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Abstract

In the present article we shall define the notion of the wavelet transfor@y,cend we shall show
that, for any given admissible functidne LZ(QP), satisfying (15), which is a step function, the
wavelet transform of a step functiofi be a function of norms, and moreover be expressible to a
summation form.
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1. Introduction

The fieldQ,, of the p-adic numbers is defined as the completion of the figtf rational
numbers with respect to the-adic metric induced by thg-adic norm| - |, [1]. A p-adic
numberx # 0 is uniquely represented in the canonical form

o
_ def
x=p7 Y xupt. Ix[p,=p, 1)
k=0

wherey € Z andx; € Z such that 6< xx < p — 1,x0 # 0.
A well-known fact is that wavelet transform has been used as a real analysis tool for the
signal processing [2,3]. In the-adic analysis, wavelet transform in the figlg,, which
will be defined, may be one of the most important parts in the field of application.
Throughoutthe article we shall deal with a complex valued functign-aflic argument
and we shall also call it a step function if it has finite range on each dit¢je= const
of Q,. In the present article we shall define the notion of the wavelet transfor@),amnd
we shall show that, for any given admissible functioa LZ(QP), satisfying (15), which
is a step function, the wavelet transform of a step funcfidme a function of norms, and
moreover be expressible to a summation form. The results obtained in the present article
will be usable to the field of research in data compression for signal processing according
to the following scheme. Let a sign#lr) be given, where denotes the time variable.
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1. A positive real number € R can be uniquely represented in the form

o

—k

x=p" ) wp
k=0

wherey € Z andx; € Z such that O< x; < p — 1, xo # 0 provided that we exclude
the cases that all except finitely mamyare p — 1. Hence we may define a mapping
P:Ry — Qp by

o o
P(0)=0, P (py Zxkp—k> =p77" > xph.
k=0 k=0

P is clearly 1-1 but not onto. Hence we can define the left invése), — R, of P
by

n o0
P,(0 =0, P, (p” Zw") =p” Y xup ™t
k=0 k=0

It is noteworthy that the set gf-adic numbers not in the range 8fis countable and
consists of they-adic numbers of the form

n o0
x:P_y(Zkak'i‘(P_l) > p">, xn#p—1
k=0 k=n+1
for some integen > 0, and that the range @ is dense irQ,,.

2. Foragivensignaf(s),t € Ry, we consider a function gi-adic variablef, : Q, — R
by means off, = f o Ps.

3. We could obtain much information aboyj for the data compression by using the
wavelet transform inQ, and then transmit and receive it, and do inverse wavelet
transform of it inQ,,. Finally we would obtain desirable information about the original
signal f by virtue of f = f}, o P.

2. Main theorems

Definition 2.1. Let o be a given real number. For a givéne L(Q,) N LZ(QP), the
mappingf — ¥, f from L2(Q,) to L2(Q,, x Q,), defined by

1 =D
(Ynf)a,b)= fO.Rl—)), a,beQ,, a#0 (2)
Jelale a
is called a wavelet transform i@,,, where the symbo}-, -) denotes the inner product in

L%(@Q)).

In this article, symbols’ and f denote the Fourier transform gfdefined by

A def .
fé&= f f(x)Xp(sx)dx’ xp&x) = eXp(Zm{%'x})
Qp
and the complex conjugate ¢f, respectively.
Theorem 2.2. Leth be a real valued function such that
def [ 1h(a)l?
c= T

|a|p

da < 400 3)

P
exists, then we have, for any reabnd g such thato + 8 = 3,

1 da x—>b
f(-x) = %Q/ W@/(whf)(a, b)h(T) db. (4)

A function satisfying3) will be called an admissible function.
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Proof. By using the Fourier transform properties

N b\ 1" .
(fLe)=(f.8), [h<7>} = |a|ph(a&)xp(—§b),

we have
—b 1 i1 2
Wnf)a.b)=—=r |a<f() ( >>=7|a|,, A, h(ag)x, b))
| —a+1
= /f(é)h(aé)xp( b§) dt. (5)
Since(y, f)(a, b) can be regarded as the inverse Fourier transform of
| |—Ot+1 _
NG f©®hs) (6)
as a function of, we have, by virtue of Fourier transform,
| |—ot+1
NG f(é)h( E)—f(lﬂhf)(a b)xp(&b) db. (7)

Hence we have

def 1 da
I=— ( /(th)(a b)h< )db) |a|°‘+ﬁ

Qp Qp

da

f/( / (th)(a,~)]f(§);l(—a§))<p(—x$)d§>w

_1 AE)h(ag)h d da
= E,/ /f(i?) (a&) (af)Xp(—Ex) & W
Q \Q P

/’l 2
/f(é)xp( Ex )ds/' @O 40 (20 + - 2%')

h/2
f()fl(a)l

/|p

- f(-x)’ (8)

where we used the fact that

ff(ax)dx—ff(x)lal‘ldx :

P

Theorem 2.3. Let f € LZ(QP) and leth be be an admissible function defined by, for
x=pV(xo+x1p®+--)€Qp,

f@=rf(p77), hx)=h(p7"), 9)

respectively. Then we have

1 _
(lﬁhf)(a,b)=\/a—a|%{< ——) Z f y |a|pl7 V)Py

(=2 )iGa) Z e



C. Minggen et al. / Appl. Comput. Harmon. Anal. 13 (2002) 162—-168

(=2 Ea(l] )

2 =
+ (1— ;>|b|pf(|b|P Vl(‘z‘[’)
Proof. We have

1 -(x—b
W )@, b) = ——— f f(x)h<—) dr
\/E|a|%@ a

:ﬁ%n,,( [+ [ + ] )f(x)ﬁ(xc%b)dx-

[xlp>1blp  Ixlp<Iblp  |xlp=Iblp

For the first part of the above integral, we have

_ -1
IldEfofm (‘xa—b )dx
P

Y=g

(1——) > (e )h(alpp™)p" .

Y>Vb

wherel|b|, = p. For the second part of the integral, we have

defZ /f (x5 ( )dx

Y<Vbg

(-2 o

Y<¥b

For the third part of the integral, we have

Igd—Eff(lbl,,l)< / + / )ﬁ(x;b)dx

Sy, X0#bo Sy, ,x0=bo

=f(|b|;1){ / + / + / }fz(x_b)dx

Sy X07#bo Sy, .x0=bo, x1#b1 Sy, ,x0=bo, x1=b1

x—>b

;f(|b|,—,1)f / i

kZOSbeXO=bo, woy Xg_1=bg_1, Xk Fby

T / ﬁ("“’

-1
dx
a lp
Sy],,XOZbO, cey Xp—1=bp_1, Xn=bp

s () / @

Sy, xo=bo, ..., Xg_1=bi—1, XxFbx

) [

Syp s x0#bo

S O 8 o R e )

Substituting (12), (13), and (14) into (11) completes our assertian.

~1
)dx
14

+ f(Ib1, )R (

165

(10)

(11)

(12)

(13)

(14)
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Theorem 2.4. Leth be an admissible function and Igte L2(Q,) be a step function given
by, for eachy = p~V (xo+ x1p + -+ ),

h En(p), o E k), ifxo=k 1<k<p-1 (15)

Then we have

p—1
(Wnf)(a,b)= Q{thpp )P’ Y fkp7T)
\/_| | Y>Yb k=1
b1
()X P )
b1, Y<Vb =

(1——)|b|p (bolbl; ) Zh(\b\ )p"
(

) % f(k|b|;1)}. 16)

k=1, kb

prr- 1

Proof. We have

—-b
b h dx
(Ynf)a,b) = NGE I“/f() ( )

wz@( [« ] e ] Jos)a

|x|p>|b|p |x|p<|b|p |x|p:|b|p

def

\/_| |a (I1+ I + I3). a7
For I, we have
= [ ren([]Yees [ seon(f)e

x> b1, x> b, g
—Zh( )/f(x)dx—2h<|a|p>z / f(x)dx

Y=V V> L o=k

pfl

= Z ( )Z (kp_y) f dx

r=n k=1 Sy xo=k

—Z( )rlszp . (18)

Y>Vb
-1
|a|p> f
dr = (x)d
p) ) <|b|P fx )

For I>, we have

I= f f(x)ﬁ( il

[x[p<l1blp |X|p<| Ip
“#(ii) X [ roe=i() & S i) [
P7y<yg Pl y<yp k=1

Sy, xo=k

() T leff(k ) (19)
b1y g k=1 n

Y<¥b
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f(x)ﬁ<ﬂ> dx
a
f(x)h( b) dx
a
f(x)ﬁ<ﬂ> dx
a
-1
)
p
= |a|p
f(x)h(lpyb[(xk —b)pk +-- ']|p) &
vpX0=bo, -, Xk—1=bg_1, XxF#bi

=ifz(\‘i .pk) f fx)de

Sy, X0=b0, .., Xk—1=bk—1, Xk Fbj

%\%L) [ o

Sy, x07bo

oS [ e

Sy, X0=bo, .., Xk—1=bg—_1, Xk Fbj

”_l(‘g‘,,) / £(x)dx

For I3, we have

n

=)

k:OSy,,,xo=bo, vy Xg—1=bg—1, XpFby

—

+

—

Syp,+X0=b0, ..., Xn—1=bp_1, Xp=bp

k:OS

—

vpX0=bo, ..., Xk—1=bk—1, xkFby

f(x)fz('ﬂ

|[\”18
—

vy X0=bo, "+, Xk—1=bi—1, xkF#b

||P”18
—

Sy, x07bo
1 i
= 1——)|b|,,f(bo|b|—1)2fz( — -p")p"‘
( p P\l
_ a p=l
+pyh_1h<‘z‘ ) S F(kiblY). (20)
P/ k=1, ketby

Substituting (18), (19), and (20) into (17) completes our assertian.

Changing variables by — b)/a = x” in (2), we have

—(=bJa)\ -
ff(%)h(xnmpdx,

P
where letz(x) be a function such that
h(x)=h(kp~7), ifxeS,, xo=k

and letf(x) = f(|x|;1), then we have the following theorem by virtue of Theorem 2.4.

Theorem 2.5. We have
p—1
f{ > Flal, p)p" Y h(kp
Y>Vb/a k=1
1

() i)

b1, Y <Vb/a

(Ynf)a,b)=
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1\|b| - a > pr i

+(1—;)(5(ph(“°(z(p);f(@)l’
p=1l

+ p”a f(1b]) h(klbl,h) ¢ (21)
k=1, k+bo

whereag denotes integer such thayb = p=7/» (ag + a1p + - - ) and|a/b|, = p¥/".
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