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1. Introduction

The notion of subgroup distortion was first formulated by Gromov in [5]. For a group G with finite generating set T and
a subgroup H of G finitely generated by S, the distortion function of H in G is

A () = max{lwls : w € H, [wlr <1},

where |w|s represents the word length with respect to the given generating set S, and similarly for |w|r. This function
measures the difference in the word metrics on G and on H.

As usual, we only study distortion up to a natural equivalence relation. For non-decreasing functions f and g on N, we say
that f < g if there exists an integer C > 0 such that f (I) < Cg(Cl) for alll > 0. We say two functions are equivalent, written
f ~ g iff < gandg =< f. When considered up to this equivalence, the distortion function becomes independent of the
choice of finite generating sets. If the subgroup H is infinite, then the growth of the distortion function is at least linear, and
therefore one does not extend the equivalence classes using the equivalence defined by the inequality f (I) < Cg(Cl) + Cl. A
subgroup H of G is said to be undistorted if Ag(l) ~ [.If a subgroup H is not undistorted, then it is said to be distorted, and
its distortion refers to the equivalence class of Af,(l).

Remark 1.1. Suppose that there exists a subsequence of N given by {I;}icy, where I; < [ fori > 1. If there exists c > 0
such that 1’%" <c,foralli > 1,and f(;) > g(l;), thenf > g.

Here, we study the effects of distortion in various subgroups of the wreath products Z* wr Z, for 0 < k € Z, and, more
generally, in A wr Z, where A is finitely generated abelian.

Note that wreath products A wr B where A is abelian play a very important role in group theory, for many reasons. Given
any semidirect product G = CAD with abelian normal subgroup C, then any two homomorphisms fromA — C and B — D
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(uniquely) extend to a homomorphism from A wr B to G. Also, if B is presented as a factor-group F /N of a k-generated free
group F, then the maximal extension F /[N, N] of B with abelian kernel is canonically embedded in Z* wr B (see [7].) Wreath
products of abelian groups give an inexhaustible source of examples and counterexamples in group theory.

For instance, the group Z wr Z is the simplest example of a finitely generated (though not finitely presented) group
containing a free abelian group of infinite rank. In [6], the group Z wr Z is studied in connection with diagram groups and
in particular with Thompson'’s group. In the same paper, it is shown that, for Hy = (- - - (Z wr Z) wr Z) - - - wr Z), where the
group Z appears d times, there is a subgroup K < Hy x Hy having distortion function Ag" xHa (D > I°.In contrast to the study
of these iterated wreath products, here we obtain polynomial distortion of arbitrary degree in the group Z wr Z itself. In [1],
the distortion of Z wr Z in Baumslag’s metabelian group is shown to be at least exponential, and an undistorted embedding
of Z wr Z in Thompson’s group is constructed.

In this note, rather than embedding the group Z wr Z into larger groups, or studying multiple wreath products, we will
study distorted and undistorted subgroups in the wreath products A wr Z with A finitely generated abelian. The main results
are as follows.

Theorem 1.2. Let A be a finitely generated abelian group.

1. For any finitely generated infinite subgroup H < A wr Z there exists m € N such that the distortion of H in A wr Z is
A?\IWFZ(I) ~ lm

2. IfAis finite, then m = 1; that is, all subgroups are undistorted.

3. IfAis infinite, then, for every m € N, there is a 2-generated subnormal subgroup H of A wr Z having distortion function

A?IWTZ(I) ~ "

The following will be explained in Section 2.3.

Corollary 1.3. Foreverym € N, there is a 2-generated subgroup H of the free n-generated metabelian group S, ; having distortion
function

A2 (1) = ™,

Corollary 1.4. If we let the standard generating set for Z wr Z be {a, b}, then the subgroup H,, = (b, [---[a, b], b], ..., b]),
where the commutator is (m— 1)-fold, is m— 1 subnormal, isomorphic to the whole group Z wr Z, with distortion I"™. In particular,
the normal subgroup (b, [a, b]) has quadratic distortion.

Corollary 1.4is proved at the end of this paper. Because the subgroup ([a, b], b) of Z wr Z is normal, it follows by induction
that the distorted subgroup H,, is subnormal.

Remark 1.5. There are distorted embeddings from the group Z wr Z into itself as a normal subgroup. For example, the map
defined on generators by b — b, a — [a, b] extends to an embedding, and the image is a quadratically distorted subgroup
by Corollary 1.4. By Lemma 2.5, Z wr Z is the smallest example of a metabelian group embeddable to itself as a normal
subgroup with distortion.

Corollary 1.6. There is a distorted embedding of Z wr Z into Thompson'’s group F.

Under the embedding of Remark 1.5, Z wr Z embeds into itself as a distorted subgroup. It is proved in [6] that Z wr Z
embeds to F. Therefore, Corollary 1.6 is true.

It is interesting to contrast Theorem 1.2 part (2) with the following, which will be discussed in Section 4. Throughout
this paper, we use the convention that Z, represents the finite group Z/nZ.

Proposition 1.7. The group G = Z, wr Z¥, for n > 1, has a finitely generated subgroup H with distortion at least I.

Some of the techniques to be introduced in this paper include some computations with polynomials. We will use the
theory of modules over principal ideal domains in Section 10 to reduce the problem of subgroup distortion in Z* wr Z
to the consideration of certain 2-generated subgroups in Z wr Z. Every such subgroup is associated with a polynomial, and
therefore we need to define and compute the distortion of an arbitrary polynomial, as in Theorem 8.6. All of these techniques
are used in conjunction with Theorem 3.4, which provides a formula for computing the word length in an arbitrary wreath
product and makes computing the subgroup distortion more tangible in the examples we consider.

2. Background and preliminaries

2.1. Subgroup distortion

Here we provide some examples of distortion as well as some basic facts to be used later on.
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Example 2.1. 1. Consider the three-dimensional Heisenberg group #3 = (a, b, c|c = [a, b], [a, c] = [b,c] = 1). It has

cyclic subgroup (c) ., with quadratic distortion, which follows from the equation = [d, b1.
2. The Baumslag-Solitar group BS(1, 2) = (a, b|bab~! = a?) has cyclic subgroup (a)., with at least exponential distortion,

I _
because a® = blab~.

However, there are no similar mechanisms distorting subgroups in Z wr Z. Therefore, a natural conjecture would be that
free metabelian groups or the group Z wr Z do not contain distorted subgroups. This conjecture was brought to the attention
of the authors by Denis Osin. The result of Theorem 1.2 shows that the conjecture is not true.

The following facts are well known and easily verified. When we discuss distortion functions, it is assumed that the
groups under consideration are finitely generated.

Lemma2.2. 1. IfH < Gand [G : H] < oo, then Aj(l) ~ 1

2. IfH < K < G, then AK(D) < A%(D.

3. IfH < K < G, then AG(l) < AG((AK (D).

4. IfH is a retract of G, then Ag(l) ~ L.

5. If G is a finitely generated abelian group, and H < G, then Ag(l) ~

2.2. Wreath products

We consider the wreath products A wr B of finitely generated groups A = gp(S) = ({y1,...,¥s}) and B = gp(T) =
({x1, ..., x¢}). We introduce the notation that A wr B is the semidirect product WAB, where W is the direct product XgepAg,
of isomorphic copies Ag of the group A. We view elements of W as functions from B to A with finite support, where, for any
f € W, the support of f is supp(f) = {g € B : f(g) # 1}. The (left) action o of B on W by automorphisms is given by the
following formula: for any f € W, g € Band x € B, we have that (g o f)(x) = f(xg).

Any element of the group A wr B may be written uniquely as wg, where g € B, w € W. The formula for multiplication
in the group A wr B is given as follows. For g, g € Band wq, w, € W, we have that (w1g1)(w2g2) = (w1(g1 o w3))(g182)-
In particular, B acts by conjugation on W in the wreath product: gwg™! = g o w.

Therefore, the wreath product is generated by the subgroups B and A; < W, where non-trivial functions from A; have
support {1}. In what follows, the subgroup A; is identified with A, and so A, = gAg~! and SUT is a finite set of generators in
A wr B.In particular, Z wr Z is generated by a and b, where a generates the left (passive) infinite cyclic group and b generates
the right (active) one.

Here, we observe that a finitely generated abelian subgroup of G = A wr B with finitely generated abelian A and B is
undistorted. It should be remarked that the authors are aware that the proof of the fact that abelian subgroups of Z* wr Z
are undistorted is available in [6]. In that paper, it is shown that Z* wr Z is a subgroup of the Thompson group F, and that
every finitely generated abelian subgroup of F is undistorted. However, our observation is elementary, and so we include it.

Lemma 2.3. Let A and B be finitely generated abelian groups. Then every finitely generated abelian subgroup H of AwrB is
undistorted.

Proof. It follows from the classification of finitely generated abelian groups G that every subgroup S is a retract of a subgroup
of finite index in G, and so we are done if H is a subgroup of A or B, or if H N W = {1}, by Lemma 2.2. Therefore, we assume
that HN'W = {1}. Since H is abelian, this implies that the factor-group HW /W is finite. Then, it suffices to prove the lemma
for H; = HN W, since [H : H{] < oco.Because H; is finitely generated, it is contained in a finite product of conjugate copies
of A. That is to say, H; C A’ for a wreath product A’ wr B = WAB', where B’ has finite index in B. We are now reduced to our
earlier argument, thus completing the proof. O

Remark 2.4. In fact, under the assumptions of Lemma 2.3, H is a retract of a subgroup having finite index in A wr B.
We now return to one of the motivating ideas of this paper, and complete the explanation of Remark 1.5.

Lemma 2.5. The group Z wr Z is the smallest metabelian group which embeds to itself as a normal distorted subgroup in the
following sense. For any metabelian group G, if there is an embedding ¢ : G — G such that ¢(G) < G and ¢(G) is a distorted
subgroup in G, then there exists some subgroup H of G for whichH = Z wr Z.

Proof. By Lemma 2.2, we have that the group G/¢(G) is infinite, else ¢ (G) would be undistorted. Being a finitely generated
solvable group, G/¢(G) must have a subnormal factor isomorphic to Z. Because ¢ (G) = G, one may repeat this argument to
obtain a subnormal series in G with arbitrarily many infinite cyclic factors. Therefore, the derived subgroup G’ has infinite
(rational) rank.

Since the group B = G/G' is finitely presented, the action of B by conjugation makes G’ a finitely generated left B module.
Hence, G’ = (Bo C) for some finitely generated C < G'. Because it is a finitely generated abelian group, B = (by) - - - {(b;) isa
product of cyclic groups. Therefore, for some i, we have a subgroup A = ({b;_1) - - - {(b1) o C) of finite rank in G, but ((b;) 0 A)
has infinite rank. Then A has an element a such that the (b;)-submodule generated by a has infinite rank, and so it is a free
(b;)-module. It follows that a and b, where b; = bG', generate a subgroup of the form Zwr7z. 0O
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2.3. Connections with free solvable groups

In[7], Magnus shows that, if F = F; is an absolutely free group of rank k with normal subgroup N, then the group F/[N, N]
embeds into Z* wr F/N = Z¥ wr G. This wreath product is a semidirect product WG, where the action of G by conjugation
turns W into a free left Z[G]-module with k generators. For more information in an easy to read exposition, refer to [8].

Remark 2.6. The monomorphism « : F/[N, N] — Z* wr G is called the Magnus embedding.
We let Sy ; denote the k-generated derived length I free solvable group.

Lemma 2.7. Ifk, | > 2, then the group Sy contains a subgroup isomorphic to Z wr Z.

Proof. It is well known (and follows from the Magnus embedding) that any non-trivial a € S,Ef,_w and b ¢ S,Ef,_]) generate
Zwrz. O

It should be noted that, by results of [10], the group Z wr Z? cannot be embedded into any free metabelian or free solvable
groups.

Subgroup distortion has connections with the membership problem. It was observed in [5] and proved in [3] that, for
a finitely generated subgroup H of a finitely generated group G with solvable word problem, the membership problem is
solvable in H if and only if the distortion function Ag (D) is bounded by a recursive function.

By Theorem 2 of [11], the membership problem for free solvable groups of length greater than two is undecidable.
Therefore, because of the connections between subgroup distortion and the membership problem just mentioned, we
restrict our primary attention to the case of free metabelian groups. It is worthwhile noting that the membership problem
for free metabelian groups is solvable (see [9]).

Lemma 2.7 motivates us to study distortion in Z wr Z in order to better understand distortion in free metabelian groups.
Distortion in free metabelian groups is similar to distortion in wreath products of free abelian groups, by Lemma 2.7 and the
Magnus embedding. In particular, if k > 2, then

ZWIZ < S, < ZFwr Z¥,
Thus, by Lemma 2.2, given H < Z wr Z, we have
A%{WFZ(I) f Als-lk.z (l)
This explains Corollary 1.3. On the other hand, given L < Sy », then we have
S K \pe 7k
ALk.Z (l) < ALZ Wr Z (l)

Based on this discussion, we ask the following. An answer would be helpful in order to more fully understand subgroup
distortion in free metabelian groups.

Question 2.8.
What effects of subgroup distortion are possible in Z¥ wr Z* for k > 1?

3. Canonical forms and word metric

Here, we aim to further understand how the length of an element of a wreath product A wr B depends on the canonical
form of this element. Let us start with G = Z*¥ wr Z = Wi (b), where Z* = gp{ay, ..., a}.
Because the subgroup W of Z*¥ wr Z = WAZ is abelian, we also use additive notation to represent elements of W.

Remark 3.1. When Z wr Z = {(a) wr (b), we use module language to write any element as

[o¢]
w= Y mb oa)=f(ba=fxa,
i=—00
o0
where f(x) = Z mix' is a Laurent polynomial in x, and the sums are finite. Similarly, if A is a finitely generated abelian

i=—00

group, then, by the definition of A wr Z, an arbitrary element in A wr Z is of the form

k
wh' = (Zﬁ-(x)ai) b,
i=1

where the f;(x) are Laurent polynomials and the a; generate A. This form is unique if A = Z* is a free abelian with basis
ai, ..., dg.
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We will use the notation that (w); equals the conjugate bwb~ fori € Z and w € W. The normal form described in
Remark 3.1 for elements of A wr Z is necessary to obtain a general formula for computing the word length.

Remark 3.2. An arbitrary element of A wr Z may be written in a normal form, following [2], as
(WD + -+ @n)y + W)= + -+ 4 (Vi) =y ) b,
where0 <i¢; <--- <iy,0<€; <--- <e€y,anduyq, ..., Uy, vy, ..., vy are elements in A\{1}.
The following formula for the word length in A wr Z is given in [2].

Lemma 3.3. Given an element in A wr Z having normal form as in Remark 3.2, its length is given by the formula

N M
D lwila 4+ [vila+ min{2ey + v + |t — . 2t0 + em + [t + €},
i=1 i=1

where | % |4 is the length in the group A.

The formula in Lemma 3.3 becomes more intelligible if one extends it to wreath products A wr B of arbitrary finitely
generated groups. We want to obtain such a generalization in this section since we consider non-cyclic active groups in
Section 4. We fix the notation that, with respect to the symmetric generating set T = T~!, the Cayley graph Cay(B) is
defined as follows. The set of vertices is all elements of G. Forany g € G, t € T, g and gt are joined by an edge pointing from
g to gt whose label is t.

Any u € A wr B can be expressed as follows:

(broay)...(broa)g, (1

whereg € B,w = (bjoa;y)...(broa;) € W,1# a; € A, b; € B,and fori # j we have b; # b;. The expression (1) is unique,
up to a rearrangement of the (commuting) factors b; o a;.

For any u = wg € A wr B with canonical form as in Eq. (1), we consider the set P of paths in the Cayley graph Cay(B)
which start at 1, go through every vertex by, ..., b;, and end at g. We introduce the notation that

reach(u) = min{||p|| : p € P},
route(u) = the particular p € P realizing reach(u) = ||p||.

We also define the norm of any such representative w of W by

.
lwlla = lajls.
j=1

We have the following formula for word length, which generalizes that given for the case where B = Z in [2]. (Caution:
The right-action definition of a wreath product is incompatible with the standard definition of a Cayley graph in the proof
of Theorem 3.4.)

Theorem 3.4. For any element u = wg € A wr B, we have that
lwgls,r = llwlla + reach(u),
where u = (by o ay) ... (b, o a,)g is the canonical form of Eq. (1).

Proof. We will use the following pseudo-canonical (non-unique) form in the proof. This is just the expression of Eq. (1) but
without the assumption that all the b; are distinct or the g; are non-trivial.

For any element u € A wr B which is expressed in pseudo-canonical form, we may define a quantity depending on the
given factorization by

.
W((broar)...(byoa)g) =Y lajls + bilr + |by 'balr + -~ + b bylr + by 'glr.
j=1

First, we show that, for u in canonical form (1), it holds that |u|s t > ||w]||s + reach(u).
By the choice of generating set {S, T} of A wr B, we have that any element u € A wr B may be written as

u = gohigi - - - hin&m, (2)
wherem > 0, g; € B, h; € A, g and g, can be trivial, but all other factors are non-trivial. We may choose the expression (2)

so that |ulsr = > %, [hjls + D_i-, |glr. Observe that we may use Eq. (2) to write

u=(xyohy)...(xnohng, (3)

whereg =go...gnandx; =go...g_1,forj=1,...,m
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Then, we have by definition that, for the pseudo-canonical form (3),

W((x10hy).. (xmohmms;)—Z|h|s+|><1|r+|x1 Xolr + -+ + Xy xmlr + X'l

j=1
m
=>| h|s+Z|gz|T—|u|sr (4)
=1 i=0
It is possible that, in the form of Eq. (3), some x; = x;for 1 < i # j < m. When taking u to the canonical form
wg = (b1 oay)... (b, oa,)g of Eq. (1), we claim that
m
llwlla < Y Ihjls 5)
j=1
and that
reach(u) < [xilr + 1 Xalr + - -+ + 1%, Xmlr + 1%, 2l7 (6)

Obtaining the canonical form requires a finite number of steps of the following nature. We take an expression such as
Xyohy)...(xioh)...(Xiohj)...(Xpm 0 hyy)
and replace it with
(x10h1) ... (X0 hihy) ... (xi—1 0 hi—1)(Xj41 0 hjp1) ... (X © hy).
The assertion of Eq. (5) follows, because
[hihjls < [hils + [hyls.
Eq. (6) is true, because
XXl < Xl + 1% %l
which implies that
bilr + by 'balr + -+ + by bl + b glr < [xalr 4 1% Ralr + -+ + [x0 L xalr + 1X3, '8l
Finally, we have that
reach(u) < |bylr + by 'balr + - -+ + b, ! by |7 + b, 'gl7.

because the right-hand side is the length of a particular path in P: the path which travels from 1 to b; to b,, ..., to b, to g.
It follows that the length of this path is at least as large as the length of route(u).
Thus, for a canonical formu = (b; o ay) ... (b; o a;)g, we see by Egs. (4)-(6) that

llwlla + reach(u) < ¥((x1 0 hy) ... (Xm 0 hm)g) = |uls 7.
To obtain the reverse inequality, take u = (b; o a;y) ... (b; o a,)g in A wr B in canonical form. By the definition, route(u)
will be a path that starts at 1, goes in some order directly through all of by, ..., b;, and ends at g.
We may rephrase this to say that, for some 0 € Sym(r), there is a path p = route(u) in P such that |p|; =
|b0(1)|7‘ + |b;(ll)bg(2)|T +---+ |b;(lr71)bo'(r)|T + Ib;(lr)gh. In other words,
reach(u) = |bs(1)|r + |b;(11)bo(2)|T +- 4t |ba(r pbemlr + |b;(]r)g|r-
Moreover, in the wreath product, we have that
u = (bgy 0 o) -+ - (bo(ry © Ao (r))g
—1 -1 -1
= bo(1yto ()b (1)bo@802) by r—1yPor) o by 8-
This implies that
[uls,r < lboylr + lasyls + |b;(11)ba(2)|T + ot lagnls + |b;(lr)g|r

= Z laj|s + reach(u) = ||w]|a + reach(u). O
j=1

4. Distortion in Z, wr Z*

We begin with the following result, the proof of which exploits the formula of Theorem 3.4.
Proposition 4.1. The group Z, wr Z? contains distorted subgroups.
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1 b 1 b

Fig. 1. The ? vertices (left) and the rectangle with perimeter 21 + 2(I — 1) (right).

This is interesting in contrast to the case of Z, wr Z, which has no effects of subgroup distortion. The essence in the
difference comes from the fact that the Cayley graph of Z is one-dimensional, and that of Z? is asymptotically two-
dimensional, which gives us more room to create distortion using Theorem 3.4.

We will use the following notation in the case of G = Z, wr Z?: a generates the passive group of order 2, while b and ¢
generate the active group Z2.

The canonical form of Eq. (1) will be denoted by
(g1 +---+gag

for gy, ..., g distinct elements of Z% and g € Z2. We may do this because any non-trivial element of Z, is just equal to the
generator a.

Lemma 4.2. Let H < G be generated by a non-trivial element w € W as well as the generators b, c of Z*. Then H = G.

We know that W = @(g o a) is a free module over Z,[Z?]. Therefore, we may think of W as being the Laurent
gez?
polynomial ring in two variables, say, x for b and y for c. We can use the module language to express any element as
w = fx,y)a= 1y + .- +x*yk)a, where for p # q we have that x?y» # x'ye. This corresponds to the canonical form
w = (g1+ -+ g)a, whereg, =brcr forp=1,...,k
We now have all the required facts to prove Proposition 4.1.

Proof of Proposition 4.1. Let G = Z, wr Z? = gp(a, b, ¢} and H = gp(b, ¢, w), where w = [a, b] = (1+x)a.By Lemma 4.2,
we have that H = G. Let

-1
fiy =) X and g = 1+ 0.
i=0

The element f;(x)fi(y)w € H is in canonical form, when written in the additive group notation as Zf;o bid/ o w.

By Theorem 3.4, we have that its length in H is at least I> + 2, since the support of it has cardinality I?, and the length of
an arbitrary loop going through I different vertices is at least I* (Fig. 1).
Now, we compute the length of f;(x)f;(y)w in G. We have that

-1
O = (1 +0fi0fiya = g@fiy)a = [Z(v" +y"x’)}a.

i=0

Theorem 3.4 shows that |f;(x)f;(y)w|¢ = 214 2(I — 1) + 21. This is because the shortest path in Cay(Z?) starting at 1, passing
through 1,c, ..., c="and b!, cb', ..., c'~'b!, and ending at 1, is given by traversing the perimeter of the rectangle, and so
gives the length of 2(1 — 1) + 2L

Therefore, the subgroup H is at least quadratically distorted. O
Remark 4.3. The subgroup H is not normal in G, because the element aca~! is not in H.
The proof of Proposition 4.1 can be generalized as follows. Consider the group G = Z, wr Z* = gp(a, by, . .., by) forn > 2

and k > 1. Then the subgroup H = gp(w, by, ..., by), where w = (1 — x1) --- (1 — x,_1)a = [...[a, b1], b2], ..., bx_1], has
distortion at least ¥, This is a restatement of Proposition 1.7.
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By (the analogue of) Lemma 4.2, we have that H = G, and so we can compute lengths using Theorem 3.4. Consider
the element f(x;) - - - fi(x,)w in H. Then it has length in H at least equal to I¥ + I¥, because the path in Cay(Z*) arising from
Theorem 3.4 would need to pass through at least [ vertices: b;% - - - by fora; € {0, ...,1—1},i=1,..., k. In the group G,

fix) - il w = gi(xq) - - - gD fix)a.

This has linear length, which follows because the vertices of the support are placed along the edges of a k-dimensional
parallelotope, such that the length of any edge of the parallelotope is at most L.

5. Estimating word length

Although the notion of equivalence has only been defined for functions from N to N, we would like to define a notion
of equivalence for functions on a finitely generated group. We say that two functions f, g : G — N are equivalent if there
exists C > 0 such that, for any x € G, we have

%f(X) —-C<gx=<=C®x®+C.

If there is a function f : G — Nsuch that f ~ | - |, then, for any subgroup H of G, Ag(l) ~ max{|x|y : x € H,f(x) <1}.

We need to establish a looser way of estimating lengths in Z wr Z than the formula introduced in Lemma 3.3. Recall that
this group has standard generators a € W (passive) and b (active).

Here, we call exemplary any subgroup H = (b, w) < ZwrZ, where w € W\1. We have w = h(x)a, where
h(x) = Z}:o djxj ,and dy # 0. This follows without loss of generality by conjugating of w by a power of b. Thus we associate
a polynomial h(x) € Z[x] with any exemplary subgroup H.

Lemma 5.1. The mapping a +— w, b +— b extends to a monomorphism of the wreath product Z wr Z onto the exemplary
subgroup.

Proof. This follows because, in this case, W is a free module with one generator a over the domain Z[(b)], w = h(x)a, and
the mapping u — h(x)u (u € W) is an injective module homomorphism. O

s+p

Then, for any elementg € H, we may writeg = f (x)w = (f(x)h(x)a)b", where f (x) = Zq:s

z4x%is a Laurent polynomial.

Denote by S(f) the sum Z;’;‘; |z4|. For this element, consider the norms

e(g) =S(fh) and ey(g) =S().

Letting ((g) = max{t + s + p, 0}, e(g) = min{s, 0}, t5(g) = max{s + p, 0}, ey(g) = min{s, 0}, we define uy(g) =

ti(g) —en(g) and u(g) = u(g) — &(g).
Consider the function

8() = max{ey(g) :g e HNW,e(g) <landu(g) <I}.
The following lemma shows that we may simplify computations of word length in exemplary subgroups.
Lemma 5.2. Let H = (b, w) < Z wr Z be an exemplary subgroup. Then, we have that

AZVTE() &~ §(1).

Proof. Recall that, by Lemma 3.3, we have the following formulas. For g € H with the notation established above, we have
that

Igln = en(g) + min{—2ey(g) + tn(g) + In — th(®)], 2tn(g) — en(g) + |n — en(g)l}
and

g1z wrz = e(g) + min{—2e(g) + (g) + n — 1(g)], 2u(g) — &(g) + In — e(g)}.
The following inequality follows from the definitions:

max{e(g), u(g), Inl} < 18lzr wrz. (7)
Similarly, we have that

lgln < en(g) +2up(g) +Inl and [glzwrz < e(g) + 2u(g) + In|. (8)
Observe that, forg € H N W, we have that

lgln = max{en(g), un(g)}- 9
Observe that

max{uy(g) :g € H,u(g) <} <L (10)
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Thus,
ZWrZ .
A" () < maxfey(g) :g € H,e(g) < Lu(@ <1}
+ max{2uy(g) : g € H,u(g) <} + max{|n| : g € H, |n| <1} < () + 3L

The first inequality follows from Eq. (7), and the second from Eq. (8).
On the other hand, we have that

AEYTE() > maxfey(g) g € HN W, e(g) < 1/4,u(g) < 1/4)
—max{uy(g) : g e HNW, e(g) < 1/4,u(g) <1/4} = 5(1/4) — 1/4.

The first inequality follows from Eq. (8), the second from Eq. (9), and the third from Eq. (10).
Thus AZ"'Z(l) and §(J) are equivalent. O

6. Distortion of polynomials

In order to understand distortion in exemplary subgroups of Z wr Z, we will introduce the notion of distortion of a
polynomial.

Definition 6.1. Let R be a subring of a field with a real valuation, and consider the polynomial ring R[x]. We will define the
norm function S : R[x] — R™, which takes any f (x) = Z?:O aix' € R[x]to S(f) = Z?:O |aj|. For any h € R[x] and c > 0, we
define the distortion of the polynomial h from N to N by

Ap,c(l) = sup{S(f) : deg(f) < cl, and S(hf) < cl}. (11)

Remark 6.2. Taking into account the inequality S(hf) < cl, one can easily find some explicit upper bounds C; = Ci(h, c, I)
for the moduli of the coefficient at x' of f (x) in formula 6.1, starting with the lowest coefficients. Therefore, the supremum in
Eq. (11)is finite. Furthermore, if R = Z, R, or C, then the supremum is taken over a compact set of polynomials of bounded
degree with bounded coefficients, and since S is a continuous function, one may replace sup by max in Definition 6.1.

Note that the distortion does not depend on the constant c, up to equivalence, and so we will consider Ap(l).
The following fact makes concrete our motivation for studying the distortion of polynomials.

Lemma 6.3. Let H be an exemplary subgroup (b, w) < Zwr Z, and w = h(x)aforh = dy + - - - + d;x* € Z[x]. Then

An(h ~ AGH(D).
Proof. By Lemma 5.2, we have that AZY'Z(]) &~ §(I) = maxfey(g) : g € HNW, e(g) <l u(g < l).Letg = fityw € HNW
be such that 8(I) = ey (gy). There exists n € Zsuchthatg = b"gib™ € H and g; = fi(x)w, where fi(x) is a regular polynomial.
It is easy to check that ey (g) = en(g)), e(g) = e(g) and u(g) < u(g). Now, observe that deg(f) < u(g) < u(g) < land
S(hfi) = e(@) = e(g)) < L Therefore, An(l) = S(fi) = en (&) = en(g) ~ AL (D).

On the other hand, let us choose any polynomials f;(x) such that degf; < I, S(hf;) <[, and Ay(l) = Ap1(I) = S(fy). Then,
by Lemma 3.3, |[fi(x)w|y > S(f) = Ax(1), while

i wlzwez = i)hX)alzwez < Shf) + 21 < 3L
It follows that AZY Z(I) > Ay(l), and the lemma is proved. O

7. Lower bounds on polynomial distortion
Given any polynomial h = Z;=0 d]-xj € Z[x], do, d; # 0with complex, real, or integer coefficients, we are able to compute
the equivalence class of its distortion function.

Lemma 7.1. The distortion Ay(l) of h with respect to the ring of polynomials over Z, R, or C is bounded from below by I°*1, up
to equivalence, where c is a complex root of h of multiplicity « and modulus 1.

Proof. Let c be a complex root of h of multiplicity « and modulus 1. That is,
h(x) = (x — ©)*h(x)

over C. Let

-2 -1

) =X+ 4+ "+
Then the product

hEv ) = & = ) heux)
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satisfies S(hv’”’l) = 0(l), because S(v;) = O(l). On the other hand, because |c| = 1, we have that S(v"“) > |u(c)T!| =
[<*1, This implies that, if c € R, i.e,, ¢ = %1, then A,(I) > I¥*! where the distortion is considered over C, R, or Z.

We will show that a similar computation holds over R and over Z even in the case when ¢ € C — R. Let ¢ be the complex
conjugate of c. By hypothesis that ¢ ¢ R, we know that ¢ # c. Then ¢ = ¢~! is a root of h(x) of multiplicity « as well, and

h(x) = (x — ) (x — O)*H (),

where H(x) has real coefficients. Consider the product v;(x)v;(x), where

) =x""+extr 4. 4l

A simple calculation shows that each of the coefficients of this product is a sum of the form
chf Zc’f—c + 2t
i+j= i+j=

This is a geometric progression with common ratio c? # 1. Therefore, the modulus of every such coefficient is at most
and so S(vjvy) is O(l). This computation implies that the products
hv T o () = K = ) &' = EHE®uui()
have the sum of the moduli of their coefficients O(l).
The polynomial vKH (x)v"“ (x) has real coefficients. There is a polynomial F;(x) with integer coefficients such that each
coefficient of F;(x) — K“(x)v"+1 (x) has modulus at most 1. Thus S(hF)) is also O(l).

We will show that the sums of moduli of coefficients of F;(x) grow at least as I*! on a subsequence from Remark 1.1. It
suffices to obtain the same property for v"“ (x)v”le (x). Since |c| = 1, we have that the sum of the moduli of the coefficients

of uf "1 (x)vf 1 (x) is at least

11— c2

|UK+1(C)U1K+1(C)| _ IK+1|_K+1(C)|.

We will show that there exists a subsequence {I;} such that, on this sequence,
1
5 = 5

We have that

B =c 42 E T = e
because ¢ = ¢~ 1. Therefore, |v)(c)| = |1+ ¢® + - -- + ¢?2|, and, similarly, [fi1(c)| = |1 + c® + - - + c|. One of these
two numbers must be at least one half, because |3;(c) — 9141(c)| = |c?| = 1. Thus either [ or I + 1 can be included in the

sequence {I;}, and all required properties are shown. O

8. Upper bounds on the distortion of polynomials
In order to obtain upper bounds on the distortion of polynomials, we require some facts from linear algebra. Fix an integer
k > 1,and let n > 0 be arbitrary.

Lemma 8.1. Let Yy, ..., Yy, Co, ..., G, be k x 1 column vectors. Suppose that the sum of the moduli of all coordinates of
C,, ..., G, is bounded by some constant c, and that the modulus of each coordinate of Y, and Y, is also bounded by c. Suppose
further that we have the relationship

Y, =AY, +G, i=2,....n, (12)

where Ais a k x k matrix, in Jordan normal form, having only one Jordan block. Then the modulus of each coordinate of arbitrary
Y;,2 < i < n — 1is bounded by den*=", where d depends on A only. When the eigenvalue of A does not have modulus 1, the
modulus of each coordinate of arbitrary Y;,2 < i < n — 1is bounded by cd, where d depends on A only. All matrix entries are
assumed to be complex.

Proof. Let A be the eigenvalue of A, so that A =

We will consider several cases.

e First, suppose that |A| < 1.
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From Eq. (12) we derive
Yi = AAYi 2+ C ) +G=@AYi2+ACG 1 +C="-
=AM+ AP+ +AG+G (13)

The following formula for A" is well known, because A is assumed to be a Jordan block; it may also be checked easily using
induction. We have that

AT 0 0... 0
a1 AT 0... 0

A= M2 AT A 0]
! ke 1) IR
(r—(k—lr))!(k—l)!)Lr kv r(rz! A VS

with the understanding that, if r < k — 1, any terms of the form (;))J‘j where r < j are 0. An arbitrary non-zero element
of the matrix A" is of the form (;))J‘j for somej < k — 1. Let a5 (r) denote the s, t entry of A". Then as ,(r) is either zero or
of the form (;)A’*j, for some 0 < j < k — 1, depending on s and t. Then

()

which is a constant depending on A and not on i, because the series on the right is convergent when |A| < 1. Let

o0
¢ = max Z|asqt(r)| .
1<s,t<k p—

Let A be the k x k matrix whose s, t entry is Zfil las.+(r)], and let the column C be obtained by placing in the jth row the
sum of the moduli of the entries of the jth row of all G; and Y;. Then every entry of C is bounded by 2c. Observe that the
modulus of every entry in the right-hand side of (13) is bounded by an entry of AC, which is in turn bounded by 2cc;, which
does not include any power of n at all.

(o]

Y lae =Y lae®l =Y
r=1 r=1

r=1

)

o Let|A| > 1.

Because 1! is an eigenvalue of A1, there exists a decomposition A~! = SJS~!, where

10 0...0

1 4 0...0
]: . .

0 0... 1 1

B
Letting Y/ = S™'Y; and C/ = S™'C;, we see by Eq. (12) that

Yo =1 Y+ I G+ G+ UG

forr = 1,..., n—2.0bserve that the sum of modules of coordinates of Y, _, is less than or equal to ksc, where s depends on
S (and hence on A) only. Similarly, the sum of all moduli of all coordinates of C}, ..., C; is bounded above by ksc. This case
now follows just as the previous one to obtain constant upper bounds on the moduli of the entries in Y3, ..., Y,_,. Finally,
the modulus of any coordinate of Y;,_, is bounded by ks times the modulus of a coordinate of Y; _,

o Let |\ = 1.
In this case, we have that
(r.))\,j _ <r> _ r(r— 1)~~.(r— G—1)
J J J!
Srr=1-r—G-1) <P <nt

It follows from Eq. (13) that every entry of Y; is bounded above by 2cn*~1. O

Lemma8.2. Let Yy,...,Y,, Gy, ..., C, be k x 1 column vectors. Suppose that the sum of the moduli of all coordinates of
Gy, ..., G, is bounded by some constant c, and that the modulus of each coordinate of Y, and Y, is also bounded by c. Suppose
further that we have the relationship

Y =AY, 1 +GCG, i=2,...,n,
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where A is a k x k matrix. Then the modulus of each coordinate of arbitrary Y;, 2 < i < n — 1, is bounded by dcn“~!, where d
depends on A only, and k < k is the maximal size of any Jordan block of the Jordan form of A having eigenvalue with modulus 1.

Proof. There exists a Jordan decomposition, A = SA’S~ 1.

Let S™1 = (si)1<ij<k and let s = max [s;j|. Then, for C/ = S7!C; and Y/ = S™'Y;, we have that

Y, =AY, +C. (14)

By hypothesis, the sum of the moduli of all coordinates of C;, . . ., C; is bounded by ksc = ¢’, and the coordinates of Y; and Y,
are bounded by ¢ as well. As we will explain, our problem can be reduced to the similar problem for Y/ in (14). Suppose that
the moduli of coordinates of every Y/ are bounded by dc'n“~1, where d depends on A only. Then, letting S = (s7)1<i j<x and
§ = max |s7;|, we have by definition of Y/ that an arbitrary element of Y; has modulus bounded above by k3dc'n“~! = d'cn*~ 1,
where d’ = k?s3d only depends on A’, as required.

Lemma 8.1 says that, if A’ has only one Jordan block, then the bound is constant if the eigenvalue does not have modulus
1. Otherwise, we have in this case that k = «, and the claim is true. If there is more than one Jordan block present in A’, the

problem is decomposed into at most k subproblems, each with only one Jordan block of size smaller than k. Again, we are
done by Lemma 8.1. O

We will use Lemma 8.2 to prove the following fact, which requires establishing some notation prior to being introduced.
Let do, ...,d: € Z, where dg,d; # 0. Let the (n + k) x n matrix M have jth column, for j = 1,...,n, given by

[0,...,0,dg,dq,...,d O,...,0]", where dy first appears as the jth entry in this jth column. Given the matrix M, we may
also construct the matrix
0 1 0... O
0 0 1 0
A=]: : . ; (15)
0 oO0.. 0 1
ar a Q-1 g,
where g; = —d";%, forj =1, ..., k. Let k be the maximal size of a Jordan block of the Jordan form of A having eigenvalue
with modulus 1.
Lemma 8.3. Suppose thatX = [x1, Xy, ..., X,]" is asolution to the system of equations MX = B, where B = [by, b,, ..., byyi]".
Then it is possible to bound the moduli of all coordinates x1, . . ., X, of the vector X such that |x;| < cbn“~!, where b = Zj{|bj|}
for1 <j < n+ kand the constant c depends upon dy, . . ., d only.

Prior to proving Lemma 8.3, we prove an easier special case.
Lemma 8.4. It is possible to bound the coordinates X1, ..., x; of the vector X from Lemma 8.3 from above by by, where
b=73 dlbl}andy = y(do, ..., dk1).
Proof. By Cramer’s Rule, we have the explicit formula that
det(L;)
det(L) |
where L is the k x k upper left submatrix of M corresponding to the first k equations, and L; is obtained by replacing column
iin L with [by, ..., b¢]". Because det(L) = d’(‘), it suffices to show that the desired bounds exist for det(L;); that is, we must

show that there exists a constant  dependingondy, ..., d,_; only such that | det(L;)| < by fori =1, ..., k. By expanding
along the ith column in L;, we find that

det(L;) = £bifi(do, ..., dk—1) £ ba2fo(do, ..., dx—1) £ --- £ bifi(do, . .., di—1),

x| =

where, for eachi = 1, ..., k, f; is a function of dy, . . ., d,_1 only, obtained as the determinant of a submatrix containing
none of by, .. ., bg. The proof is complete by the triangle inequality. O

Note that the |x;| forj =n —k-+1, ..., nare similarly bounded by by for the same b and somey =y (dy, ..., dx—1),as
in Lemma 8.4. It is clear according to Lemma 8.4 that we may assume that |x;| < by for the same y = y(do, ..., dx—1), for

alli=1,...,kkn—k+1,...,n.
We proceed with the proof of Lemma 8.3.

Proof. It suffices to obtain upper bounds for |x;| whenn — k >i >k + 1.
For such indices, we have that

diXi—k + dx—1Xip1-k + - - - + doX; = b;.
In other words,

X =& + aXi—g + X1k + - -+ GeXi1,
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where & = 3—(”) and q; = —d";%. Let X; = [Xi_it1,.-.,%]" and let &; = [0, ..., 0, &]". Then, for the matrix A of Eq. (15),
we have the recursive relationship

Xi = AXi_1 + &,
fori =k, ..., n.Observe that the matrix A depends on dj, . . ., di only, and that the sum of the moduli of the entries in all

E; are bounded by %

We see by Lemma 8.4 that Lemma 8.2 applies to our situation. Therefore, the moduli of coordinates of arbitrary X;,
k+1<i<n—kareboundedby dc(n — k+ 1)~ < den*~!, where d depends only on d, ..., di, ¢ = max{ld%‘, yb}. O

Lemma 8.5. Let h(x) = dg + - - - + dyx!, where dy, d; # 0. Then the distortion of h is at most I*1, where « is the maximal size
of a Jordan block of the Jordan form of

0 1 0... 0

0 0 1... 0

A= : : - :
0 0... 0 1
_de _di1 _d  _d

dy dy “°° do dy

of Eq. (15), with eigenvalue having modulus 1.

Proof. Consider any f = ZH” z4x9, as in Definition 6.1. Then, consider hf = Z$+p + y]-xj. The coefficients y; are given by

q=s j=s
the matrix equation MZ = Y, whereZ = [z, ..., Zs+p]T, Y =y, ... ,yS+p+t]T and
d O 0 e 0
di  do 0 e 0
d d do 0
M= d[ d[71 “ee dl... O
0 d ... dp... O
o ... O d; di—1
o ... O 0 d;

isa(p+t+1) x (p+ 1) matrix.
By Lemma 8.3, we have, foreachq ='s, ..., s + p, that |z,| < cy(p + 1), where ¢ = c(dy, ..., d;),y = Zj lyjl <L
Therefore,

s+p
A SE) =) Izl < cl+ D D

q=s

The following theorem shows that the upper and lower bounds are the same, and so we can compute exactly the
distortion of a polynomial.

Theorem 8.6. Let h(x) = dg + - - - + d;x* be a polynomial in Z[x]. Then the distortion of h is equivalent to a polynomial. Further,
the degree of this polynomial is exactly 1 plus the maximal multiplicity of a (complex) root of h(x) having modulus 1.

Proof. On the one hand, Lemma 7.1 shows that the distortion is bounded from below by the polynomial of degree 1 plus
the maximal multiplicity « of a root of h(x) having modulus 1. On the other hand, the characteristic polynomial x (x) of the
matrix A in Lemma 8.5 equals x* + Z—:)xf*1 4+ 4 d;—;]x + Z—g = x'h(x~")/do. And so the real polynomials x (x) and h(x)
have the same roots with modulus 1 (and with the same multiplicities). Since the size of a Jordan block does not exceed the
multiplicity of the root of the characteristic polynomial, we have A,(I) < [*!, by Lemma 8.5. The theorem is proved. O

Remark 8.7. Theorem 8.6 will be used here for polynomials with integer coefficients, but it is valid (with the same proof)
for polynomials with complex or real coefficients.

Theorem 8.6 and Lemma 8.5 imply the following.

Corollary 8.8. The distortion of any exemplary subgroup H of Z wr Z is equivalent to a polynomial. The degree of this polynomial
is exactly 1 plus the maximal multiplicity of a (complex) root having modulus 1 of the polynomial h(x) associated with H.
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9. Tame subgroups

For every k > 1, the wreath product Z wr Z has subgroups WA (b*) isomorphic to Z* wr Z, and so we are forced to study
distortion in the groups Z* wr Z even though we are interested in Z wr Z only. Let ay, . . ., ai; b be canonical generators of
Z* wr Z.1f a subgroup H of G = Z¥ wr Z is generated by b, w1, . . ., wy, where every w; belongs to the normal closure W; of
a; (W; = the submodule Z[(b)]a; of W), then we say that H is a tame subgroup of Z* wr Z.

If w; # 1, then the subgroup H; is an exemplary subgroup of the wreath product G; = W;A(b) = Z wr Z.

Lemma 9.1. For the tame subgroup H, we have that

k
A5~ YA D).

i=1

Proof. Observe that H; < H is an undistorted embedding, due to that fact that H; is a retract of H (and similarly for G; < G).
Therefore, by Lemma 2.2, we have that

AfD) < A5 < AG(D),

for every i, and therefore AG () > Y°r | Ay ().

To prove the other inequality, we consider an element u = vb* € H with |u|g < L. Then there is a unique decomposition
v =v; + - - - + vy, Where v; € H;, and, for u; = v;b*, we have u; € H;, since H is tame. Then, we have |u;|, < |ul¢ < I, since
G is a retract of G. Therefore, the required inequality will follow from the inequality |u|y < ), |uj|n,. This inequality is true
indeed by Theorem 3.4, because reachy (u) < ), reachy, (u;), since suppy (u) C Uisuppy, (1), and |[v||y < > Nvillw,, since
H is a tame subgroup of G. O

Corollary 9.2. Every tame subgroup of Z* wr Z has a polynomial distortion.

Proof. The statement follows from Corollary 8.8 and Lemma 9.1. O

10. Some modules

To get rid of the word ‘tame’ in the formulation of Lemma 9.2, we will need few remarks about modules. The following
is well known (see also [4]).
Lemma 10.1. The ring F[(b)] is a principal ideal domain if F is a field.

Lemma 10.2. Suppose that W is a submodule of a free module V of rank k over a (commutative) principal ideal ring R. Then V is
a free module of rank | < k, and modules V and W have bases e, ..., ejandf], ..., f;, respectively, such that, for some u; € R,

ee=uf/, i=1...,1L

First, we apply this statement to the following special case of Theorem 1.2 Part (2).
Lemma 10.3. If p is a prime, then any finitely generated subgroup H of G = Z’; wr Z containing the generator b is undistorted.

Proof. By Lemma 2.2, it suffices to show that H has finite index in a retract K of G.

Since p is a prime, Z,, is a field. This implies, by Lemma 10.1, that the ring R = Z[(b)] is a principal ideal ring.

LetV = HNW.ThenV is a free R-module by Lemma 10.2, and we have that V and W have baseseq, ..., enandfi, ..., fi,
respectively, for m < k such that

ei=gfi, i=1,...,m, (16)
for some polynomials g; € R\0. Thus we can choose the generators for G and H to be {b, f1, ..., fi} and {b, ey, ..., en},
respectively, and H is a subgroup of the retract K of G, where K is isomorphic to Z; wr Z and is generated by {b, f1, . . ., fn}.

Now, V is a submodule of the Z,[(b)]-module W’ generated by {fi, .. ., fin}, and the factor-module W’/V is a direct sum of
cyclic modules (f;)/ (g:f;). Hence, W’/V is finite, since it is easy to see that each (f;)/(g;f;) has finite order at most p9¢8&i, Since
the subgroup H contains b, the index of H in K is also finite. O

We return to our discussion of module theory. Let H < Z¥ wr Z be generated by b, as well as any elements wy, ..., wy €
W. Let V be the normal closure of wy, ..., wg in Z" wr Z, i.e,, the Z[(b)]-submodule of W generated by wy, ..., wi. Let
V=V®;Qand W = W ®; Q. Observe that W and V are free modules over Q[(b)] of respective ranks k and | < k.

Remark 10.4. It follows from Lemma 10.2 that there exist 0 < m, n € Z with (me) = u;(nf/), where e; = me; € V,f; =
nf/ € W, u; € Z[(b)]. Moreover, the modules generated by {es, ..., e;} and {fy, ..., fi} are free.

Remark 10.5. There is a bijective correspondence between the set of finitely generated Z[(b)] submodules N of Z[(b)]* and
the set of subgroups K = N (b) of Z¥ wr Z such that the finite set of generators of K is of the form b, w1, . .., wy, w; € W.
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Remark 10.6. Let V; and W; be generated as submodules over Z[(b)] by the elements from Remark 10.4: eq, ..., ¢, and
f1, ..., fr, respectively. Let H; and G; be subgroups of Z" wr Z generated by {b, V;} and {b, W1}, respectively. It follows by
Remark 10.4 that G; & Z¥ wr Z and H; = Z! wr Z.

Remark 10.7. Observe that under the correspondence of Remark 10.5 each generator e; of the group H; is in the normal
closure of only one generator f; of G, i.e., H; is a tame subgroup of G;.

Lemma 10.8. There exist0 < n’, m’ € Nsuch thatn"W Cc W; C Wandm'V C V; C V.

Proof. By Remark 10.5, we have that V is a finitely generated Z[{b)] module with generators wy, ..., wi. For each w;, we
have that the element w;® 1 € V. Therefore, by Lemma 10.2, there are A;; € Q[(b)] such that w; = Z,l':l )\i,je]f. First, observe

— I _ /
that mw; = ) _;_; A;je;, because e; = mej € V.

Next, there exists M; € N such that Mimw; = Z]

v € V,we have that v = ZL v;w;, where v; € Z[(b)], and, therefore, m'v € Vj, as required. A similar argument works for
obtaining n’. O

!:1 wijej € Vq, where pu;; € Z[(b)]. Let m’ = My ... Mym. Then, for any

Lemma 10.9. Let ZX wr Z = G = WA(b) and let K = ((w1, . .., ws))¢ < G be the normal closure of elements w; € W. Suppose
that there exists n € N and a finitely generated subgroup K’ < K such that nK < K’. Then

A% oy (D = AG (D).
Proof. We will use the notation that Ky = gp(K,b),K; = gp(K’,b),K;/ = gp(nK,b). Observe that the mapping

¢:G— G:b— b,w— nwforw € W is an injective homomorphism which restricts to an isomorphism K; — K;'. An
easy computation which uses Lemma 3.3 and the definition of ¢ shows that, for any g € K;, we have that

Iglc < |p(@)lc < niglc, (17)
where the lengths are computed in G with respect to the usual generating set {ay, ..., a, b}.
Observe that, under the map ¢, we have that
forx € Ky, [X|k, = 19y (18)

where the lengths in K" are computed with respect to the images under ¢ of a fixed generating set of K;.
By their definitions, we have the embeddings

K{ <Kj <K <i> K{. (19)
By Eq. (19), there exists k' > 0 depending only on the chosen generating sets of K; and K; such that
foranyx € K;, ||, < k/|x|,q. (20)

It also follows by Eq. (19) that there exists a constant k > 0 depending only on the chosen generating sets of K;" and K] such
that

forany x € K7, Xl < KIX[xy - (21)

First, we show that AY, (1) < Ag (D).
1

Let g € K be such that |g|c < I and |g|,qr = Ag,, (D). Then there exists g’ € K; such that ¢(g’) = g. Therefore, it follows
1
that Ag,/ D =lglr = lp(gh) lky = gk, < A,?l (). The first and second equalities follow by definition, the third by Eq. (18),
1

and the inequality is true because, by Eq. (17), we have that |g|¢ < |¢(@)|c = Iglc < L

We claim that Ag (1) < Ay, (D).

1
Let g € K; be such that |g|x, = A,G(1 (D. Then [glk, < 9@k, < KIp@lx < k'A%, (nl), which follows from Egs. (17)
1

and (20) and by definition.

On the other hand, we will show that A€, (I) < AS, (). Let g € K{ be such that lglk; = AS, (D). Then glk; < 9@l <

1 1 1
k|¢>(g)|,q/ < kAIG(,, (nl), which follows from Eqgs. (17) and (21) and by definition.
1

Therefore, we have that Af () < AY, (1) < AY, () < Ag (). O
1 1
We say that H is a subgroup with b in a wreath product Awr (b) if H = (b, wy, ..., ws), where wy, ..., ws € W.

Lemma 10.10. Let H be a subgroup with b in G = Z¥ wr Z. Then the distortion of H in Z¥ wr Z is equivalent to the distortion of
a tame subgroup H; of a wreath product G; = Z' wrZ,1 < k.
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This follows from the results of Section 10. Recall that the tame subgroup H; of the group G; was defined in Lemma 10.6,
and these groups were associated to the given H < G. It follows from Lemmas 10.8 and 10.9 that

AL ()~ Ag(D) ~1 and  Af (D) = AG(D),
and therefore A (I) ~ AS (D).

Corollary 10.11. The distortion of every subgroup with b in ZX wr Z is polynomial.

Proof. This follows from Corollary 9.2 and Lemma 10.10. O

11. Distortion in A wr Z

In this section, we will reduce the distortion in subgroups of A wr Z where A is finitely generated abelian to that in
subgroups of Z* wr Z only.

Lemma 11.1. Let A be a finitely generated abelian group, and consider G = Awr Z = A wr (b). Assume that k is the torsion-free
rank of a. If H is a subgroup with b in G, then the distortion of H in G is equivalent to that of a subgroup with b in Z* wr Z.

Proof. There exists a series of subgroups
A=Ay >A > >An =7k,

for k > 0, where A;_1/A; has prime order fori =1, ..., m.

We induct on m. If m = 0, then A = Z*, and the claim holds.

Now, let m > 0. Observe that A; is a finitely generated abelian group with a series A; > - -- > A, = Z¥ of length m — 1.
Therefore, by induction, any subgroup with b in G, = A; wr Z has distortion equivalent to that of a subgroup with b in
Z* wr Z, for some k.

By Lemma 10.3, all subgroups with b of G; = (A/A;) wr Z are undistorted. Denote the natural homomorphism by
¢ : G— Gy.Llet

U= @fh = ker(¢).
(b)
Observe that U - (b) = G,. The product is semidirect because U is a normal subgroup which meets (b) trivially, and it is
isomorphic to the wreath product by definition: the action of b on the module @Al is the same.

(b)
LetR = Z[(b)]. Observe that R is a Noetherian ring. This follows from basic algebra because Z is a commutative Noetherian
ring. Therefore, W is a finitely generated module over the Noetherian ring R, and hence is Noetherian itself. Thus, the R-

submodule H N U is finitely generated. Let {w/, ..., w,} generate H N U as an R-module. Let {b, w1, ..., ws} be a set of
generators of H modulo U; that is, the canonical images of these elements generate the subgroup Hy = HU/U = H/HNU
of Gy. Then the set {b, wy, ..., ws, w}, ..., w,} generates H. Furthermore, the collection {b, w}, ..., w,} generates the

subgroup H, = (H N U) - (b) of G,.

Letg € H have |g|¢ < I. Thenthe image g, = ¢(g) in G, belongs to H;, because g € H, and haslength |g|¢, < I.Itfollows
by Lemma 10.3 that H; is undistorted in G;. Therefore, there exists a linear function f : N — N (which does not depend
on the choice of g) such that |g[y, < f(I). That is to say, there exists a product P of at most f(I) of the chosen generators

{b, wy, ..., ws} of Hy such that P = gfl in H;. Taking preimages, we obtain that gP € U.
Because H is a subgroup of G, there exists a constant ¢ depending only on the choice of finite generating set of H such
that, for any x € H, we have that

[Xlc < clx|u. (22)
It follows by Eq. (22) that
lgPlc < Iglc + IPlc < Iglc + c|Pln <1+ cf (D). (23)

Observe that gP € H,. This follows because gP € U by construction, and g € H by choice. Further, P € H, because it is
a product of some of the generators of H. Since H, = (H N U) - (b), we see that gP € H,. Using the fact that G and G, are
wreath products together with the length formula in Lemma 3.3, we have that, for any x € G,,

IXlg, < Ixlg. (24)

By induction, the finitely generated subgroup H, of G, has distortion function F(I) equivalent to that of a subgroup H,
with b in Z* wr Z, for some k. That is, F(I) = Afé () ~ AIZJZ WrZ([), In particular, for any x € H,,

X|H, < F(IX]c,)- (25)
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Since gP € H,, we have that

gPln, < F(IgPlc,) < F(IgPlc) < F(I+cf (D).

The first inequality follows from Eq. (25), the second from Eq. (24), and the last from Eq. (16).
Because H, < H, there is a constant k such that, for any x € Hy, [X|y < k|X|g,.
Combining all previous estimates, we compute that

gl < I8Pl + [Pl < KIgP|w, +f(D) < kF(I+cf (1)) +f(D.

Thus, at this point, we have shown that A5 (l) < F() = Afé (D), since f is linear. On the other hand, Af, () = AR (1), by
Lemma 10.9. By Lemma 2.2, we have that Afé M < A,G{2 (1), and so A% () ~ A,Gé () ~ Afg wiZ(y, O

Corollary 11.2. For any finitely generated abelian group A, the distortion of every subgroup H with b in A wr Z is polynomial. H
is undistorted if A is finite.

Proof. This follows from Lemma 11.1 and Corollary 10.11. O

12. Completion of the proof of Theorem 1.2

Lemma 12.1. Let G be a group having normal subgroup W and cyclic G/W = (bW). Then any finitely generated subgroup H of
G may be generated by elements of the form w1b", w,, ..., ws, where w; € W.

The proof is elementary, and follows from the assumption that G/W is cyclic.

Remark 12.2. It follows that any finitely generated subgroup in A wr Z = WA (b) can be generated by elements
w1b', wy, ..., ws, where w; € W.

Definition 12.3. For a fixed finitely generated abelian group A and any t > 0, the group L, is the subgroup of AwrZ
generated by the subgroup W and by the element bt.

Lemma 12.4. If A is a fixed r generated abelian group, then L, = A" wr Z, where A" = A - - - D A (t times).

Proof. The statement follows from Remark 3.1 with

A=APAD - -PA-1. O
Lemma 12.5. For any w € W, there is an automorphism L, — L, identical on W such that wbh' — b', provided that t # O.
Proof. This follows because the actions by conjugation of b* and wb' on W coincide. O

Lemma 12.6. Let H be a finitely generated subgroup of A wr Z not contained in W, where A is finitely generated abelian. Then the
distortion of H in A wr Z is equivalent to the distortion of a subgroup H with b in A’ wr Z, where A’ = A is also finitely generated
abelian.

Proof. By Lemma 12.1, the generators of H may be chosen to have the form wobt, wy, ..., ws, where w; € W. Therefore,
for this value of t, we have that H is a subgroup of L;. Using the isomorphisms of Lemmas 12.4 and 12.5, we have that H
is a subgroup of A' wrZ = A’ wr Z generated by the image of b'wy, w1, ..., ws under the two isomorphisms: elements
b, x1, ..., x;. Finally, because [Awr Z : L;] < oo, we have by Lemma 2.2 that the distortion of H in A wr Z is equivalent to
the distortion of its image inA' wrZ. O

Proof of Theorem 1.2. Theorem 1.2 Parts (1) and (2) follow from Lemma 2.3, if the subgroup H is abelian. Otherwise, they
follow from Corollary 11.2 and Lemma 12.6.

Now, we complete the proof of Theorem 1.2, Part (3). Let A be a finitely generated abelian group of rank k. Consider the
2-generated subgroup H < Z wr Z constructed as follows. Let m € N. Consider h(x) = (1 — x)™~!. Then the distortion of
the polynomial h is seen to be equivalent to I, by Lemma 8.6. By Lemma 6.3, this means that the 2-generated subgroup
(b, (1 —x)™'a) = Hp < Zwr Z has distortion Aj;""*(I) ~ I". The subgroup Z wr Z is a retract of A wr Z if A is infinite.
Therefore, the distortion of H, in Z wr Z and in A wr Z are equivalent, by Lemma 2.2. O

Remark 12.7. If we adopt the notation that the commutator [a, b] = aba~'b™', then we see that, in Z wr Z, the element
of W corresponding to the polynomial (1 — x)™ 'ais [-- - [a, b], b], ..., b], where the commutator is (m — 1)-fold. This
explains Corollary 1.4.
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