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1. INTRODUCTION

In [1], we considered the existence of minimal and maximal fixed point
to discontinuous increasing operators. In this paper, we investigate the
existence of coupled minimal and maximal fixed points for mixed
monotone operators. Our results include several results concerning fixed
point theorems of increasing operators. We also give some applications to
differential equations with discontinuous right hand side.

2. CoUuPLED MINIMAL AND MAXIMAL FIXED POINT

In this section we always assume that F is a real Banach space and P a
normal cone in E. The order “<” is introduced by cone P, ie., x, ye E,
x <y if and only if y — xe P. Therefore E becomes a partially ordered real
Banach space. For convenience some definitions are recalled.

DEerFINITION 1. Let D be a set of E. Operator A: D x D — E is said to be
mixed monotone if 4(x, y) is nondecreasing in x for each fixed ye D and
nonincreasing in y for each fixed xe D.

DerINITION 2. Let D be a set of £ and 4: D x D — E an operator.

(a) If x, ye D with x <y can be found such that
x<A(x,y) and  A(x, y)<y

then (x, y) is called a coupled lower and upper fixed point of A.
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(b) 1If x, ye D with x <y can be found such that
x=A(x, y) and A(x, yy=y

then (x, y) is callied a coupled fixed point of A. If a coupled fixed coupled
point (x*, y*) can be found such that

x*<x and y<y*

for every coupled fixed point (x, y) of A4, then (x*, y*) is called the mini-
mal and maximal fixed point of 4.

(¢) x*is a fixed point of 4 if A(x*, x*)=x*.
The main theorem of this paper is

THEOREM 1. Let u,ve E with u<v and D=[u,v]. Suppose that

A:Dx D — E is a mixed monotone operator and the following conditions
hold.

(i) (u, v) is a coupled lower and upper fixed point of A,
(i) A(D, D) is separable and weakly sequentially compact in E.
Then A has the coupled minimal and maximal fixed point in D.

Proof. Let u; = A(u,v) and v, = A(v, u). It follows from condition (i)
that

u<u, and vy <o
And therefore
uy=A(u, v) < A(uy, v) < Au, v) < Av, u)=v,, (1)
vy=A(v,u) = A(vy, u) = A(vy, u,); 2)
and
U <A, v)<Alx, y)=x, (3)
v, 2 A(y, u) 2 A(y, x) =y, (4)

whenever (x, y)e Dx D is a coupled fixed point of 4.

Let CFix(4) = {(x, y)e Dx D : (x, y) is a coupled fixed point of 4} and
M= {(x, y)e Dx D :(x, y) is a coupled lower and upper fixed point of 4
with x, y€ A(D, D) and CFix(4)< [x, y]}. From (1)-(4) it follows that M
is not empty and we shall show that CFix(4) is not empty later. A partial
order is defined in M as follows: for (x,, y,), (x5, y,)eM,

(x4, y1)<(x2, y2) ifand only if x, <x, <y <y,.
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We are going to show that M has a minimal element. In order to do this
we first show that each totally ordered subset of M has a lower bound. In
fact, let N be a totally ordered subset of M. Since N<= A(D, DYx A(D, D)
and A(D, D) is separable in E, sequence {(x,, v,}} ., can be chosen from
N such that {(x,, y,)}7_, is dense in N. Set, for each n,

(Xns p,)=min{(x}, ¥1), (x5, ¥5), .., (x,, Y1) }.

It makes sense because {(x, y,)} . , is a totally ordered set. It follows

from A(D, D) being weakly sequentially compact that a subsequence
{(Xno yu) 2 of {{x,, y,)} 5| and xq, y; of E can be found such that

X, (W)= xq and Yulw)—yy as i— +o0. (5)

Obviously, xg, yo are elements of D. We now show that (x,, y,) is an
element of M, where x, = A(xy, yy) and y,= A(yy, xp). In fact, we have for
any positive integers n, and p

X, S Xy, SV, S Ve (6)
Let p go to infinity in (6), then

Xp KXo Yo < Vi,
By virtue of the mixed monotone property of 4 and (x,,, y,,) being coupled
lower and upper fixed point of A the following must hold:

X, < A(x0, yn) < AlX0, yo) (7
Vo, S A0, x,) Z (Yo, Xo). (8)

Let i go to infinity in (7) and (8), then
Xo<A(xp, ve)  and  A(yh, x0) <y ©)

and it is easy to show CFix(A4) < [xg, o] because of CFix(4)<=[x,, y.]
for each n. From (9) and the similar arguments to (1)-(4) it follows that
(X0, Yo) is in M. Since {(x,, y,}}>_, = N is dense in N, (x,, y,) is really
lower bound of N. Hence M has a minimal element (x*, y*)e M by virtue
of Zorn’s lemma. By the definition of M we know that (x*, y*) is a
coupled lower and upper fixed point of A and CFix(A4) < [x*, y*].

We are now in the position to show that (x*, y*) is the coupled minimal
and maximal fixed point of 4. In fact, it follows from (x*, y*) being a
coupled lower and upper fixed point that

x* < A(x*, y*) and A(y*, x*)< y*.
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Therefore, if (x*, y*) is not a coupled fixed point of 4 we must have either
x* < A(x*, y*) and A(y*, x*) < p* (10)
or
x* < A(x*, y*) and A(p*, x*¥)y< y*. (11)

Without loss of generality, we assume that (10) holds. Let u' = A(x*, y*)
and v' = A(y*, x*). By the similar arguments to (1)-(4) we obtain (u', v")
is in M. This means that (x*, y*) is not the minimal element of M. We
have arrived at a contradiction. Hence, (x*, y*) must be a coupled fixed
point of A. On the other hand, we know that CFix(4)< [x*, y*], so
(x*, y*) is really the coupled minimal and maximal fixed point of 4 in D.

Remark 1. If A(x, y) is independent to y, ie., A(x, y)= F(x), then
F: D - D is increasing and the coupled fixed point of A4 is really the fixed
point of F. Therefore, Theorem 1 includes many known results about fixed
point theorems to increasing operators.

From Remark 1 it follows that the problem mentioned at the beginning
of this paper is solved as follows:

THEOREM 2. Let u,veE with u<v and D=[u,v]. Suppose that
F: D> D is an increasing operator and the following conditions hold

(i) wu, v are lower and upper fixed points of F;
(ii) F(D) is separable and weakly sequentially compact in E.

Then F has minimal and maximal fixed point in D.

Remark 2. If A(x, y) is independent to x, ie., A(x, y)=G(y), then
G: D — D is decreasing. Hence some results about decreasing operators can
be derived from Theorem 1 immediately.

Theorem 1 gives a positive answer to the existence of coupled fixed point
of A( , ). But sometimes we should know if the coupled fixed point of A4
is really a fixed point of 4.

THEOREM 2. Let u,ve E with u<v and D= [u,v]. Suppose that A:
Dx D — E is an operator satisfying all assumptions in Theorem 1. Suppose
Sfurther that

(ili) For any fixed xe D

I A(u, x)— A(v, X)I < L [lu—vl,  Vu,veD;
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(iv) For any fixed ye D,
Ay, u)—A(y, )| <L lu—vll, VYu,veD,

where 0 < L < 3. Then A has a unique fixed point u* in D and x* = u* = y*,
where (x*, y*) is the coupled minimal and maximal fixed point of A in D.

Proof. From Theorem 1 it follows that A has the coupled minimal and
maximal fixed point (x*, y*) in D. We are going to show x* = y*,

We assume the contrary, ie., x*# y* By virtue of conditions (iii) and
(iv) we obtain

¥ —p*ll = [ A(x*, y*)— A(p*, x*)]|
S [AGe*, y*)— A(x*, x¥) | + [ 4(x*, x*) — A(y*, x*)]|
SL|x*=y* + L |x*—y*|
<[x*—=y*|.
It is impossible. So x* must be y* and u* =x*=y* is a fixed point of A.

From CFix(A4)c [x*, y*] it follows that u* is the unique fixed point of 4
in D.

3. INITIAL VALUE PROBLEMS

In this section the following initial value problem will be considered

u' =f(t, u) ae. J,
M(O) = an

(*)

where J=1[0, T] with T>0, f=(f,, f5, ., [,), fi:Jx R"—> R such that
Silt, uy(t), .., u,(1))e L(J, R) for any u,;(1)e C(J) (j=1, 2, .., n). In order to
use Theorem 1 easily some definitions and concepts are introduced here.
Suppose that p, and ¢, are two nonnegative integers with p,+¢q,=n—1, so
vector u can be rewritten as u = (u,, [u],, [u],) and problem () can be
rewritten as

u;=fi(t, uy, [ul,, Lul,) ae.J (i=1,2,.,n)
u(0) = u,.

(+)

Let AC(J, R") be the space of absolutely continuous vector functions on
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J. Then (v, w)e AC(J, R")x AC(J, R") with v <w is called a coupled lower
and upper solution to (*)" if
U,{ gf;(ta v, [U]p,-, [W]qi) a.c. Ja

v(0) < uo,

()"

and

W,, Z,fl(t’ Wi’ [W}p,-’ [v]q,-) a.c. J’
w(0) = u,.
And (v, w)e AC(J, R") x AC(J, R") with v <w is called a coupled solution
to (*) if
U; =fi(t7 U, [U]p,9 [W]qi) a.e.J,
o(0) = ug,

and

wi=/fi(t,w;, [wl,, [v],) ae.J,

w(0) = uy.

Specially, if (v*, w*)e AC(J, R") x AC(J, R") is a coupled solution to (x)'
such that v* <v<w<w* for every coupled solution (v, w) to (%), then
(v*, w*) is called the coupled minimal and maximal solution to (x)".
Function f:Jx R"— R" is said to be mixed monotone if f,(¢, u;, [u],,
[u«],) is increasing in [«], and decreasing in [u], for each i=1,2, .. n.
In the sequel, L(J, R”") denotes the space of Lebesgue integrable vector
functions on J.

THEOREM 3. Let function fJx R"—R" be mixed monotone and
fiCJ, R"Y— L(J, R"). Suppose that a coupled lower and upper solution
(v, w) to (x) can be found and f satisfies further

Jilt, up Luly, (ul,)—filt, a;, [ul,, [u], )20,  i=12.,n (i)

where v<u<w, v;<u, <u;<w,. Then, for v(0) <uy, < w(0), there exists the
coupled minimal and maximal solution (v*, w*)e [v, w] x [v, w] to problem
(*)', and v* Ku<<w* holds for each solution u to problems (x) in [v, w].

Proof. Let real Banach space E be C(J, R"), P={xe E:x,(1)=0, teJ,
i=1,2,..,n}. Then P is a normal cone in E. From v,we E and the

409/156/1-17
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assumptions about f it follows that f is an operator from [v, w] into
L(J, R"). This indicates that

J| £, x,05), 129, 30,

makes sense for any v<x, y<w. Therefore we can define an operator
A( , ) as follows: for any v<x, y<w,

A(x, p)0)=(A(x, y)(2), .., Alx, p)(2)),  ted,

where, for i=1,2, .., n,

AL )0 =0+ [ F(5.5,(5), L)L D)) s, 1€

From the properties of Lebesgue integral it follows that A(x, y)e
AC(J, R") for any x, ve[v, w]. Hence, by the knowledge of differential
equations we know that finding the solutions to problem (x)' is equivalent
to finding the fixed points of 4 and finding the coupled solutions to
problem ()’ is equivalent to finding the coupled fixed points of 4.

Since (v, w) 1s a coupled lower and upper solutions to problem (*)" we
obtain for each i=1, 2, .., n,

Ao, w)(0) =t + [ 105, 0,05), T0(6)] D)1, s
20,00+ [ vils)ds=v(r), e
and
AL, 9)(0) = st + [ £, D)1, [o(5)],) s
<w5(0)+£:w;(s)ds=w,~(t), tel.

This indicates

Alw,w)=v and A(w, v) < w.

On the other hand, A( , ) is a mixed monotone operator from [v, w] into
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[v, w]. In fact, by virtue of (i) we obtain for any x,, x,, ye [v, w] with
xl < x29

A,(x1, )0~ A, Y)0)
= [ 163,60 Do), D))
il e (50, Tea(5) 1, D))}
<[ Uit 360 [0, DO)],)
il x2(8), Dxals) T, [2(9)1,)} ds <O,

telJ, i=1,2,.,n

Therefore, A(x, y) is increasing in x. By the same argument we know that
A(x, y) is decreasing in y. From the mixed monotone property of A4 it
follows that, for any x, ye o, w],

v< A(v, w) < A(x, w) < A(x, y)

wzA(w,0) =2 A(x, v) = A(x, y).

This means that 4( , ) is an operator from [v, w] into [v, w]. Hence, it is
necessary for us to show that A([v, w], [v,w]) is a relatively compact
subset of E in order to use Theorem 1 to prove Theorem 3.

Obviously, [v, w] is a bounded subset of E because P is a normal cone
of E, and hence A([v,w], [v,w]) is bounded. We now show that
A([v, w], [v, w]) is an equi-continuous subset of E also.

For any v<x, y<w and ¢, t' €J, we obtain

| 4:(x, y)(2) = A, (x, p)(L)]

J” Sils, x;(s), [x(s)],,, [¥(s)],,) ds|, i=1,2,.,n (12)

From v < A(x, y) <w it follows, without loss of generality we assume that
t' > 1, that

.

t

[ oy ds< [ £i(5, 06, L)1, L1091, ds

Sf w;(s) ds, i=12,.,n
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And hence,

[ Ao o) X600 L)1) s

<

~

i=1,2,..n. (13)

J" v,(s)ds

+ ‘J.[ w(s) ds|,

Finally, from (12}, (13) and the absolute continuity of Lebesgue integral it
follows that A([v, w], [v, w]) is an equi-continuous subset of E, so it is
relatively compact.

All conditions in Theorem 1 are satisfied by the operator A( , ), and
hence A( , ) has the coupled minimal and maximal fixed point (v*, w*) in
[v, w] and v* <u<w* holds for every fixed point u of A( , ) in [v, w].
We finally know that Theorem 3 holds by the above statement.

Remark 3. Function fin Theorem 3 need not be continuous, so it is a
generalization of [2, Theorem 1.4.1] and it is also a generalization of
[1, Theorem 3]

The following theorem is about the relation between coupled solutions
and solutions to problem (*)".

THEOREM 4. Let all assumptions in Theorem 3 hold here. Suppose further
that for any x, ye R" and i=1, 2, ..., n we have

|filt, )= fi(t, Y S L llx =yl

where L is a positive constant. Then v* = w* and u* =v* = w* is the unique
solution to problem () in [v, w] where (v*, w*) is the coupled minimal and
maximal solution to problem (x) in [v, w].

Proof. We suppose that v* is not w*. Let

1/2
m(t) = max {Z [0F(s) — wk(s)| } )

O<ss<t (;

Then m(0)=0, and hence there exists a positive number ¢ such that
O0<to<tg+e<T, Le< /1/n and

0<t<ty=m()=0; Lo<t<ty+c=m(t)>0.

Since, for to<t<to+cand i=1,2, .. n,
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0 —oP )OI < [ Ll whE), Do (6) ], [0%()],)
— £, 0¥(8), To¥(5) T, W ()], s
> 1y |w;*(s)—v;*(s>|2}”2 ds

0

< Lem(t) < /1/n m(1),

we obtain
n 1/2
m(t)<{z (/1/n m(t))z} =m(t).

It is a contradiction. Hence v* must be w*. From (v* w*) being the
coupled minimal and maximal solution to problem ()" in [v, w] it follows
that u* =p* =w* is the unique solution to problem (*)' in [v, w].

4. PerioDIC BOUNDARY VALUE PROBLEMS

In this section we use the same signs and definitions as those in Sec-
tion 3. Consider the following differention equation with periodic boundary
value:

u' =f(t,u) ae. J,

(¥*)
u(0)=u(T).
Equation (**) can be rewritten as, by the same way as in Section 3,
ui=fi(t, u;, [ul,, [ul,) a.e. J,
(%x)’

u;(0)=u,(7T),

where i=1, 2, .., n.
Let v, we AC(J, R"). Then (v, w) with v <w is called a coupled periodic
solution to (*x)' if, i=1,2, .., n,

vi=filt, v, [v],, [w],) ae. J; 0i(0)=v(T), 14
wi=fi(t,w, [wl,, [v],) ae. J; w;(0) =w,(T). .

And (v, w) with v <w is called a coupled lower and upper periodic solution
to (xx) if, for i=1,2, .., n,

v <fi(t,v;, [v],, [w],) ae. J; v,(0) < v, (T),
w2 fi(t,w, [w],, [v],) ae. J, w(0) = w(T).
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THEOREM 5. Let function [ C(J, R")— L(J, R") be mixed monotone.
Suppose that (vy, wy) € AC(J, R")x AC(J, R") is a coupled lower and upper
periodic solution to (*x)'. Suppose further that

fi(t, uia [u]p,’ [u]q,) _/1([’ Z;h [u]p,’ [u]q,)
= —h(t)u;— 1), teJ and i=12,..,n (15)
where h;e L(J, R") and {5 h(s)ds>0 (i=1,2,..,n). Then there exists a
coupled minimal and maximal periodic solution (v*, w*) to problem (%*)' in

order section [v, w]. And v*(1) <u(t) < w*(1r) (YteJ) holds for every solu-
tion u(t) to problem (#x) in [v, w].

Proof. let E be the real Banach space C(J,R") and P=
{xeE:x;(t)>0,1eJand i=1,2, .., n}. Then P is a normal cone in E. Set
gi(t’ U, [u]p,’ [u]q,)
=fi(t’ uie)_[:]h,-(.v)dx’ [uef_[([)h(.v)ds]p , [uefﬂ)h(.v)ds]q ) e_[(r)h,-(.s')dx + hi(t)u,-,
teJ ueR’, and i=1,2,..,n,

1 1 ‘ .
where ue 1074 = (4, ¢~ o oy Uy J0m04) n the sequel we always

denote it = ue "% (ye C(J, R )) for any ue C(J, R").
Let v =10,e%"®% and w = wyel"® % Operator A( , ) from [v, w] into E
is defined as follows: for any v < x, y <w,

A(x, p) (1) = (Ai(x, y)I), s An(x, Y1), LT,

where for i=1,2,..,n

hits)ds
b

Ak 0= (05— 1) [ g (5,3, 0) D511, [2(0)1,)

+[ gl ) o), D)) s, e

From (vy, wy) is a coupled lower and upper periodic solution to (xx) it
follows that, for each i=1, 2, ..., n,

Chils)d.
(el y < gi(n, v,y [0],, [W],),
t e
(ej'oh,(.\)dsWO’)/ >g,-(t, w,, [w]p,’ [U]q,)‘
Hence, for each i=1,2, .., » and
v= (v, glnitsds Vo, - elon(s)ds)

Lhi(s)ds ! (s )dds
w:(wol-ef0 teyds won-efo nlshdsy
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we obtain
A0, w)(0) > (@B — 1)1 (w5 (T) el — 5, (0))
+ UO’([)eﬂ)h,‘(s)ds . 001(0) > DOI(Z)ejbhi(s)ds

=v,(1)

and, in the same way,

Ay(w, v)(1) Sw,(t).

This implies that (v, w)e AC(J, R")x AC(J, R") with v<w is a coupled
lower and upper fixed point of A( , ). By the same argument as in
Theorem 3 we can show that 4( , ): [v,w] > E is a mixed monotone
operator from [v, w] into [v, w] and A([v, w], [v, w]) is also a relatively
compact subset of E. Therefore, from Theorem 1 it follows that operator
A( , ) has the coupled minimal and maximal fixed point (x*, y*)in [v, w]
and, for every i=1, 2, .., n,

x¥(T)=A,;(x*, y*(T)

= (o 1) [ (5,3 (0), D) L), d

+ [ o 6060, L)1, L4001, ds

= A, (x*, y*)(0)e M = x ¥(0) S,

yX*T)=ypX0) . eJoitnds

Let

vH(1) = x*(1)e BB = (xx(r)e BB, xx()e )

W)= yH(1)e WO = (p()e b px(r)eTomd),

Then from the above statement, the definition of 4, and simple calculation-
it follows that (v*, w*)e AC(J, R") x AC(J, R") is the coupled minimal and
maximal periodic solution to (%) and Theorem 5 is true.

We surely can discuss the relation between the solution and the coupled
solution to (*+)". But we do not state it here since the method is similar to
that in Section 3.
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