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Abstract

We propose a new system of integral equations for the exterior time harmonic Maxwell’s equation. This
system is derived first from elementary manipulations of classical equations then by the minimization of
a quadratic functional associated to incoming and outgoing electromagnetic waves. We analyze the inf-sup
condition and various penalized problems related to this system. Then we prove that an iterative algorithm
for the solution of the system of integral equations is convergent. Other numerical issues are also discussed.
(© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

We propose and study a new system of integral equations for solving obstacle scattering by
time-harmonic electromagnetic waves, with a particular emphasis on impedance boundary conditions:
see [2,4,1] for some recent works about scattering with impedance boundary conditions. We think
that the method presented in this work could have some advantages from the computational point
of view when compared to more classical integral equations like electric field integral equation
(EFIE) or magnetic or combined field integral equation (MFIE,CFIE), [9,20]. For instance, the
particular algebraic structure of our system allows us to obtain convergence theorems for iterative
algorithms (we give a proof for one of them in this paper), which is known to be difficult to get
with classical integral equations. This difficulty is not only theoretical but also practical since it is
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known that the lack of coercivity of classical integral equations can result in poor convergence rates
for iterative methods, at least for general geometries and in general situations, [21,23,19]. In this
work, we show that it is possible to solve scattering problems by means of a system of integral
equations with a positive real spectrum. This kind of system has been derived in [12,13], in the
2-D acoustic, in [11] for Maxwell’s equations and in [27,26] for Maxwell’s equations coupled with
a domain decomposition strategy in a bounded domain. However, the approach presented here is
expected to be less complicated as it uses more general arguments than in those original papers. The
idea of the method is to construct a positive quadratic functional whose minimum is the outgoing
electromagnetic wave satisfying a given boundary condition. This functional is defined on a set
of outgoing and incoming electromagnetic waves. We show that this set can be parameterized by
means of electric and magnetic currents plus a kernel of an electromagnetic Herglotz wave pair, [9],
these three parameters satisfying a set of linear constraints. The new system of integral equations
is obtained by writing down the optimality conditions of the associated Lagrangian. It can also be
obtained by some direct manipulations of classical integral operators for electromagnetism.

One interesting feature of the new system of equations, comparing to the classical ones, is that
the space of solutions is L?. A penalization procedure may be used to get more coercivity on
the multiplier, even if the inf-sup condition is already true for the nonpenalized formulation. This
coercive framework might appear as unusual when compared with the standard theory of integral
operators for electromagnetism. However, the proof of well-posedness of the weak formulation that
we give is based on some well known fundamental properties of the exterior Calderon projectors for
Maxwell’s equations. Let us mention that in previous work [12] most of the properties of the coercive
formulation were derived from the analysis of special functions related to Helmholtz equations and
not via Calderon projectors.

The outline of the paper is the following. First, we derive the new system by simple manipulations
of classical integral operators for electromagnetism. Then, we introduce the space #~ of incoming
and outgoing solutions of Maxwell’s equations, on which we define a suitable quadratic functional
depending on a boundary data. We prove that the minimum of this functional is reached at a point that
coincides with the outgoing solution of Maxwell’s equation satisfying a boundary condition linked
to the data boundary. Using a parameterization of ¥~ by means of currents, we show that the system
has an interpretation as a minimization problem with constraints. Introducing a Lagrange multiplier
and the associated Lagrangian, the optimality conditions allow us to recover the system previously
obtained. Then, we first discuss well-posedness of the system. Second, we introduce a penalization
to get more tractable problems from the numerical point of view. We also prove well-posedness
of the penalized system. Finally, we propose an iterative algorithm to solve the system and prove
its convergence. We end up with a discussion on some numerical issues. In order to give a better
understanding of the new system, we analytically determine, in Appendix C, the spectrum of our
integral operator in the special case of a spherical scatterer.

2. A first derivation of the integral equation system
Let D~ C R® be a bounded domain with regular boundary I' (at least of class C?), and let n(x)

be the unit normal vector to I directed into D™ C R?, the exterior domain of D~. The problem we
address is the determination of the outgoing electromagnetic field scattered by I'. Let £ > 0 be the
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wavenumber and Z, the vacuum impedance. The field is a solution to (1), (2) where

VANE"—ikZyH" =0 in D",

VAH" +ikZy'Et =0 in D" (1)
is the Maxwell system and

lim |x| <20H+ A E+> =0 2)

|x|]—00 |x|

is the Silver—Miiller radiation condition at infinity. System (1)—(2) must be supplemented by a
boundary condition on I'. Let us assume for now that the boundary condition is an absorbing
boundary condition

n(x) A (E}(x) An(x))+ ZO(H/J;(x) An(x)) = G™. 3)

Other boundary conditions will be considered in Section 5. It is well known (e.g. Theorem 6.6 in
[9]) that the determination of the solution (E*,H ™) amounts to the knowledge of the equivalent
currents

J=nAHp, M=-nAE, (4)
through the relations

E(x)=iZyTJ(x) + KM (x),

H(x)=—KJ(x)+iZy 'TM(x), (5)

where 7 and K are the classical potential operators defined by

~ 1
7= Ven (Von [ Gensare)).

RIG) =V, A /r G, 7)J(»)dI (). (6)

or, in another form,

T =k [ (G(x, NI+ 5 TG V! -J(y)) ar),

RIG) = /F V,G(x. ) AJ() AT (). 7)

Here V'-J(y) denotes the surface divergence of J. The kernel G(x, y) is the radiating Green function
for the 3-D Helmholtz equation

ex ik|x—y|
Gx, y) = =P (8)

Anlx — y|
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The same definitions apply to j’ M and KM . When x in D' approaches the boundary I, it is
well-known that the potentials 7./(x) and T'M(x) possess continuous tangential traces on I" while
the tangential components of KJ(x) and KM (x) have a jump across the boundary. In particular, we
have

n(x) A (E}(x) An(x))=1ZyTJ(x) + KM (x) + %n(x) A M(x),
n(x) A (H E(x) A n(x)) = —KJ (x) +1Z; ' TM — Sn(x) A J(x), 9)
where T and K are defined by

TJ(x) = lim n(x) A (TJ(¥)) A n(x)),

KJ(x)= (/F n(x) N (V,G(x, y) AJ(y))dF(y)> A n(x). (10)
Using expressions (4) that relate fields and currents, we obtain

0=1Zy(TJ )(x) + (KM)(x) — in(x) A M(x),

0=(KJ)(x) — in(x) AJ(x) —iZy (TM )(x), (11)

or, in a matrix form,

Su =0, (12)
where
T K — inA
S — , (13)
K — nA T
and
Ji 1ZyJ
u= - I (14)
M, Vize M

Eq. (12) is a compatibility condition and gives profound insights into electromagnetic behavior. It
expresses the fact that not all pairs of tangential fields on I' are composed of tangential traces of
radiating electromagnetic field. To be such a trace, it is necessary (and sufficient, actually) that the
pair lies in the kernel of the integral operator S.

All previous calculations are completely standard. To go further, we introduce the decomposition
in real and imaginary part of the Green function G(x, y),

_ cos(kpr— y|) . sin(klx = y))

G(X,J’)— = Gr(xay)"‘iGi(xay)- (15)

4nfx — yl 4nfx — yl
We obtain a similar decomposition for S in real and imaginary parts

S=T+iR, (16)
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with
T, K, — inn T, K
K, — inn T, K T,
At this point, we introduce the new unknown
iJ) J 1iZyJ
V= iu = . = = 1 , (18)
iM, M, Wiz M
allowing us to read Su=Tu + iRu =0 as
—Tu—Rv=0, (19)
or, in an equivalent way,
Tv — Ru=0. (20)

The operators 7, and K, are symmetric, while n(x)A is antisymmetric. If T* is the adjoint of T,
and

0 n(x)/\]
II= , (21)
—n(x)A\ 0
we have
T-T =1L (22)

The operators 7; and K; are symmetric and regularizing (G;(x, y) is a smooth symmetric kernel); so,
R is as a symmetric and regularizing operator. Now, we derive the following decomposition of R.
Ifdisa given direction on the unit sphere S? and if (J(x),M(x)) are two given tangential fields
on I', we define the far field operators a> and A* by

A k ~ n I
a®J(d) = p / d A (J(x)Ad)e ®4dr(x), (23)
r
J(x) J| . n n n
A — A™® (d)=a>J(d)—id A a>®M(d). (24)
M(x) M
Using the integral identity
sinklal _ & / e dda(d), neR’, (25)
I an Js

we prove in Appendix A the following factorization:

R = (A®)*A>, (26)
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J’ J’
R , , =[A*® , .
M TLA(I)X TLA(T) M TL2(S?)

Here TL*(I') (resp. TL?*(S?)) denotes the set of tangential fields on I' (resp. on S?),

1e.,
J
M

AOO

TLA (I ={p LX), p.n=0)}.

A similar definition applies to TL?(S?).
Eq. (26) shows that R is a symmetric positive operator. It allows us to rewrite (19) as

— Tu — (A®)*A%y = 0. (27)

Eq. (27) will be the first equation of our system of integral equations.
So far, we have not used the boundary condition on I'. As mentioned before, we assume that the
electromagnetic field satisfies an absorbing boundary condition of the type

n(x) A (Ejp(x) A n(x)) + Zo(H p(x) A n(x)) = G™, (28)

where G™ is some incoming field (source term) on I'. From (4) and (14), we have the two equivalent
relations

Ji(x) — in(x) A My(x) = —1 —— G™(x),
IZ()
1 .
—in(x) AJi(x) + M (x) = —n(x) A V7 G"(x). (29)
Defining
- © 1 (in
—1 \/ﬁ G (x)
g= e (30)
_ /\ - n
| () N7 (x)
and using Definitions (14) and (18) for u and v, we get
0 n(x)A
u— v=g, (31)
| ()N 0
or, using (22),
u+Ilv=u+Tv-T'v=g. (32)

We use (20) to obtain

u+Ru—T'v=g. (33)
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We join (33), with the factorization (26) of R, to Eq. (27) to obtain the final system
u+ (A®)'A%u—-T'v=g,
—Tu — (A®)*A®v =0. (34)

This will constitute the main integral system we shall discuss in this work. System (34) differs
from the other classical integral equations by involving only real operators and being symmetric.
Furthermore, it can be seen as the optimality conditions of a saddle point problem. Let us assume
for example that T is a continuous operator on TL*(I')?. If we define the spaces

U=TLXI')x TLXI'), Z=TL*S?%), (35)
and the Lagrangian

Ly v = 3w+ A+ S

+Re < Tu* —i(A®)y*, v >y—Re<g, u >y, (36)

where (u*,v*)€u and y € Z, then, the optimality conditions of the saddle point problem

ZL(u,v,y) :ungigrrng L, y*,v"), (37)
are nothing but

u+ (A*)'A%u —T'v=g,

Y +iA®v =0,

—Tu — i(A*)*y =0. (38)
In other words, (u,v) is a solution of (34) and

y =1iA%. 39)

3. A second derivation of the system of equations

The particular structure of system (34) gives some hints that it might be possible to derive it
through the minimization of some quadratic functional: actually, this system was first obtain through
this procedure. This section is devoted to the association of (32) with the corresponding positive
quadratic functional.

3.1. Definition of incoming and outgoing electromagnetic fields

The idea is to consider a space of incoming and outgoing electromagnetic fields on D*. We
assume D" to be a domain of class C2.
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Definition 1. We define %, the space of the fields (E,H) on D' such that

o (E,H) is in (12 (D*))® x (L .(D"))?

loc loc

e (E,H) satisfies to Maxwell’s equations

VANE —ikZyH =0 in D

VAH+ikZy'"E=0 in D*. (40)
e The tangential traces of (E,H) exist in TL?>(I'), i.e. the electromagnetic field possess tangential

traces on I' of square integrable modulus.
e (E,H) has the asymptotic behavior at infinity.

lim & [ (EPGO+ 2P0 dr < o (1)
RH@LR D;

where
Dy ={|x| <R, xeD"}.
Note that every solution (E,H) of Maxwell’s equations in D™ is regular (it has analytic Cartesian

components) at points far enough from the boundary I'.
All these properties are usual, except the behavior at infinity. It is given in the following lemma.

Lemma 1. Let (E,H) be in W, then there exists two fields a>*(E,H) and a™ (E,H) in Z=TL*(S?)
such that, if we define

oiklx] —ikl|
E®(x) = ] alS(E,H; %) + ] ano(E, H; %),
X X
ik |x| C_%hl )
ZoH (x) = X (£ A age (E,H; %)) — ﬁ(ani?o(E,H;f)) (42)
X X
where X = x/|x|, then
1
lim / |E(x) — E¥(x)]*dx =0, (43)
R—=o0 R Jr<|x|<2R
1
lim / |H(x) — H®(x)|* dx = 0. (44)
R—o0 R Jp<|x|<2r

The proof of this lemma is postponed to Section 3.4 (see Lemma 4). The field a®(E,H;x) can be
seen as the far field for the outgoing part of the electromagnetic field: a’y (£, H;X) corresponds to
the far field for the incoming part of the electromagnetic field.
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3.2. Definition of the quadratic functional; minimization
We define for (E,H) in ¥,
Gt = GP(E,H) = n(x) A(Ejr An(x)) + ZoH)r A n(x),
GM = GY(E,H) = —n(x) N (E;r An(x)) + ZoH)r A n(x), (45)

and consider a given tangential field G™ in TL*(I'), which will play, as previously, the role of
the right hand side of the (absorbing) boundary condition on I': G™ is therefore a data. We then
introduce the following functional:

I(E,H)=1|GME,H)|* + |G (E,H)|?

+ || aSS(E )3 + lai (B, H|IZ — Re(GR(E,H), G™), (46)
where (.,.) and ||.| denote, respectively, the inner product and the corresponding norm in 7L*(I').

Theorem 1. The minimum of I(E,H) for (E,H) in W  is reached by the solution of the following
problem

VANET —ikZy)H" =0 in DT,

VAH"+ikZy'ET =0 in DY,

n(x) A (E/J}(x) An(x)) + ZO(H/J}(x) An(x))=G™ on T,

d"(ET,H")=0 at infinity. (47)

This result means in particular that it is possible to relax both the radiation condition at infinity
and the boundary condition in the formulation of the problem, and to recover them through the
minimization process. Note that the condition at infinity is treated exactly the same as the boundary
condition on I'. We will show later that minimizing the functional / amounts to solve system (33)
derived in the first section.

The key point of the proof lies on the following isometry lemma, which is exactly equivalent to
the unitarity of the scattering matrix in scattering theory [22].

Lemma 2 (Isometry lemma). Let (E,H) be some electromagnetic field in W . Then, the following
equality holds:

HIGRE )| + [labo (B, HD|Z = 3 GFEH)|* + [|aS (B, H)|7- (48)
Proof. We introduce the truncated domain

Df ={xeD", |x| <r},
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where r is a large positive number. The boundary of D) splits into two parts: I' (the interior
boundary) and S? (the exterior spherical boundary):

oD =T US>

The outward normal is denoted by v(x); v(x) = —n(x) on I' and v(x) =X = x/|x| on the spherical
part of the boundary S?.
Maxwell’s equations (40) imply that

(VNE —ikZoH)-H — (V NH +ikZ; 'E) - E)dx.
D/

Using the usual Stokes formula
/(V/\U-V—V/\ V-U)dx:/ (VAWUpp Av))-(Vigp Av)dr, (49)
D oD
one obtains
/ (WA(EAV))-HAv)dT = ik/ (Zo|H* — 7, |E*) dw.
oD D
Therefore we get taking the real part

Re (v/\(EAv))~(I-_I/\v)dF:9‘{e/ (VAEAV))-(HAv)A =0,

oD} rus?

which is equivalent to
/ | —(v/\(E/\v))+Zo(H/\v)|2dF:/ |+ (vA(EAV)) + Zy(H Av)[*dT.
rus? rus?

We then take the mean value of this equality for » between R and 2R and let R goes to infinity.

With the help of Lemma 1 and fZR dr fsz do = fR<‘x|<2|R| dx, we get

2R
lim / / | — (VA (EAV))+ Zo(H Av)[*dT dr
rus?

:/ | — (n(x) AN (Eir An(x))) — Zo(H(x) A I’l(x)\2 dr'(x)

2R —ikr n
hm R/ dr/ r do"(d)‘ als(E,H;d) — er aoo(E,H;d)
R—00 S2

ikr —ikr ) . . 2
+7((d/\ aQ(E,H;d)) Nd) — ——((d A a3 (E,H;d)) Ad)

/yG (x)]zdF(x)+4/ a"™ (E,H;d))|> do(d).
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We get in a same way,

1 2R
lim / / |+ (v A(E Av)) + Zo(H A v)[2dT dr
R oD}

R—oo R

= / |G?”t(X)|2dF(X)+4/ a2 (B, H;d))|* da(d). (50)
r s
This ends the proof of Lemma 1.

Proof (Theorem 1). Once the isometry lemma has been obtained, the minimization of /(E,H) be-
comes obvious. Indeed, Definition (46) and Eq. (48) gives

I(E,H)=1|GME.H)|* +2||a%(E,H)|Z — Re(GF(E,H),G™)
=\GMEH) - G"|* + 2||a (. H)|Z — LI|G™| (51)

It is then clear that the minimum is —[|G™||* and is reached exactly for the electromagnetic field
such that both the condition at infinity and the boundary condition are satisfied:

d"(E,H)=0, GMNE,H)=G™ (52)

Now, all the remaining difficulty is to choose an appropriate—and useful for practical computations—
parameterization of space #~ of incoming and outgoing electromagnetic fields to derive the expres-

sions of the related quantities GIt, G, 4l and a2

3.3. Representation of the W -electromagnetic fields

Let (E£,H) be in ¥/ and consider (E,H) the extension by zero of (E,H) to D~. It is classical to
show that (E,H) satisfies in the sense of distributions on R?

~ ~ 1 - o o
KE + AE = —ikZ, <J5r + 5V (J5p)> +V A (M),

KH + AH = —‘Zi‘ (Mép + %ﬁﬁ : (Mép))> —V A (Jor),
0
o 7o = o~ 1 -
V- E=2V.(Jsp), V-H=+——V- (M), (33)
ik Zoik

where Jr is the Dirac measure supported by I' and

J=nANHr, M=-nANEr. (54)
The general solution of system (53) can be written in the form

E(x)=iZT,J (x) + K, M(x) + E"(x),

H(x)=—KJ(x) +iZy 'T,M(x) + H"™ (x), (55)
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where 7., K, are defined in the same manner as 7, K given in (6) and (7) except that G(x, y) is
replaced with SRe G(x, y), and where (EM'(x), H1*'(x)) is an entire solution to Maxwell’s equations

k2EHer + AEHer =0, k2HHer + &HHer =0,
V.Efer—o, V.M =0 (56)

Note that the choice of the kernel SRe G(x, y) for the particular solution of system (53) is completely
arbitrary at this stage, but it is convenient for our purpose. Since (E,H) is in ¥, the pair (E,H)
satisfies the growth property (41) and it is easy to show that the potentials in the right hand side of
(55) also satisfy the same growth property (see (65)). We therefore deduce that (EMeT, 1) satisfies
(41). Now, we use Theorem 6.30 of [9] that asserts that every entire solution to the Maxwell system
satisfying the growth property (41) is an Herglotz pair with kernel y: it means that there exists some
tangential field y in L?(S?) such that

er ik iZ AN i A‘C ~
£ = SV 2 [ ()t dod)
N

HHer(x) —

ik n ALl id A
id A y(d))e* da(d). 57
i [ A datd) 57)
Once again, the normalization constant ik+/1Zy/4n is here just for convenience.
Thus, a possible parameterization of incoming and outgoing fields might be (u,7y) with

[J1 ] B iZy  J(x) (58)
M iz M)

and with 7, the kernel of the Herglotz pair (E"e", H'") in (57). Reciprocally, to every (u,7) in Ux Z
we can associate an electromagnetic field (£, H) in ¥~ through (55), (57), (58). But it remains to
verify that the associated fields £ and A vanish in D, the open complement to D*. To prove that
(E,H) vanishes in D™, it is enough to ensure that both tangential interior traces on I' are zero.
Using once again the jump conditions for the potentials, we get

0 =n(x) A (E71(x) An(x))

=iZo(T,J )(x) + (K.M)(x) — 1n(x) A M (x) + ie" (x), (59)
0=n(x) A (H/;(x) A n(x))

= —(K,J)(x) +iZy "(T.M)(x) + 1n(x) AJ(x) + ih(x), (60)

with

e (x) = n(x) A (kr > )

1Z PO ~
0 / w(d)e* ¥ da(d) A n(x)
47‘5 S2

k e
AT (x) = n(x) A <W /S 2(1d A p(d))e* ™ da(d) A n(x)) . (61)
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Let us normalize (59) by \/iZo_] and (60) by —+/1Zy. A look at Definitions (17) and (24), after
transposition, gives us immediately

Tu + i(A*>)*y = 0. (62)
Eq. (62) defines a closed linear sub-manifold .# of U x Z in which lies the pair (u,?y).

Lemma 3. Let .# be the closed linear sub-manifold of U x Z defined by
M ={(U,p)eUx Z, Tu+i(A®)"y =0}
If m=(u,y) is in M, (55)—(57) define a unique electromagnetic field (E,H) in #" with
IZO(I’I(X) A H/[)
= | V7 . (63)
ViZy (=n(x)ANErr)

Reciprocally, every electromagnetic field (E,H) in W can be written in the form (55)—(57) via
(58) and therefore can be associated to an element of M.

The following paragraph is devoted to the interpretation of the Herglotz kernel y in terms of the
asymptotic behavior of the associated electromagnetic field.

3.4. Asymptotic behavior of electromagnetic pairs in W

We study the behavior of the fields (£,H), as given in (55) when x goes to infinity. For the
potential, the calculations are classical (see [9, p. 157]). From,

_ e ey, o lallz
Ve AG(x, y)a(y)= pr +ikx A a(y)e +0 x| ,
2 giklx| .
Vi N (Vi ANG(x, y)a(y)) = prw (x Aa(y) Af)e " + 0<H’L;HIZ>> ; (64)

as |x| goes to infinity, uniformly for all y in I', we get

E _ [Her 1 ik|x|
E) =BT _ L oo mye) S
172y 2 x|
1 —ik|x| 1
+ 2 A%, My —8)— +0( — ),
2 x| |2
1 ik|x|
(H0) = HY )20 = S8 A A= M3 £0)
X

1. e ikl 1
+ S (+if A AP, My —X)——— + O — | - (65)
2 x| x|



170 F. Collino, B. Despres|Journal of Computational and Applied Mathematics 150 (2003) 157—-192

For regular Herglotz kernel, the asymptotic behavior of the Herglotz wave can be obtained thanks
to the stationary phase Theorem; if y, is C!, we have

F(Vo;x)Z/ po(d)ed dU(d)_Fasym(?oax)+O<| 1|2> (66)
ey 2 1k\x| . 7lk‘x|
(Vo3 x) = Yo(X )k\ | Vo(—x)m :

We use a well known result about the asymptotic behavior of Herglotz waves [17] to prove that
this result can be extended in a weaker sense when 7 is only L?; more precisely, we have

1
vz fim g [ RGP GenP =0 (67)
R<|v| <2R

R—oo R

We do not know if some stronger convergence occurs, nevertheless, (67) is enough to our purpose
(indeed, it was enough to get the isometry lemma).
From (67), we deduce

1 EHer(x) 1 1k|x\ 1 e—ik\x|
iim & [ (S0 -y =0
R=o R Jpe<i<2r ViZo < klx| 2 klx|

1 ekl —iklx|
m — / HY'(x)\/iZy + iX A y(x) = y(—;?)e =0.
R<|x|<2R "3

Roo R kx| kx|

Finally, gathering this result with asymptotics (65) provides

Lemma 4. Let (w,y) in 4 be the associated element to (E,H) in W introduced in Lemma 3 and
let a™(E,H) and a®*(E,H) be defined in L*(S*) by

a®(E,H;X) = \/i270
a (E,H;%) = \/1270(Aoo(ll; —X) — y(—X)), (68)

then, the asymptotics (43), (44) hold.
3.5. Reformulation of the minimization problem

Once the parameterization has been constructed, it only remains to rewrite the functional /(E, H).
At first, we have

1 72
L IGRE DI + L IGRE =3 B Al + 22 |1 A n]?

Z Z
= 2P + 1My = 2 (69)

in

RVAVA)

(G (E,H),G™) = ZO/(J1 inAM)- dI' = Zy(u, g)u, (70)
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where g is defined in (30). Second, Lemma 4 gives
in Z Zy
laSe (B, FDIIZ + laso (B, Dz = 57 19117 + = 1A% (. M) 2, (71)
and the functional is, finally,

I(E,H) = ZOJ(ua “/),

J(u,y) =3l + 17117 + 5 [|[A%u] — Re(u,g)v. (72)

We can now reformulate Theorem 1 as

Theorem 2. Let G™ be given in L*(I'). Define g as in (30). The minimum of the functional J(u,y)
given in (72), over all the pairs (u,y) € .4, i.e. satisfying

Tu +i(A*°)"y =0, (73)
is reached at
\/ IZ(]n /\ H-}: out E+ H+
u= / , y = M, (74)

_l -
iz, nNE}; 1Z

where (ET,H™") is the radiating (outgoing) solution of the Maxwell system (47).

3.6. Optimality conditions

We define the Hilbert space

V ={veu, such that T*veu}, (75)
equipped with the following norm:

IVllv = [Ivllu + [ T*V]u. (76)
If V' is the dual space of V, constraint (73) can be viewed as an equality in V’

WweV, (uTv)y+i(y,(A®)v),=0. (77)
At this point it is classical to dualize the constraint, introducing the Lagrangian

L, 7,v) =J(u,y) — Re((w, T*v)y — i(7, (A>)v)z), (78)

where W is the space for the multiplier, i.e. the quotient Hilbert space
A\
" KerT*
equipped with the norm

(79)

p— 3 P f— * 1 p—
Ivllw = dnf [V =volly =[T*¥[lu + 1nf_[lv—vo[u.
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It is well known (cf. [5]) that if the Lagrangian admits a saddle point, then its first argument is the
minimum argument of J in .#

Z(,p,v)= _inf sup Z(u*,y",v")= min J(u",y"), 80
) W)Uz e (s (u*,v*)e//z( 7 (80)

Furthermore, since J is quadratic, such a saddle point exists if and only if Dy.%(u,y,v) = 0,
D,%(u,7,v)=0, D,%(u,y,v) =0, ie.

u+ (A®)Y'A%u—-T'v=g,

7 +iA®v =0,

—Tu — i(A*)*y=0. (81)
Discarding 7, system (34) is then recovered. We have already proved in the first derivation that v=iu
is a solution. It is possible to recover this property directly. Since al (E,H) =0 at the optimum,
Eq. (68) implies that A®°u =y = —iA*°v and therefore v =iu up to an element in Ker A*>. It is
shown in Appendix B that Ker A* = Ker T* and consequently we obtain v =iu in W.

Thus, we have given another derivation of the mixed integral system. The interesting feature of
this second derivation is that the saddle point problem is explained and is related to the isometry

lemma. The additional unknown, whose introduction might seem strange in the first Section 1 can
now be interpreted as the Lagrange multiplier of our constrained minimization problem.

4. Variational formulation and well-posedness. The penalized systems

Variational formulation is useful for minimization problems. It provides a good framework for
the study of uniqueness and existence, and also for discretization and convergence of the discrete
solution. A possible variational formulation of our problem is the following.

uel,, VeV,
(w,0) + (A, Asoll) — (T v,d) = (g, d), Vael,,
(W, TV) + (AxcV, A cV) =0, WYVeEV,, (82)

where it remains to define the functional spaces V, and V,. Due to the L? coerciveness of the
formulation it is clear that an interesting choice for V is

Va=U=TLXTI) x TLXT).

But, it may seem at first sight impossible to define an associated space V, such that the inf-sup
condition of Babuska—Brezzi holds, [5],
(u, T*v) ) Vy
=k , k>0 th Wy = ——,
[ul| 2 ¥l b ' KerT*

just because standard functional spaces in which T is continuous are known to be based on

max

(83)

H'2(div,I') and H "?(curl,I).
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Nevertheless it is at least possible to provide an abstract framework in which the inf-sup condition
holds. Let us take V, =U, V, =V, defined in (75) and W defined in (79).
System (34) is well-posed as soon as the inf-sup condition
(u, T*v)y

sup

—— = C|vllw (84)
uelU ||u||U

holds for some positive constant C > 0. This inequality can be derived as follows. Picking u=T*v
in (84), we find
(ll, T*V)U

sup

—— = [[TV]u. (85)
wev  [[ullu

Let ve V. In Appendix B it is proved that —IIT with II defined in (21), is a projector (it is a
Calderon Projector):

TIIT = -T. (86)
Let v = —IT*T*v. We have that T*(v — v;) = T*v 4+ T*II*T*v = 0. So vo =v — v; € Ker T* hence
infy,ekert [V — Vollu < [[villu = [[IT*T7v||ly = [|T*V][]u, (87)

where we have used the isometric property II*II =7. So we have

T*
sup (us vy )U

1
—_— v —vollu==||v|]|w-. (88)
wcU  [Juflu ollu=5 I

1 1
> _||T* ~
> IMVlv+3, dof.

Thus it gives

Lemma 5. The inf-sup condition (84) in space U x V is true with C = %

Since both the continuity T*:V — U and the bound ||Rv||y < C’||v|w for some C’ > 0 hold (see
inequality (B.13) in Appendix B), we have, following [5]

Theorem 3. The variational system (82) is well posed, that is, for every gew =u there exists a
unique (u,v)eu x W such that

(ll, ﬁ) + (AOOua Aooﬁ) - (T*V, ﬁ) = (ga ﬁ)’ Vi e Ua
(W TV) + (AxV, An¥) =0, WEV. (89)

However when discretization is considered a difficulty arises with the use of spaces (U,V) =
(Vu, Vy). The reason is that we want to avoid the construction of some discrete space compatible
with the L? based space (U, V). We would like to take a classical integral code based on the duality
H~'2(div,I") and H~"?(curl,I') and use the iterative algorithms described later in order to solve
our new discrete integral system. Then the question of the convergence of the discrete solution
to the exact one arises. All our efforts to prove the convergence using this strategy failed. The
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reason seems to be that the classical discretization of integral operators is based on H~'?(div,I")
and H _1/2(cur1,F ), and not on (U,V), [6]. Moreover, numerical results in 2-D for the Helmholtz
equation, [3], show that this problem may be a real one; there are cases where the discrete solution
obtained through the strategy described above does not converge to the exact solution, even in some
very simple and regular cases. Of course this conclusion has to be re-evaluated if the discretization
of the integral operators are compatible with (U, V). It is our purpose now to modify the system
and to present what we will call the penalized problem, with a much stronger coercivity.

Let  be some positive penalization parameter (for instance 5 = 1). Recalling that v = iu, we
modify system (26) to obtain the penalized system

(14 pu+ (A®)*Au—T'v+ifv=g,
+Tu — ifu + v+ (A*)"A®v =0, (90)

which is a system of the form

o[-1

The associated variational system is for a given pair (g,gy) € (U, V')=(U,V’), find (u,v) eU x V
such that V(i,v)eU x V

(1 + B)(u,0) + (Asctt, Ascti) — (T, 1) + if(v, 0) = (g, i),
(W, TV) —iB(u, V) + (AscV, AccV) + (V. V) = (gv, V)v,v". (92)

Simple calculations show that

u u _ 2 s 12 0y, |12 004112
Re (ﬂﬁ[ ][ D = [lul[g + Bllu+ivl[y + |AZV]|Z + [[A>ullZ
v v UxU

> Cy(|Jullg + [IVI[), (93)

with

| 1 g1
Cp [34—2 p +4 min (2,3>

and the system is now coercive in the u variable and in the v variable, even if the norm ||v||{; in
(93) is not the norm in V required to have a true coercivity property.

Theorem 4. The variational system (92) has a unique solution (u,v) in Ux V. For g in U, Eq. (90)
has a unique solution in U x V.

Proof. Uniqueness of the solution is obvious. Existence is obtained by using the arguments used
to prove existence for saddle points problems; we transform the operator .7y into /4, by adding
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the term ¢TT*v to the second equation in (90). The modified system is
(14 P’ + (A®) A — TV +ifiv' =g

+Tu® — ifu’ + v + (A) AV + eTT vV =g,

u’ g
& Ay, g = . . (94)

Re(: po[u.v] [wv]) = Cplllullyy + VD) + & T*IH)

Note that the operator .27g, is coercive due to

> Cpo([ully + [IVI[3)- (95)

Here (.,.)' denotes vector transpose. Since continuity is obvious, the Lax-Milgram Theorem gives
existence and uniqueness of the solution (u®, v?). Now, the inequality of coercivity and the continuity
of .o/ . provide the estimate

& e 1 & e
o]+ VG < G 17 gl 1| (2: 8D [usev | (u, v¥) luxcy- (96)

Using a triangular inequality in first equation of system (94), gives
1TV [l < llgllu + (1 + B+ [[(A*) AZD[w*]lu + BlIv*]lu. (97)

It is not difficult to check that ||.<Zp .|| is bounded by ||.<Z4|| + ¢. We deduce from (96)—(97) that
there is a constant C (which is function of f and is independent of ¢) such that

[u*lu < Cli(g.go)lluxv: IVllv < Cli(g. 80)l[uxv-

Consequently, it is possible to extract a sub-sequence converging weakly in U x V. Writing down
the variational formulation of the e-problem, and passing to the limit, we obtain a solution of
problem (92).

Remark. Another type of penalization consists in modifying system (26) according to
(1—=Pu+ (A®)* A% — (T*v+ifv) =g,
(Tu —ifu) + pv+ (A>)*A>®v =0, (98)

where f is now some positive number less than 1 (let = %). The interest of (98) is that it
corresponds to a saddle point for the Lagrangian

ZLp(u,y,v)= (1= B)i|ull, = B IIV][l — Re(g.u)y
+ L IlZ + L Au]|Z — Re((u, T*V + ifv)u — i(y, (A)V)2). (99)

This problem is a penalized saddle point problem.
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5. System for general impedance boundary conditions

We turn now our attention to the case of a general boundary condition. We assume that the
electro-magnetic field satisfies some impedance boundary condition of the type

n(x) A (Efr(x) An(x))+ ZOQ”,(H/?()C) An(x))=F, (100)
where &, is some impedance operator that we assume symmetric with a positive real part, i.e.

ReZ,J,J) =20, VJeD(Z). (101)
We associate to %, its reflection coefficient operator

R=(d—Z,)1d+ Z,)"", (102)
which, thanks to (101), satisfies

12|l 22y < 1 (103)
We first rewrite the boundary condition in terms of %. We have

G" = —AG™ + (Id + R)F, (104)
where G™" is defined in (28) while

G™ =n(x) A (E/J}(x) An(x)) — ZO(H/J}(x) A n(x)). (105)
Setting
Fo— ——(ld + #)F, f o (106)
== 0 + b = b
" Vizo —n(x) A Fy
and using definition (30) for g with (104) for G in system (34), we have
u+ (A®)' A% — T*'v =f — Nyu,
—Tu — (A*®)*A®v =0, (107)
where
. Gout(x)
Ji(x) —iR 7
Nyu =Ny [M‘( )] - ", (108)
X — GM(x)
1 nx)\ 2 NS
or
—L@(Vl /\M1 — 1J1)
Nyu = ] . (109)
—nANRnANM —1iJy)
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Let § some positive parameter (for instance ff = 1), remembering that v =iu, we finally modify the
system to obtain the final system

1+ pu+ (A*)*' A —Tv+ Nyu+ipv=f

Tu —ifu+ fv+ (A®)*A®v=0. (110)
The associated weak formulation is

uel, veV, and VieU,VveyV,

(1 4+ p)(u,d) + (Asou, Asoti) — (T*v, ) + if(v,d) — (Ngpu, i) = (f,0),

(0, T*V) —if(u,V) + (AscV, AscV) + f(Vv,V) = 0. (111)

The interest of this new formulation for general boundary conditions lies on the following lemma

Lemma 6. Let #<€ L (TL*(I')) be a general reflexion operator bounded in the space of tangent
square integrable functions. Let Ny € £ (U) be the surface operator defined by (108). Then

VueU, |[(Nzuwwyul < || 2] 2@y llullt- (112)
Proof. For simplicity we assume that % is nonzero. We have
(Ngu,u)y = (1% AM;, —iJ1),J1)2 + (—n AN R(n AN My — 1), M,);2
=([|12]]"2n A My + i1, | 2]~ 2R A My — 1),
and, by Cauchy—Schwartz inequality
((Nu,wu| < 5 |21 [ln A My + 31172 + 5 1211|2200 A My — T

Then we use the boundedness of # and we expand the squares to get

2]l

[(Ngwwy| < S22 (ln AMy 4 D3+ lln A My = i 72)
= [122Il ullt-

This estimate proves that the additional term Ngu is small compared to the other terms of the
system. As a result

Theorem 5. Let us assume that the reflexion operator is strictly bounded by one in L*: | R|| o2y
< 1. Then for =0, the variational formulation (111) is well posed in UxW. That is for every f € U
there exists a unique (w,v) € U x W weak solution of (110). For B > 0 the variational formulation
of (110) is well posed in U x V. That is for every f € U there exists a unique (u,v) € U XV weak
solution of (110).
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Under the weaker assumption ||R| o2y = 1, then an a priori estimate implies uniqueness of
the solution in U x W for f=0 and in U x V for > 0.

Proof. Let us consider .7 5, the operator associated to (110) defined in the same manner as in
(94). A simple calculation shows that

Re(A palu.v] [0.v]) = u]t; — Re(Nagu,w)y + Bllu +iv[[g + [Accully + [|Ascv]Z
and so, by virtue of (112)
Re( A palu, V1, [w,v]) = (1= |Z2D]ult + Bllu+ iVl + [|AsculZ + [ Asov]2-

Uniqueness: If =0, we have f(u+iv)=0 and A u=A,v=0. Using the identity Ker A =Ker T*
(see Appendix B), we get T*u=0 and T*v=0 and so v=0 in W. Furthermore the second equation
of (110) gives Tu=0 and so I[Tu=Tu — T*u=0 then u=0. If f # 0, we also have v=—iu=0
in u.

Existence: We assume ||| < 1. We proceed as in the proof of Theorem 4. We transform .o/ »
into .o/ 5 . by adding the perturbation ¢IT*v in the left hand side of the second equation of (110).
If p #£ 0, the proof follows exactly the same steps of the proof of Theorem 4. We assume f = 0.
Let (u®,v®) be the solution of the perturbated problem. The coercivity property and the triangular
inequality provide

[£]]

(1= (2D ]? < I o]l = )l < —
L=z

TV < (1 + ([ 2] + [|ASc Aol [ + [I£]]

Using the inf-sup condition (84) with C = % (see Lemma 5), we get

| B (u, T*v*)y
— |V <su _— = T*Vg
2 Ml < 5 g, =~ I
< (11 2] + 1A% A,
A<D 7]

Finally, (u? v®) is bounded in U x W; we conclude as in the proof of Theorem 4.

6. An iterative algorithm and its convergence

To solve (110), the iterative algorithm we propose in this section is a relaxed Jacobi method.
Of course, this Jacobi algorithm is not necessarily the best one to solve in practice our integral
equation system. But what we intend to do is to show that the new structure of the system can be
exploited to get convergence results for iterative algorithms, which are difficult to obtain with the
other classical formulations.
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Let 1 > r > 0 be some relaxation parameter. The algorithm reads

e computation of Fy as given in (106) in function of the data F then computation of the second
term f in (106)
o initialization: u’ =v° =0
e loop over p
o solve
(14 B’ + (A A®G? — TVP =f — Nyu? ™' —ipvP !
—Ti? — Bv? — (A®) AV’ = —ifu? " (113)
o relax

uw’ = (1 —ru? ! 4 ri?,

VP = (1 —r)WwPl 43P, (114)

We assume F to be in TL?(I"), so that f is in U. Here we assume that solving the discrete counterpart
of (113) is easy due to the strong coercivity of the operator on the left hand side. For example
discrete conjugate gradient might be used for this calculation. In Appendix C, the condition number
of the system is studied in the special case of a sphere. It is shown to be moderate even for large
spheres. Concerning the convergence, we have the following result where we assume that the solution
(u,v) exists and is in U x V even for |Z| = 1.

Theorem 6. If || 2| < 1 then (u?,v?) converges strongly to (w,v) in U x V. Using the weaker
assumption | Z||=1 if a solution of (111) exists then (u”,v?) converges weakly to (u,v) in U x V.

For simplicity, we will give a proof only valid in the case of a constant . Let us consider the
algorithm for the error. It is initialized by (u’ v®)=—(u, v) while the associated induction consists in
systems (113)—(114) with f replaced by 0. We begin by multiplying the first (resp. second) equation
of (113) by G” (resp. by v”) then we subtract the real part of the two results. Both terms involving
—T*4” and Ta” cancel each other and we get

(1 + AIGP(IT + BIV? ([ + [AZGP]|7 + |AV?]
= — Re(ipv? ™!, 67 )y + Re(ipu? ™!, ¥7)y — Re(Nyu? ™! iP)y, (115)

where we recall that Z = TL*(S?). The remaining part of the proof is just technical. First, the term
multiplied by f reads

16213 + [V7 )1} + Re(iv? ", 47y + Re(—iu?~",¥7)y
=2 7018 + 3 IV206 — 5 Ie? G = v I

+ 3 [P = VPG 4 S v a g (116)
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Then, denoting 4” as (J7,M?), u?~! as (lefl,Mlpfl), and using
FP=iJP +n AM? + RGIP" —nAMP™h,
we derive from definition (109)
- 1 o~ 1.+ ~ 1.+ ~
1675 + (Nyu”™ @)y = 2 [[17 = n AMYT|? + S [IT] +n A MY
+Re(RGIT —n AMPTY, TP +n AM?P)
1.+ ~ 1 1 el 1
= S ITE = n AR + 5 EPIP = S G = P
1 STP P2 1 P12
< ST = n A MR + 5 IF)
REds
2

(we have used here the assumption that # is constant). Let us define the following norm on X =
Ux U:

IGT ™" = n A M? ™. (117)

p p 1.
lolf = 1w I = 5 il + S VI + 5 i — A M P, (118)
with u = (J;,M;). With the help of estimates (116) and (117) we have
187]1% = @7, ¥)[I% < [P~ vPDIg =777 = [l Y5 = 777

with

p

1
V= AR+ AV + 5 PP + S et - v

R U R (R PO [V el (119)
Finally, using once more time the identity
2Re(d”, 07" Dx = [[071} + [|o? I = (187 — oK (120)
we get for v? = (1 — r)p?=! + r?
[0k = (1 =[P % + 2167 1% + (1= rr(lo? K+ 187(1% — (167 = vP 7 R)
< o?=HE =77 = (1= )57 = 0P T& (121)
performing a summation of all those inequalities over p provides

q q
[o9]% + > r(1=PIB7 = o M x + > (=) < Jfullfy + V- (122)
p=0 p=0
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This estimate implies that ||v?||% is bounded and that the two series are convergent and so
|AG” |7 + [A>VP|Z — 0,  p — oo (123)

Furthermore, if ||#|| < 1, we have that a” = iJ — n A M approaches 0 as p tends to infinity. It
is now not difficult to check that the only convergence of the a”’s implies that u?” and v” goes to
zero as p goes to infinity.

If ||Z|| = 1, the convergence does not hold any longer in the strong sense. However, it is clear
that since the sequence is bounded in V, we can extract a subsequence that converges weakly. Since
the only solution of .o/ »(u,v) =0 is 0, the limit point can only be 0. Thus, the only accumulation
point is 0 and the whole sequence converges weakly.

Remark. We have readily obtained the strong convergence when the reflection coefficient is strictly
less than 1, but there is no reason for the error to be a geometric decreasing function of the
iterations. Indeed, all what we have obtained is that a series is convergent and consequently its
generic term must go to 0. However if f =0 and ||#2] <1 then (118) and (119) imply that
iJ? —n AMP|> < ||2)2]iJf" —n AMP"||2, which in turn implies a geometric convergence to 0.

7. Discussion of numerical issues

We would like to discuss the use of this method in practical computations, and split the discussion
between the method by itself and the method coupled with other problems or other algorithms.

7.1. The method by itself

At first sight, the major drawback of this new integral system when compared to a classical one is
that the number of unknowns has been multiplied by a factor 4. Nevertheless, this can be tempered
by the fact that the matrix of the system can be easily split into four independent blocks (real and
imaginary part are uncoupled and so are the unknowns ((Jy+M;), k=1,2) and ((J; —M;), k=1,2)).
Thus, multiplication by the matrix of the new system is simply four time more expensive than for
a classical system.

Another property is that the new system might appear to be well-suited for impedance conditions
rather than for perfect conductors. Actually, the reflection coefficient is 1 for a perfect conductor and
strong coercivity properties does not hold any longer in this case. Nevertheless, the positivity of the
system remains valid even in this case. Furthermore, the numerical experiments of [3], concerning
the new system in the 2-D case, shows that the method can either be used for the computation of
the scattering of electromagnetic waves by perfect conductors.

However, our new system presents some advantages. The most important is obviously that we
have now a system with a structure that allows us to use many standard algorithms for solving
them (with convergence theorems). We proposed one in the previous section but many others could
be contemplated. A second property is that the system appears to be generic for all boundary
conditions: all we have to do when a new boundary condition is considered is to implement a
solver for the reflection coefficient operator (i.e. a way to obtain f° in Zf' = f° or equivalently
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i+ Z 1= fo— Z.f°, with || £ <||f°|l). For instance, it is possible to handle problems with
complicated boundary conditions, involving surface-to-surface differential operators as those coming
from scattering by backed obstacles, [24] (see [3] for an example).

7.2. Coupled algorithms and coupled problems

Due to the strong coercivity properties of our integral systems, they are well suited for the coupling
with interior problems treated for example with domain decomposition algorithms [14,15,26,8].

A very promising method for the numerical calculation of time-harmonic obstacle scattering solu-
tions is the multipole method, see [16,25,10] among others. Multipoles methods is a way to speed
up the matrix vector product for linear systems coming from integral equations. For those who are
familiar with these methods, it is well known that the usual integral equations require at least 2
scalar (i.e. with scalar far and near fields) multipole computations, and even more when impedance
problems are considered. For our system, 4 multipole computations are enough to compute Tu, T*v
and 4 other multipole computations (with a very simple translation function) provide (A*°)*(A°°)u
and (A*)*(A°)v. Furthermore the near interaction matrix required by the method for T is now real
and so is halved in storage with respect to the classical ones. It is reasonable to think that coupling
multipole methods and our integral system should give a good compromise in terms of an accurate,
fast, robust and reliable algorithm.
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Appendix A. Decomposition of the regular part of operator S

We start from

sin(klx —y[) _ _k_ / ek 4 ), (A1)
4rtlx — y| Am Js

where S? is the unit sphere. If J and J’ are two tangential fields defined on I', we begin with
(T.J,J"). We have

(T, J') = k//(sm(k|x yDJ(y)-J’(X)

4r|x
- k LIV (x)> dI(y)dr(d). (A.2)
Using (A.1) and interchanging the integrals, we get

k2 Y A TS A A A n
(T,J,J/):4n2/SZ(AJ(d)~AJ’(d)—AJ(d)AJ’(d))dO’(d), (A.3)
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with
AJ(d)= / J(x)e * 4 drx), AJ(ﬁ):% / V.. J(x)e * 4 dr(x)., (A4)
r r
Using an integration by parts provides
AJ(&’):% /F J(x) - Viewd dr(x) = /F J(x)e® 4 drex) - d. (A.5)

Thus (A.2) reads

k? WA TS oA A aa TSTAT aa o
(T = /S AJ(d) - 4T d) = ((4T(@d) - d)d) - (4T () - d)d) da(d). (A.6)

Now, we consider the splitting
AT(d)=d N (AT(d)Nd) + (4T(d) - d)d, (A.7)

- . VAR . . .
and the similar expression for (4J )(d). Remarking that the two vectors in the above decomposition
are orthogonal, we have

(TJ,J") = 4’:2 /S2(c? AT A D)) - (d A AT () Ad))do(d), (A.8)
or (see (23))
(T J,J") = / a®J(d) - a*J'(d)do(d). (A.9)
SZ

We can either get a similar expression for (7;M,M"), but we modify it into

(TM,M") = /Sz(—ic;’ Aa®M(d)) - (—id A a>M'(d))do(d). (A.10)

Now we turn to (K;M,J"), from the definition of K; we have

k .
(KMJ’)_//< ;S“;;"x J’/’)/\M(y)> T dI(y)dI(d), (A.11)
or
N t —ikyd . N —ird A -
(KMI)= s /S (/Fvye AM(y)dI(y) /FJ(x)e kxddr(d)) do(d)
_ k? 3 —ikyd / —ikxd 3 3
=y /52 <1d/\/FM(y)e 7 dF(y)'/FJ(x)e ’“ddF(d)) dao(d).
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Using once again the decomposition

J=dnNJdYNd)+ (J'(d)-d)d, (A.12)
we get
(KM, J'") = / (—id A a®M(d)) - (a>°J'(d)) da(d). (A.13)
S2

Similar calculations show that

(K, M) = /S 2(a°°J(a7)) (—id A a®*M'(d))do(d), (A.14)

and finally

(T + KM, J") + (KiJ + TiM, M")

= / (a%®J(d) —id A a>®M(d)) - (a>J'(d) — id A a>®M'(d) da(d). (A.15)
S2

Appendix B. Calderon projectors

Our aim in this section is to make the link between the operators we have defined in Section 2
with the Calderon projectors, [6, p. 87], [7, p. 93].

Let (J,,M) a pair of tangential fields given on I', (not necessarily corresponding to the tangential
traces of an exterior electro-magnetic field). We can associate to (j WM 1) the two fields in Q*:

+ ~ A ~ A
’i/i%) = i) + RV (x),
—ViZoH* (x) = RJ 1 (x) + TM 1 (x), (B.1)

where 7.J,KM are given in (7). If x approaches a point of I', the jump conditions provide

n(x) A (\/1170 Ef(x) A n(x)> = TJ(x) + KM (x) +  n(x) A M (x), (B.2)
n(x) A (—\/ZH;(x) An(x))=TM(x)+KJi(x) +  n(x) AJi(x). (B.3)

Now, we can proceed exactly as in Section 2: from the exterior traces, we construct the fields
(J1,M;) and u by (14) and we have

Ji
Su=S =0. 4
u [M1] (B.4)
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But, it is easy to see that (B.3)—(B.2) reads (see Definitions (21) and (17))

Ji
—1II =S-1)| . |. (B.5)
1 1
Multiplying by SII and using both —II?> =1Id and (B.4) we get
Ji Ji
0=S =(SIS+S)| . |. (B.6)
M] 1
In other words,
—TIIS = (—1IS)?, (B.7)

appears as a projector: it is one of the Calderon projector. With our decomposition in real and
imaginary part S=T + iR, we get

TIIT — RIIR = —T,
TIIR 4 RIIT = —R. (B.8)

So far, all these calculations corresponds to Green function (8). We can proceed exactly in the same
manner with

exp_ik|x_)"

G(x,y)= (B.9)

4nfx — yl

the only modification being the radiation condition at infinity. The 1/(4n|x — y|) singularity of the
kernel remaining unchanged, equality (B.7) holds also for S=T — iR. It expands into

TIIT + RIIR = —-T,

TIIR + RIIT = —R. (B.10)
By comparison we get

TIIT=-T and RIIR=0 (B.11)
and —IIT is found to be also a projector. It remains to prove that

RIIT* =R. (B.12)

This is a consequence of the fact that free fields are in the kernel of “exterior” integral operators
[9]. To see that, let us consider a free field (i.e. a field with continuous traces on I') in the form
Rv for some arbitrary smooth v. Let (J,M) = IIRv. By integration by parts we get the equivalent
of (5)

0 =iZy(TJ)E) + (KM)(®),
0=—(KJ)&) +iZy (TM)(%),
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for X in D*. If x approaches a point of I', using (9), (17) and (21)—(22), we get that
(T + II+iR)IIRv = 0.

It means that TIIR —R=0 which implies by transposition the sought equality (B.12). A consequence
is the continuity bound

IRv[[u < [IR[[2) I T*V]|u- (B.13)

Another consequence is that the kernel of T* is imbedded in the kernel of A®°. Indeed, it can be
proved that A has a dense range in Z (see [9] for a proof about operators of the same kind) and
so (A®°)* is injective. Since R is (A®)*A°, equation (B.12) implies

A®TIT =A™, (B.14)

and T*u=0 implies A>°u=0. The converse also holds. Let u be such that A*u=0. To u=(J, M),
we associate the outgoing electromagnetic field in QT(E*,H") defined in (B.1). It is classical to
show that this electromagnetic field is such that if

o expik|x R )
(iZ) ‘/2E°°(x)=p,x,”A°°<u;x), (iZo)™2H™>(x)
ik
:Lp'l| Mg A A% (),
X

we have

|x|—o0 R

lim 1/ Zo|E*(x) — EX()|* + |H* (x) — H*(x)|* do = 0.
|x|=R

Thus, A®°u = 0 means that the associated outgoing electromagnetic field is associated to a null
far field. From both Rellich Lemma and the unique continuation principle, [9], we conclude that
(E*,H™) vanishes in QT, and, in particular the tangential trace on I' vanish. Using the jump con-
ditions, following the same way as in Section 2, we readily obtain that T*u + iRu =0, what implies
T*u =0 since Ru=(A*)*A*°u=0.

Appendix C. An example: the case of the sphere

We specialize our study to the special case of a spherical scatterer where all the calculations can
be done analytically. We define

YZ’(;?) :P,L’"‘(cos 0™, n=0, |ml <n,

1 (n—|m[)!2n+1)
" 4n (n+ [mDn(n + 1)

(C.1)

n,m
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) (P) = d, 5V TI(P),
) (F) =d,/ 77 ANN'T (), (C2)

where (0, @) are the usual spherical coordinates and V' is (1/a)é(a/ae) + (1/asin 0)p(0/0¢). Any
tangential field on a sphere of radius ¢ may be decomposed into

+n
J(F) = f} D0 o). (C3)
n=1 m=—ne=+

The u!%)’s form a complete set of orthonormal functions in the space of the square integrable complex
fields on the sphere. We have

oo +n

WP sy =D D D WS (C4)

n=1 m=—n¢==+%

In [18], Hsiao and Kleinman used this decomposition to study two potentials denoted here by Tys
and Kys and which are related to ours by the relationships

T=T,+1iT; =iF A Tys,

K =K, +1K; = —F A Kps. (C.5)
It is shown in this paper that if j, and y, are the spherical Bessel functions and

J, =kaj(ka), J = (kaj.(ka)),

Y, =kay,(ka), Y, = (kay,(ka)Y, (C.6)
then, (see (78), (79), (85), (86) of [19])

(T 1ty )(F) = Tt (F),

(Kt )(F) = Kyt (C.7)
with

LS ==J(+iY), T =Ju(Jn +iY,),

K =-1—il,(J,+iY)), K, =—1+iJ)(J, +iY,). (C.8)

(note: let us remark that formulae (C.8) differs from those given in Hsiao et al.’s paper by a change
of sign. The reason is that there is an error of sign in formulas (68) and (69) of this paper: —ik
and —ik? must be changed into ik and ik%. But, except this point all the remaining calculations are
valid hence the only change of sign in the result).

From this and after some algebraic manipulations we easily deduce for T

(Tt (P) = = Yt (P, (Tith, )(P) = ()t (F),

(Tru,, 7)) = =TI, You,, () (T, (7)=J, nm(r) (C.9)
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while for K
(Kr +e ;A) W (F) = =TVt (F),  (Kdl, )(F) = Tt (F),
<K, _ ;/\> e, (F) = —J,Y! (P, (C.10)

Our aim is to apply this harmonic analysis for the Jacobi algorithm described in Section 6. At each
step of the induction, the solution of the linear system (113) is required. It reads

(1+B)+T, K; Ji T, K+:i][ah Gy i
K; (1L+p)+T | | M K+:f T ||M] |H] '
and
T,  K—5][ p+T, K | [ G
— . — = (C.12)
K. — 3 T, M, K; B+Ti| | M Hy
This system can be split into two blocks
L[N EM, G+ H
= , (C.13)
S M, G, + H,
with
A+ +T£K T, F (K +5)
M* = ) 2 (C.14)
“TFK -5 —f—(TEK)

Using the decomposition with the basis functions, we have a block structure for M*, each block
being 4 x 4 (caution, the sign + does not have the same meaning as the one in (C.2))

M = n,mﬁf\@(M)’f” (C.15)
with
[L+ B+ () )y, JIY., 7,7 ]
M — +JJ,, 1+p+J2, L], J,Y, | 16
" In¥s LY, B F,
A As i —B—J}

Remark that Mf is independent of m as we can expect since the problem is invariant under
any rotation. Furthermore, it is in-lighting to interpret each system through a decomposition into
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Fig. 1. The 4 eigenvalues of the matrix M}, as function of n for ka = 20m.

four 2 x 2 blocks

L [P+ ) Ba) Un)
o = n N N n (C.17)
(Anm )*(Bnm) _ﬁld - (Anm )*(Anm)
with
J/ !
A2y=1| " |, BEH)=] " |. C.18
(A4,) [iJn] (Bm) Ly, ( )
From the Wronskian for Bessel functions: J,Y, — J/Y, = 1, it is readily seen that
T = (o) = () (Bi) — (B (i) = I,
0 =FI
+ + 12
E . (ITE Y =1d. C.19
o (I1,,,) (C.19)

For each small independent system, the algebraic structure of the original saddle point problem is
recovered.

In Figs. 1 and 2 are depicted the 4 real eigenvalues of (M), (or those of (M), as they coincide)
as function of n. Coeflicient § was chosen equal to 1. Fig. 1 corresponds to a sphere of moderate
size with respect to the wavelength (ka = 20m).

In Fig. 2, ka equals 2007 and the sphere is large with a radius of 100 wavelengths. Note that the
spectrum is real, as expected, and the range of the eigenvalues does not change so much between
the two experiments.

Extensive calculations with Matlab has shown that the maximum modulus of the eigenvalues in
the area n < ka+ 10log(ka+ m) is a low increasing function of the frequency. This area corresponds
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Fig. 2. The 4 eigenvalues of the matrix M, as function of n for ka = 2007
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Fig. 3. Spectrum of the iteration matrix for the Jacobi algorithm applied to a sphere (ka = 2007). Coefficient f is 1,
relaxation parameter is » = 0.7 and reflexion coefficient is R =0 (model problem).

to the excited modes for incident plane waves. For larger n, the asymptotic behavior of Bessel
functions enables us to obtain —n, —f, 1+ f and +n as asymptotic eigenvalues. The fact that the
L? spectrum is not bounded is of course to be related to the use of the functional framework U x U
instead of U x W in our analysis, see Section 4.

Fig. 3 shows the spectrum of the matrix associated to the error of the Jacobi Algorithm for the
large sphere. This spectrum is composed of the set of all the eigenvalues of the iteration matrices
(Id is the 2 x 2 identity matrix)

irp(ME,) ™! oM (C.20)
— 1r . .
0, Id " Id, 0

b

EX =(1-r)
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Fig. 4. Spectrum of the coercive matrix for the model problem. Case of the sphere with ka = 2007. Coefficient f§ is 1.

In that example, the reflexion coefficient is equal to zero (model problem) and the relaxation pa-
rameter is 0.7. All the eigenvalues are found located inside a circle of radius 0.782 and geometrical
convergence Occurs.

Other algorithms than Jacobi can be used to solve the problem. They can be constructed from our
linear system in its coercive version. Fig. 4 shows the spectrum for the coercive matrix (90), let

(1+ P + (A5, (An) (B (45 +iB
—(AE)(BE) —if  +Pld + (45)"(AE)

Parameters 5, R and ka are unchanged with respect to the previous examples: f=1, R=0, ka=200x%.
The coercivity property can be checked on the figure since all eigenvalues are located to the right
of a line MRz = ¢ with ¢ =~ 0.41.

(C.21)

4+ =
ﬁmn
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