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1. Introduction

The study of the behavior of the descent sets of permutations in the symmetric group &, on
n elements usually involves such questions as maximizing the descent set or determining inequal-
ities which hold among the entries [4,8-10,14-16]. The usual way to encode the descent statistic
information is via the Eulerian polynomial An(t) =3 ¢ fn(S) - tI+1, where S runs over all subsets of
[n—1]1={1,...,n—1}, and B,(S) denotes the number of permutations of size n with descent set
S. We instead introduce the descent set polynomial where the statistic of interest appears in the ex-
ponent of the variable t rather than as a coefficient. That is, the nth descent set polynomial is defined

by
Q)= ¢,
S

where S ranges over all subsets of [n — 1].
The degree of the descent set polynomial is given by the nth Euler number, which grows faster
than exponential. Despite this, these polynomials appear to have curious factorization properties,

0097-3165/$ - see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcta.2008.05.011


https://core.ac.uk/display/82736892?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcta
http://dx.doi.org/10.1016/j.jcta.2008.05.011

248 D. Chebikin et al. / Journal of Combinatorial Theory, Series A 116 (2009) 247-264

Table 1

The proportion p(n) for at most five 1’s in the binary expansion of n

k n=2k—-1 o) 1/2 — p(n)
1 1 1 —1/2

2 3 1/2 0

3 7 1/2 0

4 15 29/26 3/26

5 31 3991/213 3.5.7/28

in particular, having factors which are cyclotomic polynomials; see Table 2. This paper explains the
occurrence of certain cyclotomic factors. We have displayed these in boldface in the tables. Both com-
binatorial and number-theoretic properties (for example, the number of 1's in the binary expansion
of n and the prime factorization of n) are involved in our investigations.

The divisibility by cyclotomic factors is related to the remainders of sizes of descent classes modulo
certain integers. As a simplest example, Q,(t) is divisible by the second cyclotomic polynomial &, if
and only if the number of even descent set classes is equal to the number of odd descent set classes.
In other words, the proportion of even and odd entries in the descent set statistics is the same (in
the notation below, p(n) = 1/2) if and only if —1 is a root of the descent set polynomial. Somewhat
surprisingly, whether or not n has this property depends only on the number of 1's in the binary
expansion of n.

The paper proceeds as follows. In Section 2 we look at the proportion of odd entries in the descent
set statistics. In Section 3 we discuss this result from the viewpoint of quasisymmetric functions
related to posets. We consider similar properties for the signed descent set statistics in Section 4.
The natural setting for this question is to look at flag vectors of zonotopes. In Section 5 we explore
patterns of descent statistics modulo 2p where p is a prime. Here we introduce the descent set
polynomial and consider divisibility by cyclotomic polynomials. In Section 7 we explore when the
descent set polynomial is divisible by the quadratic factors @2, @f and <1§22p. In Section 8 we introduce
type B quasisymmetric functions and the signed descent set polynomials. We use the former to describe
divisibility patterns of the latter. Finally, in the concluding remarks we make a number of observations
on the data presented in Tables 2 and 3.

2. The proportion of odd entries

For m =y --- 7, a permutation in &, recall that the descent set of 7 is the subset of [n — 1] given
by {i: m; > mi;1}. For a subset S of [n — 1] the number of permutations in &, with descent set S is
denoted by B,(S).

Let p(n) denote the proportion of odd entries in the descent statistics in the symmetric group Gy,
that is,

[{S C[n—1]: Bp(S) =1 mod 2}|

on—1 :
For instance, p(3) = 1/2 since in the data 83(@) = B3({1,2}) =1 and B3({1}) = B3({2}) = 2 exactly
half of the entries are odd.

The first few values of the proportion p(n) are shown in Table 1. In this section we prove the
following result.

p(n) =

Theorem 2.1. The proportion of odd entries in the descent set statistics p (n) only depends on the number of 1's
in the binary expansion of the integer n.

Recall that a composition of n is a list y = (y1, ¥2, ..., ¥m) of positive integers such that y; + y» +
-++ 4 Ym = n. The multinomial coefficient is defined by

(n)_ n!
v} nlyaleym!
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Define a bijection D between subsets of the set [n — 1] and compositions of n by sending the set
{s1 < $2 <--- < Sp—1} to the composition (51,52 — $1,53 — S2,...,1 — S;m—1). Let @, (S) denote the
multinomial coefficient (D'ZS)). The following is a classic result due to MacMahon.

Lemma 2.2. Let S be a subset of [n — 1]. Then the number of permutations in &, with descent set contained
in S is @, (S), and we have

Bu($) =D (=1 T an(T).

TCS
We need Kummer's theorem for the multinomial coefficient version.

Theorem 2.3. For a prime p and a composition y = (Y1, V2, . .., ¥m) of n, the largest power d such that p?
divides the multinomial coefficient ()’}) is equal to the number of carries when adding y1 + y2 + -+ - + Ym in

base p.

As a corollary we can determine whether a multinomial coefficient is even or odd. This corollary
also follows from Lucas’ congruence for binomial coefficients.

Corollary 2.4. For a composition y = (y1, V2, ..., ¥Ym) of n, the multinomial coefficient (;) is odd if and only

if there are no carries when adding y1 + Y + - - - + Vi in base 2, that is, for all i # j, the binary expansions of
y; and y; have no powers of 2 in common.

Let the binary expansion of n be n=2/1 +2J2 4 ...+ 2Jk, where j; > j, > -+ > ji. Call an element
of [n — 1] essential if it can be expressed as ) ;_p2/i for some nonempty proper subset B of [k];
otherwise, call this element nonessential.

Lemma 2.5. If S C [n — 1] contains a nonessential element s;, then o, (S) is even, that is, oy (S) = 0 mod 2.

Proof. Let ¥ = (y1, }2, ..., ¥m) be the associated composition D(S). Notice in the addition (y1 +---+
Yi) + (Vis1 + -+ ym) = Si + (n—s;) =n there is a carry in base 2. Hence it follows from Corollary 2.4
that o, (S) is even. O

Lemma 2.6. Let S be a subset of [n — 1], and suppose thati € [n — 1] — S is a nonessential element. Then

Bn(S) = Bn(S U {i}) mod 2.
Proof. By Lemmas 2.2 and 2.5, we have

B(SULi)) =D (=D TH . an(M) + Y (=)o (T U (i})

TCS TcS
=—Bu(S)+ > (DS (T U{i})
TCS
= Bp(S) mod 2. O

Lemma 2.7. Let S = {s1 <2 < --- < Sm—1} be a subset of [n — 1] consisting of essential elements, so that
there are nonempty proper subsets By, By, ..., Bm—1 of [k] such that s, = ZieBr 2Ji Then o, (S) is odd if and
onlyifBi €By C--- C By—1.

Proof. Let By =@ and By =[k]. If By S By C--- S By_q then yy =s; — s, 1= ;5 _p , 2/1. Then
there is no carry in the addition y1 + - - -+ y/» =n and hence o (S) is odd. On the other hand, if oy (S)
is odd then there are no carries in the addition y; + - -- 4+ ¥/ =n, so all the 2-powers that appear in
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Y1, ..., Ym must be disjoint. Since s, is given by the partial sum y; + - - - + ¥4, the 2-powers appearing
in s, must be contained among the 2-powers appearing in s;41, that is, B, € B;y1. O

Lemma 2.8. Let n have k 1’s in its binary expansion. Let E = {e1, e2, ..., e,x_4 } be the set of essential elements
of [n — 1], where the e;’s are listed in increasing order: e; < ey <--- < ey_q. Let S = {s;;, si,, ..., Si,} bea
subset of E and S be the set of indices of S, that is, S={i1,i2,...,im}. Then the parity of Bn(S) is the same as
the parity of Byx_1(S).

Proof. From Lemma 2.7 it follows that the parity of o;(S) is the same as the parity of Olzk_1(§). Now
the result follows by

Bu$) =Y DI Thanm =3 (D5 oy (M =pp_;G)mod2. O

TCS TS
We are now ready to prove Theorem 2.1.
Proof of Theorem 2.1. It follows from Lemma 2.6 that the proportion of odd entries among B;(S)
for S C [n — 1] is the same as the proportion of odd entries among S,(S) for S C E. By Lemma 2.8
the proportion of odd entries among B,(S) for S C E depends on k, the number of 1's in the binary
expansion of n. 0O

3. Quasisymmetric functions and posets

In this section we relate the preceding result to the theory of quasisymmetric functions.
Consider the ring Z[[w1, wa, ...]] of power series with bounded degree. A function f in this ring

is called quasisymmetric if for any sequence of positive integers y1, ¥2, ..., Ym We have
Y1 Ym _ "1 Ym
[Wh Wi ]f_ [le Wi ]f

whenever iy < --- <ip and j; <--- < j;,, and where [w”]f denotes the coefficient of w? in f.
Denote by QSym C Z[[w1, Wy, ...]] the ring of quasisymmetric functions.

For a composition y = (y1, ¥2, ..., ¥m) the monomial quasisymmetric function M, is given by
— 4! Vi
My= 3 wil-wpn.
i1 <--<im

Definition 3.1. Let P be a graded poset with rank function p. Define the quasisymmetric function
F(P) of the poset P by

F(P)=Y My,
c

where the sum ranges over all chains ¢ = {f) =X <X| <+ <Xp= i} in P, p(c) denotes the
composition (p(xo, X1), p(X1,X2), ..., P(Xm—1,Xm)), and p(x, y) denotes the rank difference p(x, y) =
pY) — pX).

The quasisymmetric function of a poset is multiplicative, that is, for two graded posets P and Q
the quasisymmetric function of their Cartesian product is given by the product of the respective
quasisymmetric functions:

F(P x Q)=F(P)-F(Q);

see Proposition 4.4 in [6]. Recall that the Boolean algebra B, is the Cartesian power of the chain of
two elements By, that is, B, = B} and F(B1) = wq + w2 +---. Hence we have that F(B,) = F(B1)" =
M?]) =Wwi+wy+--)n
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Let P be a graded poset of rank n. For a subset S ={s1 <s$3 <--- <sm_1} of [n — 1], define the
flag f-vector entry fs to be the number of chains {0 =xp < x; <--- < xpn = 1} such that p(x;) =s; for
1 <i<m— 1. The flag h-vector is defined by the invertible relation

hs=Y (~DPFT fr.
TCcS

Recall the bijection D between subsets of [n — 1] and compositions of n defined in Section 2.
By abuse of notation we will write Ms instead of Mps), where the degree of the quasisymmetric
function is understood. Then Lemma 4.2 in [6] states that the quasisymmetric function of a poset
encodes the flag f-vector, that is,

F(Py= Y fs-Ms.
SCn—-1]
The fundamental quasisymmetric function Lt is given by
Ly = Z Ms.
TCS
Note that one can write F(P) in terms of fundamental quasisymmetric functions:
F(P) = Z hs - Ls.
SCn—1]

If the poset P is a Boolean algebra B, then hs = B,(S). This is straightforward to observe
using the classical R-labeling of the Boolean algebra [17, Section 3.13] or by direct enumeration
[17, Corollary 3.12.2]. The multiplicative property B;+m = By X B;, allows us to compute F(B,) mod-
ulo 2:

Lemma 3.2. For m = 2J we have F(B,) = Mmy mod 2. Consequently, forn = 20 4 2dewith ji > - >
ji = 0 we have F(By) =[]~ M 5, mod 2.

Proof. It is enough to prove the first statement. Recall the congruence (a + b)zj =q? + b mod 2.
Now we have

F(By)=(wi+wa+--0 =w? +wd +...=My; mod2. O

An ordered partition 7w of a set [k] is a list of non-empty pairwise disjoint sets (B1, B2, ..., Bj) such
that their union is [k].

Theorem 3.3. For positive integers mi,mpy,...,my, the product of the quasisymmetric functions
Mmy) - M(my) - - - M(m,) is given by

Mny) - Many) -+ Many = ) M

T
where
S(m) = D*‘((me, D mi.. Zm,-»,
i€B1 fEBz iEBj
and w = (B1, B, ..., Bj) ranges over all ordered partitions of the set [k].

Proof. The theorem can be proved by iterating Lemma 3.3 in [6]. O

In view of Lemma 3.2, the following is a restatement of Theorem 2.1 in the language of quasisym-
metric functions.
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Theorem 3.4. The proportion of odd coefficients in the quasisymmetric function f = M piry - Mgizy -+ M(zjk)
when expressed in the L-basis only depends on k.

Proof. There is a natural partially ordered set [T, on ordered partitions of [k] with the cover relation
7 < o whenever o is obtained from m by merging two adjacent blocks. Expressing the quasisym-
metric function f in terms of the L-basis, we get

f=) Msem=) > (DT>@hp,
mwelly welly T2S(m)

where S(ir) is defined as in Theorem 3.3 for m; = 2Ji. Thus the coefficient of Lt is given by the sum
Z (_1)\T—5(ﬂ)\.
welly: S(m)<T

As in the proof of Theorem 2.1, considering pairs of sets T and T U {i}, where i ¢ T is a nonessential
element, we conclude that the proportion of odd coefficients in the expansion of f in the L-basis
only depends on sets T consisting solely of essential elements. The coefficients corresponding to such
T depend only on the poset [Ty, that is, only on k, because of the above expression for the coefficient
of L. O

Theorem 2.1 implies that for n = 2/ all the entries in the descent set statistics are odd. Hence it is
interesting to look at this data modulo 4.

Theorem 3.5. For n = 24 > 4 exactly half of the descent set statistics are congruent to 1 modulo 4, and the
other half are congruent to 3 modulo 4.

Proof. First we claim that F(By) = M) + 2M(/2,n/2) mod 4. This identity follows from the observa-
tion (a + 2b)2 =a? mod 4 and by induction on j, where the induction step is

F(Ban) = (M) +2Mm/2,n/2))* = M?n) = Mn) + 2M.n) mod 4.

We have the expansion

M) +2M@/2,n/2) = Mo + 2Mn 2

— Z(_])\Sl Lg—2- Z (—D)S! L
S

n/2es
= > DL = Y ()Pl Ls.
n/2¢Ss n/2es

Hence the descent set statistics modulo 4 are given by ,(S) = (—1)!~{/2! mod 4. Thus for 1 ¢ S
the values of 8,(S) and 8,(S U{1}) have the opposite sign modulo 4, proving the result. O

4. The signed descent set statistics

A signed permutation of size n is of the form m = my---m, where each m; belongs to the set
{£1,...,£n} and |m1]|---|7y| is @ permutation. Let 6;7“ be the set of signed permutations of size n.
For ease of notation put 7wy = 0. The descent set of a signed permutation 7 is a subset of [n] defined
as {i: mj_q1 > m;}. For S C [n] let ﬂ,;t(S) denote the number of permutations in Gni with descent
set S.

An equivalent way to using quasisymmetric functions to encode the flag f-vector data of a poset
is via the ab-index. Let a and b be two non-commutative variables. For S C [n — 1] let us be the
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monomial ujuy---uy,—1 where u; =aif i ¢ S and u; =b if i € S. The ab-index of a poset P of rank n
is defined as the sum

W(P):Zhg-us.
S

When the poset P is Eulerian then its ab-index can be written in terms of c=a+b and d =ab +
ba. This more compact form removes all linear redundancies among the flag vector entries [2]. The
linear relations satisfied by the flag f-vectors of Eulerian posets are known as the generalized Dehn-
Sommerville relations [1]. Similarly to quasisymmetric functions, the ab-index and cd-index also have
an underlying coalgebra structure. For more details, see [11].

The poset associated to signed permutations is the cubical lattice Cp, that is, the face lattice of an
n-dimensional cube. Observe that C,, has rank n + 1. We have

W(C) =) By (S)-us.
S<n]

A more general setting for the cd-index of the cube is that of zonotopes. Recall that a zonotope
is a Minkowski sum of line segments. Associated to every zonotope Z there is a central hyperplane
arrangement . Let L be the intersection lattice of the arrangement 7H. A result by Billera, Ehrenborg,
and Readdy [3] shows how to compute the cd-index of the zonotope from the ab-index of the inter-
section lattice L. First, introduce the linear map w from Z(a, b) to Z{c, d) defined on an ab-monomial
as follows. Replace each occurrence of ab by 2d and then replace the remaining letters by c. The main
result in [3] states that the cd-index of the zonotope Z is given by

v(2)=w(a ¥L)). (4.1)
In particular, for the cubical lattice we have
W (Cp) =w(a-¥(By), (4.2)

since the associated hyperplane arrangement is the coordinate arrangement and its intersection lattice
is the Boolean algebra.

Considering Eq. (4.1) modulo 2, we observe that ¥ (Z) =c¢" mod 2 and hence we obtain the fol-
lowing result.

Lemma 4.1. All the entries of the flag h-vector of a zonotope are odd. In particular, all the signed descent set
statistics are odd.

In order to understand the flag h-vector modulo 4, we need a few lemmas.

Lemma 4.2. After expanding the cd-polynomial

n—2
Zci d.c-i—2
i=0
into an ab-polynomial, exactly half of the coefficients are odd.

Proof. Since d = ab — ba mod 2, it is sufficient to consider the identity

n-2 .

> c-@—ba)-c"2=a-@+b"?*-b—b-@+b"?* a

i=0
This identity holds since the coefficient of an ab-polynomial in the sum is the number of occurrences
of ab minus the number of occurrences of ba in the monomial. This difference only depends on the
first and last letter in the monomial and the identity follows. To complete the proof, observe that out
of 2" ab-monomials of degree n, exactly 2"~! appear in the right-hand side of the identity. O
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Lemma 4.3. Let z and w be two homogeneous polynomials in Z{a, b) of degree m and n, respectively, each
having exactly half of their coefficients odd. Then the two ab-polynomials

c.z.¢ and z."+c™-w

also each have exactly half of their coefficients odd.

Proof. We only prove the second statement of the lemma. We omit the proof of the first, as it is
similar and easier. Let u and v be two ab-monomials of degrees m and n, respectively. The coefficient
of u-vin z-c"+c¢™-w is given by the sum of the coefficients of u in z and of v in w. Hence the

coefficient of u - v is even when the coefficients of u and v are both even (21 .21 cases) or the
coefficients of u and v are both odd (2™~1. 271 cases). O

Combining Lemmas 4.2 and 4.3, we have:

Proposition 4.4. Let o1, . .., ay be integers, not all of which are even. When the cd-polynomial

n—2
Zai c.d- cn—z—Z
i=0

is expanded into an ab-polynomial, exactly half of the coefficients are odd.

Theorem 4.5. For a zonotope Z either (i) exactly half of the flag h-vector entries are congruent to 1 modulo 4,
and the other half are congruent to 3 modulo 4; or (ii) all the flag h-vector entries are congruent to 1 modulo 4.

Proof. Considering the identity (4.1), we observe that the only terms in the right-hand side with
non-zero coefficients modulo 4 are ¢" and those cd-monomials having exactly one d, that is,

n—2
U(Z)=c"+2- (Zai ¢ -d~c”_i_2) mod 4.
i=0

If all the «;’s are even then the flag h-vector entries are congruent to 1 modulo 4. If at least one «;
is odd, then by Proposition 4.4 exactly half of the flag h-vector entries are congruent to 1 modulo 4
and the other half are congruent to 3 modulo 4. O

Now we consider the cubical lattice, that is, the signed descent set statistics modulo 4.

Theorem 4.6. For an integer n > 2, exactly half of the signed descent set statistics are congruent to 1 modulo 4,
and the other half are congruent to 3 modulo 4.

Proof. Observe that there are 2" atoms in the cubical lattice. Hence h{1; = 2" — 1= 3 mod 4. Thus the
result follows from Theorem 4.5. O

5. Descent set statistics modulo 2p
For a set S of integers and a non-zero integer g, define the two notions q- S and S/q by
qg-S={q-s: seS},
S/q={s/q: s€ S and q | s}.

Recall that o (S) (resp., Bn(S)) denotes the number of permutations in &, with descent set contained
in (resp., equal to) S.
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Proposition 5.1. Let ¢ = p‘, where p is a prime and t is a non-negative integer. Let n =r - q, where r is a
positive integer. Then the descent set statistics modulo p are given by

Bn(S) = (=141 g.(S/q) mod p,

where S C [n —1].

Proof. Observe that
My, =F(By) = Z ar(S) - Ms.
sclr—1]
In this quasisymmetric function identity make the substitution w; — w?. We then obtain

M= 3 an(S) Mys
SClr—1]

= > Y a®- ()

SCr—1] T<[n—1]
q-SCT

= Y Y a®

TC[n—1]q-SCT

= 2 (—U'“"”‘”“( 2 “r(5)~<—1>'”‘4‘5')-h

TC[n—1] SCT/q
= 3 e g gLy
TCm-1]

Since M?U = Mg mod p, we have F(Bp) = (M‘(Il))r = qu) mod p. Now by reading off the coefficients
of Ly, the result follows. O

Corollary 5.2. Let q = pt, where p is a prime and t is a non-negative integer. Then

Ba(S) = (—1)!* mod p.

Proof. The claim can be deduced from Proposition 5.1 by setting r = 1. A direct argument proceeds
as follows. Since (a + b)? = a9 + b? mod p, we have

F(Bg) = (w1 +wp+---)1
=wi+wl+. ..

=Mg =) (-DS. Lymodp. O
S
Corollary 5.3. Let g = pt, where p is a prime and t is a non-negative integer. Then
Bag(S) = (=1)*"1 mod p.
Proof. The result follows from Proposition 5.1 by setting r = 2 and noting that 8,(@) =({1}) =1. O

For n having the binary expansion n =271 +2J2 4 ... 4 2ik, where ji > j, > -+ > ji >0, recall
that an element j € [n — 1] is nonessential if j is not a sum of a subset of {2/1,2/2, ... 2Jk},

Theorem 5.4. Let g = p" for p an odd prime and t a non-negative integer, and let n =r - q, where r is a positive
integer. Suppose that there is a nonessential element j € [n — 1] that is not divisible by q. Furthermore, suppose
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that there exist integers a and b not divisible by p such that a = b mod 2, and B (S) is congruent to either a
or b modulo p forall S C [n — 1]. Then

[{S < n—11: Bu(S)=amod 2p}|=|{S S [n—1]: Bz(S) =b mod 2p}|,
[{S<n—11: Bu(S)=a+ p mod 2p}|=|{S S [n—1]: Ba(S) =b+ p mod 2p}|.

In the case when the proportion p(n) is 1/2, the four cardinalities above are all equal to 2" 3.

Proof. Consider the collection of sets S C [n — 1] such that 8,(S) =a=b mod 2. For S in this collec-
tion such that j ¢ S, we have ,(S) = 8,(S U {j}) mod 2. However, since q does not divide j, we have
Bn(S) = —pB,(S U {j}) mod p by Proposition 5.1, that is, Bn(S) # Bn(S U {j}) mod p, as a (resp., b) is
not congruent to —a (resp., —b) modulo p. Hence this collection splits into two classes of equal size
when divided according to the value of 8(S) modulo 2p. The same argument holds for the sets S
satisfying 8(S)=a+p=b+pmod2. O

By the Chinese remainder theorem, we have B(S) = +1, p =1 mod 2p. For non-Mersenne primes
we can say more.

Theorem 5.5. Let ¢ = p* be an odd prime power which has k 1's in its binary expansion. Suppose that q >
2k — 1, that is, q is not a Mersenne prime. Then

I{S S lg—11: Bg(S)=1mod 2p}| = |{S S [q—1]: 4(S)=—1mod 2p}|,
[{S<lg—11: Bg(S)=p—1mod 2p}|=|{S S [g—1]: Bg(S)=p+ 1 mod 2p}|.

In the case the proportion p(q) is 1/2, the four cardinalities above are equal to 2973,

Proof. Since g > 2% —1, as in the proof of Theorem 3.4 there exists a nonessential element j € [q — 1].
Thus Theorem 5.4 applies. O

When q = p is a prime and k = 2, Theorem 5.5 applies only to the Fermat primes which are
greater than 3, that is, 5, 17, 257 and 65537. We also know that the proportion is 1/2 for the
case k = 3, that is, primes whose binary expansion has three 1's. The first few such primes are
7,11,13,19,37,41,67,73,97; see sequence A081091 in The On-Line Encyclopedia of Integer Se-
quences.

For prime powers of the form q = p’ with t > 2, the only case with k =2 we know is q = 32.
Similarly, with k =3 we know six cases: 52, 72, 34, 172, 232, 2572 and 655372. It is not surprising
that the squares of the Fermat's primes and the square of 32 appear in this list. The two sporadic
cases are 72 and 232.

The next theorem concerns permutations of size twice a prime power.

Theorem 5.6. Let g = p' be an odd prime power which has k 1's in its binary expansion. Then

)

I{S < 12q—11: B2q(S)=p —1mod 2p}| = |{S S [2q — 1]: B2q(S) =p + 1 mod 2p}|.

[{S €129 — 11: B2q(S) =1 mod 2p}| = |{S S [2g — 11: B2q(S) = —1 mod 2p}

In the case the proportion p(q) is 1/2, the four cardinalities above are equal to 2293,

Proof. By Corollary 5.3, f24(S) = (—=1)!5~@! mod p. Furthermore, since 2q is even, the element 1 is
nonessential, and Theorem 5.4 applies. O
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6. The descent set polynomial

A different approach to view the results from the previous sections is in terms of the descent set
polynomial

Uey= Y M.

Scn—1]

The degree of this polynomial is the nth Euler number E;. For n > 2 the polynomial is divisible by 2t.
Theorems 2.1, 3.5, 5.5 and 5.6 can be reformulated as follows.

Theorem 6.1.

(i) For a positive integer n we have Q,(—1) =2" - (1/2 — p(n)). In particular, when n has two or three 1’s
in its binary expansion, then —1 is a root of Qn(t).
(ii) Forn =2 > 4 the imaginary unit i is a root of Q(t).
(iii) Let q = p* be a prime power, where p is an odd prime. Suppose that q has k 1’s in its binary expansion
and satisfies ¢ > 2X — 1. Let ¢ be a primitive 2pth root of unity. Then

1
Qq(¢) =29-Re(¢) - (/J(Q) - 5>,

where Re(¢) denotes the real part of ¢.
(iv) Let g = p* be a prime power, where p is an odd prime. Suppose that q has k 1’s in its binary expansion.
Let ¢ be a primitive 2pth root of unity. Then

—_92q 1
Q2q(5) =27"-Re(¢) - (p(q) - 5>.

It is curious to observe that the polynomial Q,(t) quite often has zeroes occurring at roots of unity.
An equivalent formulation is that Q,(t) often has cyclotomic polynomials & (t) as factors. (Recall that
the cyclotomic polynomial @ (t) is defined as the product I—[{(t — ), where ¢ ranges over all primitive
kth roots of unity.) See Table 2 for the cyclotomic factors of Q,(t) for n < 23.

Lemma 6.2. Let q be an odd prime power. Then the cyclotomic polynomial ®4 does not divide the descent set
polynomial Q,(t).

Proof. If q is a power of an odd prime p then ®4(1) = p. Since Q;(1) = 2"=1 has no odd factors, the
lemma follows. O

Lemma 6.3. Let q be the odd prime power pt. Then

(i) Ifn = 2J then the cyclotomic polynomial D)4 does not divide Qp(t).
(ii) If n has four 1's in its binary expansion and p > 5 then the cyclotomic polynomial @4 does not di-
vide Qj(t).
(iii) If n has five 1’s in its binary expansion and p > 11 then the cyclotomic polynomial ®,q does not di-
vide Qj(t).

Proof. We have @,4(—1) = p. Since Qu(—1) =2"-(1/2 — p(n)) the result follows by consulting Ta-
blel. O

7. Quadratic factors in the descent set polynomial

In order to study the double root behavior of the descent set polynomial Q,(t) or, equivalently,
quadratic factors in Q,(t), we need to prove a few identities for the descent set statistics. We begin
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Table 2
Cyclotomic factors of Qj(t)
n Degree Cyclotomic factors of Qpu(t)
3 2 (2]
4 5 @3
5 16 D2 by
6 61 2. 0%y
7 272 &)
3 1385 @2 by
9 7936 P35 B Pig
10 50521 2. P bl Pig - Py
1 353792 by - b - Dy
12 2702765 @2 . ®g - D1y P - DI, - Peg - Prio - Prog
13 22368256 B3 - Pog
14 1.993 - 108 By Py Dy Py - Py - Pog - Pog - Piga
15 1.904 - 10° =
16 1.939- 10 @2 Dy Dy - Dag - sy - Do - Prse - Pazo - Paeo - P72
17 2.099 - 10" 2. B3y
18 2.405- 10" 2. DL Dig- D3y Proz - Paos
19 2.909 - 10" b5 - P3g
20 3.704- 10" 2. P Do P3g- P3g- P - Pro2 - Pria - Pro
+ P90 + Ps10 - Ps70 - Poeas - P1a3s - P3230 - Pa6go
21 4,951-10" P Dg - Py Pap
22 6.935-10'6 By Py - Dy - Boy - Py - Pisy
23 1.015- 108 =

by introducing the multivariate ab- and cd-indexes. Let ai, ay, ... and by, by, ... be non-commutative
variables. For S C [n — 1] let us be the monomial uquy---u,—1 where u; =a; ifi ¢ S and u; =b; if
i € S. The multivariate ab-index of a poset P of rank n is defined as the sum

w(P)=Y hs-us,
S
where S ranges over all subsets of [n — 1].

Lemma 7.1. For an Eulerian poset P the multivariate ab-index can be written in terms of the non-commutative
variables ¢; = a; +b; and d; 11 = a;b; 1 + b;a;11.

Proof. Observe that by adding the index i to the ith letter in an ab-monomial of degree n — 1, we
obtain a natural bijection between the regular and the multivariate ab-indices of the same poset P.
Thus the statement of the lemma is equivalent to the statement that the regular ab-index of P can
be expressed in terms of the variables c=a+b and d=ab+ba. O

In this case, we call the resulting polynomial the multivariate cd-index. Observe that for a rank n
Eulerian poset each of the indices 1 through n appears in each monomial of the multivariate cd-index.

Proposition 7.2. Let hs be the flag h-vector of an Eulerian poset P of rank n, or more generally, hs belongs
to the generalized Dehn-Sommerville subspace. Let T C [n — 1] such that T contains an interval [s,t] =
{s,s+1,...,t} of odd cardinality withs — 1,t +1 ¢ T. Then

> DEMhg =0,

Scn-1]
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Proof. The sum is obtained from the multivariate ab-index of the poset P by setting a; =1 and
b — { -1 ifieT,
' 1 otherwise.

Notice that ¢; =0 fori e [s,t] and that ds_1 s =d; 11 =0.If s=1 we setdg; =0, and if t =n—1 we
set d;,—1., =0. Since P is Eulerian, the multivariate ab-index can be written in terms of multivariate
cd-monomials (Lemma 7.1). A multivariate cd-monomial that contains ds_1 s or d; (41 evaluates to
zero. Since the interval [s,t] has odd size, a multivariate cd-monomial not containing ds_1 s and
d; ;11 must contain at least one variable ¢; with i € [s, t]. Hence this monomial also evaluates to
zero. O

Observe that the identity in Proposition 7.2 is a part of the generalized Dehn-Sommerville rela-
tions; see [1].

Theorem 7.3. If the binary expansion of n has two 1’s and n > 3, then <I>§ divides Qj(t).

Proof. Suppose that n = m; + my, where m; = 241, my =242, and j1 > j2. From the proof of Theo-
rem 3.4 we have

£u(S) = 1 mod 2 if |SN{my,my}|=0,2,
2210 mod 2 if SN {my,my} =1.

Hence
Q=)= > BulS) (=)A= X" (—plShimemil. g, (),
S<n—1] SCn—1]

which is zero by Proposition 7.2. O
Theorem 7.4. Ifn = 2J > 4 then &} divides Qy(t).

Proof. Let m = n/2. The proof of Theorem 3.5 states that A(S) = (—1)'*~f™I mod 4. Let i be the
imaginary unit, so that i2 = —1. Observe that i-D"~1 = (—1)k. We have

Qiy= > pu(s) POT= F (Tl g(s).
SCn—1] SCn—1]
By Proposition 7.2, Q;(i) =0 since S—{m}=Sn{1,....m—1,m+1,...,n—1}and m—1is odd. O

The next result applies to prime powers that have two 1's in their binary expansion. The only
cases known so far are the five known Fermat primes 3, 5, 17, 257, 65537 and the prime power 32.

Theorem 7.5. Let q = p* be a prime power, where p is an odd prime and assume that q has two 1's in its
binary expansion. Then the cyclotomic polynomial q)22p divides Q2q(1).

Proof. In this case n = 2q =m + 2, where m = 2/. From the proof of Theorem 3.4 we have

B (S) = 1 mod 2 if |SN{2,m}|=0,2,
209=10 mod 2 if|SN{2,m})=1.

Hence combining it with the proof of Corollary 5.3, we have

(—1)lS—lal mod 2p if [SN{2,m}|=0,2,

ﬁzq(s)z{pﬂ—n‘sf{q}l mod 2p if [SN{2,m}| =1.



260 D. Chebikin et al. / Journal of Combinatorial Theory, Series A 116 (2009) 247-264

Thus for ¢ =Re(¢) +Im(¢) -i a 2pth primitive root of unity, we have that
P = (~pyiSnEmil DI
= (=DPFMEML Re(¢) + (=P Im(g) -i).
Evaluating the sum and using the fact that

|SN{2,m}| +|S —{g}| =|SN{2.q.m}| mod 2

we have
0-Qhg(@) =Y Pag(5)- M
S<[2q-1]
=Re(t)- Y. (DS g () +Im@)-i- Y (DRI gy (s),
S5<[2q-1] S<[2q-1]

where both sums vanish by Proposition 7.2. O
8. The signed descent set polynomial

Similarly to the descent set polynomial we can define the signed descent set polynomial:
Qni(t) — Z t/gni(s);
Scin]

see Section 4 for definitions relevant to signed permutations. The degree of this polynomial is the nth
signed Euler number E, which is the number of alternating signed permutations of size n. Yet again,
for n > 1 this polynomial is divisible by 2t. Theorem 4.6 can now be stated as follows.

Theorem 8.1. For n > 2 the signed descent set polynomial Qni(t) has the cyclotomic factor ®4.

The space of quasisymmetric functions of type B is defined as BQSym = Z[s] ® QSym. Quasisym-
metric functions of type B were first defined by Chow [5]. We will view them to be functions in the

variables s, w1, wp, ..., that are quasisymmetric in wq, wy, .... For a composition (yy, ..., Ym) define
the monomial quasisymmetric function of type B by
B — Yo—1,
Moty =S Ma.....ym

A third method to encode the flag vector data of a poset P of rank at least 1 is the quasisymmetric
function of type B

Fp(P)=) M5, (81)

where the sum is over all chains ¢ = {6 =X0 <X < <Xp= i} in the poset P; see [12]. A different
way to write Eq. (8.1) is

Fp(P)= Y s"®71.F([x, 1]). (82)
6<x<i
The diamond product of two posets P and Q is
PoQ =(P—{0}) x (Q —{0}) U {0).

Using identity (8.2) one can show that the type B quasisymmetric function of a poset is multiplicative
with respect to the diamond product of posets, that is, Fg(P © Q) = Fg(P) - Fg(Q). Applying the
bijection D between compositions and subsets, we have

Fe(P)= Y fs-M¥,

Scn-1]
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where we write M? instead of Mg(s), and the poset P has rank n. The fundamental quasisymmetric
function of type B, denoted by L, is given by

LF=> MZ.
TCcS

Then the flag h-vector appears as the coefficients in the decomposition

Fp(P)= ) hs-L,

Scn-1]

where the poset P has rank n.

The cubical lattice C, has rank n + 1 and can be obtained as a diamond power of the Boolean
algebra By, that is, C, = BS". Therefore we have the following result.

Lemma 8.2. The type B quasisymmetric function of the cubical lattice is given by

Fp(Cp)=(s+2-Ma)"

Theorem 8.3. For p an odd prime the cyclotomic polynomial ®4, divides the signed descent set polyno-
mial Q £ (t).

Proof. Observe that modulo 4 we have

Fp(Cp)=(s+2-Mq)?
ESP+2-p-.§1371 - M)
_ B B
=M(p+1) +2-p-M(p.1)

_ B B

=Mg +2-M{,

=Y DB Lf 2. st
S<lipl pes

=Y DPLLE+ > (=DPT LE mod 4.
pés pes

Hence the signed descent set statistics satisfy 3 (S) = (—1)!5~!P! mod 4 for S  [p]. Now modulo p
we have

Fp(Cp)=(s+2-Mq)?
ESP+2'M(p)
_ B B
=M1 +2-Ma p)
=M +2- M}, mod p.

This directly implies that ﬁpi(S) = (—1)!5~{1 mod p. Combining these two statements we obtain

(-1's! mod 4p if1,p¢S,
BE(S) = (=S mod 4p if1,peS,
p 2-p+ (=D mod 4p if1¢S,peS,
2.p+ (=171 mod 4p if1eS,pés.

(8.3)

Observe that for p ¢ S we have ﬁ;,t(S) = ﬂgf(S U {p}) + 2 - p mod 4p, implying that {‘3;(5) =

—g“ﬂpt(SU{p}) for ¢ a 4pth primitive root of unity. Now sum over all subsets of [p], and the result
follows. O
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Theorem 8.4. For p an odd prime, @fp does not divide the signed descent set polynomial Qpi(t). In fact,

evaluating the derivative of the signed descent set polynomial Q;}(t) at ¢, where ¢ is a 4pth primitive root of
unity, gives

£-Qp (@) =Im()-i- (=1)P~V2.2P . p.Ey .
Proof. From (8.3) we have:

CQFO) =Y BE(S) PO

Sclpl
= Y B (DT ey
Sclpl
=Re(t)- ) By () (DM im(e) i Y7 By (S) - (~DIEMLPIL (S,

S<[p] S<[p]

The first sum is zero by Proposition 7.2. The second sum simplifies to

Im(¢) -i- Z ﬂ;t(S) (=1)Isnip=111,

S<lp]
This sum can evaluated by setting aj =1, by =---=b, 1 =—1 and b, =1 in the multivariate
ab-index of the cubical lattice Cp,. Observe that ¢; =---=¢,_1 =0 and d,_1 , = 0. Hence the only

surviving cd-monomial is dq 2 ---dp_2 p—1¢p. The coefficient of this monomial is computed as follows:

[dP=D/2c]w (Cp) =207 D72 [2d)P~D2c]w (Cp)
=2=D72 ([@b)P~V/2a]a-w(By) + [(@b) P~/ ?bla- ¥ (B))
—2(-1/2 p- [b(ab)(”_3)/2]l1/(3p,1)
—2=1/2, p-Ep-a.

The third step is MacMahon’s “Multiplication Theorem”; see [13, Article 159]. It can be stated in terms
of the ab-indices as follows:

m+n
[uav]‘I/(Bm+n)+[ubV]'1’(Bm+n)=( m )-[u]‘I/(Bm)-i-[V]lI/(Bn),

where u and v have degrees m — 1 and n — 1, respectively. The monomial itself evaluates to
(=2)P=V/2. 2, since d12 =---=dp_3p_1 = —2 and ¢, = 2. Combining all the factors, the evalua-
tion at ¢ follows. O

9. Concluding remarks

Is there a reason why p(n) — 1/2 factors so nicely? See Table 1.

The two main results for unsigned permutations in Section 2, Theorems 2.1 and 3.4, can also be
proved using the ab-index and the mixing operator; see [7]. We have omitted this approach since
Kummer’s theorem and the quasisymmetric functions are more succinct in this case.

Tables 2 and 3 contain cyclotomic factors of polynomials Q,(t) and Qni(t) for small n. Those
factors whose presence is explained in this paper are highlighted in boldface. Here are several obser-
vations about the data in Table 2:

(i) All the indices k of cyclotomic factors @ of the polynomials Qj(t) are even.
(ii) Any prime factor p that occurs in an index of a cyclotomic factor of Q,(t) is less than or equal
to n.
(iii) If @, and Py, are factors of Qn(t), S0 iS Pgcd(k; k,)- That is, the set of indices is closed under
the meet operation in the divisor lattice.
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n Degree Cyclotomic factors of Q,}'(t)
2 3 Dy
3 1 B4 Dy Dz
4 57 by P - Py
5 361 Dy - P - Pag - P32 - Pso
6 2763 Dy - D3 - Py - P32 - Pap - Pos - P120 - Piso
i 24611 Dy Py Doy - Pog - Py - Psg - Preg - Paza
8 250737 Dy - D3y - Pey - Pang - Pass - P12
9 2873041 Dy - P12 - P32 - P36 - Pos - Pog - Pro2 - Pass - Pass
- P2, - D576 - Pr3aa - Pis3g - Paosz - Pasos
10 36581523 Py - Py Pog - Pap - Poa - P72 - Pr2o - Pro2 - P320 - Piso
- Pyag - Ps12 - Pogo - P1344 - P1536 - P2240 - P2560 - Pe720 - Pr680
11 5.123 - 108 Dy - Dy - Puap - Pag - Py - Pgg - Proz - P320 - Pago
- @512 - P04 - Poso - Painz - Paseo - 3520 - Ps632
12 7.828 - 10° Dy D15 - Py - Pag - Pog - Pigo - Pr76 - Pass - Pas2
- Pago - Ps12 - Psag - Pros6 - Praao - Pis3e - Pr7so - P2seo
- P3168 - Pagos - Ps280 - Ps632
13 1.296 - 10" D4 - D16 - P3p - Pag - P52 - Prgo - Paos - P3s2 - Paie
-2, - Dy - Prsas - Praco - P2oso - Pasrs - Pseaz - Poose
14 2.310-10™ Py - Pg - P33 - Psg - P1oa - P24 - P352 - Pare - P12
- D728 - L1536 - Padea - L2912 - P3584 - Pasze - Ps632 - Pesse
« Pog - P120 + P10 * P168 + P24+ P2go - Parg - Pago - Ps12
- P72 - Pgan - P1120 - Pr24s - P1536 - L2030 - P2560 - P2912 - P3360
- 5632 - Pe240 - Po6se - P6s0 - Ps736
16 8.986-10™ Dy - Pgy - Prag - Proz - P20 - Peao - Psoe - Poso
- P1024 - Pi664 - P3072 * Padso - Psi20 - Ps320
17 1.945.10'6 Dy - Doy - Pes - Prag - Poao - Psge
- P2, - Pross - Parze - Passo - Psizo
18 4.458 - 107 Dy - Dy - Dy - P72 - Prog - Pi36 - P3ga - Paos - Pedo

- P1024 - P1152 - P1224 - P1920 - P76 - L3072 - Ps760 - Pos2s - Pozie

(iv) If ky divides ko, ky divides k3 and @, and @y, occur as factors in Q,(t), then so does @y, . This
is convexity in the divisor lattice.
(v) If both @, and &y, divide Qu(t), where ki divides k;, then the multiplicity of &y, is greater
than or equal to the multiplicity of @, .
(vi) If p is not a Mersenne prime then the largest cyclotomic factor occurring in Qp(t) is @2p.
(vii) When p(n) # 1/2 then there are no cyclotomic factors in the descent set polynomial Q(t).
(viii) For all primes p we conjecture that cbzzp divides Q3p.

Moreover for the signed descent set polynomial we observe that:

(ix) For n > 3 the cyclotomic polynomial @4, divides the signed descent set polynomial Qni (t).
(x) For n > 5 the cyclotomic polynomial @4,,—1) divides the signed descent set polynomial Qni(t).

Can these phenomena be explained?

For what pairs of an integer n and a prime number p does the descent set statistic $5,(S) only
take two values modulo p?
Finally, we end with two number-theoretic questions. Are there infinitely many primes whose
binary expansion has three 1's? The only reference for these primes we found is The On-Line En-
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cyclopedia of Integer Sequences, sequence A081091. Are there any more prime powers with two or
three ones in its binary expansion?
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