrices [2, 3]. In was used
in [4, 5] to obtain asymptotics of the extreme zeros of orthogonal polyno-
mials supported on infinite intervals. It may be appropriate here to quote
Dyson’s description of the Coulomb fluid method, [7, p. 158 (p. 382)]

These assumptions. .. can be summarized in the single statement that for large
N the Coulomb gas obeys the laws of classical thermodynamics. The assump-
tion... means that the free energy density at any point being a function of the
local density and temperature alone. To a physicist these assumptions are so
hallowed by custom that they hardly require justification . ..

In the examples in the subsequent sections J will always be (—b, b) or
(0, b), because the zeros of the polynomials orthogonal with respect to
wr(x; a) or wg(x; ) are symmetrically distributed around the origin
while the zeros of the polynomials orthogonal with respect to w, (x; @)
are in (0,»). The edge parameter b is determined by the normalization
condition,

/;a(x)dx=N. (2.18)

The general solution of the singular integral equation (2.17) is given by

€r — X u' —e
R PfeR (y) [y Ldy

1
- b)=——
o(x) = o(x.b) 2mt\ x—e, Lo, y—x\ eg—vy

N C
\/(x —e;)(eg —x)

: (2.19)
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for x € (e, eg) where C does not depend on x but may depend on b. If
o (x) vanishes at x = b then C = 0. In (2.19) P stands for Principal value.
The function o (x) given by (2.19) is the potential theoretic approximation
of

N-1 5
7v(x) =w(x) T [p)]

and is expected to be valid for sufficiently large N. This technique was
developed by Dyson [7] on certain random matrix ensembles in the 1960s
and has recently found application in other matrix ensembles [17]. The
extremal problem of logarithmic potential theory and its relation to
orthogonal polynomials was explored by Rakhmanov, Gonchar, Mhaskar
and Saff (see Lubinsky’s surveys [13] and [15]). In this context the edge
parameter b is known in the theory of orthogonal polynomials as the
Mhaskar—Rakhmanov—Saff number. It is worth noting that this number
appeared earlier in the linear theory of elasticity. It determines the points
of contact between the elastic material and a rigid stamp [18].

Central to our approach are the concepts of chemical potential, interac-
tion energy, and free energy. Recall the chemical potential A4 is

A =u(x) —Zfa'(y)ln |x —yldy, (2.20)
J
while the interaction energy F,, is
Fp = %fjcr(x,b)u(x) dx. (2.21)

The chemical potential A is a Lagrange multiplier for the extremal
problem (2.14) and (2.15), hence is independent of x for x € J but 4 may
depend on b. Also the free energy F(o) is now Fy,

FN=/Ju(x)a(x,b)dx—flfja(x,b)ln lx —ylo(y,b) dydx. (2.22)

Observe that o depends on x and b and its domain is the sector
S={(x,b):xe#, beR, x< (-b,b),b>0}, (2.23)

in the upper half plane.
In the potential theory framework the solution o/N of the extremal
problem (2.14) satisfies [20, Appendix 1X],

o u(x) .
U(x; —) = - + F,,  quasi everywhere on J,
N 2N
(2.24)
o u(x)
U(x;—)s— +F, xe&l,
N 2N
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where U(x; o/N) = [, log|x — t|* (a(¢)/N) dt is the logarithmic poten-
tial of o/N and F, is a constant (Robin’s constant for the external field
u(x)/2N). Quasi everywhere means that the property holds everywhere
except for a set of capacity zero. Observe that (2.24) gives 2U(x; o) +
u(x) = 2NF, so that the chemical potential A4 is equal to 2NF, , which is
indeed a constant (quasi everywhere) for x € J.

THEOREM 2.1.  Assume thatJ = (—b, b) and o is such that do(x, b)/3Ib
exists in S, and is such that In|x —y| do(y,b)/db as a function of y is
integrable on (—b,b) for every fixed x € (—b,b). Furthermore assume
o(+b,b) = 0. Then

b

— = —2In—, 2.25

AN "3 (225)
and

2 1+0 —d2 Inb 2.26

= — + l :
BN 4 dNZ ( )

as N — « provided that

d’Inb

W = 0(1), (2.27)

where N in (2.18) and (2.19) is now treated as a continuous variable.

Proof. Because u(x) does not depend on b we differentiate (2.17) with
respect to b and obtain

o—p /" do(y,b) dy
B f_b db X -y

, x € (-b,b),

whose solution is

do(y,b) _ c(b)

ob /bz _yz !

where c¢(b) may depend on b but not on x. Now (2.20) gives

(2.28)

In|x —yl

b
PR Ol iy e 2
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and by letting x — 0" we get
dA

1 In(b\/;) -1,2
s —2c(b)f0 Ty /% dy

1%
—2¢(b) [77 Inb +— fly"(l —y) M dy
Jdv Yo

v= 1/2}
= —me(b)[2nb + ¢ (2) — w(1)],
after the evaluation of a beta integral. From [8, (1.7.29)] and the fact that
y(1) = —y we find
w(3) - w(1) = -2In2. (2.29)

Thus
2

— = = b)In —. 2.30
= —me(b)in - (230)
On the other hand differentiating (2.18) with respect to b gives

dN do(x,b

- = /b # dx

db ~» b
b dx
=) [, T
-b Vb* —x
after using (2.28). Thus,

dN

—_— = . 2.31

— = me(b) (231)

This result combined with (2.30) establishes (2.25).
To prove (2.26) we differentiate (2.22) with respect to » and get

% - f_bb[u(x) . 2f_bba(y,b)|n Ix —yldy}wwc

= c(b)f_bb[u(x) - 2f_bbtr(y,b)ln | x —yldy}%

- X

b dx dN
= C(b)A/;b W = WC(b)A =4 %
Thus,
dFy
— A (2.32)

and (2.26) follows from (2.25). 1
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From (2.20), (2.28) and the fact that A4 does not depend on x, and in
view of (2.1) we get

Fy=iNA + Fp = INA + 3 [* o (x)u(x) dx. (2.33)
—b

3. FREUD WEIGHTS

In the case of the Freud weight (1.1), a standard integration gives the
density [4] o (x, a),

a 21T (a) o a 3_ X
O-(XJX):;WIJ z‘lbz—xzzFl(l—E,l,E,l—?
(3.1)

The normalization condition, [°, o(x, @) dx = N, gives the edge
parameter

(3.2)

,_[[ra/2l2 |
) I(a) |

We now proceed to compute the chemical potential A4 and the interac-
tion energy F.,.. We need the integral representation [19, (4.1.3)],

I'(e)
I'(c)I(e —c)

int

sF(a,b,c;d,e;z) =
1 —1 e—c—1

X [Tt (L= 1) ,F(a,b;d; zt) di. (3.3)
0

From (2.19), (2.20), and (3.1) we obtain

_ P M) o 0 @S
i [F(a/Z)]zb fo 1—1¢ 2F1(1 2‘1’2”)
x[Inb + ;In(1 —1¢)] ar. (3.4)

On the other hand (3.3) and Gauss’s theorem,

I'(e)I'(¢c —a —b)
I'(¢c —a)l(c =b)’

2Fi(a,b;c;l) = R(c —a—->b) >0, (35)
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[8, (2.1.14)] imply the evaluation,

1 t o 3
f —— LFR|1- =12t a
oV 1—1t 2'7 2

_ T(3/2)T(1/2)

F,|1 a13_32_1
l_,(2) 342 _5151551

2

-7 (3.6)

63
The power series defining the , F; in (3.4) converges for all ¢ € [0, 1] if and
only if @ > 1. If a < 1 we apply the Kummer transformation [8, (2.1.23)],

JF(abic;z) =1 -2)" """ F(c—a,c—b;c;z), (3.7)

and conclude that the value of the integral in (3.6) is indeed 7/«. In order
to evaluate the integral in (3.4) we need to consider the integral,

a 3
I(v) = ‘/(‘)lts/z—l(l _ t)V_lel(l - E'l; E;z) dt. (3.8)

Using (3.3) we see that I(v) is a multiple of a ;F, with a numerator
parameter equal to a denominator parameter, hence reduces to a , F;. The
result is

I'/2r(») _ _
0= T g )

- I'(3/2)T(v)
C(v=1/2+a/2)T(v+1/2)°

(3.9)

where in the last step we used the Gauss summation theorem (3.5). From
this calculation we find

al(v)
v

27
s = — ?(1 + aIn2). (3.10)

Combining (3.4), (3.6), and (3.10) we establish

R GO [I b 1] (3.11)
= —-——=b%In- — —|. .
[T(a/2)]’ 2«
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We next evaluate the integral (2.21) which gives the interaction energy.
The relationships (2.21) and (3.1) imply

2 % I'(a)

Fi = bza
" [T(a/2)]
Lsp-1q _ (atDy2-1 e 3
xfot (1-1) 2F1(1 2,1,2,t dt
2 %N? T?(a/2)T((a+ 1) /2) a 3 3 a
= 342 __111_;_|2+_;11
Var F(a)T(2 + a/2) 2'72'2 2
where we used (3.3). Therefore,
NZ
Fo.=—. (3.12)
2a

We again used the Gauss summation theorem (3.5). Using (2.22), (3.10),
and (3.11) we obtain

N2 N? |N[[(a/2)]
YT %a a2l (a)e ] (3.13)
Thus,
9? 2 I'(a/2)

Therefore (2.13) and (3.14) yield

N

1+ %Nz(l + 0(1))}. (3.15)

N[T(a/2)]? ]
2I'(a)

The Birkhoff-Trjitzinsky [1, 23] method can be used to determine the
strong asymptotics of pf;(x) from the knowledge of the asymptotics of B, s
in (3.15). This was carried out in [4] assuming (3.15). The result for o > 1
is

pa(x)

T O(cf’cos(cszll/“ + gN +¢(x) + EN))' (3.16)
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as N — « and x fixed, where,

Cq =

r2(a/2)ll/“ 1 [ 2T (a)
2T(a) | 27 21— a)|T%(a/2)

and ¢ is a phase factor independent of N, €y = o(N*~¥%) and the O
term contains a function of x.

1/a
} . (3.17)

4. ERDOS WEIGHTS

We follow the plan of Section 3 and we evaluate approximately the
integrals giving the chemical potential and the internal and the free energy
functionals. The weight function now is given by (1.2). Set

_ o)
o(1) = S (4.0)

In this case o of (2.18) is

0(s) = 7 \/ o PV

exp[ta/Z]ta/Z 1_

« 1 1,0 dt
plat+ =120 p2 2"
47T E: j‘ ( ) t—s
2 o
_ @ b* —s Z — ba(k+1) 25— 1 a(k+1)+1
4rr? ~ 2’ 2
1 a(k +1) L 3 . s 42
X -1 =1l - = .
o, Ll (42)
Therefore o is given by
> T([a(k+1) +1]/2) b**
T T B TNk R
71 a(k +1) 3 x? 43
X -1 =1l - = .
241 2 ’ ’ 2! b2 ( )

The ,F, in the preceding representation in the hypergeometric series
together with its analytic continuations. For example, the direct power
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series is valid near x = +b. Near x = 0 the series converges if « > 1. If
this latter condition is not satisfied we must use an appropriate analytic
continuation of the , F; function. Thus as x — b we see that

o(x) ~G(b)Vb —x, (4.4)
and
a/2b %% = T([a(k+1) +1]/2)
G(b) w¥/2 EO KIT(a(k +1)/2) (4.5)
Recall that
~ kTT(k + a)
lim ———— =1, (4.6)

k-» I'(k+c)

[8, (1.1.4)]. Because we are interested in the behavior of G(b) for large b
we can replace the quotient of gamma functions in (4.5) by (a(k + 1) /2)'/?
then through the use of Lemma 1.1 we can approximate G(b) as

af2be¥2| = (k + 1)1/2 o
O st S
w3/ L k! 2

=0

[L+0(b*)]. (47)

Thus by Lemma 1.1,
a¥/2pBla—1)/2)
G(b) = ——z——exp(b*)[1 + 0(b~*)]. (4.8)
We now proceed with the determination of the largest zero b of an
ErdGs polynomial through the side condition [, o (x) dx = N. Therefore,
b 2ab® = T[(a(n+1)+1)/2]b*"
[ o= —5 ¥ — ,
—b T oy [a(n + l)/Z]n.
1 5 1/2 a(n + 1) . 3 ) )
xfo(l — x?) 2Fl(l - Lot
I[[(a(n+1) +1)/2]be"
Ia(n + 1)/2]n!

n=0
a(n+1
X/Olyl/z(l_Y)_l/zzFl(l_ ( 2‘1' )
I[(a(n+1) +1)/2]be"
F[a(n + 1)/2]n!

1'3' d
) 'E’y y

X y 4y , y , . .
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The last ,F, is a ,F; of argument 1 and can be summed by Gauss’s
theorem (3.5). The result is

b I[(a(n+1) +1)/2]be"
sz_b‘r(x)dx_ ZO T[1+ a(n + 1) /2]n!

(E)

and apply Lemma 1.1. This leads to the asymptotic transcendental

equation,
N = V 0;—1: exp(b*)[1 + O(b™*)]. (4.10)

The value of b given by the Coulomb fluid method seems to be an upper
bound for the largest zero. To find a better approximation to the largest
zero we set

Here again we take advantage of

P[(a(n+1)+1)/2] (a(n+1)
T[1+ a(n+1)/2] _( 2

¢ = [aba(x) dr, (4.11)

for some ¢, c € (0,1], and we determine a asymptotically. In the earlier
papers of Chen and Ismail, [4, 5], ¢ was chosen as 1, but this choice may
over compensate and gives a smaller a then need be, so we just assume ¢
is a constant in (0, 1). From (4.4) and (4.11) we get

3c 2/3 B
a=b—(2G(b)) [1+0(b )], c€(0,1),

which after some simplification becomes
1 3mc /3

=b|l— - ———

2\ aNInN

ol e

This is the form conjectured by Lubinsky [14, p. 14], which was subse-
quently proved in [12, Corollary 1.3 on p. 205]. Observe that the latter
reference gives the correct order O((N log N)~?/%) whereas our result in
addition gives the correct sign in the second order term. We now summa-
rize our findings so far in the form of a theorem.
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THEOREM 4.1.  The largest zero Xy, \ () of an Erdos polynomial p§i(x; o)
satisfies the limiting relationship,

XE (@) =bN[1 - ;(%)Z/S 1+ 0(%\{)” (4.13)

where by, is the solution to the transcendental equation,

N = —abﬁ by 4.14
\ 5 exp(by), (4.14)
and ¢ € (0,1).

We feel that (37¢)?/3 /2 in (4.13) is very likely to be 67%/%i,, i, being the
smallest positive zero of the Airy function. This amounts to taking ¢ =
0.758671.

It is worth noting that

2 1 2
by =In[N — 5 Inin{ Ny/ : (4.15)
aln N 2 aln N

To compute the interaction energy we proceed as follows,

1
Fue=5 [ o(x)u(x) ds

=/ba(x)u(x)dx
abe? 2 —x & I([a(k+1)+1]/2) b**
EO I(a(k+1)/2) k!
alk+1
X,F |1 - g,l, > 1 — ?)exp(x“/z) dx
X > T([a(k+1) +1]/2) be*
3/2 V 1- kZ T(a(k+1)/2) k!
XﬁzFl( 3 )(1 )ja/zdx

b = r([a(k +1) + 1]/2) beUTh
27 12y T(a(k+1)/2) k)

F((aj +1)/2)
F(L+aj/2)(j+k+1)

(4.16)
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At this stage we write 1/(j + k + 1) as [; e V" *D dy and we obtain

b = 2 T([a(k+1) +1]/2) b0
Fin = 2_77/0 MZ:O T(a(k+1)/2)  kij
F((aj+1)/2)
WG y(+k)e Ydy.

The double sum now factors as a product of two single sums each of which
can be estimated for large b* through Lemma 1.1. We can then inter-
change the limit and the integral and we arrive at the approximation,
b [ oo
't = —[[ exp(—y + 2b% ) dy|[L + O(b~*)].  (4.17)
2|70

This establishes the following result.

F

THEOREM 4.2. The interaction energy for the Erdos weight wi(x; a) is
given by

Fpe = * exp(2b°)[1 + O(b™)]. (4.18)

A7

The next step is to compute the chemical potential A. From (2.19), (4.3)
and the fact that A is independent of x, so we may set x = 0 in (2.20), it
follows that

A=1-2inb [* o(x)dr—4b [ o (yb)inydy
—-b 0

—1-2N1Inb—4b [ o (yb)In ydy
0

[e3

o J 1 _
=1 — R B 17201 _ )3~ 1/2
1-2N1Inb 3/2[(“[0)1 (1-y)

" i F([a(k+ 1) +1]/2)

ico  T(a(k+1)/2)

b“"F1 a(k+1)13 p
o _a(k+l) 3
K2t 2 Y yx:o

=1-2NInb +

2be | = TI([a(k+ 1) +1]/2) bk
a/m ,EO T(a(k+1)/2) k!

[1+ a((k+DIn2)]|[L+0(b*)].

X =3
(k+1)
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The foregoing steps parallel the corresponding calculations of A in
Section 3. Now replace T'(a(k + 1) + 1]/2)/T(alk + 1)/2) by

Va(k +1)/2 and apply Lemma 1.1. The result is
2a
A=1-2NInb+ (In2)y/ — b*/2exp(b*)[1 + O(b™*)]. (4.19)
aw

In summary we were led to the following theorem.

THEOREM 4.3. The chemical potential of an Erdos weight wi(x; a) is
given by
A=1-2NInb+2(In2)N[1+ O(b~*)]. (4.20)

Proof. Use the relation of b* and N in (4.10) to write the chemical
potential in (4.19) in the form (4.20). 1

Now that we established the asymptotics of both the interaction energy
and the chemical potential we proceed with the computation of the
recursion coefficients. The total free energy Fy as given by (2.22) is

2

L +N2In2|[1+ O(b™*)]. (4.21)

F N NZ%Inb
=— - nb+
N2 2ab® A4

THEOREM 4.4.  The recursion coefficients in the monic recurrence relation
are asymptotically given by

by
By = T[l +0(by*)], (4.22)
where by, is as in (4.14).
Proof. Apply (2.13) and observe that
ab“ 2b«
IN ~ N(1+2b%)

One can easily verify that the contribution of the terms containing the
term O(b™*) to 9°Fy/dN? is smaller than the main terms. Indeed,

9°Fy 2
> =2In2 — —Inb*+ O(b™ ).
N e
Furthermore,
4
FN
— =0(b™%).
&N4 ( )

This establishes (4.22). 1
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We next apply the Birkhoff—Trjitzinsky method, [23] and determine the
strong asymptotics of pf(x) for large N and fixed x. In order to do so we
first apply the Birkhoff-Trjitzinsky theory to solutions of

xyn =yn+l+Bnyn' (423)
where,

2 Inlnn
B, =i(lnn)”"|1 - —

+ - . 4.24
a Inn ( )

We shall restrict ourselves to the case « > 1. We try a solution of (4.23) of
the type,

yy = 27V(+i)" exp(AN Inln N + uN?(In N)°). (4.25)

The presence of the factors 27 and (+i)" in (4.25) is more or less clear,
so we proceed and substitute (4.25) into (4.23). After some tedious calcula-
tions we find that

2 yexp| Alnin v + 22 a0 vy °
x—(il)exp nin +W+M (n )(’y—Fm)
_ 2 IninN 2 AMN—-1/2)
+(Fi)|1 - — exp(——A)InInN——
a InN o NInN

—uN""1(In N)S(y—i— %”

This suggests that we choose
1
A= - (4.26)
The result is

2x = (+)(In N)V*
1 1/«

+ uNY"1(In N)B(y + i)}

><eXpazInNJFZNInN In N
J—ri(lnN)l/”‘[l—E inin ¥
In N
1 1/«

— uN*"*(In N)'s(y + %”

X exp| — +
P aln N 2N In N
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This calculation points to the choices,

1
y=1, 6= ——, fora>1. (4.27)
o
Hence,
. 1/« M -1/a
2x = +i(In N) 1—-—(InN) + .-
o
— . 1/a M -1/a
Fi(InN)""|1+ —(InN) + -
o
_2ip
= + —
(63
Therefore,

= tiax, 4.28
o

and we proved that for x # 0 the difference equation (4.23) has two linear
independent solutions of the form (4.25) with A, w, and; y and § given by
(4.26), (4.28), and (4.27), respectively. This proves that for x real the monic
polynomials orthogonal with respect to an Erdds weight satisfy

py(x;a) =0 + ¢(x) + ey

T axN
(InN)M“cos| N = + —
2 (InN)

(4.29)

with a possibly x-dependent phase ¢(x) and ey = o(N(In N)~*/=.

5. WEAK EXPONENTIAL WEIGHTS
In this section we shall only consider the cases
a = m = positive even integers. (5.1)

In these cases o is given by [5],

o, (Iny)" " dy

O'(X):O'(X;m): 27TZBm—1 X 0 y(b_y) y_x'

(5.2)

The sequence {o(x; m): m = 1,2,...} can now be formally defined for all
positive integers m by the right-hand side of (5.2) and this would make
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o(x;1) = 0. Chen and Ismail [5] established the generating function,
© Bmfltmfl

mgl 7 xm) (m—1)!

b’ T(t+1/2) [b—x m(1 131 x 5 3
S w2 T(r+1) it mnligitog) 59

Because we will use a generating function technique we will denote the
corresponding chemical potential of (2.20) by A, , that is

Inx
m ( Bm)l —Z/Oba(y;m)lnlx—yldy. (54)
Consider the generating function,
Bm 1 m—1

Now, (5.3), (5.5), and the Kummer transformation (3.7) give for ¢ > 0 the
relationship,

x' =1 b' tI'(t+1/2) 1 1/2
A(r) = “2 o by T ik - bl
X Fi(t+ 3,351 —y)dy. (5.6)

The power series expansion of the ,F; on the right-hand side of (5.6)
converges for all y € [0,1] for ¢ € (0,1/2), which we shall now assume.
Because A,,, hence A(¢) does not depend on x and we let x tend to 0% in
(5.6). After a change of variables we obtain

1 b' tI'(t+1/2)

Aty = —— -2
() t %2 T(t+1)

X [ linb + (1= )] =)t
X Fy(t+ 7,353 Ly)dy
1 b’ tF(t+1/2)

t m¥? T(t+1)
X[In I'(3/2)T(¢)

_ + 11,439
I(t+3/2) 21 22 2i1)

7 (L2 ) 11, 3.
E(F(t+v+3/2) 2F1(’+5,5,t+y+§,1))

§
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where we used the integral representation (3.3). Now Gauss’s theorem
(3.5) and the fact,

1 9 T(v+1/2)

T2 & (s, - 7 [w(2) - w(D)] Y,

enables us to express A(t) in the form,

b' T(t+1/2)

7 TG D) [Inb+ y(3) —w(1) — 1] (5.7)

1
A(t)= —7—

From the analytic structure of the generating function (5.7) it is clear that
dA,,/db exists and the sequence {dA,,/db} has the generating function
dA /db. It is straight forward to derive

da,, g™ tmt tT(t+1/2) b1

,El b (m—-1)!  TI(t+1) ﬁ['”bﬂp(%)—lﬂ(l)]-

(5.8)

On the other hand the normalizing condition in (2.14) is

N 1 b (Inbr)"*

" 2mprt fo V(L — 1)

which gives the generating function for the sequence {N,,},

dt, (5.9)

2] Bmfltmfl
N = L N T,
bt T(t+1/2)

T /7 T(1+1)

(5.10)

Therefore,

coB"T MmN, 't T(t+1/2)
L (m—-1)"! db  2/m T(r+1)

m=1

(5.11)
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Now (5.8) and (5.11) give

* dA, B™” 1pm=1 ) . BM—ltm—l .
mzzl db W - —Z[In b+ ¢f(§) - l'[’(l)] mgl W b
(5.12)

Equating coefficients of t™~ ! in (5.12) and making use of (2.29) lead to

dA dA b?

—— =—-—"=In—. 5.13
dN dN,, 16 (5.13)
Thus,
b2 exp(NBm,l)Z/(mfl)
By~ ~ T - (5.14)

It is worth noting that from (5.10) it follows that

1 1
=B "(Inp)" 1+ — +0—]. 5.15
N=p""(Inb) nb b (5.15)

6. PROOF OF LEMMA 1.1

We now give a proof of Lemma 1.1.

Proof. First take a < 0, in which case we put « = —B. Observe that
I'(n+1)/I'(n + B+ 1) = n # so that this ratio behaves like n®. For this
ratio we have

(n+1) =z"

Gil2) = Z T(n+B+1) n!

=0

1 fo’e]
- 057 LB+ 1e)

II
s
o\»—‘
~
=
~
=
~
~
™
=
&

-~ [ferw—nf tar,
0
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where the interchanging of sum and integral is justified because all the
terms are positive for z > 0. Taking tz = x gives

G(z) = Z_Bj;zex(z—x)ﬁ_ldx

1
I'(B)

and another substitution z — x =y gives

Gy(z) = z’BeZ/O e VyP tdy,

I'(B)

from which obviously follows that

lim zPGy(z)e™* = 1.

z—> +®

From this we can prove the result for « < 0 and any sequence c,, satisfying
c,/n® — 1, because then

c,I'(n+B+1)

k= T(n+ 1) — 1, asn — o,
and
* F(n+1) z"
G(z) = Z

"F(n+B+1) nt’

The ratio G(z)/G,(z) is a transformation of the sequence ¢} of the
form X _, cka,(z) with a,(z) =z"/[T(n + B + 1G(2)], for which
lim,_ . a,z) =0and a,(z) > 0 for every integer n, and X7 _, a,(z) = 1.
Hence by the Toeplitz—Silverman theorem for regular transformations
[10],

. Gy(2)
lim =1,
z— +® Gl(Z)

which combined with the asymptotic behavior of G,(z) obtained earlier
gives

lim z7“G(z)e* =1

z— +
Now consider the case when « > 0. There exists an integer m such that
m < a <m + 1, which gives « — m — 1 < 0. Write

G(z) = Z ¢, — + Z cn% =P,(z) +z""1G*(2).

n=m+1
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Here G*(z) is a series of the form considered in the lemma for the
sequence

% _ Cnim+1
" (n+m+1)-(n+1)

Cc

Clearly c¢*/n*™ ' —>1 as n — », and because a —m —1<0 we
can use the result we already proved to conclude that
lim,, ., z" 1" *G*(z)e % = 1. Finally, because P,(z) is a polynomial,
this gives

lim z7*G(z)e™* = lim z *P,(z)e "+ lim z""17*G*(z)e*
zZ—> +

zZ—> + oo z—> +

=1,

which is what we wanted to prove. |
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