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1. INTRODUCTION

The Paley—Wiener theorem for K -finite compactly supported smooth functions on a
real reductive group Lie group G of the Harish-Chandra class is due to J. Arthur [1]
in general, and to O.A. Campoli [9] for G of split rank one.

In our paper [7] we established a similar Paley—Wiener theorem for smooth
functions on a reductive symmetric space. In this paper we will show that Arthur’s
theorem is a consequence of our result if one considers the group G as a symmetric
space for G x G with respect to the left times right action. At the same time we will
formulate a Paley—Wiener theorem for K -finite generalized functions (in the sense
of distribution theory) on G, and prove that it is a special case of the Paley—Wiener
theorem for symmetric spaces established in our paper [8].

All mentioned Paley—Wiener theorems are formulated in the following spirit.
A Fourier transform is defined by means of Eisenstein integrals for the minimal
principal series for the group or space under consideration. The Eisenstein integrals
depend on a certain spectral parameter and satisfy the so called Arthur—Campoli
relations. A Paley—Wiener space is defined as a certain space of meromorphic
functions in the spectral parameter, characterized by the Arthur—Campoli relations
and by growth estimates. The Paley—Wiener theorem asserts that the Fourier
transform is a topological linear isomorphism from a space of K-finite com-
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pactly supported smooth or generalized functions onto a particular Paley—Wiener
space.

The Paley—Wiener space of Arthur’s paper is defined in terms of Eisenstein
integrals as introduced by Harish-Chandra [13]; we shall refer to these integrals as
being unnormalized. Our Paley—-Wiener theorems in {7] and [8] are defined in terms
of the so-called normalized Eisenstein integrals defined in [3]. For G considered as
a symmetric space the normalized Eisenstein integral differs from the unnormalized
one. Consequently, the associated Fourier transforms and Paley—Wiener spaces are
different. The final objective of this paper is to clarify the relationships between the
various Paley—Wiener spaces.

Recently, P. Delorme [12] has proved a different Paley—Wiener theorem, involv-
ing the operator-valued Fourier transforms associated with all generalized principal
series representations. In his result the Arthur—Campoli relations are replaced
by intertwining relations. Moreover, the result is valid without the restriction of
K -finiteness.

We shall now give a brief outline of the present paper. In Section 2 we introduce
the basic concepts, in particular the space C°(G : ) of r-spherical compactly
supported smooth functions, for which Arthur’s theorem is most conveniently for-
mulated. We review the definition of Harish-Chandra’s (unnormalized) Eisenstein
integral E(P : 1) for P a minimal parabolic subgroup of G and with spectral
parameter A € ag; here ag is the Lie algebra of the split component A¢ of P. Finally,
we give the definition of the associated Fourier transform “ Fp.

In Section 3 we recall, in Theorem 3.3, the formulation of Arthur’s Paley—Wiener
theorem [1]. This theorem deals with the family of Fourier transforms (* Fp)genp,
with Q ranging over the finite set Py of parabolic subgroups with the same split
component Ag. The theorem asserts that this family of transforms establishes an
isomorphism from C2°(G : r) onto a Paley—Wiener space “PW(G, t, Pp). The
Fourier transforms in the family are completely determined by any single one
among them. Accordingly, in Theorem 3.6, Arthur’s Paley—Wiener theorem is
reformulated by asserting that a single Fourier transform “Fp defines a topological
linear isomorphism from C2°(G : 1) onto a Paley—Wiener space “PW(G, t, P).

In Section 4 we formulate, in Theorem 4.2, a distributional Paley—Wiener
theorem, which asserts that ¥ Fp defines a topological linear isomorphism from the
space C;°°(G : 1) of r-spherical compactly supported generalized functions on G
onto a Paley—Wiener space “PW*(G, 7, P).

At this point of the paper, the main results have been stated. The rest of the paper
is devoted to proofs. In Section 5 we prepare for this by introducing the C-functions
and listing those of their properties that are needed.

In Section 6 we give the proof that Theorem 3.6 is indeed a reformulation
of Arthur’s theorem. We describe the relations between the different Fourier
transforms in terms of C-functions. The equivalence of Theorems 3.3 and 3.6 is
then captured by the assertion, in Proposition 6.4, that the natural map between
the Paley—Wiener spaces “PW(G, t, Py) and “PW(G, 7, P) is a topological isomor-
phism.
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In the next Section, 7, a normalized Fourier transform Fp is defined in terms of
the normalized Eisenstein integral

E°(P:A:):=E(P:r:)oCpp(l: 1)}

This normalization is natural from the point of view of asymptotic expansions; it
has the effect that the new, normalized C-functions become unitary for imaginary A.
It follows from the relation between the Eisenstein integrals that the normalized
Fourier transform is related to the above Fourier transform by a relation of the
form *Fp = Up o Fp, where Up denotes multiplication by a C-function A
Cpp(1: —M)*. An associated Paley—Wiener space PW(G, 7, P) is defined, as
well as a distributional Paley—Wiener space, indicated by superscript *. The main
result of the section, Theorem 7.8, asserts that the map U/p induces isomorphisms
PW(G, 1, P) — “PW(G, 1, P) and PW*(G, 7, P) — “PW*(G, 7, P). As a result,
the associated Paley—Wiener theorems for the normalized Fourier transform are
equivalent to those for the unnormalized transform.

Let .X denote G viewed as a symmetric space for .G := G x G. In the
final section the unnormalized Eisenstein integral E(P : 1) for G is related to
the unnormalized Eisenstein integral for ,X as defined in [3]. It follows from
this relation that the normalized Eisenstein integrals, for G and .X, coincide;
therefore, so do the normalized Fourier transforms. Likewise, it is shown that the
Paley—Wiener spaces for G coincide with the similar spaces for ,X. This finally
establishes the validity of all mentioned Paley—Wiener theorems as special cases of
the theorems in [7] and [8].

2. BASIC CONCEPTS

Let G be a real reductive Lie group of the Harish-Chandra class and let K be a
maximal compact subgroup. Let V; be a finite-dimensional Hilbert space, and let t
be a unitary double representation of K in V;. By this we mean that v = (11, 72)
with 71 a left and 7, a right unitary representation of K in V;; moreover, the
representations 1, and 1y commute. We will often drop the subscripts on 7; and
Ty, Writing

T(k)vt (ko) = 11 (k1)v12(k2)

for all v € V; and k1,k; € K. A function f:G — V; is called t-spherical if it
satisfies the rule

2.1 flkigkr) = t(k1) f(g)T (k)

for all g € G and k|, k; € K. The space of smooth z-spherical functions is
denoted by C™(G : t) and equipped with the usual Fréchet topology. The subspace
C°(G : 1) of compactly supported smooth r-spherical functions is equipped with
the usual complete locally convex (Hausdorff) topology.

323



We shall first briefly establish some notation for the group. As usual, we denote
Lie groups by Roman capitals, and their Lie algebras by the Gothic lower case
equivalents.

Let 8 € Aut(G) be the Cartan involution associated with K. The associated
infinitesimal involution of g is denoted by the same symbol and the associated
eigenspaces with eigenvalues +1 and —1 by ¢ and p, respectively. Accordingly, we
have the Cartan decomposition g = ¢ @ p.

Let ag be a maximal abelian subspace of p and let X be the restricted root system
of ap in g. Let Ag := expagp be the associated vectorial subgroup of G and let Py =
‘P(Aop) be the collection of parabolic subgroups of G with split component Ag. Each
element P € P, is minimal and has a Langlands decomposition of the form P =
MyAgNp, with Mp equal to the centralizer of Ag in K. Let =(P) be the collection
of ay-roots in np = Lie(Np). Then P — X(P) defines a one-to-one correspondence
between P(Ap) and the collection of positive systems for X.

We equip ap with a W-invariant positive definite inner product (-, -); the dual
space af, is equipped with the dual inner product. The latter inner product is
extended to a complex bilinear form on aj-. The norm associated with the inner
product on aj is extended to a Hermitian norm on age., denoted by |- |.

We shall now review the definition of the T-spherical Eisenstein integral related
to a given parabolic subgroup P € P(Ag). Let 1y, denote the restriction of t to
My. As My is a subgroup of K, the space L2(My : Ty,) of square integrable 7p,-
spherical functions My — V; is finite dimensional and equals the space of smooth
Tam,-spherical functions. We equip Mo with normalized Haar measure, and define
the finite-dimensional Hilbert space .A; = A»(t) by

(22)  Ap:=L (Mo :tay) = C®(Mp : Thy)-
Let ¢ € A,. For A € afj we define the function ¢, =¥ p;:G — V; by
Y. (namk) = a* PP (m) T (k),

fork e K, me My, a € Ag and n € Np. Here pp € aj is defined by

1
pp(H) = 3 tr(ad(H)Inp).

By the analytic nature of the Iwasawa decomposition G = Np AoK, the function v,
is analytic. We define the Fisenstein integral E(P : ¢ : 1):G — V; by

23)  EP:¢:r:ix):= f t (k)Y (k™' x) dk,

K
for x € G. Then, clearly, E(P : v : A) is a function in C*°(G : t), depending linearly
on ¥ and holomorphically on A.

Remark 2.1. Here we have adopted the same convention as J. Arthur [1, §2],
which differs from Harish-Chandra’s. Let EHC denote the Eisenstein integral as
defined by Harish-Chandra [13, §9]. Then EHC(P : ¢ : M) = E(P : ¥ :iA).
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For the reader’s convenience, we note that Arthur [1] uses the notation
Acusp(Mp, T) or Ay for the space (2.2).

In terms of the Eisenstein integral we define a Fourier transform “Fp from
C°(G : ) to the space O(aj:) ® Az of holomorphic 4;-valued functions on
ajc- The superscript u indicates that this Fourier transform is defined in terms of
the above unnormalized Eisenstein integral, in contrast with a normalized Fourier
transform Fp to be defined later.

Let dx be a choice of Haar measure on G. We define the Fourier transform “ Fp f
of f € C*(G : 1) by the formula

Qo) [ Fef@ v, = I, E@ v -Tin), a,

G

for ¢ € A; and X € aj. It follows from the Paley—Wiener theorem in [1] that *Fp
is injective on CS°(G : 7). This injectivity can also be established by application of
the subrepresentation theorem [11, Theorem 8.21].

3. ARTHUR’S PALEY-WIENER THEOREM

The image of C2°(G : t) under Fourier transform is described by the Paley—Wiener
theorem due to J. Arthur [1], which we shall now formulate.

It is convenient to rewrite the definition of the Fourier transform * Fp in terms of
a (unnormalized) dual Eisenstein integral. Given x € G and A € aj., we agree to
define E(P : A :x) € Hom(A,, V;) by the formula

EP:A:x)Y =E(P:y:A:x)
for ¢ € A;. Moreover, we define a dual Eisenstein integral by
(3.1)  “E*(P:A:x):=E(P:—-x:x)* e Hom(V;, Ay),

where the superscript = indicates that the Hilbert adjoint has been taken. The
superscript u serves to distinguish the present dual Eisenstein integral from a
normalized version that will be introduced at a later stage.

The dual Eisenstein integral “E* may be viewed as a smooth Hom(V;, A,)-valued
function on aj- x G which is holomorphic in the first variable. In terms of this
Eisenstein integral, the Fourier transform (2.4) may be expressed as an integral
transform. Indeed, it readily follows from the given definitions that

3.2) “fpf(A)=/“E*(P:A:x)f(x)dx,

G

for f € C(G : t) and A € aj.. We now proceed to giving the definition of a
suitable Paley—Wiener space.
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Let V be a finite-dimensional real linear space. We denote by S(V) the symmetric
algebra of V¢. This algebra is identified with the algebra of constant coefficient
holomorphic differential operators on V¢ in the usual way.

We denote by O(V) the space of holomorphic functions on V¢ and, for a € V¢,
by O, = O,(V¢) the space of germs of holomorphic functions at a. Moreover, we
denote by Oa(V@):‘ay1 the space of linear functionals O, — C of the form

feva(uf)=uf(a),

with u € S(V). The elements of (94,(V¢;):;lyl will be called Taylor functionals at a,
as they give linear combinations of coefficients of a Taylor series at a. Clearly, the
map u > ev, o u is a linear isomorphism from S(V) onto (’)a(Vc);‘ayl.

We define the space of Taylor functionals on V¢ as the algebraic direct sum

O(VE)iy = D Ou(Ve)iyy:.

aeVp

Given U € O(Vc)jayl, the finite set of a € V¢ with U, # 0 is called the support of U,
notation supp U. Given f € O(V¢), we put

Uf:= Y Usfa

aesuppU

The map U ® f +> Uf defines an embedding of (’)(Vc)fay1 into the linear dual
O(Ve)*; this justifies the notation. Note that in fact the elements of O(V(c);‘ayl are
continuous with respect to the usual Fréchet topology on O(V¢).

Finally, we note that a finitely supported function U : V¢ —> S(V) may be viewed
as a Taylor functional by the formula Uf := 3", ev,[U(a) f]. Accordingly, the
space of Taylor functionals may be identified with the space of finitely supported
functions Vg — S(V).

Definition 3.1. An (unnormalized, holomorphic) Arthur-Campoli functional for
(G, 1,Po) is a family (Lp)pep, C (’)(aac);‘ayl ® Aj such that

> Lp[“E*(P:-:x)vp] =0
PePy

for all x € G and all (vp)pep, C Vz. The linear space of such families is denoted
by uAChOl(G’ T, PO)

For R > 0 we define Hg(aj-) to be the space of holomorphic functions
¢:aje — C such that forevery n € N,

Ve (@) = sup (1+ I)ul)ne‘mRe'\| |¢(A)| < 00,
reade

Equipped with the seminorms vg ,, for n € N, this space is a Fréchet space.
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Definition 3.2. Let R > 0. The Paley—Wiener space “PWg(G, 1, Py) is defined to
be the space of families (¢p) pep, C Hr(aj:) ® Az such that

Z Lppp =0

Pecpy

for all (Lp)pep, € “ACna(G, 7, Po).

By continuity of the Taylor functionals, the Paley—Wiener space is a closed
subspace of the direct sum of a finite number of copies of Hg(a5) ® Az, one for
each P € Py; it is therefore a Fréchet space of its own right.

For R > 0 we put Gp := Kexp BgK, where B denotes the closed ball of
center 0 and radius R in ag. Moreover, we define the following closed subspace of
CX(G : 1), and equip it with the relative topology:

CP(G:1)={feC™®G:7)|supp f C Gr}.

We have now gathered the concepts and notation needed to formulate the Paley—
Wiener theorem due to J. Arthur [1, p. 83, Theorem 3.3.1].

Theorem 3.3 (Arthur [1]). The map f v+ (“Fpf)pep, is a topological linear
isomorphism from C°(G : 1) onto *“PW (G, 7, Po).

Each of the individual Fourier transforms * Fp, for P € Py, is already injective
on C2°(G : 7). It is therefore natural to reformulate Arthur’s theorem in terms of a

single Fourier transform.

Definition 3.4. Let P € Py. An (unnormalized, holomorphic) Arthur—Campoli
functional for the triple (G, 7, P) is a functional £ € O(agc)fayl ® A} such that

(33)  L[*E*(P:-:x)v]=0,

for all x € G and all v € V;. The space of such functionals is denoted by
“AChol(G, T, P).

Definition 3.5. Let P € Py and R > 0. We define the Paley—Wiener space
“PWR(G, 7, P) to be the space of functions ¢ € Hg(aj) ® Az such that Lo =0
forall £ € “ACy01(G, 1, P).

Arthur’s Paley—Wiener theorem may now be reformulated as follows.

Theorem 3.6. Let P € Py and R > 0. The map “Fp is a topological linear
isomorphism from C(G : T) onto “PWgr(G, 1, P).

The equivalence of Theorems 3.3 and 3.6 will be established in Section 6.
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4. A DISTRIBUTIONAL PALEY-WIENER SPACE

In this section we will formulate a Paley—Wiener theorem characterizing the
image under Fourier transform of the space C; (G : t) of compactly supported
t-spherical generalized functions.

We shall first define the mentioned space. The space C;*°(G) of compactly
supported generalized functions on G is defined as the topological linear dual of
the Fréchet space of smooth densities on G. It is equipped with the strong dual
topology.

Via the map f — fdx, the space C-°°(G) is isomorphic with the space of
compactly supported generalized densities on G. Via integration the latter space
may in turn be identified with the continuous linear dual of C*°(G), i.e., with the
space of compactly supported distributions on G.

The pairing with smooth densities induces a natural embedding CZ°(G) —
C®(G); accordingly, the left and right regular representations of G in C°(G)
extend to continuous representations of G in C*°(G). We now define C*°(G : V;)
as the space of K x K-invariants in C;*°(G) ® V;. Again, there is a natural
embedding C°(G : t) — C;*(G : 7).

The definition of * Fp by (3.2), for a given P € Py, has a natural interpretation for
compactly supported t-spherical generalized functions. Accordingly, “ Fp extends
to a continuous linear map C7%°(G : 1) — O(ajp) ® Az.

Let R > 0 and n € N. We define H, ,, (aj¢) to be the space of entire holomorphic
functions ¢ : aj — C with

Vg —n(9) = sup (1+ [IA]) e RIRH|p2)| < o0

reags
Equipped with the given norm, this space is a Banach space. If m < n, then

&m(@5¢) C H  (ag0),

with continuous inclusion map. The union H} (af.) of these spaces, for n € N, is
equipped with the inductive limit locally convex topology.

Definition 4.1. Let P € Py and R > 0. The distributional Paley—Wiener space
“PWk(G, 7, P) is defined as the space of functions ¢ € H} (a5c) ® Az satisfying
the Arthur—Campoli relations Lo = 0 for all £ € *ACpoi(G, T, P).

By continuity of Taylor functionals, the space “PW%(G, 7, P) is a closed sub-
space of Hy (a5c) ® Ajz; we endow it with the relative topology.

The following result is the analogue of Arthur’s Paley—Wiener theorem for K-
finite compactly supported generalized functions on G. Given R > 0 we denote
by Cx*(G : 1) the space of r-spherical generalized functions on G with support
contained in Gg = K exp BgK. It is equipped with the relative topology.
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Theorem 4.2 (The Paley—Wiener theorem for generalized functions). Let P € Py
and R > 0. The Fourier transform *Fp extends to a topological linear isomorphism
Sfrom Cx%(G : 1) onto “PW,(G, 7, P).

As mentioned in the introduction, this theorem will follow from the results of the
present paper combined with the distributional Paley—Wiener theorem for reductive
symmetric spaces proved in [8].

Remark 4.3. With the same arguments that will lead to the equivalence of
Theorems 3.6 and 3.3, it can be shown that Theorem 4.2 is equivalent to a
Paley—Wiener theorem for generalized functions involving the family (*Fp)pep,
in the same spirit as Theorem 3.3.

5. C-FUNCTIONS, SINGULAR LOCI AND ESTIMATES

To establish the equivalence of Theorems 3.3 and 3.6 we need relations between the
Fourier transforms, which can be given in terms of the so-called C-functions. The
latter arise as coefficients in asymptotic expansions of Eisenstein integrals.

Let Q € Py. We denote by u“é the positive chamber determined by the positive
system X (Q) and by AJQr the image in Ao under the exponential map. Then K AEK
is an open dense subset of G.

In view of its t-spherical behavior, the Eisenstein integral E(P : 1), for P € Py,
is completely determined by its restriction to A“é. It follows from Harish-Chandra’s
result [14, Theorem 18.1], that, on MyA},, the given Eisenstein integral behaves
asymptotically as follows:

(1) E(P:r:ima)yy~ Y a?Pe[Cop(s: NY]m) (a— ooin A),
sew

for every ¥ € Ay, every m € My, and A € iay . Here W denotes the Weyl
group of the root system ¥ and the coefficients Cg|p(s : -) are End(Aj)-valued
analytic functions of A € iaj *®. The functions Cgp(s : -), for s € W, are uniquely
determined by these properties. A priori they have a meromorphic extension to an
open neighborhood of iaj in agc.

Remark 5.1. Harish-Chandra denotes the c-functions by lower case letters. In
view of Remark 2.1, the C-functions introduced above are related to Harish-
Chandra’s by the formula Cg|p(s : i) =cg|p(s : A).

For P € Py and R € R we put

(5.2) ay(P,R):={reajc | (ReA, @) <R, Vo e Z(P)}.

A X-hyperplane in aj. is a hyperplane of the form (A, a) = ¢, with « € ¥ and
¢ € C. The hyperplane is said to be real if c € R.
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We define ITx (aj) to be the set of polynomial functions that can be written as a
product of a nonzero complex number and linear factors of the form A > (A, a) —c,
with @ € ¥ and ¢ € C. The subset of polynomial functions which are products as
above with ¢ € R is denoted by ITx r(ag.)-

Lemma 5.2. Let P € Po. The endomorphism C(1: 1) = Cpp(1:1) € End(Ay) is
invertible for generic A € iaf. Both maps

(53) A C:nH

extend to End(A;)-valued meromorphic functions on aj- that can be expressed
as products of functions of the form L > cy({A,a)), for a € T(P), with c,
a meromorphic function on C with real singular locus. Accordingly, each of
the functions (5.3) has a singular locus equal to a locally finite union of real
X-hyperplanes in ag.

Let R € R. Only a finite number of the mentioned singular hyperplanes inter-
sect —al(P, R). There exist polynomial functions qi € Iz r(ag) such that ) —
g+ (M) C(1 : —A)E! are regular on the closure of the set afy(P, R). If q+ is any pair of
polynomials with these properties, there exist constants n € N and C > 0 such that

lg=ca: =0 <c(+a)"  (reay(P, R)).

Proof. All assertions readily follow from the arguments in [1], proof of Lemma 5.2,
except possibly for the final estimate, which at first follows for a particular choice
of g+. A straightforward application of the Cauchy integral formula then gives the
result for arbitrary g4 satisfying the hypotheses. O

Following Harish-Chandra [15, §17}, we define the following normalized C-
functions, for P, Q € Ppand s € W:

(5.4) OCQIP(SZ)») = CQ|Q(1 :S)\,)“ICQ“D(S:A).

The following result, due to Harish-Chandra [15], will be of crucial importance to
us.

Lemma 5.3 (Harish-Chandra [15]). Forall P, Q € Py and s € W, the End(A)-
valued function A+ °Cgip(s : A) has a rational extension to aj.

The endomorphism °Cgp(s : A) is invertible for generic A € a5 and A+
°Coip(s: A)~1is a rational End(Az)-valued function.

Finally, each of the functions A~ °Cgp(s : \)E! is a product of functions of the
Jorm A+ ci({A, @), for o« € &, with ¢, a End(Az)-valued rational function on C.

Proof. The assertions for °Cg p(s : 1) follow from [15, Lemma 19.2] combined
with the corollary to Lemma 17.2 and with Lemma 17.4 of the same article. For
imaginary A, the endomorphism °Cgp(s : 1) is unitary, by [15, Lemma 17.3]. The
remaining assertions now follow by application of Cramer’s rule. O
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6. RELATIONS BETWEEN THE FOURIER TRANSFORMS

According to [15, Lemma 17.2], the Eisenstein integrals are related by the following
functional equations:

6.1) E(P:A:)=E(Q:sA:)°Cpip(s: 1),

for P, Q € Py and s € W, as an identity of meromorphic C*®(G) ® Hom(A3, V;)-
valued functions in the variable A € aj..

Lemma 6.1. Let P, Q € Py. Then °Cpip(1:1) 0°Cpio(1: 1) = I, as an identity
of End(Az)-valued functions in the variable )\ ¢ age-

Proof. From the functional equation for the Eisenstein integral it follows that, for
xeqG,

E(P:A:x)=E(P:A Ix)OCp(Q(l :)\.)OCQIP(I tA).

Using (5.1), we infer that this identity is valid with Cp|p(1: 1) in place of E(P :
A :x) on both sides. As Cp\p(1 : 1) is invertible for generic A, the required identity
follows. O

In view of (3.1) it follows immediately from (6.1) that the unnormalized dual
Eisenstein integrals satisfy the following functional equations, for P, Q € Py and
seEW,

(6.2)  °Coip(s: —A)*“E*(Q:sh:)="E*(P:1r:"),

as an identity of meromorphic C°(G) ® Hom(V;, A;)-valued functions of A € age-
In view of the definition of the Fourier transform in (3.2), this in turn implies that,
for every f € CX(G, 1),

(63)  °Cop(s: =N "Fof(sh)="Fpf),
as an identity of meromorphic A-valued functions of A € af;.

Lemma 6.2. Let ¢ = (pp)pcp, C O(aj) ® Az, and assume that Lo =0 for all
Le*AC(G,t,Po). Then forall P, Q e Pyands e W,

(6.4)  °Coip(s: =) *po(sh) = pp(A),
for generic ) € ai.

Proof. Let P, Q € Py and s € W be fixed. In view of Lemma 5.3 there exisis a
polynomial function g € T (aj) such that A > g(1)°Cgp(s : —X)* is polynomial.
Let ¢ fulfill the hypothesis and let u € - \ g7 (0).

We define Taylor functionals Ly € O(ag(c);"ayl ® A5 by Lpyr := —q ()¢ () and

Loy =evyu[h > g(A)°Cgp(s : —A)* P (sA)], for ¥ € O(ale) ® Az, and by Lr =0
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for R € Py \ {P, Q}. It follows from (6.2) that £ € “AC(G, 7, Pp). Hence, Lo = 0.
We conclude that ¢ satisfies (6.4) for A € af- \¢~1(0). O

If V is a finite-dimensional real linear space, we denote by M(V¢) the space
of meromorphic functions on Vg¢. Given P, Q € Py, we define the endomorphism
YP|Q of M(a&:) ® Az by

[ypio¥1(A) =°Coip(1: —0)* ¢ (X).

In particular, ypip = 1.

Lemma 6.3. Let P, Q € Py and R > 0. Then yp|g maps “PW (G, 1, Q) continu-
ously into Hg(aic) ® A;.

Proof. It follows from Lemma 5.3 that there exists a polynomial g € Iz (age)
such that the function A > g(X) °Coip(1: —A)* is polynomial on ag.. This in turn
implies that the map g o yp|p maps “PWz(G, 7, Q) continuously into Hg(ag-) ®
As.

Let « € £ and ¢ € C be such that [: A — {A,a) — ¢ is a factor of ¢q. Let d be
the highest integer such that /¢ is still a factor of q. Let H, denote the element
of ag determined by H, L kera and a(H,) = 2. Fix 0 < k < d. Then the element
H(f € S(ag), viewed as a constant coefficient differential operator on ag satisfies
Hkq = 0onl~1(0). Fix A € /7! (0) and consider the functional £ € O(a5c)j, ® A3
defined by

(6.5)  L(p):=eva, 0 Helgypi09),

for ¢ € O(aje) ® Az. It follows from (6.2) that, for all x € G and v € V, the
function ypp“E*(Q : - : x)v equals “E*(P : - : x)v, hence is holomorphic on
agc- By application of the Leibniz rule we now see that LME*(Q :-:x)v) =0
for all x € G and v € V. Hence, £ belongs to “ACp(G, 7, Q). Let now ¢ €
“PWr(G, 7, @). Then it follows that (6.5) equals zero. As this is valid for every
Ao € I71(0) and all 0 < k < d, it follows that /¢ divides g(A)ypo¢. Treating all
factors of ¢ in this fashion, we see that ypg¢ is holomorphic on ag. outside
a subset of complex codimension 2. It follows that yp;g9 maps “PWg(G, 1, Q)
into O(a}) ® Az. Since gyp|g maps “PWg(G, 7, Q) continuous linearly into
Hg(aje) ® A, it follows by a repeated application of Cauchy’s integral formula,
treating the linear factors of ¢ one at a time, that yp|g is a continuous linear map
“PWr(G, 7, Q) = Hr(af{p) ® A2. O

If £L e *AC(G, 7, P), then the family of Taylor functionals (E’Q)ero defined by
L', = L and by .C’Q =0 for Q # P belongs to *AC(G, 1, Po). Accordingly, we may
view “AC(G, 1, P) as a subspace of “AC(G, 7, Py). It follows that “PWz (G, t, Pp),
for R > 0, is a subspace of the direct sum of the spaces “PWg (G, t, P), for P € Py.
Moreover, by continuity of Taylor functionals, this subspace is closed.
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Proposition 6.4. Let Q € Py. Then, for each R > 0, the projection onto the
component with index Q induces a topological linear isomorphism

(6.6) YPWg(G, 1, Py) = “PWg(G, 1, Q).

Proof. Let E denote the direct sum of a finite number of copies of H r(a30) ® Az,
labeled by the elements of Py. For each such element P let prp: E — Hr(aj:) ®
A denote the projection onto the component of label P. We define the map
vo “PWR(G,1,Q)— E by

Prpoyo =Yr|g (YP €Py).

Then yp is continuous linear; we will show that it maps into the subspace
“PWr(G,t,Py) of E. Let (Ep)PepO belong to ¥ ACy01(G, 7, Po). For each P € Py
we select gp € TMx(aie) such that A > gp(A)°Cgp(1 : —1)* is a polynomial
function. By Lemma 6.5 below, there exists a £, € (’)(asc):‘ayl ® A} such that
Lp =Ly oqp on O(ag-) ® Az. By application of the Leibniz rule, we see that
L" =% p L oqp oypjg defines an element of O(850) 1y ® A 1t follows from the
functional equations for the Eisenstein integral that, for every x € G and vy € Vi,

L'*E*(Q: - :x)vg] = ZC’P ogqp[“E*(P:-:x)vg]
P

=Y Lp[“E*(P:-:x)vg]=0.
P

Hence, L € *ACy1(G, 1, Q). It follows that for ¢ € “PWr(G, t, Q) we have

0=L"(p)= Z'C/P lgpyrio(@)].
P

Moreover, since yp|o(p) is holomorphic for each P € Py, it follows that the
latter expression equals ), Lpyo(p)p. Hence, yg maps “PWg(G, t, Q) into
“PWr(G, t, Po). Moreover, it does so continuously, as the latter space carries the
relative topology from E.

From the definition of yp we see that pryoyg = ygjp = I. Moreover, if ¢ €
"PWgr(G, 7, Po), then by Lemma 6.2 with s = 1, it follows that pp = yp g (9g), for
all P € Py. Hence, yg opry =1 on “PWg(G, t, Py). It follows that pr restricts to
a topological linear isomorphism (6.6) with inverse yp. DO

Lemma 6.5. Let g € Tx(age). Then for every L € O(agc)s, there exists a I e
O(age) g Such that L= L' o q on O(age).

Proof. This may be proved in the same fashion as [7, Lemma 10.5]. O

It is an immediate consequence of Proposition 6.4 that Theorems 3.3 and 3.6 are
equivalent.
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7. THE NORMALIZED FOURIER TRANSFORM

The purpose of this section is to give equivalent versions of the Paley—Wiener
theorems discussed in the previous sections, Theorems 3.6 and 4.2. The new
versions are formulated in terms of a suitably normalized Fourier transform, which
in the final section will be shown to coincide with the analogous Fourier transform
for the group viewed as a symmetric space. The normalized Fourier transform is
defined as in Section 2, but with a differently normalized Eisenstein integral.

Let P € Py. We define the normalized Eisenstein integral by

(7.1)  E°(P:A:x)=E(P :A:x)Cpp(1:2)7},

for generic A € aj- and for x € G. Then A > E°(P : 1) is a meromorphic C*°(G) ®
Hom(Az, V;)-valued function on afj.. It is not entire holomorphic anymore, but its
singular set is of a simple nature. Indeed, by Lemma 5.2 the singular set is a locally
finite union of hyperplanes of the form (A, o) =, with @ € =+, ¢ € R. Moreover,
the occurring constants ¢ are bounded from below. It is known that the singular set
is disjoint from the imaginary space iafj, but we shall not need this here.

As before we define (normalized) dual Eisenstein integrals by

(7.2)  E*(P:i:x)=E°(P:—A:x)* e Hom(V;, A))

for generic A € aj and for x € G. In terms of these we define the normalized
Fourier transform Fp : C7%°(G : 1) — M(aj:) ® Az by

Fpf)= f E*(P:h:x)f(x)dx.
G

Lemma 7.1. Let f € C7°°(G,1). The unnormalized and normalized Fourier
transforms are related by

(7.3) Cpip(L: =A)*FpfM)="Fpf(A),

as an identity of meromorphic functions of the variable A € a}.

Proof. Replacing A by —A in both sides of (7.1), then multiplying with the C-
function and taking conjugates, we obtain, in view of (3.1) and (7.2),

Cpip(1: —A)*E*(P:A:x)="E*(P:}:x),

as meromorphic functions of A € afj. with values in C*°(G) ® Hom(V;, Az). The
result follows by testing with fdx. O

The singular nature of the normalized Eisenstein integral does not allow us to
define Arthur—Campoli functionals in terms of Taylor functionals as we did in
Section 3. Instead we need the concept of Laurent functional introduced in [6,
Section 12]. We briefly recall its definition.
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Let V be a finite-dimensional real linear space and let X C V* \ {0} be a finite
subset. For a point a € V¢, we define the polynomial function 7, : Vo — C by

o= [ [ (5 ~§@).

EeX

The ring of germs of meromorphic functions at a is denoted by M(V¢,a). We
define the subring

MVe,a, X) = U TL'a_NOa.
NeN

Let ev, denote the linear functional on (J, that assigns to a germ f € O, its value

f(a)ata.
An X-Laurent functional at a € V¢ is a linear functional £ € M(Vc, a, X)* such
that for every N € N there exists a uy € §(V) such that

(7.4) L=ev,ouy onév onna“NOa.

The space of all Laurent functionals on V¢, relative to X, is defined as the algebraic
direct sum of linear spaces

(7.5) M(VC’ X)Taur = @ M(VC’ X’ a)ikaur'

aeVg

For £ in the space (7.5), the finite set of a € V¢ for which the component £, is
nonzero is called the support of £ and denoted by supp £.
According to the above definition, any £ € M(Vg, X )aur MY be decomposed as

L= ) L

aesupp L

Let M(Vc, X) denote the space of meromorphic functions ¢ on V¢ with the
property that the germ ¢, at any point a € V¢ belongs to M(Vg, a, X). Then the
natural bilinear map M(Vc, X)j,,. X M(Vc, X) — C, given by

L) Lo= Y Lapa
aesupp £

induces an embedding of M(Vc, X){ = onto a linear subspace of the dual space
M(Vc, X)*. For more details concerning these definitions, we refer the reader to
[6, Section 12].

Lemma 7.2. Let L € /\/1(V¢;,X)i*aur and let € M(Q,X), for Q an open
neighborhood of supp L. Then L o v belongs to M(Vg, X)},,-

Proof. Without loss of generality we may assume that £ is supported by a
single point @ € V. First assume that ¥, € O,. Then the result follows by a
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straightforward application of the definition containing (7.4) combined with the
Leibniz rule. It remains to establish the result for ¢ =z, %, with k € N. In this case
the result is an immediate consequence of the mentioned definition. O

The following result relates the Laurent functionals to the Taylor functionals
defined in Section 3. The inclusion map O(V¢) C M(Vg, X) induces a surjection
M(Ve, X)* = O(Ve)*. This property of surjectivity also holds on the level of
Laurent functionals. The space (9(V(c);*ay1 may naturally be viewed as a subspace
of O(V¢)*. The natural map M(Vc, X)y,,, — O(Ve)* maps into this subspace.

Lemma 7.3. The natural map M(Vg, X)), . — O(Vc)fayl is surjective.

Proof. Let U € (’)(VC);‘ayl. Without loss of generality we may assume that U is
supported by a single point a € V. Then U = ev,; o u for some u € S(V). By
[4, Lemma 1.7] with d’ = 0, there exists a £ € M(Vc,a, X){,. determined by a
sequence (i,)neny C S(V), such that up = u. Thus, £ restricts to U on O(V¢). O

Before proceeding, we formulate a result concerning division that will be
frequently used in the sequel.

Lemma 7.4. Let E be afinite-dimensional complex linear space. Let S be a linear
subspace of M(Vg, X) ® E, let S° be the annihilator of S in M(Vc, X)f,, ® E*
and let S°° be the space of functions ¢ € M(V¢, X) ® E such that Lo =0 for all
Le§°

Let  be a nonzero End(E)-valued meromorphic function on Vg such that both
W and ¥~ belong to M(Vc, X) ® End(E). Let Q C V¢ be an open subset such
that Yo is regular on Q for all ¢ € S. Then ¢ is regular on Q for all ¢ € 5°°.

Proof. We first assume that ¢ = /. Then every ¢ € § is regular on Q. Let now
@ € $° and consider a point a € Q. Then it suffices to show that the germ ¢, is
regular at a. As ¢, € M(V¢, a) ® E, there exists a product g of factors of the form
& — £(a), with § € X, such that gg, is regular at a. We fix ¢ of minimal degree.
Then g@, has a non-trivial value at a. Hence, there exists a linear functional € E*
such that ev, o g{g,, n) # 0. There exists a Laurent functional £ € M(V¢,a)};
such that £ =ev, on O,(V¢). Now L o g is a Laurent functional, and it follows
from the above that £; := [£ o g] ® n is nonzero on ¢,. Hence £; ¢ S°. It follows
that there exists a function ¢; € S such that g(a)n(¢:1(a)) = L1¢1 is nonzero. This
implies that g is nonzero at a, hence constant. We conclude that ¢, is regular at a.

We now turn to the case with ¥ general. Then multiplication by ¢ induces a
linear automorphism of M(Vg, X) ® E, whose inverse is multiplication by s
In view of Lemma 7.2, the map ¢* : L — L o ¢ is a linear automorphism of
MVe, X)i,, ® E with inverse (¥ ~1)*. Put S; := ¢S. Then §} = Y*~1(5°) and
S89° = ¥ 8°°. By the first part of the proof it follows that all elements of S7° are
regular on Q. The result follows. O
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We use the non-degenerate bilinear map (-, -) on aj to identify this space with its
real linear dual. Accordingly we view X as a finite subset of aj* \ {0} and invoke
the space of X-Laurent functionals on aj. in the following definition.

Definition 7.5. A (normalized) Arthur—Campoli functional for (G,t, P) is a
Laurent functional £ € M(age, X)p;,, ® Aj such that

LIE*(P:-:x)v]=0
for all x € G and v € V;. The space of such functionals is denoted by AC(G, , P).

Our next objective is to define suitable spaces of meromorphic functions with
controlled singular behavior.

A X-hyperplane in a} is defined to be a hyperplane of the form /~1(0), where
'+ (A, a) —c with « € T and ¢ € C. The hyperplane is said to be real if
c € R, A X-configuration in ag is a locally finite collection of X-hyperplanes. The
configuration is said to be real if all its hyperplanes are real. Let now H be a real
S-configuration. For each H € H we fix g € T and sy € R such that H equals the
zero locus of Iy : A — (A, &) —sg.

Let d:'H — N be a map. For » a subset of af whose closure intersects only
finitely many hyperplanes from H, we define the polynomial function 7., 4 on aj
by

16  mea= [] 15
HeH
HNcl w£9

Moreover, we define M(aj-, H, d) to be the space of meromorphic functions ¢ €
M(ag.) such that for every bounded open subset w of af, the function 7, 4¢ is
regular on w +iag.

For w a bounded subset of ajj and n € Z we define the [0, oo]-valued seminorm
Vo,d,n 0N M(aje, H, d) by

(1.7)  Voan(@ = sup (1+ )" |70.sMeM)].

rEwtiag

We define P(ag., H, d) to be the space of functions ¢ € M(aj., H,d) such that
Vo,d.n(9) < 0o for every compact set w C aj and all n € N. This space is a Fréchet
space with topology induced by the collection of seminorms v, 4., for @ compact
andn e N.

We denote by N = N (a3) the collection of maps n : C — N, with C the collection
of compact subsets of aj. On A we define the partial ordering < by n < m if and
only if n(w) < m(w) for all w € C. For n ¢ N we define Pr(age. H, d) to be the
space of functions ¢ € M(aj, H, d) such that

Vordi-n@) (@ = sup (14 11) 7" | a(W)e(2)] < 00
kew-{—iaa
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for every compact subset @ C ajj. Equipped with the seminorms vy, 4, —n(w) the space
Pr(ages H, d) is a complete locally convex space. If m < n then clearly Py, C Py,
with continuous linear inclusion map.

We now define

Praje Hod):i= | Pr(aje. M. ),
neN(ay)

and equip this space with the inductive limit locally convex topology.
In particular, these definitions may be interpreted for H = ¢ and d = @. In this
case we have 7, 4 = 1 for every w C ag. so that

Plage,?) and  P*(aic, D)

are just spaces of holomorphic functions ¢ on af. determined in the above fashion
by seminorms of the form

Vo,n(p) := sup (1 + |)»|)n’¢()~)|-

rew+iaj

For the rest of this section, let P € Py be fixed and let H = Hg ;,p be the smallest
collection of X-hyperplanes in aj~ such that the singular locus of A > E*(P : A : )
is contained in the union | JH. In view of Lemma 5.2 the collection H is locally
finite and consists of real T-hyperplanes. Moreover, by the same lemma, the set of
H e 'H with H Naj(P, R) # @ is finite, for every R € R.

We define the map d = dg,,p:H — N as follows. For each H € H we fix
Ig : ajc — C as in (7.6) and define d(H) as the smallest integer k > 0 such
that the C*°(G) ® Hom(V;, A;)-valued meromorphic function l’;IE *(P :.) extends
regularly over H\\J{H' e H | H' # H}.

Given a subset w C aj whose closure meets only finitely many hyperplanes
from H, we define the polynomial function 7, 4 as in (7.6). In particular, we
write 7 = 7rp for this polynomial with w = af N a§(P,0), where the second set
in the intersection denotes the closure of the set (5.2) with R = 0. Thus, the
C*(G) ® Hom(V;, A)-valued function A — m(A)E*(P : 1) is holomorphic on a
neighborhood of ag(P, R) and 7 € Ix r(aj) is minimal with this property.

We define the following closed subspace of P(aj., H, d) ® As:

= {p € Plaje, H,d) ® Ay | Lo =0, VL € AC(G, 7, P)}.

Finally, we define the space Px.(af,H,d, P) in a similar fashion, but with P
replaced by P*.
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Definition 7.6. (a) Let R > 0. We define the Paley—Wiener space PWg(G, 7, P)
to be the subspace of Pac(ajc, . d, P) consisting of functions ¢ such that, for all
neN,

(7.9) sup (1+ ll)»||)"e#R|R“| =) | < oo.
reai(p,0)

The space is equipped with the relative topology.

(b) For R > 0 we define the distributional Paley—Wiener space PW,(G, 1, P)
to be the subspace of P;C (agc, H.d, P) consisting of functions ¢ for which there
exists a constant n € N such that

(7.10) sup (1 + [A) e RRM (o) | < oo.
A€EL(P.0)

This space is also equipped with the relative topology.

We will finish this section by discussing the relation of these Paley—Wiener
spaces with the unnormalized Paley—Wiener spaces introduced in Definitions 3.5
and 4.1. As a preparation, we first give another characterization of the unnormalized
Paley—Wiener spaces.

We define Puac(aic,d, P) and Py, (aje, D, P) as the closed subspaces of
the spaces P(afc, %) ® Az and P*(af:, 0) ® A, respectively, consisting of the
functions ¢ satisfying the relations L = 0 for all £ € *AC,1(G, 7, P).

Proposition 7.7. Let R > 0.

(a) The space “PWg(G, 1, P) consists of the functions ¢ € Pupc(aic, D, P) with
the property that, for every n € N,

711 sup (14 Jal) e FRAM 40| < o0
reay(P,0)

Moreover, the topology of “PW (G, t, P) coincides with the relative topology
Sfrom Pupac(age. 9, P).

(b) The space “PW%(G, T, P) consists of the functions ¢ € P}, (agc, D, P) with
the property that there exists a number n € N such that

(712)  sup (14 [al) e RRM o) < oo
A€aL(P.0)

Moreover, the topology of “PW(G, t, P) coincides with the relative topology
Sfrom Pi,(age, 8, P).

Proof. We start by making some remarks on Euclidean Paley—Wiener spaces. From

the text preceding Definition 3.2 we recall the definition of the space Hg(age),
equipped with the Fréchet topology 7 induced by the seminorms vg », for n € N.
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Clearly, Hr(a5c) C P(age, 9), with continuous inclusion map. We denote by 7, the
associated relative topology on Hg (aj). Then 7 is finer than 7;. We will show that
both topologies are in fact equal.

By the Euclidean Paley~Wiener theorem, Euclidean Fourier transform Fgq
defines a continuous linear isomorphism from C§(ag) onto Hg (age). From a
straightforward estimation it follows that the inverse Fourier transform fe;il is
continuous from P(aj., @) to C*¥(ap). It follows from the above that the identity
map Feucl o.7-'e_ui1 is continuous from (Hg (ag), 7-) to (Hr(afc), 7). Hence 7 =17,.

From the text preceding Definition 4.1 we recall the definition of HF(ajc),
equipped with the inductive limit locally convex topology denoted 7*. Clearly,
H3 (a5c) € P*(age» @), with continuous inclusion map. Let 7,* denote the asso-
ciated relative topology on Hy (ag:). Then T* is finer than 7,*. We will show that
both topologies are equal.

By the distributional Euclidean Paley-Wiener theorem, Feui maps Cr*(ap)
bijectively onto H%(ag-). Fix R’ > R and let k be an arbitrary positive integer.
Then Cgm(ao)k, the subspace of generalized functions of order at most k, naturally
embeds into the continuous linear dual of the Banach space C;‘.‘,, (ag), equipped with
the C* norm || - || ck- Accordingly, we equip Cr* (ap)x with the restriction of the
dual norm. By a straightforward estimation, there exists a Cx > 0 such that

VR,k(]:eucl(f)) < Ck“f”ck

for all f ¢ CI"Q,(ao). Let n € N(a). Then by transposition it readily follows that
}";lil maps P, (aie, @) N Hy(aje) into Cxr ™ (ag)r, with k = n({0}) + dimagp + 1.
Moreover, this map is continuous with respect to the relative topology from
Py (age, @) on the first of these spaces. Now Feye maps Cr(ag)x continuously
into H% (af). It follows that the identity map Feyel o .7-';111 is continuous from
P (age. @) NHE (a50) to Hy (a5o). By the universal property of the inductive limit,
it follows that 7.* is finer than 7*. Hence 7* = T*.

We proceed with the actual proof. We denote the subspace of Pusc(agc, @, P)
defined in (a) by PW and the similar subspace defined in (b) by PW*. These
subspaces are equipped with the relative topologies. Clearly, “PWx(G, t, P) is
a subspace of PW, and “PW%(G, 7, P) a subspace of PW*, with continuous
inclusion maps. To conclude the proof we must establish the converse inclusions,
also with continuous inclusion maps.

A holomorphic function ¢ € O(aj) ® A; that is annihilated by “ACy01(G, 7, P),
satisfies the functional equations

(7.13) @A) =°Cpip(s: —A)*p(s),

for s € W and generic A € afc; in view of Proposition 6.4 this follows from
Lemma 6.2 with P = Q.
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In view of Lemma 5.3, there exists a product g5 of linear factors of the form
(,o) — ¢, with @ € T and ¢ € C, such that A = g;(A)°Cp|p(s : —s™!A)* is
polynomial. We define

g0 =[] as6n) (eao.

seWw

Then there exist constants C > 0 and N € N, such that, for all s € W and X € ag,

laGs™'0°Crip(s: =s D) < (1 +1a1)".

If we combine this with the functional equation (7.13), we see that, for each s € W,
every n € Z and all A € a3(P,0),

(1 + Is_l)»I)ne“RlRes_l}‘| ||q(s_lk)go(s_1k) "
<SC(1+ )" e kR o).
Combining these estimates for s € W, we obtain

vRA(@e) SC sup (14 AV e BRA o0,
AEGH(P,0)

where vg , is defined as in the first part of the proof. On the other hand, by an easy
application of Cauchy’s integral formula it follows that for every n € Z there exists
a constant C, > 0 such that

VR,n (‘P) <Gy VR,n (q(p),

for all ¢ € O(aje) ® Az. It follows from these estimates that PW equals the
intersection of Puac(age, @, P) with the Euclidean Paley—~Wiener space Hg (a5c) ®
Aj. By definition, the topology of PW equals the relative topology from the
first of these spaces. By the first part of the proof, the topology also coincides
with the relative topology from the second of these spaces. It follows that PW C
“PWg(G, t, P) with continuous inclusion map. This establishes (a). Assertion (b)
follows by a similar argument. 0O

We define the map Up € Aut(M(ai:) ® Az) by
Upp() = Cpip(1: =) " o).
Then (7.3) may be rephrased as
“Fp=UpoFp.

Theorem 7.8. Let R > 0. The map Up € Aut(M(aj) ® A2) restricts to a
topological linear isomorphism

PW%(G, 7, P) — “PW%(G, 1, P),
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and similarly to a topological linear isomorphism
PW(G, 7, P) — “PWk(G, 7, P).

Proof. It follows from Lemma 5.3 that the functions A = Cp|p(1 : —1)*%! belong
to M(aie, X) ® End(Az), so that the map Up restricts to a linear automorphism of
the space M(a}, £) ® A;. It follows from Lemma 7.2 that transposition induces
an automorphism U}, of M(ajc, L)}, ® A3.

Let “AC(G, 7, P) denote the space of Laurent functionals £ € M(ags, 2)},, ®
A% such that (3.3) holds for all x € G and v € V;. Then it follows from Lemma 7.3
that the natural map

(7.14)  “AC(G, T, P) = “ACpoi(G, 7, P)

is surjective.
If £ € M(aje, D)}, ® A3, then

L[“E*(P:-:x)v]=LoUp[E*(P:-:x)v],

for all x € G and v € V;. It follows that I/}, restricts to a linear isomorphism from
*AC(G, 7, P) onto the space AC(G, 7, P).

Let Mac(aj. =, P) denote the space of ¢ € M(ajc, £) ® Az such that Lo =0
for all £ € AC(G, 7, P). Similarly, let Muac(afc, X, P) denote the space of p €
M(ale, ) ® Az such that Lo =0 for all £ € “AC(G, 7, P). Then it follows
from the above that Up defines a linear isomorphism from Mac(aic, =, P) onto
Mupc(afe, T, P). The latter of the two spaces consists of holomorphic functions,
by Lemma 7.4, applied with S consisting of the functions “E*(P :-: x)v, forx € G
and v € V;. By surjectivity of the map (7.14) it follows that Muac(age, =, P)
equals the space Ouac(afe, P) of ¢ € O(alc) ® A2 with Lo =0 for all L €
*AChot(G, 7, P).

We conclude that Up defines a linear isomorphism from Mac(age, X, P) onto
Oupc(aie, P). Only the estimates remain to be taken care of.

Let w C afj be a bounded open subset. Applying Lemma 7.4 with S consisting
of all functions E*(P :-:x), forx € G and with Q =w +iaf and ¥ =7, 4 ® I,
we see that for every ¢ € Mac(aje, X, P) the function 7, 49 is holomorphic on
o + ia}. This implies that Mac(aje, =, P) C M(a}e, H, d) ® Az.

Again, let  C af be a bounded open subset. Then w + iag C ag(P,r) for a
suitable real number r. By Lemma 5.2, there exists a polynomial p € Iz (aj) such
that A — p(A)Cpip(1: —A)* is holomorphic on ag(P,r). Moreover, by application
of the same lemma, there exist N € N and C > 0 such that, for everyn € Z,

Vo,n (in,duP§0) < CVw.n+N(77w,d‘/))
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for all ¢ € M(aj, H,d) ® Az. On the other hand, let wp be a relatively compact
subset of w. Then, by an easy application of Cauchy’s integral formula, there exists
for every n € Z a constant C,, > 0, such that

Vg, n () < Cuvpn (pnw,d ¥)

for all € M(aj, H,d) ® A, that are regular on w + iag. It follows that

V(uo,n(uP§0) L ChCvyan+n (@),

for all ¢ € Pac(age, H,d, P). This implies that i/p maps Pac(aye. H,d, P) con-
tinuous linearly into P(aj, #) ® A2, hence also continuously into Pusc(age, 4, P).
Moreover, the same statement holds for the spaces with superscript . By a similar
argument, involving Lemma 5.2 for the inverse of the C-function, it follows that
U;l maps Puac(agc, @, P) continuous linearly into Pac (a5c> H,d, P). A similar
statement is true for the spaces with the superscript *.

Finally, using Lemma 5.2 once more in the above fashion, it follows that a
function ¢ € Pac(af, H,d, P) satisfies the estimate (7.9) for all n € N if and
only if Upg satisfies the estimate (7.11) for all » € N. If we combine this with
Proposition 7.7 (a), we see that Up restricts to a topological linear isomorphism
from PWR (G, 1, P) onto “PWg(G, 1, P). The analogous statements for the spaces
with the superscript * are proved in a similar fashion. 0O

8. THE GROUP AS A SYMMETRIC SPACE

We retain the notation of the previous sections. In this section we will view the
group G as a symmetric space, and compare the Fourier transforms and Paley—
Wiener spaces for G with those for the associated symmetric space. This will allow
us to deduce the Paley—Wiener theorems for the group from the analogous theorems
for symmetric spaces.

As G is of the Harish-Chandra class, the group .G := G x G is of this class as
well. We consider the involution 4o of .G defined by o (x, y) = (3, x). Its group of
fixed points, the diagonal subgroup, is denoted by , H. The space ., X :=.G/.H is
a reductive symmetric space of the Harish-Chandra class. The map .G — G given
by (x, y) > xy~! induces a diffeomorphism

8.1 p:«X:=,G/+H — G,

intertwining the natural left action of ,G with the action of .G on G given by
(x,y)g = xgy~!. Accordingly, G becomes a reductive symmetric space of the
Harish-Chandra class. We fix a choice of Haar measure dg on G; then dx = p*(dg)
is a choice of ,G-invariant measure on , X.

The map .0 := (0, 0) is a Cartan involution of ,G which commutes with ,o.
The associated maximal compact subgroup equals K := K x K. We recall that
7 = (11, 1) is a double unitary representation of K in V; and define the unitary
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representation of ,K in V; by ,t(ky, k2)v = t(ky)vr(kz)~!. Then pull-back by p
induces a topological linear isomorphism

(82)  p*iC™®(G:1)—> C~®GX:,1),

which we shall also denote by f > , f. Clearly this isomorphism restricts to an
isomorphism between the subspaces indicated by C_*°, C* and C°.

The —1 eigenspaces of .0 and .o in .g equal .p:=p x p and .q:= (X, —-X) |
X € g}, respectively. It follows that a maximal abelian subspace yaq of .p N ,q is
given by

«0q = {(X,—X) | X € ap}.

The derivative of p equals the isomorphism ,g/.h — g induced by the map
gxg—g, (X,Y)—~ X —Y; we will denote this derivative by p as well. The
map p restricts to the isomorphism from .aq onto ap given by (X, —X) > 2X.
Via pull-back under the isomorphism p, we transfer the given inner product on ag
to an inner product on ,aq. Accordingly, for every R > O the closed ball ,Bg of
center 0 and radius R in a4 is mapped onto the similar ball Bg in ay. It follows that
D« X — G maps Xg =K exp*BR*H onto Gp = KBrK. The following result
is now obvious.

Lemma 8.1. Let R > 0. The map p*, defined in (8.2), restricts to a topological
linear isomorphism from Cg™(G : 1) onto Cx™ (X : «x7), and, similarly, to a
topological linear isomorphism from C(G : ) onto CF(+X : 4T).

We will now compare the definition of the normalized Eisenstein integral for
(+X, «7) given in [3, Section 2], with the one for (G, ) given in the present paper.
The isometry p:.aq — ao induces an isometry p*:aj — .ag (for the dual inner
products on these spaces). The complex linear extension of this map is denoted by
PY A A, i = *aac.

The system , X of restricted roots of ,aq in ,.g consists of the roots %*a, fora € 2.
The root space for the root %*a is given by g, x {0} @ {0} x g—y. Thus, if P € P, then
«P 1= P x P belongs to the set ,P™" of minimal .o ,#-stable parabolic subgroups
of +G containing ,Ag; the associated system of positive roots is X (, P) = {%*a |
a € Z(P)}. As usual, let p, p € «ag be defined by

1
p.p() = z tr(ad(-)ln*p).

Then p, p = «(pp). Thus, without ambiguity, we may use the notation ,pp for this
functional.

Via the isometry .aq ~ ap we see that every element of the Weyl group of .=
can be realized by an element of . K N, H = diag(K). It follows that the coset space
« W/« W, _kn, o consists of one element. Thus as a set of representatives for this coset
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space in the normalizer of ,aq in K we may fix ,W = {e}. Accordingly, the space
°C(47) of [3, Eq. (17)], now denoted by ,.A4;, is given by

WA = COGM/ M N H 2 1) = L2 M/ M N H : ,T).

We equip the space .M /.M N H with the pull-back of the invariant measure on
My under the analogue of the map (8.1) for the tuple (Mp, tp), and the space ,.A»
with the associated L2-type inner product. Then the analogue of the isomorphism
(8.2) for the tuple (Mo, 7o) gives a unitary isomorphism

P*:W'_)*l[” Az—’*AZ

Given ¥ € A, we define the Eisenstein integral E(, P : ¥ : .A) as in [3, Eq. (20)].
Then we have the following relation with the Eisenstein integral defined in (2.3).

Lemma 8.2. Let P € Py, ¥ € Ap. Then for every (x, y) € .G,
(83)  EGP: ¥ M), y)=E(P:Cpp(l: =D ¥ :A)(xy™),
as an identity of meromorphic functions in the variable A € aj.

Proof. We briefly write N =Np. Let A € ajc be such that Re A+ pp is P-dominant.
Then Re, A + .pp is P-dominant. Let *&(*k) : «G — V; be defined as in
[3, Eq. (17)], for the situation at hand. Then ,¥ (,A) = 0 outside , P, H and

W Gh tnamyg, ia"'mag) = aP TP Y (mym; ),

forne N, i€ N,a € Ay, m,my € My and g € G. It follows that *&(*A) = [¥ )],
where ¥ (1) : G — V; is defined to be zero outside N AgMoN and

V(A namn) = a* PPy (m)
for (n,a,m,i) € N x Ag x My x N. In view of [3, Eq. (20)], we now infer that
(8.9) E(+P 14 15k (x1,%2))

- / vtk k)~ G e, ko) dl dks
KxK

= / T(k) " (A ki x) kg T (ko) diy dky
KxK
=E(P: W) :r:ixix; ),

see (2.3), where the function W (1) : My — V; is defined by

(8.5) \P()»:m):/t/?()»:mk‘l)r(k)dk.
K
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As M, normalizes N, the function ¥ (1) transforms according to ¥ (A : xm) =
¥ (A :x)t(m), for x € G and m € My. It follows that the integrand in (8.5) is a
left Mp-invariant measurable function on K. We now consider the real analytic map
(«, H,v):G — K % a9 x N determined by

(8.6) x=k(x)expH(x)v(x) (xe€G).

Then the Haar measure dn may be normalized such that for every ¢ € C(K/My)
we have

/ p(k) dk = f o(k(i)) e 2PPH® gj.

K N

We apply this substitution of variables to the integral (8.5). Since « () = Aiv(i) ™! x
expl— H (1)), whereas (1) is right N-invariant, it follows that

@7  Wo,m)= / PR HOly (ke (7)) dii = [Cpyp (1 =2) " (m).

N
The last equality follows from [14, §19, Theorem 1], since T is unitary (take
Remark 5.1 into account). In the notation of [14], we have up = 0 since P is
minimal.

Combining (8.4) with (8.7) we obtain the desired identity for A € agj. such that
Re X + pp is P-dominant. Now apply analytic continuation. [J

Remark 8.3. With the same method of proof it can be shown that Lemma 8.2
generalizes to arbitrary parabolic subgroups of G. In the more general lemma, the
expression on the left-hand side is defined as in Harish-Chandra’s work, taking
account of Remark 2.1. Moreover, the Eisenstein integral on the right-hand side
is defined as in {10, p. 61}, with A in place of —A. In the proof one has to replace the
decomposition (8.6) by the decomposition induced by G = K exp(mp Np)ApNp.

Remark 8.4. Lemma 8.2 can also be derived from [2, Lemma 1], by expressing
both Eisenstein integrals as matrix coefficients of representations of the principal
series, see [3, Eq. (25)] and [13, Theorem 7.1].

Corollary 8.5. Let P € Py, v € Ay. Then

(8.8)  E°GP:p*y:.h)=p*(E°(P:y:1)),

as an identity of meromorphic functions in the variable A € aj.

Proof. In (8.3) we substitute x; = mja and xo = maa~! for mi,my; € MpAg
and a € Ay. Comparing coefficients in the asymptotic expansions of type (5.1)

for both sides, as a — oo in AJPF, we obtain that p*~! o C,p,p(1:A)op* =
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Cpip(1: M)Cpp(L: ~X)*. The result now follows from Lemma 8.2 if we apply the
definitions of the normalized Eisenstein integrals, see (7.1) and [3, Eq. (49)}). O

We can now formulate the relation between the Fourier transforms for G and
those for the associated symmetric space ,X; for the definition of the latter, we
refer to {3, Eq. (§9)]. We define the linear isomorphism

89) P M) ® Ay —> M(lic) ® 1 Aa
by p*(¥) (1) = p*[¥ (M)}, for ¥ € M(aj) ® Az and for generic A € aj.

Lemma 8.6. Let P € Py. Then the following diagram commutes:

Co®(G 1) —E > C%(X 1 47)
Fp \1/.7:*19
M(Cl;c) ® A; —-Eia»M(*ClZC) ® «As.

Proof. Let f € C;/®°(G : 1) and put . f 1= p*(f) € C;°(X : «7). Let ¥ € A,.
Then it follows by application of Corollary 8.5 and the fact that dx = p*(dg) that

(Fup GG, o) = f (o F G E°GP 4 = ) dx

+X

= [ir@. ey i1 g)ds
G

=(FpfO), ¥)={[FrfMW)]. «¥).

In the last equality we have used that p*: 4 > . is a unitary isomorphism from
A> onto ,.Aj. Using the definition of the map (8.9) we conclude that 7y, pjo p*(f) =
p*oFpf. O

The map p*: A > 42 is a linear isomorphism from afj onto «ag, mapping the set &
onto 2, X. It follows that the map p* in (8.9) maps M(a., £) ® A, isomorphically
onto M (, aa‘c, +2) ® «A2. Moreover, the transpose of its inverse restricts to a linear
isomorphism

8.10)  p*: M(afc, Dy ® A —> Ml » Z)r ® « A,

which we shall aiso denote by £ > L.

Lemma 8.7. The isomorphism (8.10) maps AC(G, t, P) onto AC(:X, .7, + P).
Proof. Let (x,y) € G x G and v € V. We consider the functions f:ur— E*(. P :

pi(x,y)vand g:Ar> E*(P: 1 :xy~YYv, where the first dual Eisenstein integral
is defined in a fashion analogous to (7.2), see [5, Eq. (2.3)].
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It follows from Corollary 8.5 that f = p*g. Thus, for every £ € M(aje)fyy ® A5
we have that p*(L) f = .L.g = Lg. It follows from this that £ € AC(G, t, P) if and
only if p*(£) € AC(, X : 47 : 4+ P). The result follows. O

Let P € Py and R > 0. We define the Paley—Wiener space PWR (X : 47 : « P)
as in [7, Definition 3.4]. The mentioned definition depends on a choice of positive
roots, which we take to be . X (, P). We enlarge this space to a distributional Paley—
Wiener space PW% (X : .7 : . P) in complete analogy with the way in which (b)
enlarges (a) in Definition 7.6.

Theorem 8.8. Let P € Py and R > 0. The map (8.9) restricts to a topological
linear isomorphism

(8.11)  p*:PW%(G, 1, P) —>PW5(X, 4T, « P)

and to a similar isomorphism between the spaces without the superscript *.

Remark 8.9. The definition of PWg(.X, .7, «P) in [7, Definition 3.4], is not
completely analogous to Definition 7.6 (a), as the definition in [7] invokes only the
relations determined by the space ACg(,X, t, P) of Arthur—Campoli functionals
with real support; see also {7, Definition 3.2]. However, it follows by application of
[7, Theorem 3.6], that the functions in the Paley—Wiener space thus defined satisfy
all remaining Arthur—Campoli relations as well. Consequently, [7, Definition 3.4],
determines the same Paley—Wiener space as the analogue of Definition 7.6 for
the triple (.X,.7,«P). A similar remark can be made for the distributional
Paley—-Wiener space.

It follows from these observations, combined with the results of this paper, that
the Paley—Wiener spaces introduced in Definitions 3.2, 3.5 and 7.6 remain unaltered
if only the Arthur-Campoli functionals with real support are invoked.

Proof. We define the hyperplane configuration H = ,H,x,r.,p and the map
+d =d,x v, p asin [7, text following Lemma 2.1]. In view of the relation between
the dual Eisenstein integrals, it follows that p*(H) = H and that d, = d o p*.
This implies that the map p* introduced in (8.9) restricts to a topological linear
isomorphism

P*(GSC, H, d)— P*(*C‘(*yc’ «H, *d)’

and to a similar isomorphism between the spaces without the superscript *. In view
of Lemma 8.7 these isomorphisms restrict to isomorphisms of the closed subspaces
with index AC.

Let . be defined as & in [7], for the tuple (,X, .7) and the positive system
+ 2T = .2 (+P). Then it follows from the relation between the dual Eisenstein
integrals that ,m = p*(;r), possibly up to a nonzero constant factor, which we may
ignore here. As p*:aj — x0g, A > 4A, is an isometry, it follows that

ﬂ()\.)eRlReM —_ *”(*)\‘)eRIRe*M‘
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Moreover, from p*(Z(P)) = 2, X (. P) it follows that *az(*P, 0) = p*(ag(P, 0)).
Thus, a function ¢ € Pfc)(agc, ‘H, d) satisfies an estimate of type (7.9) (or of type
(7.10)) if and only if the function p*(p) satisfies the analogous estimate for the
triple (+X, T, « P). The result now follows in view of Remark 8.9. O

It follows from Lemma 8.6 combined with Lemma 8.1 and Theorem 8.8 that Fp
is a topological linear isomorphism C(G : t) - PWg(G, 7, P) if and only if 7, p
is a topological linear isomorphism C (X : 47) = PWg(,:X, «7, +P). In view of
the results of Section 7, it now follows that Theorem 3.6, hence Arthur’s Paley—
Wiener theorem, is a consequence of [7, Theorem 3.6]. Similarly, it follows from
the Paley—Wiener theorem proved in [8] that Fp is a topological linear isomorphism
from C;*(G : v) onto PW%(G, 7, P). Thus, the validity of Theorem 4.2 follows
from the main result of [8].
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