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1. Introduction

Neutral differential equations arise in many area of science
and engineering have received much attention in the last
decades. The ordinary neutral differential equation is very

extensive to study the theory of aeroelasticity and the lossless
transmission lines [1] and the references therein. Neutral
partial differential equations with delays are motivated from

stabilization of lumped control systems, theory of heat conduc-
tion in materials [2,3] and the references therein. Hernández
and O’Regan [4], studied some neutral partial differential
equations by assuming some temporal and spatial regularity
type condition.

Recently impulsive differential equations are well to model
problems see [5,6]. There is much notice in the field of fixed
impulsive type equations [2,7] and the references therein. When

the impulses are exist at random, the solutions of the equation
behave as a stochastic process. It is quite different from deter-
ministic impulsive differential equations and stochastic

differential equations (SDEs). Iwankievicz and Nielsen [8],
investigated dynamic response of non-linear systems to poisson
distributed random impulses. Wu and Meng [9], first gave the

general random impulsive ordinary differential equations and
investigated boundedness of solutions to these models by Lia-
punov’s direct method. Wu et al. [10–12], have studied some
qualitative properties of differential equations with random im-

pulses. In [13], the author studied the existence and exponential
stability for random impulsive semilinear functional differential
equations through the fixed point technique under non-unique-

ness. The existence, uniqueness and stability results were
discussed in [14] through Banach fixed point method for the
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system of differential equations with random impulsive effect.

The author [15], studied the existence results for the random
impulsive neutral functional differential equations with delays.
In [16], the author studied existence results of random impulsive
neutral non-autonomous differential inclusions with delays via

Dhage’s fixed point theorem. In [17], random impulsive semilin-
ear functional differential inclusions were studied using the
Martelli fixed point theorem and the fixed point theorem due

to Covitz and Nadler. In [18], the authors generalized the distri-
bution of random impulses with the Erlang distribution. Fur-
ther we refer [19–22]. Motivated by the above mentioned

works, the main purpose of this paper is to study the random
impulsive neutral partial differential equations (RINDEs) to fill
the gap in the above works. Aeroelasticity and the lossless trans-

mission lines can also be modeled in the form of RINDEs.
This paper is organized as follows. In Section 2, we recall

briefly the notations, definitions, lemmas and preliminaries
which are used throughout this paper. In Section 3, we study

the existence and uniqueness of the RINDEs by relaxing the
linear growth conditions. In Section 4, we study the stability
through continuous dependence on the initial values of the

RINDEs. Finally in Section 5, an example is presented to illus-
trate our results.

2. Preliminaries

Let X be a real separable Hilbert space and X a nonempty set.

Assume that sk is a random variable defined from X to

Dk ¼
def:ð0; dkÞ for k ¼ 1; 2; . . ., where 0 < dk < þ1. Further-

more, assume that sk follow Erlang distribution, where

k ¼ 1; 2; . . . and let si and sj are independent with each other

as i–j for i; j ¼ 1; 2; . . .. For the sake of simplicity, we denote

Rþ ¼ ½0;þ1Þ.
We consider neutral partial differential equations with ran-

dom impulses of the form

d

dt
½xðtÞ þ gðt; xtÞ� ¼ AxðtÞ þ fðt; xtÞ; t–nk; t P 0; ð2:1Þ

xðnkÞ ¼ bkðskÞx n�k
� �

; k ¼ 1; 2; . . . ; ð2:2Þ
xt0 ¼ u; ð2:3Þ

where A is the infinitesimal generator of an analytic semigroup
of bounded linear operators fSðtÞ; t P 0g with DðAÞ � X. If

SðtÞ is uniformly bounded analytic semigroup such that
0 2 qðAÞ, then it is possible to define the fractional power
Ag, for 0 < g 6 1, as a closed linear operator with dense do-

main DðAgÞ in X. If Xg represents the space DðAgÞ endowed
with norm k � k, then we have
xðtÞ ¼
Xþ1
k¼0

Yk
i¼1

biðsiÞSðt� t0Þ½uð0Þ þ gð0;uÞ� �
Yk
i¼1

biðsiÞgðt; xtÞ
"

�
Xk
i¼1

Yk
j¼i

bjðsjÞ
Z ni

ni�1

ASðt� sÞgðs; xsÞdsþ
Z t

nk

ASðt� sÞgðs; xsÞ
"

þ
Xk
i¼1

Yk
j¼i

bjðsjÞ
Z ni

ni�1

Sðt� sÞfðs; xsÞdsþ
Z t

nk

Sðt� sÞfðs; xsÞds
" ##
Lemma 2.1 [21]. Assume that the following conditions hold:

ðiÞ For 0 < g 6 1; X g is a Banach space.
ðiiÞ For 0 < g 6 b 6 1, the embedding X b,!X g is continuous.

ðiiiÞ There exists a constant Cg > 0 depending on 0 < g 6 1
such that

kAgSðtÞk2 6 Cg

t2g
; t > 0:
Now we make the system (2.1), (2.2) and (2.3) precious: The

functional g : Rþ � bC!X; f : Rþ� bC!X, bC¼ bCðð�1;0�;XgÞ
is the set of piecewise continuous functions with left-hand limit

u from ð�1;0� into Xg. The phase space bCðð�1;0�;XgÞ is as-
sumed to be equipped with the norm kukt¼ sup�1<h60juðhÞj.
xt is a function defined by xtðsÞ¼ xðtþ sÞ for all s2 ð�1;0�
and fixed t;n0¼ t0 and nk¼ nk�1þ sk for k¼ 1;2; . . ., here

t0 2Rþ is arbitrary given real number. Obviously,

t0¼ n0< n1< n2< � � �< limk!1nk¼1; bk :Dk!X for each

k¼ 1;2; . . . ;x n�k
� �

¼ limt"nkxðtÞ according to their paths with

the norm kxkt¼ sup�1<s6tjxðsÞj for each t satisfying tP 0

and T2Rþ is a given number, k � k is any given norm in Xg.

Denote fBt; t P 0g the simple counting process generated

by fnng, that is, fBt P ng ¼ fnn 6 tg, and denote F t the

r-algebra generated by fBt; t P 0g. Then ðX;P; fF tgÞ is a

probability space. Let L2 ¼ L2ðX;F t;XÞ denote the Hilbert

space of all F t-measurable square integrable random variables

with values in X.

Let BT denote the Banach space BT ð½t0;T�;L2Þ, the family

of all F t-measurable, bC-valued random variables w with the
norm

kwk2BT ¼ sup
t2½t0 ;T�

Ekwk2t :

Let L0
2ðX;BT Þ denote the family of all F 0-measurable,

BT -valued random variable u.

Definition 2.1. A semigroup fSðtÞ; t P t0g is said to be
uniformly bounded if kSðtÞk 6M for all t P t0, where

M P 1 is some constant. If M ¼ 1, then the semigroup is said
to be contraction semigroup.

Definition 2.2. For a given T 2 ðt0;þ1Þ, a stochastic process
fxðtÞ 2 BT ;�1 < t 6 Tg is called a mild solution to system

(2.1), (2.2) and (2.3) in ðX;P; fF tgÞ, if

(i) xðtÞ 2 BT is F t-adapted;

(ii) xðt0 þ sÞ ¼ uðsÞ when s 2 ð�1; 0�, and
ds

#

I½nk ;nkþ1ÞðtÞ; t 2 ½t0;T�;
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where
Qn

j¼mð�Þ ¼ 1 as m > n,
Qk

j¼ibjðsjÞ ¼ bkðskÞbk�1

ðsk�1Þ � � � biðsiÞ, and IAð�Þ is the index function, i.e.,

IAðtÞ ¼
1; if t 2 A;

0; if t R A:

�

Now we introduce the following hypotheses used in our
discussion:

Hypotheses

ðH 1Þ: The function f : ½t0; T � � bC ! X satisfies the Lipschitz
condition, that is there exists a constant
Lf ¼ Lf ðT Þ > 0 such that

Ekfðt; xtÞ � fðt; ytÞk
2
6 LfEkx� yk2t for x; y 2 bC; t 2 ½t0;T�:

ðH 2Þ: The mapping g : ½t0; T � � bC ! X satisfies that there

exists a number g 2 ½0; 1� such that for any
x; y 2 bC ; t 2 ½t0; T � and gðt; xtÞ 2 DðAgÞ and

EkAggðt; xtÞ � Aggðt; ytÞk
2
6 LgEkx� yk2t ; Lg > 0:
ðUxÞðtÞ ¼
Xþ1
k¼0

Yk
i¼1

biðsiÞSðt� t0Þ½uð0Þ þ gð0;uÞ� �
Yk
i¼1

biðsiÞgðt; xtÞ
"

�
Xk
i¼1

Yk
j¼i

bjðsjÞ
Z ni

ni�1

ASðt� sÞgðs; xsÞdsþ
Z t

nk

ASðt� sÞgðs; xsÞds
" #

þ
Xk
i¼1

Yk
j¼i

bjðsjÞ
Z ni

ni�1

Sðt� sÞfðs; xsÞdsþ
Z t

nk

Sðt� sÞfðs; xsÞds
" ##

I½nk ;nkþ1ÞðtÞ:
ðH 3Þ: For all t 2 ½t0; T �, it follows that f ðt; 0Þ;Aggðt; 0Þ 2 L1

such that

Ekfðt; 0Þk2 6 jf;

EkAggðt; 0Þk2 6 jg; where jf; jg > 0 are constants:
kðUxÞðtÞk26 4
Xþ1
k¼0

Yk
i¼1
kbiðsiÞk2kSðt� t0Þk2kuð0Þþgð0;uÞk2I½nk ;nkþ1Þ

""

þ max
i;k

1;
Yk
j¼i
kbjðsjÞk

( )" #2 Z t

t0

kA1�gSðt� sÞAggðs;xsÞkd
�

þ max
i;k

1;
Yk
j¼i
kbjðsjÞk

( )" #2 Z t

t0

kSðt� sÞkkfðs;xsÞkdsI½nk ;
�

6 8M2 max
k

Yk
i¼1
kbiðsiÞk2

( )" #
½kuð0Þk2

þkgð0;uÞk2�þ8 max
k

Yk
i¼1
kbiðsiÞk2

( )" #
kA�gk2½kAggðt;xt

þ4 max
i;k

1;
Yk
j¼i
kbjðsjÞk2

( )" #
ðt� t0Þ

Z t

t0

kA1�gSðt� sÞAggð
ðH 4Þ : The condition E maxi;k
Qk

j¼ikbjðsjÞk
n on o

is uniformly

bounded. That is, there is a constant C > 0 such that

E max
i;k

Yk
j¼i
kbjðsjÞk

( )( )
6 C for all sj 2 Dj; j ¼ 1; 2; . . . :
3. Existence and uniqueness

In this section, we discuss the existence and uniqueness of the

mild solution of the system (2.1), (2.2) and (2.3).

Theorem 3.1. Let the hypotheses ðH1Þ–ðH4Þ be hold. Then there
exists a unique (local) continuous mild solution to

(2.1), (2.2) and (2.3) for any initial value ðt0;uÞ with t0 P 0
and u 2 BT .

Proof 1. Let T be an arbitrary number t0 < T < þ1. In order
to apply the contraction principle, we define the non-linear

operator U : BT ! BT as follows

ðUxÞðtÞ ¼ uðt� t0Þ; for t 2 ð�1; t0�;

and for t 2 ½t0;T�
It is easy to prove the continuity of U. Now, we have to show

that U maps BT into itself
ðtÞ
#
þ
Xþ1
k¼0

Yk
i¼1
kbiðsiÞk2kA�gk2kAggðt;xtÞk2I½nk ;nkþ1ÞðtÞ

" #

sI½nk;nkþ1ÞðtÞ
�2

nkþ1ÞðtÞ
�2
35

Þ�Aggðt;0Þk2þkAggðt;0Þk2�

s;xsÞk2ds þ4M2 max
i;k

1;
Yk
j¼i
kbjðsjÞk2

( )" #
ðt� t0Þ

Z t

t0

kfðs;xsÞk2ds:
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By Lemma 2.1, ðH2Þ and ðH3Þ the following relation holds:

EkASðt� sÞgðs; xsÞk2 ¼ EkA1�gSðt� sÞAggðs; xsÞk2

6 2kA1�gSðt� sÞk2 EkAggðs; xsÞ½
�Aggðs; 0Þk2 þ EkAggðs; 0Þk2

i
6

2C1�g

ðt� sÞ2ð1�gÞ LgEkxk2s þ kg

h i
: ð3:1Þ

Then,

EkðUxÞk2t 6 8M2C2E½kuð0Þk2 þkgð0;uÞk2�

þ 8C2kA�gk2 LgEkxk2t þ jg

h i
þ 8maxf1;C2gT

Z t

t0

C1�g

ðt� sÞ2ð1�gÞ LgEkxk2s þ kg

h i
ds

þ 8M2 maxf1;C2gT
Z t

t0

LfEkxk2s þ jf

h i
ds:

Taking supremum over t, we get

kUxk2BT 6 c1 þ c2kxk2BT ;

where ci; i ¼ 1; 2, are constants. Hence U is bounded.
Now, we have to show U is a contraction mapping. For any

x; y 2 BT , we have
kðUxÞðtÞ � ðUyÞðtÞk2 6 3 max
k

Yk
i¼1
kbiðsiÞk2

( )
kA�gk2kAggðt; xtÞ � Aggðt; ytÞk

2
I½nk ;nkþ1ÞðtÞ

" #
þ 3 max

i;k
1;
Yk
j¼i
kbjðsjÞk

( )" #2

�
Z t

t0

kA1�gSðt� sÞ½Aggðt; xsÞ � Aggðt; ysÞÞ�kdsI½nk ;nkþ1ÞðtÞ
� �2

þ 3 max
i;k

1;
Yk
j¼i
kbjðsjÞk

( )" #2 Z t

t0

kSðt� sÞkkfðs; xsÞ � fðs; ysÞkdsI½nk ;nkþ1ÞðtÞ
� �2

EkðUxÞ � ðUyÞk2t 6 3C2kA�gk2EkAggðt; xtÞ � Aggðt; ytÞk
2 þ 3maxf1;C2gðt� t0Þ

Z t

t0

C1�g

ðt� sÞ2ð1�gÞ EkA
ggðt; xsÞ

� Aggðt; ysÞk
2
dsþ 3maxf1;C2gðt� t0ÞM2

Z t

t0

Ekfðs; xsÞ � fðs; ysÞk
2
ds:
Thus,

EkðUxÞ � ðUyÞk2t 6 3C2kA�gk2 þ 3maxf1;C2gC1�gT
2g

2g� 1

� �
Lg

�
þ3maxf1;C2gM2T2Lf

�
Ekx� yk2t :

Hence,

kðUxÞ � ðUyÞk2BT 6 KðTÞkx� yk2BT ;

with

KðTÞ ¼ 3C2kA�gk2 þ 3maxf1;C2g C1�gT
2g

2g�1

	 

Lg þ 3maxf1;C2g

h
M2T2Lf�.

Then we can take a suitable 0 < T1 < T sufficient small such

that KðT1Þ < 1, and hence U is a contraction on BT 1
(BT 1

denotes BT with T substituted by T1). Thus, by the well-known
Banach fixed point theorem we obtain a unique fixed point

x 2 BT 1
for operator U, and hence Ux ¼ x is a mild solution of

(2.1), (2.2) and (2.3). This procedure can be repeated to extend

the solution to the entire interval ð�1;T� in finitely many

similar steps, thereby completing the proof for the existence

and uniqueness of mild solutions on the whole interval

ð�1;T�. h

Theorem 3.2. Let g : Rþ � bC ! X and f : Rþ � bC ! X satisfy
the assumptions ðH1Þ � ðH4Þ. Then there exists a unique, global,

continuous solution x to (2.1), (2.2) and (2.3) for any initial value
ðt0;uÞ with t0 P 0 and u 2 BT .

Proof 2. Since T is arbitrary in the proof of the previous

theorem, this assertion follows immediately. h
4. Stability

In this section, we study the stability through continuous

dependence of solutions on initial condition.

Definition 4.1. A mild solution xðtÞ of the system (2.1) and
(2.2) with initial value / satisfies (2.3) is said to be stable in
the mean square if for all � > 0, there exists d > 0 such
that

EkxðtÞ � x̂ðtÞk2 6 � whenever Ek/� /̂k2 < d;

for all t 2 ½t0;T�: ð3:2Þ

where x̂ðtÞ is another mild solution of the system (2.1) and (2.2)
with initial value /̂ defined in (2.3).

Theorem 4.1. Let xðtÞ and yðtÞ be mild solutions of the system

(2.1), (2.2) and (2.3) with initial values u1 and u2 respectively.
If the assumptions of Theorem 3.2 are satisfied, then the mild solu-
tion of the system (2.1), (2.2) and (2.3) is stable in themean square.

Proof 3. By the assumptions, xðtÞ and yðtÞ are two mild solu-
tions of Eqs. (2.1), (2.2) and (2.3) with initial values u1 and u2

respectively, then
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xðtÞ � yðtÞ ¼
Xþ1
k¼0

Yk
i¼1

biðsiÞSðt� t0Þ½½u1 � u2�
"

þ½gð0;u1Þ � gð0;u2Þ�� �
Yk
i¼1

biðsiÞ½gðt; xtÞ � gðt; ytÞ�

�
Xk
i¼1

Yk
j¼i

bjðsjÞ
Z ni

ni�1

ASðt� sÞ½gðs; xsÞ � gðs; ysÞ�ds
"

þ
Z t

nk

ASðt� sÞ½gðs; xsÞ � gðs; ysÞ�ds
�

þ
Xk
i¼1

Yk
j¼i

bjðsjÞ
Z ni

ni�1

Sðt� sÞ½fðs; xsÞ � fðs; ysÞ�ds
"

þ
Z t

nk

Sðt� sÞ½fðs; xsÞ � fðs; ysÞ�ds
��

I½nk ;nkþ1ÞðtÞ:
@

@t
uðt; xÞ þ

Z p

0

bðy; xÞuðtsint; yÞdy
� �

¼ @2

@x2
uðt; xÞ þHðt; uðtsint; xÞÞ; t–nk;

uðx; nkÞ ¼ qðkÞsku x; n�k
� �

; t ¼ nk;

uðt; 0Þ ¼ uðt; pÞ ¼ 0 ð5:1Þ
uðx; tÞ ¼ Uðx; tÞ0 6 x 6 p; �1 < t 6 0; t P 0:
Then,

EkxðtÞ � yðtÞk2 6 8M2 max
k

Yk
i¼1
kbiðsiÞk2

( )" #
E½ku1 � u2k

2

þ kA�gk2EkAggð0;u1Þ � Aggð0;u2Þk
2�

þ 4 max
k

Yk
i¼1
kbiðsiÞk2

( )" #
kA�gk2E½kAggðt; xtÞ

� Aggðt; ytÞk
2� þ 4 max

i;k
1;
Yk
j¼i
kbjðsjÞk

( )" #2

� ðt� t0Þ
Z t

t0

EkA1�gSðt� sÞ

� ½Aggðs; xsÞ � Aggðt; ysÞ�k
2
ds

þ 4M2 max
i;k

1;
Yk
j¼i
kbjðsjÞk

( )" #2
ðt� t0ÞZ t

t0

Ekfðs; xsÞ � fðs; ysÞk
2
ds

sup
t2½t0 ;T�

Ekx�yk2t 6 8M2C2½Eku1�u2k
2þkA�gk2LgEku1�u2k

2�

þ4C2kA�gk2Lg sup
t2½t0 ;T�

Ekx�yk2t þ4maxf1;C2g

�T

Z t

t0

C1�g

ðt� sÞ2ð1�gÞLg sup
s2½t0 ;t�

Ekx�yk2s ds

þ4M2maxf1;C2gT
Z t

t0

Lf sup
s2½t0 ;t�

Ekx�yk2s ds:

Therefore,

sup
t2½t0 ;T�

Ekx� yk2t 6 e�Eku1 � u2k
2;

where
e� ¼ 8M2C2½1þkA�gk2Lg�
1� 4C2kA�gk2þ4maxf1;C2gC1�gT

2g

2g�1

h i
Lgþ4M2maxf1;C2gT2Lf

h i :
Now given � > 0, choose d ¼ �e� such that Eku1 � u2k

2 < d.
Then

kx� yk2BT 6 �:

This completes the proof. h
5. An example

We conclude this work with an example of the form
Let X ¼ L2ð½0; p�Þ, and sk be a random variable defined on
Dk � ð0; dkÞfor k ¼ 1; 2; . . ., where 0 < dk < þ1. Further-

more, assume that sk follow Erlang distribution, where
k ¼ 1; 2; . . . and si and sj are independent with each other as
i–j for i; j ¼ 1; 2; . . .; q is a function of
k; n0 ¼ t0; nk ¼ nk�1 þ sk for k ¼ 1; 2; . . . and t0 2 Rþ is an

arbitrary given real number.
Define A an operator on X by Au ¼ @2u

@x2
with the domain

DðAÞ ¼ u2X u and
@u

@x
are absolutely continuous;

@2u

@x2
2X;

�����
uð0Þ ¼ uðpÞ ¼ 0:


It is well known that A generates a strongly continuous semi-
group SðtÞ which is compact, analytic and self-adjoint. More-
over, the operator A can be expressed as

Au ¼
X1
n¼1

n2hu; uniun; u 2 DðAÞ;

where unðfÞ ¼ ð2pÞ
1
2 sinðnfÞ, n ¼ 1; 2; . . ., is the orthonormal set

of eigenvectors of A. Then the operator ðA1
2Þ is given by

A
1
2u ¼

X1
n¼1

nhu; uniun on the space D A
1
2

h i
¼ u 2 X;

X1
n¼1

nhu; uniun 2 X

( )
This satisfies kSðtÞk 6 expð�p2ðt� t0ÞÞ; t P t0. Hence SðtÞ is
a contraction semigroup. In particular,

kA�1
2k ¼ 1

C 1
2

Z 1

0

t
1
2�1kSðtÞkdt < 1

p
:

We assume that the following condition hold:

ðiÞ The function b is measurable and
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Z p Z p
ðivÞ
0 0

b2ðy; xÞdydx <1:
ðiiÞ The function @
@t bðy; xÞ is measurable bðy; 0Þ ¼ bðy; pÞ ¼ 0

and let" #1
Lg ¼
Z p

0

Z p

0

@

@t
bðy; xÞ

� �2

dydx

2

<1:
ðiiiÞ For the function H : ½0;1Þ �R! R the following three
conditions are satisfied.
(1) For each t 2 ½0;1Þ; Hðt; �Þ is continuous.
(2) For each u 2 X ; Hð�; uÞ is measurable.

(3) There are positive functions h1; h2 : ½0;1Þ ! Rþ

such that
jHðt; uÞj 6 h1ðtÞ þ h2juj; ðt; uÞ 2 ½0;1Þ � X;
( )" #

E max

i;k

Yk
j¼i
kqðjÞðsjÞk2 <1:
Assuming that conditions ðiÞ and ðivÞ are verified. Under these
conditions, we can define the f; g and bk by

fðt; xtÞ ¼ Hðt; uðtsint; xÞÞ; gðt; xtÞ ¼
Z p

0

bðy; xÞuðtsint; yÞdy

bkðskÞ ¼ qðkÞsk:

Then the problem (5.1) can be modeled as the abstract random
impulsive neutral functional differential equation of the form
(2.1), (2.2) and (2.3).The next results are consequence of The-

orems 3.2 and 4.1 respectively.

Proposition 5.1. Let the hypotheses ðH1Þ–ðH4Þ be hold. Then
there exists a unique global mild solution u of the system (5.1).

Proposition 5.2. Let the conditions of Proposition 5.1 be hold.

Then the mild solution u of the system (5.1) is stable in the mean
square.
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