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Abstract

We study cyclic codes of arbitrary length N over the ring of integers modulo M. We first
reduce this to the study of cyclic codes of length N = pkn (n prime to p) over the ring Zpe for
prime divisors p of N. We then use the discrete Fourier transform to obtain an isomorphism )
between Z pe[X]/(X N _1) and a direct sum @ ierSi of certain local rings which are ambient
spaces for codes of length pk over certain Galois rings, where / is the complete set of
representatives of p-cyclotomic cosets modulo n. Via this isomorphism we may obtain all codes
over Zpe from the ideals of S;. The inverse isomorphism of 7 is explicitly determined, so
that the polynomial representations of the corresponding ideals can be calculated. The general
notion of higher torsion codes is defined and the ideals of S; are classified in terms of the
sequence of their torsion codes.
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1. Introduction

Cyclic codes are a widely studied family of codes that are very important from both
a theoretical and an applied standpoint. Cyclic-codes over Z,e of length N where p
does not divide N are a well-understood object; see [3,7] for example and the references
therein. Cyclic codes over Z4 of odd length were studied in [12], of length 2% were
studied in [1] and of length 2n, n odd, were studied in [2]. In [5], this work was
completed by studying cyclic codes of length 2%n.

Cyclic codes of length N over a ring R are identified with the ideals of R[X]/(X" —1)
by identifying the vectors with the polynomials of degree less than N. Cyclic codes
over a finite field F, are well-known [11]. Indeed every cyclic code C over [, is
generated by a nonzero monic polynomial of the minimal degree in C, which must be
a divisor of XV — 1 by the minimality of degree. Since F4[X] is a UFD, cyclic codes
over [, are completely determined by the factorization of X N — 1 whether or not N
is prime to the characteristic of the field, even though when they are not relatively
prime we are in the repeated root case [4,9]. This is true for cyclic codes over Z e
if the length N is prime to p, since XV — 1 factors uniquely over Z pe by Hensel’s
Lemma in this case. In fact, all cyclic codes over Zpe of length N prime to p have
the form (fo, pfi, p*fa, .-, P~ fom1)s where fooi | fea |-+ | fo | XY =1 [3,7].
Therefore, cyclic codes of length N prime to p are again easily determined by the
unique factorization of X" — 1. The case of the characteristic of the ring dividing the
length N is more difficult because there is no unique factorization of X" — 1.

We begin with some definitions. A code C of length N over a ring R is said to be
constacyclic if there exists a unit u € R, such that

(co,c1y---,en—1) € C = (ucy-1, 0,15 ..., cN-2) € C.

If u =1, then C is a cyclic code. In general, linear constacyclic codes are identified
with ideals of R[X]/(X"™ — u) by the identification

(0, Clyooven_1) > o+ X + X2+ ey XV (D

In this paper, all codes are linear and the ambient space RV for constacyclic codes of
length N over R is identified with R[X]/(X"Y — u).

Let C be a (linear) cyclic code of length N over the ring Z);, where M and N are
arbitrary positive integers. First we use the Chinese Remainder Theorem to decompose
the code C, i.e. an ideal of ZM[X]/(XN — 1), into a direct sum of ideals over Zpg

i

according to the prime factorization of M = p‘f‘ psz N pfr as follows. For each prime
divisor p; of M, let c) = C (mod pf" ). By the Chinese Remainder Theorem, we
have an isomorphism

Yy C=@ct )

i=1
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by the map ¥y, (v) = (v (mod p{"), v (mod p5?), ..., v (mod p;")). Conversely, if CP")
are cyclic codes over Zpg,— then the Chinese Remainder Theorem again gives us a cyclic

code C = CRT(CPV, w2 .. @), called a Chinese product [6], over Zys, such
that ,(C) = ®@;_,C (Pi) | Therefore, it is enough to study cyclic codes over the rings
Z pe for a prime p.

Fix a prime p and writt N = pfn, p not dividing n. We shall examine cyclic
codes over Zpe of length N. In our case the factorization of X N _ 1 is not unique
so we take the discrete Fourier transform approach which is a generalization of the
approach in [2,5]. We define an isomorphism between Z,¢[X]/(X N _ 1) and a direct
sum, @, 1Spe(m;, u), of certain local rings defined in (9). This shows that any cyclic
code over Z e can be described by a direct sum of ideals using this decomposition. We
also give the inverse isomorphism so that the corresponding ideal in Z e[ X]/(X N_1)
can be computed explicitly. This will clarify the correspondence of ideals described in
[2,5]. The ideals of local rings that occur are classified in the final section.

2. Cyclic codes over Zpe

Let p be a prime. Throughout this paper we let R = Zp,e and write Ry = Zpe[X]/
(XN — 1), so that Ry = RV after the identification (1). We shall consider cyclic codes
over R of length N = p*n, where p does not divide n. By introducing an auxiliary
variable u, we first define the ring

R = Zpe[ul/w” — 1.
There is a natural Zpe-module isomorphism ¥ : R" — de defined by

‘I’(a(o), al, a("fl))

0 M o b

=(a0,a0,..., 0 , a

, e s A A e A

(0)
a

a](l), ] af"_l) 0 (1) (n—l))7

3)
where a®) = ag) —l—afi)u + - +al(j,3_lu”k_l € R for 0<i<n — 1. It is easy to see
that the constacyclic shift by u# in R" corresponds to a cyclic shift in le\,’e. As before

we identify R" with R[X]/(X" —u). If we view W as a map from R[X]/(X" — u)
to Zpe[X1/(XN — 1), we have that

n—1 [p*—1 n—1pk—1

YUY Do aul | xT) =30 a0, 4

i=0 \ j=0 i=0 j=0
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It is straightforward to prove the following lemma:

Lemma 2.1. ¥ is an Zyc-algebra isomorphism between R[X]/(X" — u) and Zpe[X]/
(XN —1). Furthermore, the cyclic codes over Zpe of length N correspond to consta-
cyclic codes of length n over R via the map Y.

RIX1/(X" —u) —— Zpe[X1/¢XN = 1)

H |

re

The ring R is shortly proved to be a finite local ring, and hence the regular poly-
nomial X" — u has a unique factorization in R[X]

X"—u=g1g...8 (5)

into monic, irreducible and pairwise relatively prime polynomials g; € R[X], and by
the Chinese Remainder Theorem

RIXI/(X" —u) ~ RIX]/(g1)® - ORIX]/(g1)- (6)

This isomorphism will give us a decomposition of Zpe[X]/(XN — 1) via the map
. However, the corresponding decomposition of Zpe[X]/ (XN — 1) seems difficult to
manage. We will examine this isomorphism in more detail later. Instead we will use
the discrete Fourier transform to obtain another decomposition, which is more natural
and manageable.

3. Extension rings

Zpe is a local ring with maximal ideal pZpc and residue field Z,. Let

piLpel X1 — Zp[X],  u(f) = f (mod p)

denote the ring homomorphism that maps f to f (mod p).

Let m be a positive integer and let GR(p®, m) = Z,e[X]/(h(X)) be the Galois
extension of degree m over Z,e, called a Galois ring. Here h(X) is a monic basic
irreducible polynomial in Z,e[X] of degree m that divides X P"=1'_ 1, and it can be
chosen so that { = X + (h(X)) is a primitive (p” — 1)th root of unity. GR(p®, m) =
Zpe[(] is a local ring with maximal ideal (p) and residue field Fpn. In fact, GR(p®, m)
is a finite chain ring since every ideal in G R(p®, m) has the form (p') for 0 <i <m. We
recall that the Galois extensions are unique and simple. The map p naturally extends
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to the canonical projection

o Zpe[X1/(R(X)) — Zp[X]/{(u(h)(X)) = [Fpm,
J A (X)) = u(f) + (u(h)(X)).

The set 7, =1{0,1,¢, ..., C”m_z} is a complete set, known as Teichmiiller set, of coset
representatives of GR(p°, m) modulo (p). Any a € GR(p®, m) can be uniquely written
as a finite sum a = ap + a1 p + a2p2 + -4 ae_lpe_l with a; € Ty,. Slightly abusing
notation, we sometimes write p(a) = ag. Note that a is a unit if and only if u(a) # 0
by the following lemma.

Lemma 3.1. Suppose a — b is nilpotent in a ring. Then a is a unit if and only if b is
a unit.

Elements of GR(p¢, m) can also be written in the (-adic expansion bg+b{+---+

b1 with b; € Z pe. The Galois group of isomorphisms of GR(p®, m) over Z e
is a cyclic group of order m generated by the Frobenius automorphism Fr given by

m—1 m—1
Fr (Z bici) =D bl (hi€Zp) (7)
i=0 i=0

in (-adic expansion. We recall that / | m if and only if GR(p®,l) C GR(p®, m).
Moreover, the Galois group of GR(p®,m) over GR(p¢,l) is generated by Fr! and
hence

GR(p®, 1) ={a € GR(p®, m) | Frl(a) = al. (8)

We denote by {j;; the (p! — 1)th root of unity C(pm_l)/(p[_l).
Next, we define another extension ring

S = Spe(m.u) = GR(p, m)lu) /w?" — 1) ©)

of GR(p®, m). For an appropriate m, this S will be the ambient space for codes of
length p* over the Galois ring which contains the nth root of unity. Note that

S = Zpe [/ W?" = 1) = Zpe[ul/ w” — 1)[{] = RILL.

Since u” — 1 is monic, the division algorithm implies that every element s of S
may be uniquely represented by a polynomial in u — 1 of degree less than pk

s=s) =so+s1—1) 520 — 1>+ -+ 5 w— D! (10)
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with s; € GR(p®, m). Note that sy9 = s(1). The map yu naturally extends to S — S/pS
by the additional property pu(u) = u. We also extend the Frobenius automorphism Fr
to S by setting Fr(u) = u. As usual, the trace map from Spe(m, u) to R is defined
by

m—1

Tn(z) = Z Fr' (). (11
r=0

In passing, we warn that p remains prime in GR(p®, m), but it is no longer a
prime in S. The reason for this is that GR(p®, m)/(p) = F,m is a field, but S/pS =

Fpm[u]/{(u — l)”k) is not an integral domain.

Theorem 3.2. As before, we let R = Zpe[ul/(u?" — 1) and S = Zpe[{)[ul/?" — 1) =
RIL.

(1) s € S, written as in (10), is a unit if and only if u(sg) # 0.
(ii) S is a local ring with maximal ideal (p,u — 1) and residue field T pm.
(iii) R is a local ring with maximal ideal (p,u — 1) and residue field Z,.
(iv) S is a Galois extension of R. In particular, the set of elements in S fixed by Fr
is R, i.e. SF¥ ={s € S|Fr(s) =s} =R.

Proof. (i) By Lemma 3.1, s = x + py is a unit in S if and only if x is a unit in S.
If x is a unit in S, then clearly pu(x) is a unit in S/pS. Conversely, if px is a unit
in §/pS, then xx’ = 1+ ps’ for some x’, s’ € S which implies that xx’ is a unit in
S, and then x is a unit in S. Hence s is a unit if and only if u(s) is a unit. Note
that u(u — 1) = u — 1 is nilpotent in S/pS. If s = s9 + (u — 1)s’ in the (u — 1)-adic
expansion, then u(s) = u(so) + (u — Du(s"). Hence u(s) is a unit in S/pS if and only
if u(so) is a unit in §/pS if and only if u(sg) # 0.

(ii) As before S/pS = Fpm[ul/{(u — l)pk), and hence S/(p,u — 1) >~ F,m is a field,
which implies that (p, u — 1) is a maximal ideal. Furthermore, elements not in the ideal
(p,u — 1) are exactly those elements s with p(sg) # 0. By (i), they are exactly the
units. Thus (p,u — 1) is the unique maximal ideal.

(iii) The proof is similar to (ii).

(iv) It follows from the fact that S is unramified, i.e. the maximal ideal of S = R[]
is generated by the maximal ideal of R. [

4. Discrete Fourier transforms

From now on we fix m to be the order of p modulo n. Then n | p™ — 1 and
hence the Galois ring G R(p®, m) contains a primitive nth root of unity {, = (P =b/n
where ( is the (p” — 1)th root of unity as before. Again we set S = Spe(m, u) =

Zpe[L[ul/ (u”k — 1). As always, we identify vectors with polynomials.
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Definition 4.1. Let ¢ = (¢;) € Z[’ye. The discrete Fourier transform of ¢ is the vector

¢ = (50, Clyonns 6,1_1) € §", where
N-—1
i = Z cju! §) = cl,)
j=0

for all integers i. The reciprocal polynomial of ¢(Z)
n—1 '
MA(Z) = 6y iZ €S"
i=0

is called the Mattson—Solomon polynomial of c.

Let n’ be the multiplicative inverse of n mod pX, i.e. nn’ = 1 (mod p*). For each 1,
0<tr<n — 1, we define a permutation 7; of the set {0, 1, ...,pk — 1} as

m,(0) = (¢~ n)n' (mod p*),
i.e. m;(t +€n) = £. This permutation induces a Z,e-isomorphism 7; : S — S given by
(o + ayu + - - +apk71upk_1) = aou™© 4 a4 .. +apk71u7rt(pk_l)’
where a; € Zpe[{]. For any s = s(u) € S, we have that
ms(u) =u" s, wls(u) = ulsh). (12)

Theorem 4.2 (Inversion formula). Let ¢ € RN . Then ¢ is recovered from M, by
-y l 2 n—1
c= » oM (1), nlMc(Cn), TEzMC(Cn)v cees nnflMc(é/n ) .

Proof. For 0<t<n — 1, we have that

n—1 n—1N-1 N-1 n—1 AR
t A e—It j el ] «—Iit i [(j—t t+L
M) = Y GG =3 Y el =Y el Y G0 = Y vt
i=0 i=0 j=0 j=0 i=0 (=0

t+2n + t+(pk—1)n)

— t t+n
= n(ciu’ + cr4nu + Cr4onlt Ce Gy (ph—

-1 2 k_1
= nn; (¢; + Crqntt + Crp20u” + -+ c,+([,k_1)nu” ).

Here, we used the well-known fact that Z?:_ol ij =0 unless j =0(modn). O
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We make S” into a ring by defining the product
Ax B = (AgBo, A1B1,..., Ayn—1By—1)

for two elements A = (Ag, Ay, ..., A,—1), B = (Bgy, Bi,...,B,_1) in §". (S§", %) is

not only a ring but also a Zpc-algebra with componentwise addition and multiplication,

and the obvious scalar multiplication a(Ag, A1, ..., Ay—1) = (@Ag,aAy,...,aA,—1).
It is easy to prove the following properties of the Mattson—Solomon polynomials.

Theorem 4.3. Let ¢,d € Zpe[X]/(XN — 1). Then

(i) Mo =0 and M(Z) = Y=, Z'.
(i) Mye(Z) =aM(Z) for a € Zpe.
(i) Mcya(Z) = M(Z) + Ma(2).
(iv) Mca(Z) = M(Z) * Ma(Z).
We view M as a map M : Zpe[X]/<XN — 1) — &" sending ¢ to M (Z). We
would like to determine the image space of Z,e[X]/(X N — 1) under this map. For all
i, 0<i<n — 1, we have that

éip =Fr(¢), Mc,ip = Fr(Mc,i)s (13)
where subscripts are calculated modn. Let
A={(Aog, A1,..., Ap1) € 8" | Aj, =Fr(A;) for all i}.

Then A is a Z,c-subalgebra of S”.

Lemma 4.4. Let A(Z) = Ag+A1Z+--+A,_1 2" € S[Z1/(Z" — 1) be a polynomial
of degree less than n. If A(C;) =0 for all 0<t<n — 1, then A(Z) = 0.

Proof. We have

1 1 1 1 Ao 0
| (% RO (¢ ol Al 0
RN (6 G (e A =10
L@ @Y ] Ay 0

The determinant of the Vandermonde matrix is ]_[0g i<j< n_l(C{; — C;). Since each

J— (i is a unit in S, the Vandermonde determinant is also a unit in S. Thus A; = 0
for all 7. I
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We recall the cyclotomic cosets. Let 0<i <€ — 1. The p-cyclotomic coset modulo ¢
which contains i is the set

clp(i, &) = {i,ip,ip*, ... ip" ")

’

where m; is the smallest positive integer such that ip™ = i (mod¢). We have that
m; = |cl,(i, £)| and m; divides m; = m.

Theorem 4.5. The map M : Zpe[X1/(XN — 1) — A is a Z pe-algebra isomorphism.

Proof. Theorem 4.2 and 4.3 together with (13) show that the map is a well-defined
one-to-one Z pe-algebra homomorphism. Thus it only remains to show that the map is

surjective. Let A = (Ag, A1, ..., Ay—1) € Aand A(Z) = Y 7"} A;Z!. For 0<r<n—1,

n—1
ACGH =Y AL =" > A
i=0

iel jecl,(i,n)

Now note that

Fr| > A= > Frapgir= > aplir= 3" Al

Jecly(in) Jecly(in) Jjecly(i,n) Jjecly(i,n)

which shows that Zjeclp(i,n) A;( € ST* = R. Thus A({,) € R. Therefore

B =

S |-

(oA, A, RAE), .. w1 AT € R,

Set ¢ = W(B). By Theorem 4.2, we then have M, () = A({}) for all 0<r<n — 1.
Now the previous lemma shows that M (Z) = A(Z), and the proof is completed. [

Lemma 4.6. Let I be a complete set of p-cyclotomic representatives modulo n. Then
the map (Ao, A1, ..., An—1) = (Apier is a Zpe-algebra isomorphism from A to
Dicr Spe(mi, u).

Proof. Any element (Ag, Ay, ..., A,—1) € A is completely determined by (A;);c; by
the property A;, = Fr(A;) for all j, which implies that A;,» = Fr"(A;) for i € [/
and 0<r<m; — 1. In particular, Fr"" (A;) = A; for all i € I and thus A; € S —
Spe(m;, u). Now the rest of the assertion is clear. [
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Theorem 4.5 and Lemma 4.6 give the following:

Theorem 4.7. The map 7y : Zpe[X1/(XN — 1) — @;c; Spe(m;, u) defined by y(c) =

(Cilier is a Zpe-algebra isomorphism: in particular, if C is an ideal of Z,[X]/

(XN — 1), then C ~ D,c; Ci, where C; is the ideal {c(uCil) | c € C} of Spe(mj,u).

Going back to the most general modulus and using the isomorphisms given in (2)
and Theorem 4.7 we have the following:

Theorem 4.8. Let M = pi' p5* ... p/" and let C be a cyclic code over Zy of length

N. Write N = pl]-‘ini for each 1<i<r. Let I; be the complete set of pi-cyclotomic
cosets modulo n; and let m;j = |cl,,(j,n;)|. Then C ~ P;_, @jel,- Cij, where Cjj C

Spfi (mjj,u;) is the ideal {c(u,-Cf;) (mod pfi) | c e C}.

5. Polynomial representations

In this section, we shall compute the inverse map 7~ to obtain the polynomial
representation of the ideal in Z,e[X]/(X N _1). Given an element

(di)ier € @;cySpe(mi,u),

we obtain the corresponding element d = (dy, dy, ..., d,—1) € A, where d,-p i =Frid).
Let A(Z) = Z’};(l) dy—j ZJ. The inverse image of (d;);e; under 7 is then

77 (@ien =P (F (0AM, mAG), A, - e AGTY)) . (4)

which is a element in Z,¢[X]/ (XN —1). We shall compute these inverse images in
more detail. We fix an integer i € / and take an element s € Spe(m;, u). Consider the
element

di(s) =(,...,0,5,0,...,0) € ®j€ISpe(mj,u),

where s is the i-component. For notational convenience we let F;(X) = y’l(di (s)).
In other words, F;(X) is an element in Z,e[X]/(X" — 1), such that

s if j=i

0 otherwise (el

Fisull) = {

We remark that each of these F; ¢(X) is a generator for a minimal cyclic code.



S.T. Dougherty, YH. Park/Finite Fields and Their Applications 13 (2007) 31-57 41

Lemma 5.1. Let Ty, : Spe(m;, u) — R be the trace map defined in (11). Then

1 . . .
Fi,s(X) =% (; (ﬂ()Tm,-(S), anmi (SC;l)v TCZTm,- (SC,TZZ), ey nn—le,- (sé’n(nl)l)>> .

Proof. It follows from (14), since we have

mi—1
Al = ch Y= 3 4 = ZFr )"
jecly(i,n)
m,-—l m,-—l
= Y F@FC (") = ) Fr (") =T 4", O
r=0 r=0

The map s > F; ;(X) is a Zpe-algebra homomorphism from Spe(m;, u) to Zpe[X]/
(XY — 1) and hence y‘l ((s))ier) = Ziel F; 5, (X). Therefore, it is sufficient to compute

Fiy(X) for s = 1,u and () = ("~ D/P" =D et

Ei(X) = Fi1(X),

which will play an important role in the sequel. Let
T =T (G T = Ty GG ).

Note that these are elements in Z,e and that T, (bs) = bT,,, (s) for any b € R. Recall
that n’n = 1 (mod p¥).

Lemma 5.2. (i) E;(X) = Z'jl (1) T xj(=n'n).
(i) Fiu(X) = X" E;(X).

(iii) F g, (X) = 3 X2y o X/ 07,

4[1 j=0"Ti,j

Proof. For any constant polynomial b € R, we have that 7;(b) = bu~"'" and 7 (bu) =
bul=0m", By Lemma 5.1 and (4), we have that

1
Ei(X) =Y (; (m0(ti,0)s - - -y 7 (Ti)s - - ﬂn—l(fi,n—l)))

1 1 n—1
!’ ’ ’
=Y¥|- (Ti,o, e T ‘c,',n_lbf(”*l)") =— E 1 XA,
" " t=0
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which proves (i). Secondly,

1
Fiu(X) =Y (; (mo(zi,ou), ..., m (Tigu), . .-,nn1(ri,n1u))>

1 / _ / _ /
=V <; (ri,ou” s ri,tu(l oo Tip—u ™ )

n—1 n—1

1 / i1 / /
— Z ,L,l_’tXt—i-(l—t)n n_ xynn' — Z ’Ci’;Xt(l_n n) — XM E,(X)

n n

t=0 t=0
Finally, a similar computation yields (iii). U
Since t;; = 1 p, WE can write
1 1-n'n : t
Ei(X) =~ D rige (X with g, (X)) = Y X' (15)
jel tecly(j,n)

For any element s = Zj >k ajkil[‘mi]uj € Spe(mi, u) with aji € Zpe, we denote by

$(Fi gy (0. X™) = 37 D ajeFig, (ONX™)T € Zpe[X1/(xN = 1),
ik

the polynomial obtained by substituting {f,,,}, # in s by Fi iy (X0, xm respectively.

Theorem 5.3. Fi ((X) = s(F; g, (X), X")E;(X).

Proof. This follows from Lemma 5.2 together with the facts that s — F;; is a Zpe-
algebra homomorphism and E;(X)F; s(X) = Fis(X). O

We introduce another inverse image, which is convenient for dealing with multipli-
cation. For s € Spe(m;, u), let

dis)=(1,...,1,s,1,..., 1) € ®j€,Spe(mj, u),
where s is the i-component, and let G;  (X) = y‘l(dl.*(s)) € Zpe[X]/(XN — 1), ie.

ift i

1
Gisui,) = {s 1o (rel). (16)
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Since df(s) = (1,...,1) —d;(1) + d;(s), we have that
Gis(X)=1—-Ei(X)+ F;s(X). (17)

Theorem 5.4. Let C; C Spe(m;,u) be ideals for i € 1. Without loss of generality
we may assume that C;’s have the form C; = (bisj1, basiz, ..., bsiy) with bj € Zpe,
independent of i, and sij € Spe(m;,u). Then

7 (@ies Ci) = b1 [ [ Gisn X0, b2 [ [ Girsn (XD, - b [ ] Gy ().
iel iel iel

Proof. By (16), b; I Gi,s,-j (uC,’;) =bjs;; for each t € I and for each 1<j</. O

iel

Theorem 5.4 and (17) provide us an explicit way of computing the generator poly-
nomials of the corresponding ideal of Zpe[X]/(XN — 1) to an ideal of @;S;(m;, u)
whose generators are given.

The coefficients t;, can be easily computed, once the minimal polynomials of {,’s
are known. Since (n, p®) =1, X" — 1 € Z,¢[X] factors into monic, basic irreducible
polynomials in a unique way as X" —1 = [[,; fi, where f; is an irreducible polynomial
over Zpe having {/ as a root. In fact, f;(X) = Hjecl,,(i,n)(X — {J). We call f; the
minimal polynomial of Cil over Z pe.

Let —a; be the coefficient of x™i=1 in fi(X). As is well-known, a; = Ty, (C{;).
Suppose j is the representative of the p-cyclotomic coset of —it. Since (,; i e S(mj,u),
we have that C{; € S(m;, u), which implies that jp™ = j(modn). Since m; is the
smallest integer satistfying the congruence jp™/ = j(modn), we must have that m; |
m;. Since Fr'"i(s) =s for s € S(mj, u), we have that

mi—1 mj_l
. P m;i P m;i . m;i
T ()= > 0F == 3" ==—"1,,) = —a,. (18)
r=0 i =0 i mj

The coefficients 77, can be computed in a similar manner. We first note that

ip™i —i -1 _ip’"*i

_ -2 '
Tﬁz =Tn; (C[mi]Cn”) = T, <§[mi] ' ) = T, <CP - > .

Let I, be the complete set of representatives of the p-cyclotomic cosets modulo p™ —1.
Then the factorization X" ~1 —1 = I1 jeln ¢ ;(X) into monic irreducible coprime

polynomials over Z, lifts to the corresponding factorization X Pl = IT Jeln ¢;(X)
over Zpe, such that ,u(d)j) = d)j and ¢j(X) = ﬂ,edp(j’pm_l)(x — {") is the minimal
polynomial of {/ over Z,c. Let m’/ be the degree of ¢;, which is [clp(j, p™ — D).
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Then m/; is the smallest integer, such that {/ € S(m’j, u) and —b; = —Tm/j &7y is the

J
coefficient of X"~ in c[)j(X). If ¢/ € S(m;, u), then Z,,e[{j] C Zpe[{[m;1] and hence

m’J | m; and

omy om;
T, ()= —T, (/) = —b;. (19)
m; m;

We could have used the factorization of X?" =1 — 1 to compute T;'k,z’ but (19) works
for all i.

We shall now relate f;(X) with certain G;(X). For two elements a, b in a ring,
we write a ~ b if a = bv for some unit v.

Lemma 5.5. Let f;(X) be the minimal polynomial of C; over Z pe.

Q) fi(uc,{;) ~1if j ¢ cly(i,n).
() fiwl) ~u"—1~u—1.

Proof. () f; () = [Tyect, .m @l =G, and each factor ul)—G, = (G =L 48 =1
is a unit, since ¢/ — (¢ #£0.

(i) We have X" — 1 = []; f;(X). Thus )" — 1 = []; f;{,), or u" — 1 =
[1; fj{,). Since each f;(u{},) is a unit for j # i, fi(u(}) ~ u" — 1. Write u" — 1 =
(u — 1)s(u). Then s(1) = n. Since n is relatively prime to p, we have that u(n) # 0,
which implies that s(u«) is a unit by Theorem 3.2(i), and hence u" — 1 ~u — 1. O

Theorem 5.6. Let f;(X) be the minimal polynomial of C; over Zpe.

() fi(X) ~ Giu1(X) =1+ (X" —2)E;(X).
(i) fi(XP") ~ G o(X) =1 — Ei(X).

Proof. (i) By the Lemma 5.5, it is clear that y(f; (X)) ~ di*(u —1). Now G, ,—1(X) =
1—EX)+ X" — DE;(X) =1+ (X™ —2)E;(X).

(ii) Recall that f;(X) = n;";O(X - Cilpr) and {{;”k - Cilpr # 0 is a unit for every r
unless j € cl,(i, n). Thus fi((uC{;)pk) = ﬁ(C{;pk) is a unit for j ¢ cl,(i, n) and zero if
j €cly(i,n). Therefore f;(XP*) ~ G;o(X) =1— E;(X). O

In the next section, it is shown that the ideals of Spe(m, u) have the form

1
Se—1),

(s0, ps1, p*s2. ..., P
where s; = 0 or 5; = (u — 1) + pz; with 0<t; < pf — 1 and z; € Spe(m, u).
In [2,5], the generators of the corresponding ideals in Zpe[X]/(X N _1) are given in
terms of f;(X)’, f,-(XPk) and f,-(X) = fi(X) + pgi(X), which is called a lift, with
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&i(X) € Zpe[X]/ (XN — 1). However the exact forms of the lifts are not studied. We
can now describe their lifts in more detail by expressing G; (,—1)yr4p; in terms of f; (X).
Recall that G; ,—1(X) ~ fi(X), say G;,—1(X)H;(X) = fi(X) for some unit H;(X).
Thus we have that

Giu—1y+pe(X) = Giu-1y (X) + pFi :(X) ~ fi(X)" + pH;(X)'F; :(X). (20)

To determine H;(X), let y(H;) = (sj)jer and apply 7 to G;,—1(X)H;(X) = f;(X) to
obtain

sj= fiulDfor j#i (u—1s; = fiulh).

Although u — 1 is not a unit, we can still take s; = f,-(uCZ)/(u — 1) since fl-(Cﬁl) =0
so that u — 1 divides f;(u{},). Therefore

Hi(X) = F. F

sy T F pady -1y @h
jer—i)

Hence the lifts of f;(X) can be explicitly given by (20).

Recall that the multiplication of the ring A is the componentwise multiplication.
Hence, it is quite natural that the idempotent elements in A are rather easy to determine,
while those in Zpe[X]/(X N _ 1) are not. However, the isomorphism y will be of great
help in this matter. Recall that E;(X) = y’l(O, ...,0,1,0,...,0), where 1 is the
i-component.

Theorem 5.7. Let Ry = Z,e[X1/(X" — 1).

(1) Each E; is idempotent, i.e. El2 = FE;.
(i) E;Ej =0 fori# j,and ) ;.; Ei = 1.

(iii) The only idempotents in Ry are ) . ; E; for some subset J of 1. In particular,

jeJ
there are 2!\ idempotent elements in Ry.
(iv) Ry is a direct sum of the ideals (E;):

Ry = @D (Ei) ~ P Ry /(1 — Ey). (22)

iel iel

Proof. (i) and (ii) follow from the fact that y is an isomorphism.

(ii1) In a local ring, the only idempotents are O and 1. Indeed, if a is an idempotent
which is different from O and 1, then a(l — a) = O shows that ¢ and 1 — a are
nonunits, which implies that 1 = a + (I — a) is in the maximal ideal consisting of
nonunits, a contradiction. Since each Spe (m;,u) is a local ring, the only idempotents
in @Spe(m;, u) are (a;)ier, where a; =0 or 1. Take J ={j €l |a; = 1}.
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(iv) The decomposition follows from (ii). Consider the homomorphism Ry — (E;)
mapping fto E;f. If E;f =0, then f = (1 — E))f + Eif = (1 — E;)f. Thus, the
kernel of the map is (1 — E;) and Ry /{1 — E;) =~ (E;). U

Corollary 5.8. Let N = p*n as before and let X" —1 = [1ic; fi(X) be the factorization
into monic, basic irreducible, coprime polynomials over Zpe. Then

0 Zype I X1/4XN = 1) = @ Z,e [X1/(f: (X)), (23)
iel
(ii) Any ideal C of Zpe [X1/(XN — 1) having an idempotent generator has the form

(f(ka)) for some divisor f(X) of X" — 1. If f(X) = ]_[jej fi(X), then the
unique idempotent generator of C is Y jer Ej- Furthermore, C is isomorphic to
(—Bj¢13pe(mj, u).

Proof. (i) This follows from Theorem 5.6(ii) and 5.7(iv).
(ii) We know that the only idempotents are »_ jes Ej for some subset J of I. Note
k . . .
that } ;e Ej =1—=3 4, Ej =[];e;(1—Ej) ~ [];¢; fj(X7"). Replacing J with its

complement, we obtain the result. [J

We are now in good position to examine the isomorphism (6) more closely. Let
v=u" € R so that v" = u"" =u. It is easy to see that the factorization given in (5)
is exactly X" —u = [[;; &, where g;(X) = ]_[jedp(i,n)(X —v{)) € R[X]. Recalling
that W(u’/ X') = X'T/" we have that

Y = [ X-X""{))ezylX].

jEClp(i,”)

We compute ‘I’(g,-)(u(,{) to find its image on @, ;Spe(m;, u):

venuih = [ wd-uty=wm [[ @-th={" M ehbn.

tecl,(i,n) tecl,(in) aunit if j ¢ cl,(@i,n).

This means that W(g;)(X) ~ G;0(X) = 1—E;(X) and hence ¥ induces an isomorphism

RIX1/(gi) = Rn /(1 — Ej), (24)
where Ry = Z,e[X]/(X N _1). Collecting previous isomorphisms, we have that
RIX1/(8i) ~ Rn/(1 — Ei) =~ (Ei) = Spe(mi, u) =~ Zpe[X]/(ﬁ(ka>- (25)

Hence the factorizations in (6), (22), (23) and Theorem 4.7 are all equivalent. However,
we find that Spe(m;, u) is most convenient to describe the structures and ideals.
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Example 5.9. We consider the case p = 2 and n = 15. We have cl(0, 15) = {0},
clr(1,15) ={1,2,4,8}, clo(3,15) = {3, 6, 12,9}, cl»(5, 15) = {5, 10}, and cl»(7, 15) =
{7,14,13, 11}. Thus I ={0,1,3,5,7} and

Zpe X1/ (XN = 1) = Spe (1, ) DS pe (4, 1) DS pe (4, ) DS pe (2, 1) DS pe (4, ).

Since m = 4, we have that { = {4y = {15 = {,.
Let e =2 and k = 1, so that N =2-15 =30. Then »’ =1 and 1 — nn’ =
—14 = 16 (mod N). Recall that ¢;(X) = Zleclp(jm X', so that &(X) = 1, &(X) =

X + X% + X* 4+ X8, etc. The irreducible polynomial of the primitive element ¢ over
7> is fi(X) = X*+ X + 1, which lifts to f1(X) = X* +2X2+3X + 1 € Z4[X] by
Hensel’s Lemma [8,10]. Thus we choose { = X + (f1(X)). We know that x5 -1
has the factorization of the form X' — 1 = fo(X) f1(X) f3(X) f5(X) f7(X) over Z4
where f;(X) is the irreducible polynomial of ' of degree m; over Z4. To obtain this
factorization, we first factor X1 — 1 over 7, as

Xl =X+ DX+ X+ DX+ X+ DX+ X+ DX+ X3+ X2+ X+ 1)
and then lift over Z4 as

XP 1 = (X4+3)XP+ X+ DX +2X2 43X + DX +3X° +2X> + 1)
XX+ X+ X2 X+ 1.
It is not difficult to find fo(X) = X +3, AX) = X*+ X3+ X2+ X+ 1, f5(X) =

X2+ X+1,and f(X) = X*+3X> +2X? + 1. By (18) and from the fact that
1 (mod4) = 3, we obtain

Eo(X) 11111 eo(X10)
E1(X) 01320 e1(X10)
EzX) | =30 3 3 0 3 e3(X10)
Es5(X) 232 33 e5(X16)
E7(X) 00 3 21 57(X16)

Explicitly the polynomials E;(X) are

14
Eo(X) =3 Zx”,
t=0

EiX) =3X>+X*+3x°+ x3+2x1043x12 4 x10 43 x18 42 x20 4 3 x%%),
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E3(X) =303 X>+3X*+3Xx0+3x8 +3x1243xM43x!6
+3X8 43X +3Xx% 13X +3Xx%),
Es(X) =3Q2+3X*+3x*+2x°+3x3+3x04+2x2+3x™4
+3X16+2X18+3X20+3X22+2X24+3X26+3X28),
E/(X) =303X04+2x"0+3x2 4 x“W43xB842x%0 4 x»
+3 X% 4+ X% 4 X%,
Recall that these E;’s determine all 2° idempotents of Z,e[X]/ (XN — 1) = Z4[X] /
(X30 — 1). Furthermore, F; ,(X) = X' E;(X). Keeping (jo; = 1, {4y = { and {ppy =
in mind, and using (19), we similarly find that
Fo,1(X) = Eo(X),
FreX) =3x*+3x* +2x°+3x"0 + x84 x4 3x%2 4 x*
+2 X260 43 x%8),
Fyo(X) = 3(2X2 + X0+ X842 X124 x16 4 x18 40 x22 +X26+X28)’
Fy s(X) = 334+3X2 42X +3X0+3x8 +2x04+3x2 43 x4 4 2x!0
+3x843x20 4 2x2 43X 43X 42x%),
Fre(X) =3@X +2x8+3x"0 4+ X2 43x10 42 X" 4 x*

+3 X% + X+ X%).

Now the generators for the corresponding ideals of Ry can be explicitly found using
these polynomials. For example, take the ideal

C=(1)x 2u—1)) x (u—1+20) x (—1,2) x (0) C ®,;S4(mi, u).

Write each factor ideal in the form C; = (si1, 2s;2) for i € I. By Theorem 5.4, this
ideal corresponds to the ideal

C =(G0,161,0G3,u—142G5u-1G7,0,2G0,0G1,u-1G3,0G5,1G7,0)

of Zpe[X]/{X N _1). This gives an explicit polynomial representation of the ideal.
To compare with the generators given in [2], we recall that G;o(X) ~ fi(X?),
Gi1(X)=1 and G; ,—1(X) ~ fi(X). Thus

C = (IXHG3_132:X) [5(X) (X, 2 fo(X) f1(X) [3(XP) fr(XD). (26)
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As before, G3 ,_1420(X) = G344 1(X) +2F3 ((X) ~ f3(X) + 2H3(X) F3 ¢(X). Using
the notation as in [2], we let f3(X) = f3(X)+2H3(X) F3 ¢(X). According to the recipe
in (21), we find that
Hy(X) = 14+3X° +3x* 42X +2x0 + X7 + x84 3x! 43 x12
1oxBpoxMox!5 o x!6 4 x17 4 x18 4 3 x2!
13X2 4 oxB 4o x4 42X 40 x26 4 x27 4 x28,

Replacing G3 ,,_142¢(X) by f3(X) in (26), we obtain the explicit polynomial represen-
tation of C in terms of the minimal polynomials.

6. Ideals of S,c(m, u)

In this section we classify ideals of Spe(m, u) = Zpe[C][u]/(uI’k — 1). To emphasize
the underlying ring Z,e, we temporarily write Spe for Zpe[{][u]/ (u"k —1) (m and k
are fixed).

Note that Spe is an ambient space for cyclic codes of length P~ over Zpe[{]. For
any code C over the local ring Z,¢[{], we introduce the following torsion codes over
the residue field Z,¢[{]/pZpe[{] = F,m by reading the elements of S,e modulo p.

Definition 6.1. Let C be a code of length / over the local ring Z,¢[{]. For 0<i<e—1,
define

Tori(C) = {p(v) | p'v € C, v e Z,[l]'}. 27)

Tor;(C) is called the ith torsion code of C. Toro(C) = p(C) is usually called the
residue code and sometimes denoted by Res(C).

Let us view elements of Fm = §/pS as elements of S. Then
vy € Tor;(C) <— pi(vo + pz) € C for some z € Z,,e[C]l.

Moreover, it is clear that Tor; (C) C Tor;+1(C).
One use for torsion codes is for computing the size of the code. If C is the code
with generator matrix of the standard form

I, Ao Aop2 - AQ,e—1
0 ply pAi2 . PAY -1
0 0 ply . pPAret |, 28)

0 0 ... pn, ptTMAege
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the code Tor;(C) is the code over [, generated by

Iy, Ao Aoz ... Age-1
0 Iy, Ain ... Ale-1

u : . 29)
0 0 R V|

i

Note that |Zpe[(]] = p™¢ and |ijpe[C]| = p"=J) for 0<j<e in general. We can
compute the cardinality of C with generator matrix as in (28) in general by

e—1
1= [T1p 2zl = p" Eimote,
j=0

But, by (29) we have that |Tor;(C)| = [;_o p""/, which gives

e—1 e—1 i . 3 )
[Tiwerion=T] []p™ =p" TS Xinoki = pm Ximale=ki — (.
i=0 i=0 j=0

This gives the following:

Theorem 6.2. For a code C over Zp[{], we have that

e—1

ic| = []IToriO).

i=0

For any integer 1<j<e—1, let u; : Zpe — Z,,; be the canonical map sending a to
a (mod p/). For convenience we view elements of Z,,; as elements of Zpe for j < e. If
C is a code over Zpe[{], then p;(C) is a code over Zp,- [{] such that for any ¢ € w;i(C),
there exists some w such that ¢ + p/w € C. Note that ij[C]/prj [{] = Fpm for
any j.

Lemma 6.3. Let C be a code over Zpe[(]. Then Tor;(C) = Tor; (,uj (C)) forall j >1i.

Proof. Suppose vg € Tor;(C). Then there exists some z such that pi(vo + pz) € C.
Hence 1;(p' (vo + pz)) = p'(vo+ pi;(z)) € u;(C), which implies that u(vo+ pp;(z))
= vy € Tori(uj(C)). Conversely, suppose that vy € Tori(,uj(C)), ie. p'(vo + p2)
€ p;(C) for some z. Then p'(vo + pz) + p/w € C for some w, which implies that
vo € Tor; (C). O
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Suppose C is an ideal of Spe(m,u). Then Tor;(C) = ((u — 1)/) for some j, since
any ideal of Fpm[u]/{(u — 1)1’k) has such form. The following lemma is somewhat
useful when we compute the torsion codes.

Lemma 6.4. Let 0<i<e—1 and 0<j<prk—1.

(1) If gw) € Zpellllul, such that degg(u) < pk and pig(u) = 0 in Zpe[l[ul/
(u"k — 1), then g(u) = p¢~'h(u) for some h(u) € Zpe[L][u].

(i) If f(u) € Fpm[ul, such that (u — D/ f(u) =0 in Fpm[u]/{(u — l)f’k), then f(u) =
u — )P ~J fi(u) for some fi(u) € Fpmlul.

Proof. (i) Write g(u) = 3/ o' gi(u — 1)! with g, € Zpe[C]. Then pig(u) = Y/'s"
p'giu — 1) =0, which implies p'g, = 0 in Zpe[{] for every #, which implies that
g = p*~ihy. Now set h = Y7 o hy(u — 1),

() If u— 1) f(u) =0 in Fpm [u]/{(u — l)Pk), there exists a polynomial fj(u) €
[ pm[u] such that (u — DY fu) = f1(u)u— l)pk in Fpm[u], which implies that f(u) =
@— 1" fi@. O

As a corollary, we obtain that
(= D)y = pm' =) (30)

for 0<j < pk — 1. Therefore, once we find all torsion codes Tor; (C) of an ideal C, it
is straightforward to find the cardinality of C.

Theorem 6.5. Any ideal C of Spe = Zpe[C][u]/(upk — 1) has the form

C = (50, pS1s -+ -» P Vse), (31)

such that
(i) either s; =0, or s; = (u — DY + pz;j for some z; € Spe and 0<t; < pk,
(ii) s; # 0 if and only if Tor;(C) # {0} and Tor;(C) # Tor;j_1(C),
(iii) if s; # 0, then Torj(C) = ((u — ).
In particular, the set {j | s; # 0} is uniquely determined by C and the partial sequence
{tj}s;0 is strictly decreasing.

Proof. We prove this by induction on e. Assume e = 1. The ring in this case is
k k k . .

Spr = Zp[Clul/(u? = 1) = Fpmlul/w? —1) = Fpmlul/{(u — 1)P"). Since Fpm is a

field, ideals of Spl have the form ((u — 1)) for some Ogtogpk. If 1o = pk, then

(u — l)pk =u’ _ 1= 0 (mod p), so in this case we take so = 0. Thus the statement
is true for e = 1.
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Now suppose that any ideal of S, has the form given in (31) and an ideal C
of Spe+l is given. Clearly u,(C) is an ideal of Sj,e, and hence, by the induction
hypothesis, 1,(C) has the form (s, ps},..., p°~'s/_,) satisfying the conditions (i)-
(iii) in the theorem. If s} =0, we take 5; = 0. If s} # 0, then we take any element
sj = —1)"+pz; in S,es1 such that plsj € Cand p,(p's;) = pfs;-. Such an element
exists since C contains an element of the form p/s’ +py; = p/((u —1)" + pz;) with
Zj = Z/j + pe_j_lyj S Spe+l.

By Lemma 6.3 we have that Tor;(C) = Tor(u,(C)), and hence every s;, 0<j<
e — 1, satisfies the conditions in the theorem. .

Now Tor.(C) is an ideal of Fpm[u]/((u — 1)¥"), say ((u — 1)’} for some lgtegpk.
We take s, = (u — 1)’e. We claim that C = (so, psi,..., p’s.). First of all, there
exists an element v € Tor,(C) such that v = (u — 1)* (mod p), which implies that
péu — 1fe € C. Hence (s0, pSt, ..., pse) C C. _Conversgaly, suppose ¢ € C. Then
Uu,(c) = Zf;é x/p's; for some x; € Spe. Since p/s} = pls; — py; for j < e, we

have that ¢ = f;& x;p'si + p°x for some x;, x € Spe+l. Then x € Tor,(C), and hence
x = b(u — 1)’ (mod p) for some b € Sp1, which implies that ¢ € (sg, psi, ..., p°Se)-
Thus, we have shown that C = (sg, psi, ..., p°s.) as claimed.

Notice that if s, = (u — I)Pk = 0, then C itself has to be {0} and then the theorem
is clear. So assume that C # {0} so that s, # 0. If s; = 0 for all j < e, then again
we are done. So assume that s; # O for some j. Let Tor,—1(C) = {(u — D). It is
clear that t, <t since Tor;(C) C Tori+1(C) for any i. If 7, < ¢, then we are done.
Suppose f, = t. There exists some [ <e — 1 such that s; = (u — 1)’ + pz;. Then p®s, =
plu—1)e = p¢~ipt(u—1)" = p*~'pls;, which implies that C = (sg, psi, ..., p°se) =
(80, PS1, ...,pe_lse,l). We replace s, with O in this case. In any case s, satisfies the
conditions in the theorem.

Clearly the set {j | s; # 0} is uniquely determined by (ii), and the partial sequence
{tj}s;0 1s strictly decreasing since Torj_l(C);Torj(C) = ((u — 1)) when s; # 0.
The proof is completed. [

Definition 6.6. The representation of C in terms of the generators as in the theorem is
called the rorsional form. If Tor j(C) = ((u — 1)), then t; is called the jth torsional
degree of C and denoted by tdeg ;(C) (if Torj(C) = 0, then tdeg ;(C) = p). The partial
sequence {7;}s;0 is called the reduced sequence of torsional degrees and written as
{(@)j}s; %0

Note that the reduced sequence is simply the sequence of ¢;’s which are actually
appearing in the torsional form. For example, if C = ((u — 1), p3((u — 1)+ Pz3),
p4((u — 1) 4+ pza)), then the reduced sequence is 5S¢, 33, 14.

The sequence of the torsional degrees completely determines the reduced sequence
of torsional degrees and vice versa. Indeed, if the sequence of torsional degrees is

tO:...Ztil_l >ti1 :...:[l-z_] >ti2:"'=ti3—1 >ti3="'a

then s; # 0 if and only if #; # p* and j = i; for some [. For example, if the tor-
sional degrees of a code C C Zzs[C][u]/(u25 — 1) are 25.25.3,3,2,.2,2,0, then
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so = s = 53 = 55 = s¢ = 0 and the reduced sequence is 3,24, 07. Conversely,
it is easy to see that the reduced sequence 3;,24,07 gives the torsional degrees
25,25,3,3,2,2,2,0.

Moreover, if the ideal C of Spe has the torsional form C = (so, psi, ..., pe_lse_1)
then it is easy to see that its torsion codes are
Tor; (C) = u(so, S1, - -+ » Si)- (32)

The proof of Theorem 6.5 is actually constructive and uses the inductive process.
The torsional form of p;;(C) is obtained from that of y;(C) and the ith torsion of C:

tdeg o 151 15 ti—q t; tig1 ...
i1 (C) = (541,00 PSit1.1, P2Sit1.2, * s P sivtizts Plsitri)
\: \: zi ' li
w(C) = (sio, psit,  psi2, e, PUTUSii-1)

Here tj = tdeg;(C), | indicates the map ;. Moreover, each s;11,; for j <i and sj41,
are determined as follows.

(1) if Si,j = O, then Si+l,j = O,
(i) if s; j = (u — D" + pz;j, then si+1,j = (u — 1) + pzit1j € Spe, such that

Plsiv1j € w1 (C), and p;(p'siv1.j) = p’sij,

(i) siy1; = @ — 1) if t; # p* and 4; # t;_1; otherwise s;11; = 0.

Since Tor;(C) = (u — 1)%, there exists some s; = (u — 1) 4+ pz; in Spe such that
p's; € C. We take such an s; if #; # pk and #; # ti—1, and 5; = 0 otherwise. Then
si = (i) will work for all [ > 7, since p;(s;41,i) = (1 (i) = w(si) = s,
Thus the inductive steps (i)—(iii) collapse to the direct algorithm:

e foreachi =0,1,...,e — 1, take an element pisl- of the form

iy pi((u — 1)l + pz;) € C for some z; € Spe if t; # pk and t; #ti_1,
PSi=1p otherwise.

(33)
We give an example of finding the torsional form of a code.

Example 6.7. Let C = ((u — 1) +2() be an ideal of Sy = Zg[{1[ul/(u* —1). We
shall find the torsional form of C. We first need to compute the torsion codes of
C. Clearly Toro(C) = (u — 1). To compute Tor;(C), assume 2v € C, namely 2v =
(u—14+20g for some g € Sg. Then 0 = (u — 1)u(g). It follows from Lemma
6.4(ii) that g = (u — 1) f1 +2w; = (u + 1) fi + 2w for some fi, w;, w € Sg. Then
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20 =2 — Dw +2(u + 1){ f1 +4{w, which implies that v = (u — Dw + (u + 1){ f1 +
2{w (mod4). Thus u(v) € (u — 1, u + 1) = (u — 1). Consequently, Tor;(C) = (u — 1).
Next it can be shown that

4. 1=w—-14+20QC " +4¢C+ D) =4 = +0'w-1) e,

which implies that Tor,(C) = (1) (see Example 6.10(i) for detail). Thus C is not
written in torsional form, which must be of the form (sg, 0,4 - 1).

To find the torsional form of C, we may start with tdegy(C) = 1, so we take
so = (u— 1! +2z € C for some z € Sg, say z = (. Next, tdeg,(C) = 1 = tdegy(C),
and hence s; = 0. Finally, tdeg,(C) = 0, and hence we take 2%s, = 2%(1 +22) € C,
say z = 0. Thus C = {((u — 1) + 2{, 0, 4) is the torsional representation of C.

Remark. As Example 6.10 will show, (# — 1+ 2-1) is in torsional form. Therefore
(u — 14 2z) can be a torsional form for some z, but not a torsional form for other z.

The ideals of Z4[{][u]/{uP — 1) are listed in [2] and those of Z4[C][u]/(upk — 1) for
arbitrary k are listed in [5]. The following corollary is the direct generalization of their
results to arbitrary prime p.

Corollary 6.8. The ideals of 7 pz[é][u] / (u”k — 1) consist of

(0),

(p(u — D) with tdegy = 0, tdeg, = a,

((u — D)* + pz) with tdegy = o = tdeg,,

(u—1F+ pz, p(u — %) with tdegy = f > tdeg, = a.

Here 0<a, f< p* — 1, and z may be assumed to have the form ZJ Os] (u— 1) with
sj € Z,2[L].

Proof. The list of ideals now easily follows from Theorem 6.5 by listing all possible
reduced sequence of torsional degrees t; = tdeg;(C) as in the following table, where
empty degree indicates s; = 0.

to 18] Sequence of tdeg Ideal

ko k

pop (0)
o o, o ((u — 1D* + pz)for some z
o pha (pu—1)%
B o B, o ((w — DP 4 pz, pu — 1)*) for some z

Note that if (u — 1)* + pz is in the ideal, then p((u — 1)* + pz) = p(u — 1)* is in the
ideal, which justifies the form of z. [J
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Table 1
Torsional forms in Zg[{][u]/(u2 —-1)

1o 1 2} Sequence of tdeg Ideal C IC|
222 () 1

0 0,0,0 1 26m
0 2,0,0 2) 24m
0 2,2,0 (4) 92m
1 1,1,1 (= 1) +2z0) 23m
1 2,1,1 (2(u — 1) +4z1) 22m

1 22,1 (4 — 1)) om
1 0 1,0,0 ((u— 1) 4+ 2z0,2) 25m
1 0 1,1,0 ((u = 1)+ 2z¢, 4) 24m
1 0 2,1,0 Q2@ — 1)+ 421, 4) 23m

Again, the actual torsional forms of ideals ((u — 1)*+ pz) and ((u — 1)/3 + pz,
p(u — 1)*) in Corollary 6.8 depend on z. The explicit classification for p =2 is done
in [5].

Example 6.9. We list the ideals of Sz = Zg[{][u]/(u*> — 1) in Table 1, which cor-
respond to the direct summands of cyclic codes over Zg of length 2n, where n is
odd. Note that if #; = tdeg;(C) = 0 then s; is a unit. Since 0<#; <1, it is easy to
list the ideals according to the possible reduced sequence of torsional degrees as in
the following table, where empty f; corresponds to s; = 0. Here, zo, z; are elements
in Sg such that the given ideal has the corresponding sequence of torsional degrees.
The exact forms of zp,z; are determined in Example 6.10. The cardinality of C is
obtained by Theorem 6.2 and (30). Note that ((# — 1) 4+ 2z¢p,2) = ((u — 1),2) and
2u —1)+4z1,4) = 2w —1),4).

The torsional forms given in Example 6.9 are the forms that the codes must have
in order to have the given torsional degrees. However, as shown in Example 6.7, the
ideals of the given form can have different torsional degrees. In the next example, we
compute the torsion codes of all forms given in Table 1. As a result, torsional forms of
all ideals are determined. Table 2 is the ‘converse’ to Table 1. In this table, z represents
an arbitrary element of Sg. Notice that there is only one type, namely ((u — 1) + 2z),
that does not have the unique torsional degrees in this case.

Example 6.10. Most of the torsion codes in Table 2 are easy to get, except for the
codes containing (¢ — 1) 4+ 2z or 2(u — 1) + 4z.

We start with noting that (u — 1)> = u> —2u + 1 = 6(u — 1) in Zg[{1[u]/(u® — 1).
Write z = z0 + z1(u — 1) with zq, z1 € Zg[{].

We will compute torsion codes for C = ((u — 1) + 2z). Other torsion codes can be
verified in a similar way. As in Example 6.7, Tor;(C) = (u — 1). Next, Tor,(C) = (1)
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Table 2
Torsion codes for ideals of Zg[é’][u]/(u2 —-1)

C tdeg(C) tdeg (C) tdeg, (C)

(0) 2 2 2

(1) 0 0 0

(2) 2 0 0

4) 2 2 0

0 if z and z+ 1 are units

(=1 +22) ! ! { 1 otherwise
2u—1)+4z) 2 1 1

(4(u — 1)) 2 2 1

((w—1),2) 1 0 0
((w—1)+2z,4) 1 1 0

Q2u—1),4) 2 1 0

if and only if there exists go + g1(u — 1) with gogi € Zg[{], such that
4.1 =(u—-1)42z0+z1(w—1))(go+ gi1(u—1))
= 22080 + (22081 + go + 22180 + 681 +4z181)(u — 1),

equivalently
4 =2z080, (220 +6+4z1)g1 + (1 +2z21)80 =0. (34)

Multiplying the second equation by 2zp, we get 4(z% +2z0)g1 +4=0.If ,u(z% +2z0) =
w(zo)u(zo + 1) = 0, then 1(2) + zo = 2w, which implies that 4 = 0, a contradiction.
Therefore we assume that u(zo) # 0 and p(zo + 1) # 0, meaning zo and zog + 1
are invertible or equivalently z and z + 1 are invertible. Let go = 2z, '+ 4a, g1 =

—(Z% +20)~!, where a is to be determined. We have 2z9go = 4 and

(2z0 + 6 +4z1)g1 + (1 +2z1)g0
=2(zo+ D7+ 275 o+ D7 225 —4zo+ D!
—4z2125 o+ D7 +da + 41z
Since
2z0+ D7 4225 2o+ DT 225" =2(z0 + D7z 2o + 1+ (zo + 1) = 4z5

we have that

(2z0 + 6 +4z1)g1 + (1 + 2z1)80
=4z5' —4Go+ D7 =421z o+ D7 +4a +4z1zg "
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Taking @ = —z5" + (2o + D7 + 2125 o + D7 — 21257, we get go + g1(u — 1)
satisfying Eq. (34). Thus Tor,(C) = (1).
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