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The renormalization group (RG) properties of quantum gravity are explored, using the vielbein and the
spin connection as the fundamental field variables. The scale dependent effective action is required
to be invariant both under spacetime diffeomorphisms and local frame rotations. The nonperturbative
RG equation is solved explicitly on the truncated theory space defined by a three-parameter family of
Holst-type actions which involve a running Immirzi parameter. We find evidence for the existence of an
asymptotically safe fundamental theory, probably inequivalent to metric quantum gravity constructed in
the same way.
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1. Introduction

During the past decade the gravitational effective average ac-
tion [1] has been used in a number of studies trying to understand
the renormalization behavior of Quantum Einstein Gravity (QEG) at
a nonperturbative level. An important motivation was Weinberg’s
idea of Asymptotic Safety [2] according to which gravity might be
nonperturbatively renormalizable and predictive if the correspond-
ing RG flow possesses a non-Gaussian fixed point (NGFP) with a
finite dimensional ultraviolet critical manifold. A quantum field
theory of gravity can then be defined by performing the contin-
uum limit there.

For the case where the fundamental field is assumed to be the
spacetime metric gμν the viability of this approach has been tested
to some extent. All investigations carried out so far point in the
direction that the RG flow of the effective average action does in-
deed possess a NGFP with the desired properties [3–5]. However, it
is clear that other choices are equally plausible. In Einstein–Cartan
gravity, for example, the field variables are the vielbein ea

μ and
the spin connection ωab

μ , the latter assuming values in the Lie
algebra of the Lorentz group. This entails an enlargement of the
group of gauge transformations from Diff(M) to Diff(M)� O(4)loc,
so that gauge invariant functionals Γ [e,ω] constitute a new “uni-
versality class” different from that of metric gravity defined in
terms of diffeomorphism invariant functionals Γ [g]. By augment-
ing the number of field components from 10 in the case of gμν

to 40 for a pair (ea
μ,ωab

μ), Einstein–Cartan gravity in fact gen-
eralizes metric gravity; in particular, ωab

μ can carry spacetime
torsion.
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Classically, the dynamics of pure Einstein–Cartan gravity is en-
coded in the Hilbert–Palatini action SHP[e,ω] which is of first
order in the spacetime derivatives. Since the resulting equations
of motion give rise to vanishing torsion, this functional can be re-
garded as the counterpart of the Einstein–Hilbert action of metric
gravity. However, generic configurations (e,ω) contributing to the
path integral underlying the effective action Γ have non-zero tor-
sion even if torsion should happen to vanish at the classical level:
as is well known, classical equivalence does by no means neces-
sarily imply quantum equivalence. Therefore, the additional fields
of Einstein–Cartan gravity are generally expected to crucially affect
the renormalization. Moreover, the dynamics of fermions is altered
by torsion already at the classical level.

The Hilbert–Palatini action can be generalized to the so-called
Holst action SHo[e,ω] which contains an additional term that only
exists in four dimensions; its prefactor is the dimensionless Im-
mirzi parameter γ . Since this monomial vanishes for vanishing
torsion, it is absent in the metric approach. While the classical
field equations are independent of γ , the corresponding quantum
theory is expected to depend on it. In this respect, γ can be com-
pared to the θ -parameter of QCD: even though the latter multiplies
a topological term and therefore does not affect the classical equa-
tions of motion, observables of the quantum theory such as the
electric dipole moment of the neutron are well known to depend
on it.

The Holst action lies at the heart of several modern ap-
proaches to the quantization of gravity. This includes canonical
quantum gravity with Ashtekar’s variables [6,7], loop quantum
gravity (LQG) [8], spin foam models [9], and group field the-
ory [10]. Within LQG, for instance, γ enters the spectrum of area
and volume operators as well as the entropy formula for black
holes [7] which exemplifies the quantum significance of γ stated
above. Furthermore, when coupled to fermions in a non-minimal
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way, the presence of the Immirzi term induces a CP violating four-
fermion interaction that might be interesting for phenomenological
reasons, e.g. in the early universe [11].

In LQG, γ constitutes a fixed parameter that labels physically
distinct quantum theories. However, a consistent application of the
RG in the context of Einstein–Cartan gravity should treat γ as
an additional running coupling, associated with a corresponding
monomial in the action functional, that is subject to renormal-
ization in the very same fashion as Newton’s constant G and the
cosmological constant Λ.

Accordingly, we looked for fixed points of a Wilsonian RG flow
on the theory space T made up by all functionals of ea

μ and ωab
μ

(and the required ghost fields) that respect a background-type real-
ization of gauge invariance. Following the examples of Yang–Mills
theory and metric gravity we projected this flow onto the sub-
space comprising functionals of the form of the bare action, i.e. of
the Holst type [12]. In those examples such truncations allowed
for reliable investigations of the flow’s UV behavior.

Our results strongly suggest the existence of two NGFPs that
are prima facie both suitable for defining a quantum field theory
of Einstein–Cartan gravity. They exist independently of the chosen
gauge and the regularization scheme employed and therefore pre-
sumably reflect a universal feature of the full, i.e. untruncated flow.

Since the underlying universality class is different from that of
metric gravity, there is no reason to expect that the corresponding
quantum field theories are equivalent to QEG, their metric coun-
terpart. In particular, analyzing the fixed points of Einstein–Cartan
and metric gravity in terms of truncations that happen to be equiv-
alent at the classical level does by no means need to yield the
same results. On the contrary, already the mere existence of fixed
points in the (e,ω) universality class constitutes a novel result,
completely independent of the analogue findings obtained in the
context of metric gravity.

Moreover, we find convincing evidence for a non-trivial renor-
malization of γ . It is not immediately obvious how to relate this
result to the present understanding of γ within the canonical ap-
proaches to quantum gravity based on the Einstein–Cartan theory.

In this Letter, we report on the first analysis of the correspond-
ing Wilsonian RG flow of a novel type of gravitational effective
average action. We briefly describe the flow equation used before
presenting the results obtained. Further details will be reported
elsewhere [13,14].

2. The flow equation

We start out from an a priori formal functional integral Z =∫
Dêa

μDω̂ab
μ exp{−S[ê, ω̂]}, where the quantum fields êa

μ and
ω̂ab

μ are defined on a fixed (differentiable) manifold without
boundary, M, and the bare action S is invariant both under diffeo-
morphisms Diff(M) and local Lorentz rotations. We consider the
euclidean form of the theory, so that the relevant group of gauge
transformations is the semidirect product G = Diff(M) � O(4)loc.

For every co-frame êa
μ and o(4)-valued connection ω̂ab

μ on
M we are provided with an O(4)-covariant derivative ∇̂μ ≡ ∂μ +
1
2 ω̂ab

μMab where Mab are the generators in the corresponding rep-

resentation, and with the curvature and torsion tensors F̂ ab
μν ≡

∂μω̂ab
ν + ω̂a

cμω̂cb
ν − (μ ↔ ν) and T̂ a

μν ≡ ∂μêa
ν + ω̂a

cμêc
ν −

(μ ↔ ν), respectively.
Under O(4)loc we have δL(λ)êa

μ = λa
b(x)êb

μ , δL(λ)ω̂ab
μ =

−∇̂μλab(x), while under diffeomorphisms δD(v)êa
μ = Lv êa

μ ,
δD(v)ω̂ab

μ =Lv ω̂
ab

μ , where Lv denotes the Lie derivative along
the vector field v .

In order to arrive at a functional integral which can be com-
puted (actually defined) by means of a functional RG flow we
introduce arbitrary background fields1 ēa
μ and ω̄ab

μ , decompose
the variables of integration as êa

μ ≡ ēa
μ + εa

μ , ω̂ab
μ ≡ ω̄ab

μ +
τ ab

μ , and perform a background covariant gauge fixing leading to
the functional integral

Z =
∫

Dεa
μDτ ab

μ exp
{−S[ē + ε, ω̄ + τ ] − Sgf[ε, τ ; ē, ω̄]}

×
∫

DCμDC̄μDΣabDΣ̄ab exp{−Sgh}. (1)

Here Sgf and Sgh denote the gauge fixing and corresponding ghost
action, respectively, Cμ and C̄μ are the diffeomorphism ghosts, and
similarly Σab and Σ̄ab are those related to the local O(4). The
gauge fixing is of the form

Sgf = 1

2αD · 16πG

∫
d4x ē ḡμνFμFν

+ 1

2αL

∫
d4x ēGabGab (2)

where Fμ and Gab break the Diff(M) and O(4)loc gauge invari-
ance, respectively. In order to ultimately arrive at a Diff(M) �

O(4)loc invariant effective average action we employ gauge con-
ditions of the “background type” so that Sgf[ε, τ ; ē, ω̄] is invariant
under the combined background gauge transformations acting on
both (ε, τ ) and (ē, ω̄) while, of course, it is not invariant under the
“true” (or “quantum”) gauge transformations.

Concretely, we choose both gauge conditions to be linear in εa
μ

and independent of τ ab
μ [16]:

Fμ = ēa
ν
[

D̄νε
a
μ + βD D̄μεa

ν

]
,

Gab = 1

2
ḡμν

[
εa

μēb
ν − εb

ν ēa
ν

] ≡ ε[ab].

Thus, in total, there are three gauge fixing parameters: αD, αL
and βD.

The functional integral (1) gives rise to the associated effective
average action [1] in the standard way: one adds a mode cutoff
to the bare action, �k S ∝ ∫

d4x ē(ε, τ )Rk (ε, τ )T, couples ε and τ
to sources, Legendre transforms the resulting generating functional
lnZ , and finally subtracts �k S for the expectation value field in
order to arrive at the running action

Γk[ε̄, τ̄ , ξ, ξ̄ ,Υ, Ῡ ; ē, ω̄] ≡ Γk[e,ω, ē, ω̄, ξ, ξ̄ ,Υ, Ῡ ].
Therein ε̄a

μ , τ̄ ab
μ as well as ea

μ ≡ 〈êa
μ〉 = ēa

μ + ε̄a
μ and ωab

μ ≡
〈ω̂ab

μ〉 = ω̄ab
μ + τ̄ ab

μ denote the expectation value fields. Further-
more, we write for the ghosts ξμ ≡ 〈Cμ〉, ξ̄μ ≡ 〈C̄μ〉, Υ ab ≡ 〈Σab〉,
Ῡab ≡ 〈Σ̄ab〉, and Γk may be considered a functional of either the
fluctuations ε̄a

μ and τ̄ ab
μ or the complete classical fields ea

μ and
ωab

μ .
Obviously the action Γk is defined on a very complicated theory

space T consisting of functionals depending on two independent
vielbein variables (e, ē), two spin connections (ω, ω̄), as well as
on the diffeomorphism and O(4) (anti-)ghosts. The functionals in
T are constrained by the requirement of background gauge invari-
ance.

1 The background vielbein ēa
μ is assumed to be nondegenerate. It gives rise to

a well-defined inverse (ēa
μ) ≡ (ēa

μ)−1, a nondegenerate metric ḡμν ≡ ēa
μēb

νδab ,
and a completely covariant derivative D̄ ≡ ∂ + ω̄+ Γ̄ ≡ ∇̄ + Γ̄ where Γ̄ ≡ Γ̄ (ē, ω̄) is
fixed by D̄μēa

ν = 0. Coordinate (frame) indices are denoted by Greek (Latin) letters.



J.-E. Daum, M. Reuter / Physics Letters B 710 (2012) 215–218 217
From the above functional integral based construction of Γk one
straightforwardly derives the FRGE which it satisfies:

∂kΓk = 1

2
STr

[(
Γ

(2)

k +Rk
)−1

∂kRk
]
. (3)

With the kernel Rk[ē, ω̄] specified appropriately, the equation in-
deed defines a flow on T , i.e. it does not generate background
gauge invariance violating terms. Contrary to the functional inte-
gral it (formally) derives from, it is well defined in the UV.

The derivation of the FRGE involves reinterpreting the second
functional derivative of Γk as an operator acting on a multiplet
of fields with equal canonical dimensions. Therefore, in complete
analogy with the familiar framework of iterated block spin trans-
formations where one employs fields that are made dimensionless
by suitable powers of the cutoff, and allows for a running (rela-
tive) field normalization, the field variables in (3) are understood
to be rescaled according to ε̄a

μ → μ̄1/2ε̄a
μ , τ̄ ab

μ → μ̄−1/2τ̄ ab
μ .

Here μ̄ ≡ μk has the dimension of a mass. In principle, the di-
mensionless factor μ may have a dependence on k which controls
the RG running of the relative field normalization, exactly as in the
block spin case. However, since we are concerned here with the
normalization of the fluctuations rather than the background field,
this is a subleading effect which is irrelevant for, and invisible in
simple truncations of theory space2 such as those considered in
this Letter. In fact, the results to which we turn next refer to a
constant μ. It is reassuring to see that they are essentially inde-
pendent of its precise value as long as μ is not too small; μ � 2
guarantees numerical stability.

3. Results

We have solved the flow equation for Γk on a three-dimensional
truncated theory space spanned by actions of the Holst type [12]:

Γk = − 1

16πGk

∫
d4x e

[
ea

μeb
ν

(
F ab

μν − 1

γk
� F ab

μν

)
− 2Λk

]

+ Sgf + Sgh. (4)

In practice we used, because of the enormous algebraic com-
plexity of the calculations involved, a slightly simplified version of
the FRGE of the propertime type. An equation of the same type has
been used within the Einstein–Hilbert truncation of metric grav-
ity [4], and virtually the same results were found as with the exact
RG equation in this truncation.

The truncation ansatz (4) consists of the Hilbert–Palatini ac-
tion known from Einstein–Cartan gravity plus the Immirzi term;
in fact, �F ab

μν ≡ 1
2 εab

cd F cd
μν is the dual of the curvature of ω,

F ≡ F (ω), with respect to the frame indices. Besides Gk , (4) con-
tains two more running parameters: the cosmological constant Λk
and the Immirzi parameter γk . The gauge fixing and ghost terms
are assumed to retain their classical form for all k, except for the
replacement G → Gk . The parameters αD, αL and βD are treated
as constant in the approximation considered. Thus the truncated
theory space can be coordinatized by a triple (g, λ,γ ) where
gk ≡ Gkk2 and λk ≡ Λk/k2 are the dimensionless Newton’s and
cosmological constant, respectively.

With t ≡ ln k, the RG equations are of the form ∂t gk = βg ≡
(2 + ηN)gk, ∂tλk = βλ, ∂tγk = βγ where the anomalous dimension
of Newton’s constant, ηN, and the other beta functions are given
by

2 A running μ would occur in the analogue of a “bi-metric truncation”. But even
in the metric case the analysis of the refinements implied by this advanced class of
truncations started only recently [15].
Fig. 1. Schematic behavior of f±(λ = 0, γ ) as a function of γ . Except in a vicinity of
γ = ±1, the functions are approximately constant.

ηN(g, λ,γ ) = 16π g f+(λ,γ ),

βγ (g, λ,γ ) = 16π gγ
[
γ f−(λ,γ ) − f+(λ,γ )

]
,

βλ(g, λ,γ ) = −2λ + 8π g
[
2λ f+(λ,γ ) + f3(λ,γ )

]
. (5)

The functions f± and f3 are extremely lengthy and complicated
and cannot be written down here. Parametrically, they depend on
the parameters (αD, αL, βD) and μ which we keep constant.

In order to cover the neighborhood of the submanifold γ = ±∞
in T , we introduce a new coordinate γ̂ . In the overlap |γ | ∈
]0,+∞[ of the (g, λ,γ )- and the (g, λ, γ̂ )-chart, the coordinates
γ and γ̂ are related by the transition function γ̂ (γ ) = γ −1 so that
βγ̂ = −γ̂ 2βγ (g, λ, γ̂ −1).

We studied the system (5) and its γ̂ -counterpart for various
cutoff functions, gauge parameters, and μ values.

The RG flow we found displays several generic features. First of
all, it has an exact reflection symmetry under γ → −γ . Further-
more, for γ not too close to ±1, the functions f± and f3 turned
out almost independent of γ . For such values of γ it is a remark-
ably precise approximation to replace them by functions f̃± and
f̃3 that only depend on λ, leading to

∂t gk = [
2 + 16π gk f̃+(λk)

]
gk,

∂tγk = 16π gkγk
[
γk f̃−(λk) − f̃+(λk)

]
,

∂tλk = −2λk + 8π gk
[
2λk f̃+(λk) + f̃3(λk)

]
(6)

and likewise for the γ̂ -chart. The reason for the above proviso that
γ should not be close to ±1 is as follows.

The functions f±(λ,γ ) have simple poles at γ = ±1, but are
fairly independent of γ outside a small neighborhood of γ = ±1.
This is a completely universal feature; it is found for all values of
the gauge parameters and of μ, and with all cutoff schemes em-
ployed. In Fig. 1 the schematic behavior of f± in the λ = 0 plane is
sketched. The singularities at γ = ±1 are a consequence of the fact
that for these values of the Immirzi parameter the (anti-)selfdual
projection of ωab

μ completely drops out from the action. Since in
the functional integral equivalent to the FRGE one continues to in-
tegrate over the decoupled projection, this leads to a divergence.
If one wanted to study “chiral gravity” based upon a selfdual con-
nection, say, the integration over the anti-selfdual component has
to be omitted, of course, and this amounts to using a new, regu-
lar FRGE, different from the one we actually analyze. Therefore, the
poles at γ = ±1 and the zeros slightly below γ = −1 and above
γ = 1 are unphysical. While Eqs. (6) are certainly equivalent to (5)
when |γ | �≈ 1, this is the reason why for |γ | → 1, too, the regular
beta functions (6) rather than those of (5) are likely to apply.

The system (6) and its analogue in the γ̂ -chart imply βγ = 0
and βγ̂ = 0 for γ � = 0 and γ̂ � = 0, respectively. For each of the
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Table 1
Properties of NGFP0 and NGFP∞ .

NGFP0 g�
0 λ�

0 g�
0λ�

0 Θ1 Θ2 Θγ

αD = 1 3.37 −6.78 −22.86 1.94 3.71 −1.98
αD = 10 1.36 −1.08 −1.47 2.46 −6.64 −0.43
αD = 0.1 3.65 −7.42 −27.09 2.28 3.73 −2.00

NGFP∞ g�∞ λ�∞ g�∞λ�∞ Θ1 Θ2 Θγ̂

αD = 1 3.30 −4.18 −13.79 1.81 3.22 1.94
αD = 10 2.18 −1.83 −3.98 2.76 −2.40 1.34
αD = 0.1 3.86 −5.16 −19.89 2.55 3.32 2.01

two sets of equations we do indeed find a fixed point NGFP0 ≡
(g�

0, λ
�
0, γ

�) and NGFP∞ ≡ (g�∞, λ�∞, γ̂ �) of (5) and the corre-
sponding system of beta functions in the γ̂ -chart with g�

0,∞ > 0,
λ�

0,∞ < 0 and g�
0 �= g�∞ , λ�

0 �= λ�∞ . This is our main result.
The discovery of these NGFPs in the new universality class

based upon e and ω is clearly important, the first hint at the via-
bility of the Asymptotic Safety program in Einstein–Cartan gravity.
As we pointed out in the Introduction, their existence is conceptu-
ally as well as computationally independent of, and not implied by
the known properties of the metric theory, QEG.

At both fixed points, the g and λ directions are to a very
good approximation eigendirections of the linearized flow on T ,
whereas this is exactly true for the γ - and γ̂ -directions, respec-
tively. At NGFP0 and NGFP∞ , both the g and λ directions are rel-
evant scaling fields, they grow towards the IR and their associated
critical exponents Θ1 and Θ2 are real and positive. In contrast, at
NGFP0 the Immirzi parameter γ is irrelevant (Θγ < 0), whereas at
NGFP∞ its inverse γ̂ is relevant (Θγ̂ > 0).

In Table 1 we display the NGFP coordinates and critical expo-
nents for various gauge parameters αD and the fixed values βD = 0,
αL = 16π gμ̄−4, and μ = 5. (Note that, defined as in Eq. (2), αL is
dimensionful, and that our present choice is the natural analogue
of the Feynman gauge.) A comprehensive discussion of the nu-
merical results and a careful quantitative analysis of the domain
of validity of the truncation employed will be published else-
where [13].

Defining I ≡ 1
16πGk

∫
d4x eεμνρσ T a

μν T b
ρσ δab , the contribution

of the Immirzi term to (4) can be written as exp{− 1
γ · I +

surface term}. Therefore, for γ → 0+ configurations with I > 0 get
strongly suppressed whereas those with I < 0 will be enhanced.
For γ → 0− , the situation is just reversed. These two cases are
related by parity, and neither of them leads to a complete suppres-
sion of torsion. This suggests that metric gravity is not recovered
for any value of γ .

Moreover, as was already emphasized, one has to beware of
taking features of specific truncations merely used in the first ap-
proximate analysis of the fixed point structure for features of the
full theory; with a truncation ansatz more general than (4) the
fixed point actions will probably no longer be of the simple Holst
form. Therefore, we a priori do not expect either of the two quan-
tum field theories that presumably manifest themselves in NGFP0
and NGFP∞ to be fully equivalent to QEG.

Setting Λk = 0 in (4), we obtain the two-dimensional (g, γ )-
and (g, γ̂ )-truncation, respectively. Its analysis strongly indicates
that the Immirzi parameter owes its running to a non-zero cosmologi-
cal constant, i.e. to the presence of the associated invariant in the
average action.

With respect to variations of the regularization scheme our re-
sults are remarkably robust. The signs of the fixed point coordi-
nates, and of similar quantities that are expected to be universal,
are gauge parameter independent, as well. Nevertheless, the quan-
titative gauge dependence of the universal quantities such as the
product g�

0,∞λ�
0,∞ and the critical exponents is stronger than in

comparable calculations within metric gravity [4].

4. Conclusion

We have found significant evidence for Asymptotic Safety of
pure gravity in the Einstein–Cartan approach. There seem to ex-
ist two NGFPs, located at γ = 0 and γ = ±∞, which in principle
both are suitable for taking the continuum limit there. In particular
we found that the Immirzi parameter has a non-trivial RG evolu-
tion.

By investigating how observables depend upon γ , one may de-
termine the physical properties of the resulting quantum field the-
ories and decide which one, if any, is realized in Nature.

Using either fixed point for the Asymptotic Safety construction,
gravity is anti-screening in the UV, i.e. g�

0,∞ > 0, but in contrast to
QEG the cosmological constant is negative there, λ�

0,∞ < 0 for all
gauges employed. However, this does not contradict present day
observations since λ might very well flow to positive values for IR
scales of the order of astronomical distances.

Future investigations should aim at a better control of the gauge
dependencies and at understanding the phenomenological impli-
cations of the scale dependent Immirzi parameter. At a deeper
conceptual level it will be important to understand whether and
perhaps how the running γ in the present approach can be recon-
ciled with the constant value of γ in LQG and similar approaches
to quantum gravity.
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