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Abstract

Suppose that k is an arbitrary field. Let k[[x, ..., x,]] be the ring of formal power series in n variables with coefficients in
k. Let k be the algebraic closure of k and o € E[[xl, ..., xp]]. We give a simple necessary and sufficient condition for o to be
algebraic over the quotient field of k[[xq, ..., x4]]. We also characterize valuation rings V dominating an excellent Noetherian
local domain R of dimension 2, and such that the rank increases after passing to the completion of a birational extension of R. This
is a generalization of the characterization given by M. Spivakovsky [Valuations in function fields of surfaces, Amer. J. Math. 112
(1990) 107-156] in the case when the residue field of R is algebraically closed.
© 2008 Elsevier B.V. All rights reserved.

MSC: 13F25; 13F30

1. Introduction

Suppose that k is an arbitrary field. Consider the field k((x1, ..., x,)), which is the quotient field of the ring
kl[[x1, ..., xn]] of formal power series in the variables x1, ..., x,, with coefficients in k. Suppose that k is an algebraic
closure of k, and o € k[[x1, ..., x,]] is a formal power series. In this paper, we give a very simple necessary and
sufficient condition for o to be algebraic over k((x1, ..., x;)). We prove the following theorem, which is restated in
an equivalent formulation in Theorem 3.2.

Theorem 1.1. Suppose that k is a field of characteristic p > 0, with algebraic closure k. Suppose that

i i P T
OOt X)) = Y iy i Xy X xl € Kl . x]]
i1,...,in €N
where ;i € %for alli. Let
L =k({aj,. i, | i1,...,in € N})
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be the extension field of k generated by the coefficients of o(xy,...,xy). Then o(x1,...,x,) is algebraic over
k((x1,...,xn)) if and only if there exists r € N such that [kL”r : k] < oo, where kLY is the compositum of k
and L?" ink.

In the case that L is separable over k (Corollary 3.4), or that k is a finitely generated extension field of a perfect field
(Corollary 3.3), we have a stronger condition. In these cases, o is algebraic if and only if [L : k] < co. The finiteness
condition [L : k] < oo does not characterize algebraic series over arbitrary base fields k of positive characteristic. To
illustrate this, we give a simple example, in Example 2.3, of an algebraic series in one variable for which [L : k] = oo.

In Section 2, we prove Theorem 1.1 in the case n = 1. The most difficult part of the proof arises when k is
not perfect. Our proof uses the theorem of resolution of singularities of a germ of a plane curve singularity over an
arbitrary field (cf. [1,20,8]). In Section 3, we prove Theorem 1.1 for any number of variables n. The proof involves
induction on the number of variables, and uses the result for one variable proven in Section 2.

In the case when k has characteristic zero and n = 1, the conclusions of Theorem 1.1 are classical. We recall the
very strong known results, under the assumption that k has characteristic zero, and there is only one variable (n = 1).
The algebraic closure of the field of formal meromorphic power series k((x)) in the variable x is

K@) = Ur | F(m) (1)
n=1

where F is any finite field extension of k contained in the algebraic closure k of k. The equality (1) is stated and
proven in Ribenboim and Van den Dries’ article [24]. A proof can also be deduced from Abhyankar’s Theorem ([3]
or Section 2.3 of [11]). The equality (1) already follows for an algebraically closed field k of characteristic zero from
a classical algorithm of Newton [6,8].

If k has characteristic p > 0, then the algebraic closure of k((x)) is much more complicated, even when k is
algebraically closed, because of the existence of Artin Schreier extensions, as is shown in Chevalley’s book [7]. In
fact, the series

L

o(x) = le_ﬂ’ : @)
i=l1

considered by Abhyankar in [4], is algebraic over k((x)), as it satisfies the relation
oP —xPlo —xP7l = 0.

When k is an algebraically closed field of arbitrary characteristic, the “generalized power series” field k((xQ)) is
algebraically closed, as is shown by Ribenboim in [23]. The approach of studying the algebraic closure of k((x))
through generalized power series is developed by Benhessi [5], Hahn [12], Huang, [15], Poonen [21], Rayner [22],
Stefanescu [26] and Vaidya [28]. A complete solution when k is a perfect field is given by Kedlaya in [16]. He shows
that the algebraic closure of k((x)) consists of all “twist recurrent series” u = »_ oixt in z((x@)) such that all ¢; lie
in a common finite extension of k.

When n > 1, the algebraic closure of k((xy, ..., x,)) is known to be extremely complicated, even when k is
algebraically closed of characteristic 0. In this case, difficulties occur when the ramification locus of a finite extension
is very singular. There is a good understanding in some important cases, such as when the ramification locus is a simple
normal crossings divisor and the characteristic of k is 0 or the ramification is tame (Abhyankar [3], Grothendieck and
Murre [11]) and for quasi-ordinary singularities (Lipman [18], Gonzélez-Pérez [10]).

More generally, subrings of a power series ring can be very complex, and are a source of many extraordinary
examples, such as [19,25,14].

As an application of our methods, we give a characterization of valuation rings V which dominate an excellent,
Noetherian local domain R of dimension two, and such that the rank increases after passing to the completion
of a birational extension of R. The characterization is known when the residue field of R is algebraically closed
(Spivakovsky [27]). In this case (R/mp algebraically closed) the rank increases under completion if and only if
dimg (V) = 0 (V/my is algebraic over R/mpg) and V is discrete of rank 1.

However, the characterization is more subtle over nonclosed fields. In Theorem 4.2, we show that the condition
that the rank increases under completion is characterized by the two conditions that the residue field of V is finite
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over the residue field of R, and that V is discrete of rank 1. The case when the residue field of V is infinite algebraic
over the residue field of R and the value group is discrete of rank 1 can occur, and the rank of such a valuation does
not increase when passing to completion. In Corollary 4.3, we show that there exists a valuation ring V dominating R
whose value group is discrete of rank 1 with dimg (V) = 0 such that the rank of V does not increase under completion
if and only if the algebraic closure of R/m g has infinite degree over R/mp.

We point out the contrast of the conclusions of Theorem 1.1 with the results of Section 4. The finiteness condition
[L : k] < oo of the coefficient field of a series over a base field k does not characterize algebraicity of a series in
a positive characteristic, while the corresponding finiteness condition on residue field extensions does characterize
algebraicity (the increase of rank) in the case of valuations dominating a local ring of Theorem 4.2. We illustrate this
distinction in Example 4.4 by constructing the valuation ring determined by the series of Example 2.3. We conclude
by showing a simple standard power series representation of the valuation associated to the algebraic series of (2),
whose exponents do not have bounded denominators.

The concept of the rank increasing when passing to the completion already appears implicitly in Zariski’s
paper [29]. Some papers where the concept is developed are [27,13,9].

If R is a local (or quasi local) ring, we will denote its maximal ideal by mg.

2. Series in one variable

Lemma 2.1. Suppose that R is a two-dimensional regular local ring, and x € mpg is part of a regular system of
parameters.

Suppose that kg is a coefficient field of R and y € R is such that x, y are regular parameters in R. This determines
an isomorphism

R3S kollx, y1I

of R with a power series ring. Suppose that « is separably algebraic over ky. Let yi = 2 — «. Then there exists a

2
maximal ideal n C R[”;—R] and an isomorphism

TmgrY &
R[ZE] 2 ko@llx m1)
X dn
which makes the diagram

R 8 Kl
!

R[@] A k@), y11]
X n

<~

commute, where the vertical arrows are the natural maps.

Proof. There exists y € R suchthat y = y + h where h € m%l@. We have
h(x, x(y1 + )

s 1)

y
L Te=n =y +hi(x1, y1)

where h1 € ko(a)[[x, y1]]lis a s~eries of order > 2. Thus we have natural change of variables ko[[x, y]] = ko[[x, y]]
and ko()[[x, y11] = ko(e)[[x, ¥ — «]]. We may thus assume that y € R.
‘We have a natural inclusion induced by A,

R [)XC] c R [JXC] C ko(@)I[x, yi11.

Letn = (x,y;) N R[%].
Let h(¢) be the minimal polynomial of « over kg, and f € R[%] be a lift of

() en2] = r2]ne2]

Then n = (x, f) and we see that R[%] /n = ko(a). Now the conclusions of the lemma follow from Hensel’s Lemma
(cf. Lemma 3.5 [8]). O
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Theorem 2.2. Suppose that k is a field, with algebraic closure k. Let k((x)) be the field of formal Laurent series in a
variable x with coefficients in k. Suppose that

o(x) =) ax' ek((x))

i=d
where d € 7 and a; € Efor alli. Let L = k({; | i € N}), and suppose that L is separable over k. Then o (x) is
algebraic over k((x)) if and only if

[L: k] < oo.

Proof. We reduce to the case where d > 1, by observing that o is algebraic over k((x)) if and only if x' ¢ is.

First suppose that [L : k] < oco. Let M be a finite Galois extension of k which contains L. Let G be the Galois
group of M over k. G acts naturally by k algebra isomorphisms on M[[x]], and the invariant ring of the action is
k[[x]]. Let f(y) = ]_[TeG(y —1(0)) € M[[x]][y]. Since f is invariant under the action of G, f(y) € k[[x]][y]. Since
f (o) =0, we have that o is algebraic over k((x)).

Now suppose that o (x) = Zil a;xtis algebraic over k((x)). Then there exists

g(x,y) = ap(x)y" +ar(x)y" ' + - +a,(x) € k[[x11[y]

such that ap(x) # 0, n > 1, g is irreducible and g(x, o (x)) = 0.
Let

y Y1 Yi—1
Yo=Y, VI =——U],y2=— —02,...,)Yi=— —0Uj,...
X X X

and define
So = kllx, y11, S1 = k(apllx, y11l, ... Si = k(ey, ..., ap)llx, yill, ...
We have natural inclusions
So—>Si1—> > 85— -
By Lemma 2.1, there exists a sequence of inclusions
Ry->R — - ---— Ri— - 3)

where Ry = k[[x]][y](x,y) and each R; is a localization at a maximal ideal of the blow up of the maximal ideal mg,;_,
of R;_1, and we have a commutative diagram of homomorphisms

So0 — S5 - - = 8§ -
t T T
Ry - RL - -+ — R —

where the vertical arrows induce isomorphisms of the m g,-adic completions Iéi of R; with S;. We further have that x
is part of a regular system of parameters in R; for all i, and mg, | R; = xR; for all i.
By our construction, we have that

Ri/mpg; = k(ay, ..., «a;) 4

for all i.
For_ all i, write g = xbi gi where g; € R; and x does not divide g; in R;.
In k[[x, y;]], we have a factorization

o0
y—o=x' (yi - Z (ijji>.
J=i+l1

Since y — o divides g in k[[x, v]], we have that y; — Z?‘;Hl ozjxf_i divides g; in kllx, vi]]. Thus g; is not a unit in
kl[x, ¥i1], and is thus not a unit in R;.
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Let C be the curve germ g = 0 in the germ Spec(Rp) of a nonsingular surface. The sequence (3) is obtained
by blowing up the closed point in Spec(R;), and localizing at a point which is on the strict transform of C. g; = 0
is a local equation of the strict transform of C in Spec(R;). By embedded resolution of plane curve singularities
([1,20] or a simple generalization of Theorem 3.15 and Exercise 3.13 of [8]) we obtain that there exists ig such that
the total transform of C in Spec(R;) is a simple normal crossings divisor for all i > iy. Since x¥ g; = g = 0is a local
equation of the total transform of C in Spec(R;), we have that x, g; are regular parameters in R; for all i > ip. Thus
giy = x'~i0g; forall i > io, and R; = R;_1[5=L], o) forall i > ig + 1.

We thus have that R; /mpg, = R,-O/le.0 for all i > igp, and we see that

L= JRi/mg = Rig/mp,, = k(ei, ..., ciy).
i>0

Thus [L : k] < co. [

Example 2.3. The conclusions of Theorem 2.2 may fail if L is not separable over k.

Proof. Let p be aprime and {#; | i € N} be algebraically independent over the finite field Z,. Letk = Z,({t; | i € N}).
Define

o(x) = itfx" € k[[x]].
Let -
f) =y"— itz‘xi" € k[[x]1[y].
o (x) is algebraic OV;:c[[x]] since
flo(x)) = (@)’ — itixi” =0.

However,
1

[k({z” |i eN}):k]=o00. O
Suppose that k is a field of characteristic p > 0 and L is an extension field of k. For n € N, let
LY ={f""| feL).

If k has characteristic p = 0, we take LP" = L for all n.

Theorem 2.4. Suppose that k is a field of characteristic p > 0, with algebraic closure k. Let k((x)) be the field of
formal Laurent series in the variable x with coefficients in k. Suppose that

o(x) =Y aix’ € k((x))
i=d

where d € 7 and o; € k foralli. Let L = k({o; | i € N}), and assume that L is purely inseparable over k. Then
o (x) is algebraic over k((x)) if and only if there exists n € N such that LP" C k.

Proof. As in the proof of Theorem 2.2, we may assume that d > 1.

First suppose that LP" C k for some n. Then 7(x) = o (x)?" € k[[x]], and & (x) is the root of ypn —1(x) =0.
Thus o is algebraic over k((x)).

Now suppose that o (x) = Z,Oi 1 a;x! € k[[x]] is algebraic over k((x)). Then there exists

g(x,y) = ap()y" +ar()y" "'+ + an(x) € k[[x]1Ly]
such that ap(x) # 0, n > 1, g is irreducible and g(x, o (x)) = 0.
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Let K be the quotient field of z[[x]][y], and let Ry = So = k[[x]1[y](x,y).- We will first construct a series of
subrings S; of K.

Define a local k-algebra homomorphism 7 : So — k[x1 by prescribing that wo(x) = x and 7o(y) = o (x). The
kernel of g is the prime ideal gSp.

== Z%HX € KIlx1]
=0
defines a k-algebra homomorphism S0[§] — k[[x]] which extends 7. Let A(1) € N be the smallest natural number

A1) _ _
such that af € k. Then the maximal ideal xk[[x]] of k[[x]] contracts to

CRILT] O So [%] _ (x, (;)p/\m ~ afm)> ‘

(1) A(1)
Sety; = (£)"  —of . Let

55 [2]
(X)l)

Let 1 : S; — k[[x]] be the local k-algebra homomorphism induced by .
We have that x, y; is a regular system of parameters in S7, with

)»(1) A1)
Za1+l » .
Sl/msl = k(()l]) and
[S1/ms, : So/ms,] = [k(e) : k] = p*.

A(DHA(2)
Let A(2) € N be the smallest natural number such that ag ’ € k(ay). Let

P

1 JRIGERYE)

»“n=\—75 — .
oD 2

Then there is an expansion in kl[x1]
K(UH(Z) A(l)+A(2)
2= Z at+2

Let S = S [%, a1]x,y,) C K. We have a local k-algebra homomorphism 73 : S — k[[x]] which extends 7.
X

A1)
We have Sp/mg, = k(ai, @y ), so that

[S2/ms, = S /ms, ] = k(o &) ¢ k(en)] = p*@.

We iterate the above construction, defining fori > 2,

AG)

Yi-1 p D)
Yi = PG -

o D +xu) D+ )
Za j+i

Jj=1

where p*@) e N is the smallest natural number such that

A(D+-+A(0) A1) A +-4A(i=2)
af € k(ag, p ool

i i—1
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Define
Vi1 PO AR2)
Si = Si—1 |: D+ i ’
X (x, i)

to construct an infinite commutative diagram of regular local rings, which are contained in K,

So - 5 - e =5 —
70 7 7|
kllx]] = klxl]l = - = klx]l =
We have
Si/ms, = Si—l/ms,»,l[Olfﬂ(l)%ﬂ(iil)] )

and
[Si/ms; : Si—1/ms; 1= p*®.

For all i, the field

pk(l) pk(1)+'--+k(i—2)
ki =k(ap, ey ..., 00 c S,
and
- PO
Si/ms, = kile;
We now construct a sequence
Ry—- R — ---— R — -

of birationally equivalent regular local rings such that there is a commutative diagram of local k-algebra
homomorphisms

Ry — R — —- R, —
I I '
So — S - - 5 =

satisfying
me; Si =mg; and Si/mS,- = Ri/mRi

for all i. The vertical arrows are inclusions.
This is certainly the case for Ry = Sp, so we suppose that we have constructed the sequence out to R; — S;, and
show that we may extend it to Rj+1 — Si11.
We have
px(1)+~-+x(i+1)

A1) PO+
Yit1

ek(ozl,ozé7 N & ) = Ri/mg,.

Thus there exists ¢ € R; such that the class of ¢ in R; /mp, is

pk(|)+4~+k(i+l)
o] =y

Our assumptions mg, S; = ms; and S;/ms, = R;/mp, imply that

n n+l ~ n
My [my =mg [mg (6)

as R;/mp, vector spaces for all n € N.
By (6), there exists z; € R; such that

Zi=Yyi+h
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] 24 prD A=) . 2 2
with h € mg. . We then have that mpg, = (x, z;), since mRi/mRi = mgi/msl_ as R;/mpg, vector spaces, and
Zi P yi P
xpx(1)+~~+x(i) - xpx(1)+~-+x(i)

1
by Nakayama’s Lemma. Now
h p
| —
DD
pMIHD

Yi ,
- (xp)\(l)+»--+k(i) +xh

4 . Vi
for some i’ € Sl [m]

AGi+1) Ai+1) Ai+1)

AGi+1)

p
Zi Zi Vi
<xpx(1)+---+x<i) ) AR |:x,,m)+---+w) } CSi |:xl’””+"’“(” }
has residue
Ali+1)
Vi P PPDHAGHD
L PP DD %4

in Si+1/.XSi+1 = Si/l’ﬂSi I:W{—I_HU):I Thus

pHFD
AR Zi _ Zi
My L o | T (x, P DD —9).
Let
Zj
RH_] =R; [w} pri+1)
xP o e —¢)
prDFFAD
We have mg,,, Si+1 = mg,,, (by Nakayama’s Lemma) and R;1/mpg, ; = Siy1/ms,,,.

We have factorizations g(x,y) = xPig; where B; € N and g; € R; is either irreducible or a unit. g; is a strict
transform of g in R;. Since m; (x) # 0, we have that g; is contained in the kernel of the map R; — S; z k[[x1], and
thus the ideal (g;) is the (nontrivial) kernel of R; — k[[x]]. In particular, g; € Mg, for all i.

Each extension R; — R; 4| can be factored as a sequence of p*(D+++*() birationally equivalent regular local
rings, each of which is a quadratic transform (the blow up of the maximal ideal followed by localization). The j-th
local ring with j < p*W++40) has the maximal ideal (x, j—’] )

By embedded resolution of plane curve singularities [1,8,20], we obtain that there exists ip such that g = 0 is a
simple normal crossings divisor in Spec(R;) for all i > iy, so that x, g; is a regular system of parameters in R; for all
i > ig. Thus

Zi
Rii1 =R | ————
i+ i xpk(l)erJer) .

for all i > iy, and
Siv1/ms,.; = Rig1/mp,, = Ri/mpg; = Si/my
for alli > ig. Thus A(i) =0 foralli > ig+ 1.
Let

P PTG
M =k(ay, a; e O =S,-0/mgi0.

From (5), we see that LT A Since M s a finitely generated purely inseparable extension of k, there

. r 1 l r
exists 7 € N such that M?" C k. Thus LP""7 0 k. 0O
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Theorem 2.5. Suppose that k is a field of characteristic p = 0, with algebraic closure k. Let k((x)) be the field of
formal Laurent series with coefficients in k. Suppose that

o(x) =) aix' €k((x))

i=d
where d € Z and a; € kfor alli. Let L = k({«; | i € N}). Then o (x) is algebralc over k((x)) if and only if there
exists n € N such that [kLP" : k] < oo, where kLP" is the compositum of k and LP" in k.

Proof. First suppose that [kL?" : k] < oo for some n. After possibly replacing n with a larger value of n, we may
assume that kL?" is separable over k. Then o (x)p” is algebraic over k((x)) by Theorem 2.2, and thus o (x) is algebraic
over k((x)).

Now suppose that o (x) is algebraic over k((x)). Let M be the separable closure of k in L. Then o (x) is algebraic
over M((x)). Since L is a purely inseparable extension of M, it follows from Theorem 2.4 that t(x) = o) €
M{[[x]] for some n € N. Since t(x) is algebraic over k((x)), we have that [kLpn : k] < oo by Theorem 2.2. [

Corollary 2.6. Suppose that k is a field of characteristic p > 0 such that k is a finitely generated extension of a

perfect field, with algebraic closure k. Let k((x)) be the field of formal Laurent series with coefficients in k. Suppose
that

o(x) =) aix’ € k((x))
i=d

where d € 7 and «a; € Efor alli. Let L = k({at; | i € N}). Then o (x) is algebraic over k((x)) if and only if
[L: k] < o0.

Proof. If [L : k] < oo, then o (x) is algebraic over k((x)) by Theorem 2.5.

Suppose that o (x) is algebraic over k((x)). By assumption, there exists a perfect field ' and sy, . .., s, € k such that
k = F(sy, ..., sy). By Theorem 2.5, there exists n such that [kLP" : k] < co. Thus kLP" = F(s1, ..., 85, B1, ..., Bs)
where 81, ..., s € kLP" are algebraic over k. Thus
e B e
LCFG{ ,....s" Bl B
Now
il i
[F(slpn,...,s,pn) F(s1,...,8)] < o0
and since By, ..., By are algebraic over F(s1,...,s),
£ % £ £ 5
[F(s/ .....s ,81 ,...,ﬁs”):F(sl",...,sr” )] < o00.
Thus
i B Bl
Lkl <[FG{ s/ B B ) ikl <oo. O

3. Series in several variables

We will now generalize Theorem 2.5 to higher dimensions.

Denote by X an n-dimensional indeterminate vector (x1, x2, ..., X,) and by / an n-dimensional exponent vector
(i1,i2,...,ip) € N*. Then for 1 <[ < n write X; = (x1,x2,...,x7), I; = (i1,i2,...,1;) and le = XIII =
x;' xéz . xli’. If E is a field denote by E[[X]] the formal power series ring in n variables with coefficients in £ and by

E((X)) the quotient field of E[[X]]. Also denote by E€ the perfect closure of E and by E the algebraic closure of E.
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Lemma 3.1. Suppose that E is a field and F is a field extension of E. Let

o= Z arX' € F[[X]], withaj € F,
IeN?

be a formal power series in n variables with coefficients in F. For any 1 <1 < n and I € N" define the following
power series in 1 variable with coefficients in F

o0
arg =Y oyxj.  where J = (i1, iz, ... i1, j.i11. . in).
J=0

Then o is algebraic over E((X)) implies ay | is algebraic over E((x;)).

Proof. We use induction on the number of variables. If n = 1 the statement is trivial. Suppose that n > 1. After
possibly permuting the variables we may assume that / = 1. Write X,,_; = (x1, ..., x,—1) and for all m € N consider
the power series in n — 1 variables

— R _ ry_r Fn—1
S = Z arX,_; = Z QRX| Xy -+ x,"T)

ReN" r,=m ReN" r,=m

If §;, is algebraic over E((X,—1)) it will follow from the inductive hypothesis that a; | is algebraic over E((x1)). We
will show that §,, is algebraic over E((X,—1)) for allm € N.
Consider the algebraic dependency relation for o over E((X))

e (X)o' +cm1 (X))o - el (X)o + co(X) = 0.

By clearing the denominators we may assume that ¢; € E[[X]] forall 0 < j < t. Let g be the highest power of x,

that divides c; for all j. Set c;. = (x,,_gcj)(xl, X2, ...,%Xy—1,0). Then c; € E[[X,—1]] and the following equation
holds:

¢ (Xn_1)8h + €)1 (Xn—)8h 1 4+ + | (Xn—1)80 + ¢ (Xn—1) = 0,

where c;. # 0 for some 0 < j < t. Thus § is algebraic over E((X,—1)).

Set o1 = xn_l(a — &0). Then o1 € F[[X]] and it is algebraic over E((X)). Arguing as above we get that 81 is
algebraic over E((X;—1)). In general we define o,,, = xn_1 (Om—1 — 8m—1) recursively for all m € N and use oy, to
prove that &, is algebraic over E((X,—1)). O

Theorem 3.2. Suppose that k is a field of characteristic p > 0. Suppose that

o= Z ar X! e k[[X1], witha; €k
IeN?

is a formal power series in n variables with coefficients in k. Let L = k({a; | I € N"}) be the extension field of
k generated by the coefficients of o. Then o is algebraic over k((X)) if and only if there exists r € N such that
[kLP" : k] < oo, where kLP" is the compositum of k and L?" in k.

Proof. First suppose that there exists » € N such that [kL?" : k] < oc. After possibly increasing r we may
assume that kL? is a separable extension of k. Let M be a finite Galois extension of k which contains kL”".
Notice that kLP' = k({ozfr | I € N"}) and, therefore o? € M[[X]]. Let G be the Galois group of M over
k. G acts naturally by k algebra isomorphisms on M[[X]], and the invariant ring of the action is k[[X]]. Let
fly) = ]_[TeG(y — t(o”r)) € MI[X]][y]. Since f is invariant under the action of G, f(y) € k[[X]][y]. Since
f(crpr) = 0, we have that o is algebraic over k[[X]].

To prove the other implication we use induction on the number of variables. When n = 1 the statement follows
from Theorem 2.5. Assume that n > 1.

Forall I € N" et

o0
ar =Y ayxy,  withJ = (i1, i, ....in-1, ),
j=0
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be a power series in 1 variable with coefficients in k. If K = k((x,)) then by Lemma 3.1 a; is algebraic over K for
all I € N". Then

1
o= Z arX,_,;
{1eN" i, =0}

isa serles in n — 1 variables W1th coefﬁcwnts in K. By the inductive hypothesis there exists N € N and » € N such that

K({a, | 1 e N"}) = K("I] a,2 a, '). Thus, for all I € N we have afr is a polynomial in af ,az ,az;

with coefficients in K.
Fix I e N,if j € NsetJ = (i1, i2,...,i4—1, j) and write

00
,- r r r
Zairxép — — Z < Z VS,mx,rln> (afl )sl(a;’z )SZ .. (ai’N)sN’
T}V

Se{0,1,..., m=—Mg

where T € N, § = (s1, 52, ..., sy) is an index vector, Ms € N and ys , € k for all S and m. This implies that for all

) r I r
I eNandj €N, af 7 is a polyn0m1a1 in the coefficients of power series af , aZ , afN over k. Moreover, for all
’

r v r

r’ > r we also have o) 7 is a polynomial in the coefficients of power series afl afz e afN over k. Thus kL?" is
the field extension of k generated by the coefficients of power series a;’l , afz ey afN .
. . . R
Applying Theorem 2.5 to each of the series ay,, ay,, ..., aj, we see that there exists R € N such that kL?" is

finitely generated over k. [

Similarly to the case of one variable we deduce the following corollary.

Corollary 3.3. Suppose that k is a field of characteristic p > 0 such that k is a finitely generated extension of a
perfect field. Suppose that

o= Z ar X! € k[[X]], witha; €k
IeNn

is a formal power series in n variables with coefficient in k. Let L = k({a; | I € N"}) be the extension field of k
generated by the coefficients of o. Then o is algebraic over k((X)) if and only if [L : k] < oo.

Also notice that if E is a field of characteristic p > 0 and a is separable algebraic over E; then for all r € N we
have E[a”r] = Ela]. Thus if F is a separable extension of E, EFP" = F forall r € N. So we have the following
statement in case of separable extensions.

Corollary 3.4. Suppose that k is a field of characteristic p > 0. Suppose that

o= Z ar X! e k[[X1], witha; €k
IeN"

is a formal power series in n variables with coefficient in k. Let L = k({a; | I € N"}) be the extension field of k
generated by the coefficients of o. Suppose that L is separable over k. Then o is algebraic over k((X)) if and only if
[L:k] < oo

4. Valuations whose rank increases under completion

Suppose that K is a field and V is a valuation ring of K. We will say that the rank of V increases under completion
if there exists an analytically normal local domain 7 with quotient field K such that V dominates 7 and there exists
an extension of V to a valuation ring of the quotient field of T which dominates 7 which has higher rank than the
rank of V.

Suppose that V dominates an excellent local ring R of dimension 2. Then by resolution of surface singularities [17],
there exists a regular local ring Ro and a birational extension R — Ry such that V dominates Ry. Let

Ry—-R — ---—> R, —> --- @)
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be the infinite sequence of regular local rings obtained by blowing up the maximal ideal of R; and localizing at the
center of V. Since R has dimension 2, we have that V = U?io R; (asis shownin [2]), and thus V/my = U;’io Ri/mpg;.
We see that V /my is countably generated over R/mg.

Suppose that the rank of V increases under completion. Then there exists n such that for all i > n, there exists a
valuation ring V) of the quotient field of the regular local ring R; which extends V, dominates R;, and has rank larger
than 1. By the Abhyankar inequality ([2] or Proposition 3 of Appendix 2 [30]), we have that R; has dimension 2, V;
is discrete of rank 2, and V; /my, is algebraic over R; /mp . Thus V/my is algebraic over R/mpg and V is discrete of
rank 1.

It was shown by Spivakovsky [27] in the case that R/m is algebraically closed that the converse holds, giving the
following simple characterization.

Theorem 4.1 (Spivakovsky [27]). Suppose that V dominates an excellent two-dimensional local ring R who residue
field R/mpg is algebraically closed. Then the rank of V increases under completion if and only if dimg (V) = 0 and
V is discrete of rank 1.

The condition that the transcendence degree dimg (V) of V/my over R/mg is zero is just the statement that V /my
is algebraic over R/mp. In the case that R/mp, is algebraically closed, dimg(V) = O if and only if V/my = R/mg.

Using a similar method to that used in the proof of our algebraicity theorem on power series, Theorem 2.2, we
prove the following extension of Theorem 4.1.

Theorem 4.2. Suppose that V is a valuation ring of a field K, and V dominates an excellent two-dimensional local
domain R whose quotient field is K. Then the rank of V increases under completion if and only if V /my is finite
over R/mpg and V is discrete of rank 1.

Proof. First assume that the rank of V increases under completion. Consider the sequence (7). We observed above
after (7) that V/my 1s algebraic over R/m R and V is discrete of rank 1. Further, there exists R; and a valuation V; of
the quotient field of R; which dominates R; whose intersection with the quotient field K of R is V, and the rank of
V1 is 2. Without loss of generality, we may assume that R; = Ry.

Fori > 0, let p(R;)co be the (nontrivial) prime ideal in R; of Cauchy sequences whose value is greater than n for
any n € N (Section 5 of [9]). Since R; is a two-dimensional regular local ring, p(R;)c is generated by an irreducible
element in Ié,' for all i. Let f be a generator of p(Rp)co. By resolution of plane curve singularities [1,8,20], there
exists i in the sequence (7) such that f = h; f;, where h; € R; is such that h; = 0 is supported on the exceptional
locus of Spec(R;) — Spec(R), and f; € R; is such that R; / f,R is a regular local ring. We necessarily have that
P(R)so = fi R;. Again, without loss of generality, we may assume thati = 0. Let Ty = Ry, and let

To—>T — --—>T, —> -

be the infinite sequence of regular local rings obtained by blowing up the maximal ideal of the regular local ring T;
and localizing at the center of V;. We then have a commutative diagram

Ry - Rf » -+ — R —

I J !

n —-— T —» -+ > T, — ... 8)
Lo L

Ry - RR » -+ —> R —

There exists x € Rg such that x, fj is a regular system of parameters in Ty. Thus 77 = To[%] .0y Define f; = £

Y
fori > 1.Then T; = TO[ﬁ](x,f,-) and P(Ri)oo = ﬁR, foralli > 0. Thus R,'/mR,. = T,/mT, = To/(x, f()) = R()/mRO
for all i. Since V/my = U;>o R;/mpg, = Ro/mp, and Ro/mp, is finite over R/m g, we have the conclusions of the
theorem.

Now assume that V /my is finite over R/mg and V is discrete of rank 1. Consider the sequence (7). There exists i
such that R; /mg, = V/my. Without loss of generality, we may assume that R = R;. Let v be a valuation of K such
that V is the valuation ring of v. We may also assume that there are regular parameters x, y in R such that v(x) = 1
generates the value group Z of v.Let m : R — R/mpg = V/my be the residue map. Let yg = y. There exists ngp € N
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such that v(y) = ng. Let ¢p € R be such that 7(xg) = [%] € V/my.Lety; =y —apx", and let n; = v(y1).
We have n; > ny. Iterate, to construct y; € R and n; € N with v(y;) = n; fori € N by choosing «; € R such that
Vitl = yi — a;x"i satisfies n;j 41 > n;. Thus {y;} is a Cauchy sequence in R. Let o be the limit of {y;} in R.Let D
be an extension of v to the quotient field of R which dominates R. Then V(o) > nforall n € N, so that b has rank
2 > 1, and we see that the rank of V increases under completion. [

We see that the condition that V /my is finite over R/mp thus divides the class of discrete rank 1 valuation rings
with dimg (V) = 0 into two subclasses, those whose rank increases under completion ([V/my : R/mR] < 00), and
those whose rank does not increase ([V/my : R/mR] = 00). We have the following precise characterization of when
this division into subclasses is nontrivial.

Corollary 4.3. Suppose that R is an excellent two-dimensional local ring. Then there exists a rank 1 discrete valuation
ring V of the quotient field of R which dominates R such that dimg (V) = 0 and the rank of V does not increase
under completion if and only if [k : k] = oo, where k is the algebraic closure of k = R/mpg.

Proof. Suppose that [k : k] < oo, and V is a rank 1 discrete valuation ring of the quotient field of R which dominates
R such that dimg (V) = 0. Then

[V/my : k] <[k : k] < oo.

Thus the rank of V must increase under completion by Theorem 4.2.

Now suppose that [k : k] = co. We will construct a rank 1 discrete valuation ring V of the quotient field of R
which dominates R such that dimg (V) = 0 and the rank of V does not increase under completion.

There exists a two-dimensional regular local ring Ry which birationally dominates R. We have [k : Ro /mg,] = oo.
Let x, yo be a regular system of parameters in Rg. We will inductively construct an infinite birational sequence of
regular local rings

Ry—- R — ---— R — -

such that R; has a regular system of parameters x, y; and [R; /mpg, : Ri—1/mg, ] > 1 for all i. Suppose that we have
defined the sequence out to R;. Choose o1 € k — R;/mg,. Let h;11(¢) be the minimal polynomial of ;4 in the
polynomial ring R; /mg,[t]. We have an isomorphism
Rl‘ I:@:I /le' I:@:I = R,-/mRI. [&] .
X X X
Let yi1 be aliftof hii (%) to Ry [ £ ], Let

mR;

Riy1=R; [ ] .
X d(x,yit1)

We have that R; 1 1/mp,.; = Ri/mpg, (@iy1).

Let V = U?io R;. V is a valuation ring which dominates R (as is shown in [2]). V/my = U;’io R;/mpg, so that
dimp(V) =0and [V/my : k] = oo.

V must have rank 1 since [V /my : k] = oo (for instance by the Abhyankar inequality, [2] or Proposition 3 [30]).
By our construction, v(x) < v(f) for any f € my = U2 mg,. Thus the value group of V is discrete. Since

[V/my : k] = oo, by Theorem 4.2 the rank of V does not increase under completion. O

When a valuation ring V with quotient field K is equicharacteristic and discrete of rank 1, it can be explicitly
described by a representation in a power series ring in one variable over the residue field of V. In fact, since V is
discrete of rank 1, it is Noetherian (Theorem 16, Section 10, Chapter VI [30]). As V is equicharacteristic, the my-adic
completion V of V has a coefficient field L by Cohen’s theorem, and thus = L[[z]] is a power series ring in one
variable over L = V/my. Wehave V = K N V. The subtlety of this statement is that if k is a subfield of K contained
in V such that V/my is not separably generated over k, then there may not exist a coefficient field L of V which
contains k.

Although the completion of a rank 1 valuation ring is a power series ring, in positive characteristic, the valuation
determined by associating to a system of parameters specific power series may not be easily recognizable from a
series representation of the valuation ring. This can be seen from the contrast of the conclusions of Theorem 1.1 with
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the results of this section. The finiteness condition [L : k] < oo of the coefficient field of a series over a base field k
does not characterize algebraicity of a series in positive characteristic, while the corresponding finiteness condition on
residue field extensions does characterize algebraicity in the case of valuations dominating a local ring of Theorem 4.2.
We illustrate this distinction in the following example.

Example 4.4. The valuation induced by the series of Example 2.3, whose coefficient field is infinitely algebraic over
the base field k, has a residue field which is finite over k.

Proof. With notation of Example 2.3, we have a k-algebra homomorphism

R = k[u, v](u,u) = K[[x]]
defined by the substitutions

o0

1
u=x,v=o0(x)= Zt”

1 _
m is 1-1 since x, y and the tl.” are algebraically independent over k. The order valuation on k[[x]] induces a rank 1
valuation v on the quotient field of R. Let v; = (”)1’ — 1.
R[ ) is dominated by v. From the expansion

V] = Zli_;,_l.xlp,
i=l

we inductively define

Vjt+1 = _t]+1 Zt,+]xp
and
vj
Rjwr = Ri [ P:I
u (u,vj41)

for j > 1. The R; are dominated by v for all j, so that V = U;> R; is the valuation ring of v. We have that the
1
residue field of V is V/my = R/mpg, = k(tl” ). This is a finite extension of k, in contrast to the fact that the field of
1

coefficients L = k({ti; | i € N}) of o(x) has infinite degree over k. [

An especially strange representation of a rank 2 discrete valuation is given by the example (2) of a power series
whose exponents have unbounded denominators.
Let k be a field of characteristic p > 0, and consider the series

o
o= Zx p 9)
i=1

of (2). o is algebraic over k(x), with irreducible relation 6? — x?~lo — xP~1 = 0.

Consider the two-dimensional regular local ring Ry = k[x, y](x,y). X and y are regular parameters in Ro. Let
y = o(x). We see from (9) that y does not have a fractional power series representation in terms of x. However, by
expanding x in terms of y, we have an expansion

X = yPT(1 4 y) P (10)

which represents x as a fractional power series in y with bounded denominators.
Let g = y? — x?~!ly — xP~! € Ry. g = 0 has a singularity of order p — 1 in R. Let

X
R1 =R |:—, y] .
Yo dGgw
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x| = ;—‘ and y are regular parameters in R;. g = y”~!g;, where

_ p—1 p—1
1=y —XxX Y—X

is a strict transform of g in Ry. g; = 0 is nonsingular. From the equation g; = 0 we deduce that

-1 1.
y=x{ (1-—x/ -t

=xf71(1—|—xf771 +x12

ZOO [(p—1)
.
= xl ,

i=1

(p—1) + .. )

obtaining a standard power series expansion of y in terms of x.
We obtain a fractional power series of x; in terms of y with bounded denominators either from the equation g1 = 0,
or by substitution in (10).
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