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Abstract

Let μ be a compactly supported absolutely continuous probability measure on R
n, we show that

L2(K,dμ) admits a Fourier frame if and only if its Radon–Nikodym derivative is bounded above and
below almost everywhere on the support K . As a consequence, we prove that if μ is an equal weight ab-
solutely continuous self-similar measure on R

1 and L2(K,dμ) admits a Fourier frame, then the density
of μ must be a characteristic function of self-similar tile. In particular, this shows for almost everywhere
1/2 < λ < 1, the L2 space of the λ-Bernoulli convolutions cannot admit a Fourier frame.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction

Let H be a Hilbert space, a sequence of vectors {ei}i∈Z is called a frame if there exist A,B > 0
such that for any f ∈ H ,

A‖f ‖2 �
∑
i∈Z

∣∣〈f, ei〉
∣∣2 � B‖f ‖2. (1.1)

The constants A and B are called the lower frame bound and upper frame bound respectively.
Frame is a natural generalization of orthonormal basis (where A = B = 1). It is easily seen from
the lower bound that frame is complete in H . If {ei}i∈Z only satisfies the upper bound in (1.1),
we call {ei}i∈Z a Bessel’s sequence.
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The study of frames on Hilbert space was first introduced by Duffin and Schaeffer [3] in con-
nection with the non-harmonic Fourier series, and has received a lot of attention. Nowadays,
frames are regarded as “overcomplete bases” since they provide basis-like (though non-unique)
expansion of vectors. Because of its redundancy, it provides better stability compared to or-
thonormal basis. For the Hilbert space of the L2 space of functions, various kinds of frames such
as Fourier frames, Gabor frames, and wavelet frames have been studied. They have close links
with time–frequency analysis, sampling theory, and wavelets. One may refer to [1] and [9] for
some excellent expositions.

In this paper, we will focus on the Fourier frame. Let μ be a compactly supported probability
measure on R

n. As we will deal with L2 space of different measures on different supports, we use
L2(K,dμ) to denote the L2 space of the measure μ with suppμ = K . In particular, L2(K,dx)

is the L2 space of the Lebesgue measure supported on K . We say that a sequence of complex
exponentials {e2πi〈λ,·〉}λ∈Λ is a Fourier frame of L2(K,dμ) (or just μ) if it is a frame on the
Hilbert space L2(K,dμ) and Λ is called a frame spectrum.

Traditionally, the studies of the Fourier frame focus on the case where μ is the Lebesgue
measure supported on [0,1]. The work of Landau, Jaffard, and Seip [18,13,20] relates the frame
spectrum of L2([0,1], dx) closely with the Beurling densities (see Section 2). Ortega-Cerdà
and Seip recently completely characterized the frame spectrum L2([0,1], dx) using de Branges’
theory of Hilbert space of entire functions [19].

The more recent study has discovered that some other probability measures can also admit
exponential orthonormal bases. One of the surprising results is by Jorgensen and Pedersen [14],
they discovered that the Cantor measures with even contractions ratio admit an exponential or-
thonormal basis, while those with odd contractions do not. It is still open whether the one-third
Cantor measure will admit any Fourier frame [5,6].

In the following, we study the existence of Fourier frame of absolutely continuous measures.
We let μ be a compactly supported absolutely continuous probability measure on R

n, so that
one can write dμ(x) = ϕ(x)dx where ϕ is a compactly supported function in L1(Rn, dx). We
denote the support as K , it means the set {ϕ �= 0}, which we can assume it is bounded. Note that
if ϕ satisfies 0 < m � ϕ(x) � M < ∞ almost everywhere on K , then by choosing R > 0 so that
[−R,R)n contains the support and Λ is a frame spectrum of L2([−R,R)n, dx), we can easily
check that for any f ∈ L2(K,dμ), we have

m

∫
|f |2ϕ dx �

∑
λ∈Λ

∣∣∣∣
∫

f (x)e2πi〈λ,x〉ϕ(x)dx

∣∣∣∣
2

� M

∫
|f |2ϕ dx.

Hence if there exist positive constants m,M such that m � ϕ(x) � M almost everywhere on the
support of ϕ, then L2(K,dμ) admits Fourier frame. Our main result is to obtain the converse.

Theorem 1.1. Let μ be a compactly supported absolutely continuous probability measure on R
n

with dμ(x) = ϕ(x)dx and let K be its support. Then L2(K,dμ) admits a Fourier frame if and
only if there exist positive constants m,M such that m � ϕ(x) � M almost everywhere on the
support of μ.

We can apply the above theorem to characterize those equal weight absolutely continuous
self-similar measures which admit a Fourier frame. Let {fj }�j=1 be an iterated function system
with fj (x) = λx +dj and 0 < λ < 1. It is well known that there exists a unique Borel probability
measure μ satisfying
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μ(E) =
�∑

j=1

1

�
μ

(
f −1

j (E)
)

(1.2)

for any Borel set E. Moreover, the support of the measure is the unique compact set K satisfying
K = ⋃�

j=1 fj (K). When λ = 1/� and K has positive Lebesgue measure, it is easy to see the
invariant μ in (1.2) is the Lebesgue measure supporting on K . In this case, K is a translational
tile in R

1 and K is called a self-similar tile. Details of the associated tiling theory can be found
in [16]. It is easy to see from Theorem 1.1 that if μ is the Lebesgue measure supported on the
self-similar tile, then L2(K,dμ) will admit a Fourier frame. We will prove that the converse is
also true.

Theorem 1.2. Let μ be the self-similar measure defined in (1.2) and suppose μ is absolutely
continuous. If L2(K,dμ) admits a Fourier frame, then λ = 1

�
, K is a self-similar tile and the

density of μ is χK .

For the iterated function system consisting only of f1(x) = λx and f2(x) = λx + 1 − λ,
then the unique self-similar measure νλ defined by (1.2) is called the λ-Bernoulli convolution. If
λ = 1/n, it reduces to the standard Cantor measures. It is known that for almost all 1

2 � λ < 1,
νλ is absolutely continuous with respect to the Lebesgue measure [21]. We have the following
corollary of Theorem 1.2.

Corollary 1.3. Let νλ be the Bernoulli convolution on R
1 with support denoted by K . If νλ

is absolutely continuous with respect to the Lebesgue measure and λ �= 1/2, then L2(K,dνλ)

cannot admit any Fourier frame. In particular this is true for almost all λ ∈ (1/2,1).

The question of the existence of orthogonal complex exponentials for the Bernoulli convo-
lution has not been settled completely. Hu and Lau determined those contraction (i.e. λ) of the
Bernoulli convolutions for which there are infinitely many such orthogonal sets [11]. Dutkay,
Han and Jorgensen showed that whenever λ > 1/2, there is no complete orthogonal complex
exponentials [4]. It is also conjectured that there are orthonormal complex exponentials if and
only if λ = 1/2n [15].

For the organization of the paper, we first recall some basic properties of Fourier frame and
the Beurling density in Section 2. We will also prove some general density results that will be
used in our proof. We then prove Theorem 1.1 in Section 3. We then apply the result to prove
Theorem 1.2 and Corollary 1.3 in Section 4. Finally, we conclude in Section 5 with some remarks
and open questions.

2. General density results

In this section, we provide some basic properties of Fourier frame, particularly its connec-
tion with the Beurling densities. First, It is easy to see that Fourier frame on subset of R

n has
translational invariance property as in the following proposition.

Proposition 2.1. Let Ω be a bounded set on R
n with positive Lebesgue measure. If Λ is a discrete

set on R
n and t ∈ R

n, then {e2πi〈λ,·〉}λ∈Λ is a Fourier frame of L2(Ω,dx) if and only if it is a
Fourier frame of L2(Ω + t, dx).
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Let Qh(x) = ∏n
i=1[xi −h/2, xi +h/2) be the cube centered at x. The upper and lower Beurl-

ing densities of a discrete set Λ are defined as follows:

D+Λ = lim sup
h→∞

sup
x∈Rn

#(Λ ∩ Qh(x))

hn
, D−Λ = lim inf

h→∞ inf
x∈Rn

#(Λ ∩ Qh(x))

hn
.

A set Λ is called separated if there exists δ > 0 such that infx,y∈Λ |x − y| � δ. It is known that
D+Λ < ∞ if and only if Λ is a finite union of separated sequence [1, Lemma 7.1.3].

The study of Fourier frame is closely tied with the density of discrete sets [18,10]. Landau
gave an important necessary condition on the density for the frame spectrum [18]. There is also
a sufficient condition on R

1 guaranteeing that Λ is a frame spectrum on an interval [1,20]. We
summarize them in the following theorem.

Theorem 2.2.

(i) If {e2πi〈λ,·〉}λ∈Λ is a Fourier frame of L2(Ω,dx) with Ω ⊂ R
n of finite Lebesgue measure,

then D−Λ � L(Ω), where L denotes the Lebesgue measure.
(ii) If Λ is a set such that D+Λ < ∞ and D−Λ > L(I ), where I is an interval on R

1, then
{e2πi〈λ,·〉}λ∈Λ is a Fourier frame of L2(I, dx).

The study of the Bessel’s sequence is more tractable than the Fourier frame. We can actually
determine the density criterion for Λ to be a Bessel’s sequence on L2(Ω,dx).

Proposition 2.3. If a set Λ satisfies D+Λ < ∞, then {e2πi〈λ,·〉}λ∈Λ is a Bessel’s sequence of
L2(Ω,dx) for any bounded subsets Ω in R

n with positive Lebesgue measure.

Proof. The idea of the proof is essentially the Plancherel–Polya inequality. The case for dimen-
sion one can be found in [24, pp. 79–83]. The higher dimension case is also known in literature
(see e.g. [10]). We give a short proof for completeness.

As Ω is bounded, we can find some T > 0 be such that Ω ⊂ [−T ,T ]n. For any f ∈
L2(Ω,dx), we have f ∈ L2([−T ,T ]n, dx). Write F(ξ) = f̂ (ξ) = ∫

Ω
f (x)e−2πi〈ξ,x〉dx =∫

[−T ,T ]n f (x)e−2πi〈ξ,x〉dx. We see that F is an entire function (on Cn) of exponential type in
the following sense,

∣∣F(x + iy)
∣∣ � Ae2πT (|y1|+···+|yn|),

where x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ R
n. One can apply the one-dimensional Plancherel–

Polya theorem iteratively [24, p. 79] (see also [22, Lemma 4.11] for a general statement), we
obtain

∞∫
−∞

∣∣F(x + iy)
∣∣2

dx � e4πT (|y1|+···+|yn|)
∞∫

−∞

∣∣F(x)
∣∣2

dx. (2.1)

Note that D+Λ < ∞ implies that Λ is a finite union of separated sequences. This means
Λ = ⋃�

i=1 Λi with Λi are separated (i.e. λn − λm � δi > 0 for all m,n). We can apply a similar
argument in [24, p. 82] to prove that
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�∑
i=1

∑
λ∈Λi

∣∣F(λ)
∣∣2 � C‖F‖2.

This is equivalent to Λ is a Bessel’s sequence of exponentials on L2(Ω,dx). �
The converse of the above proposition is also true. Indeed, it holds for more general measures.

Proposition 2.4. Let μ be a probability measure on R
n with support K . Suppose {e2πi〈λ,·〉}λ∈Λ

is a Bessel’s sequence of L2(K,dμ), then D+Λ < ∞.

Proof. Let μ̂ be the Fourier transform of μ. We suppose on the contrary that D+Λ = ∞. By
Lemma 7.1.3 in [1], for any h > 0 and for any N ∈ N, we can find some cubes Qh(xN) such that

#
(
Λ ∩ Qh(xN)

)
> N. (2.2)

As μ is a probability measure, μ̂(0) = 1 and μ̂ is a continuous function. Hence, there exists
δ > 0, and ε > 0 such that whenever |x| < δ, |μ̂(x)| > ε. Take h = δ/2 in the above, then λ ∈
Λ ∩ Qh(xN) implies that |λ − xN | < δ. Consider the function fN(x) = e−2πi〈xN ,x〉, by (2.2),

∑
λ∈Λ

∣∣∣∣
∫

fN(x)e2πi〈λ,x〉 dμ(x)

∣∣∣∣
2

�
∑

λ∈Λ∩Qh(xN )

∣∣μ̂(λ − xN)
∣∣2

> Nε2.

The expression tends to infinity as N tends to infinity. This is a contradiction. Hence, we must
have D+Λ < ∞. �

In the next section, we will need the following simple sufficient condition of a Fourier frame.
The main idea of proof has its origin in the fundamental paper of Duffin and Schaeffer [3], a
version of the proof in high dimension was due to [5].

Proposition 2.5. Let Λ be a set on R
n such that D+Λ < ∞. Suppose that for any k ∈ Z

n, k +
[− 1

2 , 1
2 )n contains at least one element λk in Λ, then there exists ε > 0 such that {e2πi〈λ,·〉}λ∈Λ

is a Fourier frame on L2(Qε, dx), where Qε = [− ε
2 , ε

2 )n.

Proof. By Proposition 2.3, the upper bound is satisfied for any ε > 0. It remains to prove the
lower bound is satisfied for some sufficiently small ε > 0. For notational convenience, we only
consider when n = 2 and high dimension case follows from the same method by considering
projection.

For each λk ∈ Λ, we write k = (k1, k2) and λk = (λ1, λ2). Define λ′
k = (λ1, k2). We first

compare λ′
k and k, then we deal with λk and λ′

k. For any f ∈ L2(Qε, dx), we let ξ = (ξ1, ξ2)

and

F(ξ) =
∫
Qε

f (x)e−2πi〈ξ,x〉 dx.

Clearly F is analytic in both variables ξ1, ξ2 and
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∂�F

∂ξ�
1

(ξ) =
∫
Qε

f (x)(−2πix1)
�e−2πi〈ξ,x〉 dx.

For each k ∈ Z
2, using the Taylor expansion at k1 and the Cauchy–Schwarz inequality and

|λ′
k − k| � 1

2 , we have

∣∣F (
λ′

k

) − F(k)
∣∣2 =

∣∣∣∣∣
∞∑

�=1

∂�F

∂ξ�
1
(k)

�! (λ1 − k1)
�

∣∣∣∣∣
2

�
∞∑

�=1

∣∣ ∂�F

∂ξ�
1
(k)

∣∣2

�! ·
∞∑

�=1

(1/2)2�

�! =
∞∑

�=1

∣∣ ∂�F

∂ξ�
1
(k)

∣∣2

�! · (e1/4 − 1
)
.

We then also note that by the Parseval’s identity and f ∈ L2(Qε, dx),

∑
k∈Z2

∣∣∣∣∂�F

∂ξ�
1

(k)

∣∣∣∣
2

=
∑
k∈Z2

∣∣〈(−2πix1)
�f, e2πi〈k,·〉〉∣∣2 = ∥∥(−2πix1)

�f
∥∥2 � (2πε)2�‖f ‖2.

This shows that

∑
k∈Z2

∣∣F (
λ′

k

) − F(k)
∣∣2 �

(
e1/4 − 1

)(
e4π2ε2 − 1

)‖f ‖2. (2.3)

Take ε so small that the above constant on the right is smaller than 1/2. By the Minkowski’s
inequality and the Bessel’s inequality, we have

(∑
k

∣∣F (
λ′

k

)∣∣2
)1/2

�
(∑

k

∣∣F(k)
∣∣2

)1/2

−
(∑

k

∣∣F (
λ′

k

) − F(k)
∣∣2

)1/2

� 1

2
‖f ‖. (2.4)

Finally, by the Minkowski’s inequality and (2.3), the {λ′
k}k is a Bessel’s sequence with bound

B = (1 + ((e1/4 − 1)(e4π2ε2 − 1))1/2)2. Hence, repeating the above argument with Taylor expan-
sion with respect to λ′

k, using the Minkowski’s inequality and (2.4) shows that

(∑
k

∣∣F(λk)
∣∣2

)1/2

�
(∑

k

∣∣F (
λ′

k

)∣∣2
)1/2

−
(∑

k

∣∣F(λk) − F
(
λ′

k

)∣∣2
)1/2

�
(

1

2
− B1/2(e1/4 − 1

)(
e4πε2 − 1

))‖f ‖.

We then choose ε > 0 even smaller to make the above constant positive, this shows that these
λk’s is a frame spectrum on some small cubes and hence the proof is completed. �



C.-K. Lai / Journal of Functional Analysis 261 (2011) 2877–2889 2883
3. Proof of Theorem 1.1

As indicated in the Introduction, we only need to prove the necessity part of Theorem 1.1. We
will first see that in order for a compactly supported absolutely continuous measure μ on R

n to
admit a Fourier frame, its density must be bounded below almost everywhere.

Proof of the lower bound. Let dμ = ϕ(x)dx, K = suppμ and K ⊂ [−R,R]n for some R > 0.
We also denote E0 = {x ∈ K: ϕ(x) � 1} and Ek = {x ∈ K: 1

k+1 < ϕ(x) � 1
k
} for k � 1, so that

K =
∞⋃

k=0

Ek.

Suppose that ϕ does not have a lower bound on its support, then Ek has positive Lebesgue mea-
sure for infinitely many k. By passing to subsequence if necessary, we may assume L(Ek) > 0
for all k.

By assumption, L2(K,dμ) has a Fourier frame {e2πi〈λ,·〉}λ∈Λ, then D+Λ < ∞ and hence it is
a Bessel’s sequence of L2([−R,R]n, dx) by Propositions 2.4 and 2.3. We now define fk = χEk

,
note that Ek ⊂ [−R,R]n and

∫
[−R,R]n

|fkϕ|2 dx =
∫
Ek

|ϕ|2 dx � L(Ek)

k2
� (2R)n

k2
< ∞. (3.1)

Thus fkϕ ∈ L2([−R,R]n, dx). Using the Bessel’s sequence assumption in L2([−R,R]n, dx)

and the Fourier frame lower bound assumption in L2(K,dμ), we obtain

B

∫
[−R,R]n

∣∣fk(x)ϕ(x)
∣∣2

dx �
∑
λ∈Λ

∣∣∣∣
∫
K

fk(x)e2πiλxdμ(x)

∣∣∣∣
2

� A

∫
K

∣∣fk(x)
∣∣2

ϕ(x)dx.

Using (3.1), we find that

BL(Ek)

k2
� A

∫
K

∣∣fk(x)
∣∣2

ϕ(x)dx = A

∫
Ek

ϕ(x) dx � AL(Ek)

k + 1
.

This implies that for all k > 0, k+1
k2 � A

B
> 0, which is a contradiction. Hence, ϕ must be lower

bounded almost everywhere. �
For the upper bound in the necessity of Theorem 1.1, we need to prove several lemmas to

compare the Fourier frames of L2(K,dμ) and L2(E,dx) with E is a subset of K . In the fol-
lowing, we will use ϕ|E to denote the restriction of ϕ on E and L∞(E,dx) to denote the set of
functions that is bounded above almost everywhere on E with respect to the Lebesgue measure.

Lemma 3.1. Suppose that {e2πi〈λ,·〉}λ∈Λ is a Fourier frame of L2(K,dμ), where dμ = ϕ dx and
K is the support of μ. Then



2884 C.-K. Lai / Journal of Functional Analysis 261 (2011) 2877–2889
(i) If E ⊂ K is a set of positive measure and ϕ|E ∈ L∞(E,dx), then {e2πi〈λ,·〉}λ∈Λ is a Fourier
frame of L2(E,dx).

(ii) If F ⊂ K is a set of positive measure such that ϕ|F /∈ L∞(F, dx), then {e2πi〈λ,·〉}λ∈Λ cannot
be a Fourier frame of L2(F, dx).

Proof. First, from the above, we know that there exists m > 0 such that ϕ � m almost every-
where on its support.

(i) Let f ∈ L2(E,dx), then we have
∫ |f (x)

ϕ(x)
|2ϕ(x)dx � 1

m

∫
E

|f |2 < ∞. Hence,

∑
λ∈Λ

∣∣∣∣
∫
E

f (x)e2πiλx dx

∣∣∣∣
2

=
∑
λ∈Λ

∣∣∣∣
∫
E

f (x)

ϕ(x)
e2πiλxϕ(x) dx

∣∣∣∣
2

� B

∫
E

∣∣∣∣f (x)

ϕ(x)

∣∣∣∣
2

ϕ(x)dx � B

m

∫
E

∣∣f (x)
∣∣2

dx.

This establishes the upper frame bound. For the lower bound, as we have ϕ � M almost every-
where on E, we have

∑
λ∈Λ

∣∣∣∣
∫
E

f (x)

ϕ(x)
e2πiλxϕ(x) dx

∣∣∣∣
2

� A

∫
E

∣∣∣∣f (x)

ϕ(x)

∣∣∣∣
2

ϕ(x)dx � A

M

∫
E

∣∣f (x)
∣∣2

dx.

(ii) Suppose {e2πi〈λ,·〉}λ∈Λ is a Fourier frame of L2(F, dx), we define Dk = {x ∈ K: k �
ϕ(x) � k + 1} ∩ F and fk = χDk

. As ϕ|F /∈ L∞(F, dx), L(Dk) > 0 for infinitely many k. We
may assume that it holds for all k. Note that

∫ ∣∣fk(x)ϕ(x)
∣∣2

dx =
∫
Dk

∣∣ϕ(x)
∣∣2

dx � (k + 1)2 L(Dk) < ∞.

Hence, by the Fourier frame assumption on L2(F, dx) and the Bessel’s sequence assumption on
L2(K,dμ), we obtain

Ak2 L(Dk) � A

∫ ∣∣fk(x)ϕ(x)
∣∣2

dx � B

∫ ∣∣fk(x)
∣∣2

ϕ(x)dx � B(k + 1)L(Dk).

This implies that k+1
k2 � A

B
for all k which is a contradiction. �

Lemma 3.2. Let {e2πi〈λ,·〉}λ∈Λ be a Fourier frame of L2(K,dμ), where dμ = ϕ dx and
K = suppμ. Suppose that ϕ /∈ L∞(K,dx), then {e2πi〈λ,·〉}λ∈Λ cannot be a Fourier frame of
L2(Q,dx) on any cube Q in R

n.

Proof. For k = (k1, . . . , kn), let Ik,r be the dyadic cube [ k1
2r ,

k1+1
2r ) × · · · × [ kn

2r ,
kn+1

2r ). Then
{Ik,r : k ∈ Zn, r ∈ Z} is the set of all dyadic cubes in Rn.

To prove the statement, it suffices to prove that {e2πi〈λ,·〉}λ∈Λ cannot be a Fourier frame on
any dyadic cubes. By Proposition 2.1, it suffices to show that for each integer r , {e2πi〈λ,·〉}λ∈Λ
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cannot be a frame on at least one dyadic cube with side length 2−r . Let r be given, we note that
K is compact, and thus K is covered by a finite number of dyadic cubes Iki ,r of length 2−r . As
ϕ /∈ L∞(K,dx), there exist some dyadic cubes Q = Iki ,r such that ϕ|Q∩K /∈ L∞(Q ∩ K,dx)

and L(Q ∩ K) > 0. By Lemma 3.1(ii), {e2πi〈λ,·〉}λ∈Λ cannot be a Fourier frame on Q ∩ K . This
means {e2πi〈λ,·〉}λ∈Λ cannot be a Fourier frame on Q since L(Q ∩ K) > 0. �

Combining the above lemmas and the density results in Theorem 2.2, we can now prove the
existence of the upper bound.

Proof of the upper bound. We argue by contradiction. Suppose that there does not exist M > 0
such that ϕ � M almost everywhere on the support K and L2(K,dμ) still admits a Fourier frame
{e2πi〈λ,·〉}λ∈Λ. We let

EN = {
x ∈ K: ϕ(x) � N

}
,

then by Lemma 3.1(i), {e2πi〈λ,·〉}λ∈Λ is a Fourier frame of L2(EN,dx). By the Landau’s density
theorem (Theorem 2.2), we have D−Λ � L(EN). As EN are increasing sequence of sets and⋃

N EN = K , we have

D−Λ � L(K).

As dμ is absolutely continuous, so the support must have positive Lebesgue measure and hence
D−Λ � c > 0.

As D−Λ � c, we can find large L so that for any x ∈ R
n, x + [−L

2 , L
2 )n contains at least one

point of Λ. Define Γ = LZ
n. Then for any γ ∈ Γ , there exists λγ ∈ Λ such that

λγ ∈ γ +
[
−L

2
,
L

2

)n

. (3.2)

Denote Λ′ = {λγ : γ ∈ Γ }, we have Λ′ ⊂ Λ so that D+Λ′ < ∞. Moreover, by (3.2) and the
definition of Γ , every cube k + [ 1

2 , 1
2 )n with k ∈ Z

n has one point in 1
L
Λ′. By Proposition 2.5,

{e2πi〈 1
L

λ′,·〉}λ′∈Λ′ is a Fourier frame of L2(Qε, dx), where Qε = [− ε
2 , ε

2 )n and ε is sufficiently
small. This implies that Λ will generate a Fourier frame of the L2 space of a cube of side
length ε

L
. This is a contradiction to Lemma 3.2. Thus, we conclude that ϕ must be bounded above

almost everywhere. This completes the proof of the upper bound and hence Theorem 1.1. �
4. Self-similar measures

In this section, we consider the iterated function system fj (x) = λx + dj , for j = 1, . . . , �

and 0 < λ < 1. Let D = {dj : j = 1, . . . , �}, it is well known that there exists a unique Borel
probability measure μ = μ(λ, �, D) satisfying

μ(E) =
�∑ 1

�
μ

(
f −1

j (E)
)

(4.1)

j=1
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for any Borel set E. Moreover, the support of this measure is the unique compact set K satisfying
K = ⋃�

j=1 fj (K). Explicitly, we can write

K =
{ ∞∑

j=0

λjdj : dj ∈ D
}

. (4.2)

By a suitable translation, we can assume 0 = d1 < d2 < · · · < d� so that 0 is in the support K

from (4.2). There are literatures determining whether such measures are absolute continuous (see
e.g., [2,17]). Furthermore, if μ is absolutely continuous with respect to the Lebesgue measure
on K , then the Lebesgue measure on K is also absolutely continuous with respect to μ (see
e.g. [12]). Hence, the density of μ is non-zero almost everywhere on K . In Theorem 4.2, we
characterize this kind of absolutely continuous measures which admits a Fourier frame. We start
with a lemma.

Lemma 4.1. Let μ = μ(λ, �, D) be the self-similar measure defined in (4.1) and suppose μ is
absolutely continuous with respect to the Lebesgue measure. Then λ � 1/� and

lim inf
n→∞

L(K ∩ [0, λn))

λn
� c > 0 (4.3)

for some constant c.

Proof. Since μ is absolutely continuous, L(K) > 0. By taking the Lebesgue measure to K =⋃�
j=1 fi(K), we have L(K) � λ�L(K). Hence, λ � 1/� follows.
To prove (4.3), we know from (4.2) that K lies in the non-negative real line, so we can take N

so that λNK ⊂ [0,1). Hence, λN+nK ⊂ [0, λn). By iterating the system N + n times and noting
that d1 = 0, it is easy to see that K ⊃ λN+nK . Thus,

K ∩ [
0, λn

) ⊃ λN+nK ∩ [
0, λn

) = λN+nK.

Taking the Lebesgue measure, we have L(K ∩ [0, λn)) � λN+nL(K). (4.3) follows by letting
c = λN L(K) (> 0). �

We now state the main theorem in this section.

Theorem 4.2. Let μ = μ(λ, �, D) be the self-similar measure defined in (4.1) and suppose μ

is absolutely continuous with suppμ = K , the self-similar set. If L2(K,dμ) admits a Fourier
frame, then λ = 1

�
, the density of μ is χK and K is a self-similar tile.

Proof. We first consider μ[0, λn). By applying (4.1), we have

μ
[
0, λn

) = 1

�
μ

[
0, λn−1) +

�∑
j=2

1

�
μ

[
−dj

λ
,λn−1 − dj

λ

)
. (4.4)

Taking N large enough so that for all n � N , we have λn−1 − dj

λ
< 0 for all j = 2, . . . , �. By (4.4)

and noting that the support of μ lies in the non-negative real line, we conclude that for all n � N ,
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μ
[
0, λn

) = 1

�
μ

([
0, λn−1)) = · · · = 1

�n−N
μ

[
0, λN

)
� C ·

(
1

�

)n

, (4.5)

where C is independent of n.
Let ϕ be the density of μ. As μ admits a Fourier frame, by Theorem 1.1, we have ϕ � m > 0

almost everywhere on K . By (4.5) and Lemma 4.1, for n large

C

(
1

�

)n

�
λn∫

0

ϕ(x)dx � mL
(
K ∩ [

0, λn
))

� mcλn.

This means that λ � 1/�. Combining with Lemma 4.1, λ = 1/�. As L(K) > 0, K must be a
self-similar tile on R

1 and the density is clearly χK . �
As a corollary, we consider the λ-Bernoulli convolution νλ, which is the unique self-similar

measure defined by the iterated function system f1(x) = λx and f2(x) = λx + 1 − λ as in (4.1).

Corollary 4.3. Let νλ be the Bernoulli convolution. If νλ is absolutely continuous with respect to
the Lebesgue measure, then L2(K,dνλ) cannot admit any Fourier frame if λ �= 1/2. In particular,
for almost all λ ∈ (1/2,1), L2(K,dνλ) cannot admit any Fourier frame.

Proof. By Theorem 4.2, if L2(K,dνλ) admits a Fourier frame, then λ = 1/2. This shows the first
statement. The second statement is a direct consequence of the fact that for almost all λ � 1/2,
νλ is absolutely continuous [21]. �
5. Remarks and open questions

Let μ be a Borel probability measure on R
n and let μ̂ be the Fourier transform of μ, then by

putting e2πi〈ξ,·〉 into the definition of the Fourier frame, we obtain a necessary condition for the
existence of a Fourier frame:

A �
∑
λ∈Λ

∣∣μ̂(ξ + λ)
∣∣2 � B. (5.1)

When the frame is an orthonormal basis, then A = B = 1 in (5.1). It is known that this identity
is sufficient for completeness of the orthogonal set {e2πi〈λ,·〉}λ∈Λ [14]. When we only assume the
frame condition, it was asked by Dutkay and Jorgensen [7] that whether the inequality is still
sufficient. In the following example, we show that the answer is negative.

Example 5.1. Let m be the Lebesgue measure supported on [−1/2,1/2], and μ = m ∗ m. Then
μ does not admit any Fourier frame but 0 < A �

∑
n∈Z

|μ̂(x + n)|2 � 1.

Proof. By a direct calculation, we see that m ∗ m is absolutely continuous with density f (x) =
1 − |x|. Thus, f is not bounded below almost everywhere. This means m ∗ m does not admit
Fourier frame by Theorem 1.1.
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On the other hand,

∑
n∈Z

∣∣μ̂(x + n)
∣∣2 =

∑
n∈Z

∣∣m̂(x + n)
∣∣4 �

∑
n∈Z

∣∣m̂(x + n)
∣∣2 = 1.

We also note that
∑

n∈Z
|μ̂(x + n)|2 is integer periodic, so

∑
n∈Z

∣∣m̂(x + n)
∣∣4 � inf

x∈(−1/2,1/2]
∑
n∈Z

∣∣m̂(x + n)
∣∣4 � inf

x∈(−1/2,1/2]
∣∣m̂(x)

∣∣4 =
(

sin(π/2)

π/2

)4

> 0.

This completes the proof. �
There are many questions remaining open. Another closely related objects of Fourier frame is

the exponential Riesz basis. Recall that {en} is a Riesz basis in a separable Hilbert space H if it
is complete and for any {cn} ∈ �2, there exists f ∈ H such that

〈f, en〉 = cn.

A Riesz basis is also equivalent to an exact frame, i.e. a frame that fails to be a frame if one of
the vectors is removed. It is also clear that an orthonormal basis is a Riesz basis. An exponential
Riesz basis is the Riesz basis of the form e2πi〈λ,·〉 in L2(K,dμ), for some compactly supported
probability measure μ. In view of Theorem 1.1, we ask

Q1: Can we classify the densities ϕ that L2(K,ϕ dx) admits an exponential Riesz basis or ex-
ponential orthonormal basis?

The question for the exponential orthonormal basis is a generalization of the Fuglede conjec-
ture [8]: L2(Ω,dx) admits an exponential orthonormal basis if and only if Ω is a translational
tile. Although it was proved to be false in general [23], the exact relationship with tiling is still
widely open.

In Section 4, we have shown that the only equal weight absolutely continuous self-similar
measure admitting a Fourier frame is the self-similar tiles. Up to now, except the case of self-
affine tiles, we cannot find any example of self-similar (or self-affine) measure on R

n that is
absolutely continuous with density bounded above and below almost everywhere on its support.
It is conjectured that Theorem 4.2 will hold more generally:

Q2: Is it true that the only absolutely continuous self-affine measures on R
n admitting a Fourier

frame is the characteristic function of self-affine tiles?

This paper focuses only on the absolutely continuous measures, the question becomes more
difficult when the measure is singular. One reason is that there is a lack of Fourier duality theory
for general singular measures, it is then hard to produce a good necessary condition in terms of
Beurling densities as in Theorem 2.2. Recently, Dutkay et al. [5] found some necessary condi-
tions for the existence of Fourier frame of fractal measures with the open set condition in terms
of the Beurling dimension. They also showed that all fractal measures arising from the iterated
function systems with equal contraction admit some Bessel’s exponential sequences of positive
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Beurling dimension [6]. Despite such intensive studies, there is up to now no examples of fractal
self-affine measure admitting Fourier frame but not exponential orthonormal basis. Here, we ask
the following question:

Q3: Can we classify the singular measures which admits a Fourier frame?
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