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Abstract

We extend our earlier work on the minimal unitary representation of SO(d, 2) and its deformations for 
d = 4, 5 and 6 to arbitrary dimensions d. We show that there is a one-to-one correspondence between 
the minrep of SO(d, 2) and its deformations and massless conformal fields in Minkowskian spacetimes 
in d dimensions. The minrep describes a massless conformal scalar field, and its deformations describe 
massless conformal fields of higher spin. The generators of Joseph ideal vanish identically as operators 
for the quasiconformal realization of the minrep, and its enveloping algebra yields directly the standard 
bosonic AdS(d+1)/CFTd higher spin algebra. For deformed minreps the generators of certain deformations 
of Joseph ideal vanish as operators and their enveloping algebras lead to deformations of the standard 
bosonic higher spin algebra. In odd dimensions there is a unique deformation of the higher spin algebra 
corresponding to the spinor singleton. In even dimensions one finds infinitely many deformations of the 
higher spin algebra labelled by the eigenvalues of Casimir operator of the little group SO(d −2) for massless 
representations.
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1. Introduction

In earlier work we studied the minimal unitary representation (minrep) of SO(d, 2) for 
d = 4, 5 and 6 and their deformations using the quasiconformal approach. More specifically, in 
[1] we constructed the minrep of SU(2, 2) and its one-parameter family of deformations which 
describe all massless conformal fields in four dimensions with the identification of the deforma-
tion parameter as helicity. The minrep of the superalgebras su(2, 2|N) that extend the conformal 
algebra in four dimensions were also constructed in [1]. The minrep of SU(2, 2|N) also admits an 
infinite family of deformation which describe massless N -extended superconformal multiplets 
in four dimensions. The minimal unitary supermultiplet of the N = 4 superconformal algebra 
PSU(2, 2|4) is simply the N = 4 Yang–Mills supermultiplet.

These results were later extended to the construction of the minimal unitary representation 
of the six-dimensional conformal group SO(6, 2) ≈ SO∗(8) and its deformations and their su-
persymmetric extensions [2,3]. There exists a discrete infinite family of deformations of the 
minrep of SO(6, 2), labelled by the eigenvalues of an SU(2) subgroup of the little group SO(4)

of massless particles in 6d . This infinite family of deformations of the minrep of SO∗(8) de-
scribe massless conformal fields in six dimensions. The minimal unitary supermultiplets of 6d

conformal superalgebras osp(8∗|2N) also admit a discrete infinite family of deformations which 
describe massless conformal supermultiplets in six space–time dimensions.

In more recent work we constructed the minimal unitary representation of SO(5, 2) using qua-
siconformal methods and showed that it admits a single deformation [4]. The minrep of SO(5, 2)

and its deformation are the analogs of scalar and spinor singletons of the three-dimensional con-
formal group SO(3, 2), which is isomorphic to Sp(4, R), and hence we referred to them as such. 
The Lie algebra of SO(5, 2) admits a unique supersymmetric extension, namely the exceptional 
Lie superalgebra f(4) with the even subalgebra so(5, 2) ⊕ su(2). The minimal unitary supermul-
tiplet of F(4) consists of the spinor singleton together with two copies of the scalar singleton [4].

The minrep of SU(2, 2|N) and its deformations turn out to be isomorphic to the doubleton su-
permultiplets for integer and half-integer values of helicity [1] that were constructed and studied 
using twistorial oscillators some time ago [5–7]. The minimal unitary supermultiplet corresponds 
to the unique CPT self-conjugate doubleton supermultiplet. The twistorial oscillator method was 
used to obtain, for the first time, the Kaluza–Klein spectrum of IIB supergravity over AdS5 × S5

simply by the tensoring of the CPT self-conjugate doubleton supermultiplet of PSU(2, 2|4) [5]. 
The CPT self-conjugate doubleton of P SU(2, 2|4) itself decouples from the Kaluza–Klein spec-
trum as gauge modes. Its Poincaré limit is singular and its field theory lives on the boundary of 
AdS5 as conformally invariant N = 4 super Yang–Mills theory as was first pointed out in [5].

The minrep of OSp(8∗|2N) and its deformations turn out to be isomorphic to the doubleton 
supermultiplets constructed using the twistorial oscillators [8–10]. The Kaluza–Klein spectrum 
of eleven-dimensional supergravity over AdS7 × S4 was similarly obtained by the tensoring of 
the CPT self-conjugate doubleton supermultiplet of OSp(8∗|4) [8]. The CPT self-conjugate dou-
bleton supermultiplet does not have a Poincaré limit and its field theory lives on the boundary of 
AdS7 as a conformally invariant field theory as was first pointed out in [8].

The physical importance of the four-dimensional N = 4 Yang–Mills supermultiplet and of 
the six-dimensional (2, 0) conformal supermultiplet became abundantly clear after the funda-
mental paper of Maldacena [11] who proposed the duality between IIB superstring theory over 
AdS5 × S5 and SU(N ) N = 4 Yang–Mills theory and M-theory over AdS7 × S4 and the interact-
ing six-dimensional conformal theory of (2, 0) multiplets of Witten [12]. From a mathematical 
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point of view their importance lies in the fact that they correspond to the minimal unitary super-
multiplets of the respective symmetry superalgebras of PSU(2, 2|4) and OSp(8∗|4), respectively.

The minimal unitary realizations of SU(2, 2|N) and of OSp(8∗|2N) and their deformations 
obtained via quasiconformal methods [1–3] were reformulated as bilinears of deformed twistorial 
oscillators which transform nonlinearly under the Lorentz group in [13,14]. Furthermore it was 
shown that the enveloping algebras of the minimal unitary realizations of SU(2, 2) and SO∗(8)

thus obtained lead directly to the higher spin algebras in AdS5 and AdS7.
As was first pointed out in [15], the higher spin algebra in AdS4 as studied by Fradkin, Vasiliev 

and collaborators [16,17] is simply the enveloping algebra of the scalar singleton of SO(3, 2). 
Later Vasiliev showed that the higher spin algebra in AdS(d+1), for general d , is given by the 
enveloping algebra of SO(d, 2) quotiented by the ideal that annihilates the scalar “singleton” rep-
resentation [18]. That this ideal is simply the Joseph ideal of the minimal unitary representation 
of SO(d, 2) was established by Eastwood [19]. Undeformed higher spin algebras in d dimensions 
were further investigated by Vasiliev in [20].

For symplectic groups Sp(2n, R) the minrep is simply the scalar singleton and it admits a 
single deformation which is the spinor singleton. Quasiconformal realizations of the singletons 
of Sp(2n, R) coincide with their realizations as bilinears of oscillators transforming covariantly 
under the maximal compact subgroup U(n) [21]. The Joseph ideal vanishes identically for the 
singletons [13]. As a consequence the enveloping algebra of the AdS4 group SO(3, 2) ≡ Sp(4, R)

realized as bilinears of covariant twistorial oscillators leads directly to the Fradkin–Vasiliev 
higher spin algebra as was first pointed out in [15]. On the other hand, for the doubletonic realiza-
tions of the minreps of SO(4, 2) and SO(6, 2) as bilinears of twistorial oscillators transforming 
covariantly under the respective Lorentz groups, the Joseph ideal does not vanish identically 
as operators. However it was shown in [13,14] that for the minreps of SO(4, 2) and SO(6, 2)

obtained by quasiconformal methods, the Joseph ideals vanish identically as operators. There-
fore their enveloping algebras provide unitary realizations of the bosonic higher spin algebras in 
AdS5 and AdS7, respectively. The enveloping algebras of the deformed minreps of SU(2, 2) and 
of SO∗(8) and their supersymmetric extensions lead to infinite families of higher spin algebras 
and superalgebras in AdS5 and AdS7, respectively [13,14].

Similarly the Joseph ideal for the minrep of SO(5, 2) obtained by the quasiconformal methods 
vanishes identically as operators and its enveloping algebra yields the bosonic higher spin algebra 
in AdS6 [4]. There is a unique deformed higher spin algebra given by the enveloping algebra of 
the spinor singleton and the enveloping algebra of the minrep of the Lie superalgebra f(4) yields 
the unique higher spin superalgebra in AdS6.

In this paper we extend our previous work to all d-dimensional conformal groups SO(d, 2)

and construct their minimal unitary representations and their deformations. We shall first re-
view the quasiconformal approach to the construction of the minreps of SO(d, 2) [21] which 
describe massless conformal fields. This is followed by the study of possible deformations of 
these minreps. In odd d dimensions, there exists a single deformation that describes a confor-
mally massless spinor field. In even d dimensions, we find infinitely many deformations of the 
minrep, corresponding to conformally massless fields that transform nontrivially under the lit-
tle group SO(d − 2). The generators of the Joseph ideal vanish identically as operators for the 
quasiconformal realization of the minrep of SO(d, 2) in all dimensions. Therefore the envelop-
ing algebra of the minrep of SO(d, 2) leads directly to the standard bosonic higher spin algebra 
in AdS(d+1). For the deformed minreps certain deformations of the Joseph ideal vanish identi-
cally as operators and their enveloping algebras lead to deformations of the standard bosonic 
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higher spin algebra. The deformations of higher spin algebras correspond to the quotients of the 
enveloping algebra of SO(d, 2) by the deformations of their Joseph ideals.

The plan of the paper is as follows. Following [21], we construct the geometric realization of 
SO(d, 2) as a quasiconformal group in section 2. Then, by quantizing the geometric quasicon-
formal action, we obtain the minimal unitary representation (minrep) of SO(d, 2) in section 3. In 
that section we also show that, according to Joseph’s theorem [22], there exists a two-parameter 
family of degree-two polynomials of so(d, 2) generators which reduces to a c-number. Then 
in section 4, we give the noncompact 3-grading of so(d, 2) with respect to the subalgebra 
so(d − 1, 1) ⊕ so(1, 1) and show that the Poincaré mass operator in d dimensions vanishes 
identically for the minrep of SO(d, 2). Similarly in section 5 we give the compact 3-grading of 
so(d, 2) with respect to the subalgebra so(d) ⊕ so(2) and obtain the Poincaré-masslessness con-
dition in the compact basis. Then we discuss the properties of a distinguished SU(1, 1) subgroup 
of SO(d, 2), which is generated by the longest root vector and realized by singular (isotonic) 
oscillators, in section 6 and present the K-type decomposition of the minrep of SO(d, 2) in sec-
tion 7. We also show that the minrep of SO(d, 2) corresponds to a massless conformal scalar field 
in d dimensions. Then in section 8 we introduce the deformations of the minrep of SO(d, 2). In 
particular, we present a constraint that needs to be satisfied by the generators that introduce de-
formations. Then we construct the K-type decomposition of the unique deformed minrep for 
odd d in section 8.1 and the K-type decomposition of the infinitely many deformed minreps for 
even d in section 8.2. In section 9, after presenting the SO(d, 2)-covariant generators in terms of 
SO(d) × SO(2)-covariant generators and SO(d − 1) × SO(1, 1)-covariant generators, we show 
that the Joseph ideal vanishes identically as an operator for the minrep of SO(d, 2) and therefore 
its universal enveloping algebra yields directly the bosonic AdS(d+1)/CFTd higher spin algebra. 
We also show that for the deformations of the minrep, a certain deformation of the Joseph ideal 
vanishes identically and therefore its enveloping algebra yields the deformed AdS(d+1)/CFTd

higher spin algebras. Finally we have some concluding comments in section 10. Appendices A 
and B outline how to realize the “spin” operators that extend the little group SO(d − 2), which 
allows us to obtain the deformations of the minrep.

2. Geometric realization of SO(d, 2) as a quasiconformal group

We begin by reviewing the geometric quasiconformal realization of SO(d, 2) that was pre-
sented in [23]. The Lie algebra so(d, 2) admits a 5-grading with respect to its subalgebra 
so(1, 1) ⊕ so(d − 2) ⊕ sp(2, R) as follows:

so(d,2) = 1(−2) ⊕ (d − 2,2)(−1) ⊕ [� ⊕ so(d − 2) ⊕ su(1,1) ] ⊕ (d − 2,2)(+1) ⊕ 1(+2)

(2.1)

where the five grading is determined by the so(1, 1) generator �. The non-linear quasicon-
formal group action of SO(d, 2) is generated by nonlinear differential operators acting on a 
(2d − 3)-dimensional space T corresponding to the Heisenberg subalgebra generated by the 
elements of the subspace 

[
g(−2) ⊕ g(−1)

]
. We shall denote the coordinates of the space T as 

X = (
Xi,a, x

)
, where Xi,a transform in the (d − 2, 2) representation of so(d − 2) ⊕ su(1, 1)

subalgebra, with i = 1, . . . , d − 2 and a = 1, 2, and x is a singlet coordinate.
There exists a quartic polynomial of the coordinates Xi,a

I4(X) = ηij ηklεacεbdXi,aXj,bXk,cXl,d (2.2)
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where i, j, k, l = 1, . . . , d −2 and a, b, c, d = 1, 2, which is an invariant of SO(d −2) ×SU(1, 1)

subgroup. In the above expression, εab is the symplectic invariant tensor of SU(1, 1) and ηij is the 
invariant metric of SO(d − 2) in the fundamental representation, which we choose as ηij = −δij

following the general conventions of [23].
We shall label the generators that belong to various grade subspaces as follows:

so(d,2) = K− ⊕ Ui,a ⊕ [
� ⊕Lij ⊕Mab

] ⊕ Ũi,a ⊕ K+ (2.3)

where Lij and Mab are the generators of SO(d − 2) and SU(1, 1) subgroups, respectively. In the 
nonlinear quasiconformal action of SO(d, 2), these generators take on the form

K+ = 1

2

(
2x2 − I4

) ∂

∂x
− 1

4

∂I4

∂Xi,a
ηij εab ∂

∂Xj,b
+ x Xi,a ∂

∂Xi,a

Ui,a = ∂

∂Xi,a
− ηij εab Xj,b ∂

∂x

Lij = ηikX
k,a ∂

∂Xj,a
− ηjkX

k,a ∂

∂Xi,a

Mab = εacX
i,c ∂

∂Xi,b
+ εbcX

i,c ∂

∂Xi,a

K− = ∂

∂x
, � = 2x

∂

∂x
+ Xi,a ∂

∂Xi,a
, Ũi,a = [

Ui,a , K+
]

(2.4)

where εab is the inverse symplectic tensor, such that εabεbc = δa
c . The explicit form of the grade 

+1 generators Ũi,a can be obtained by substituting the expression for the quartic invariant:

Ũi,a = ηij εad

(
ηklεbcX

j,bXk,cXl,d − x Xj,d
) ∂

∂x
+ x

∂

∂Xi,a

− ηij εab Xj,bXl,c ∂

∂Xl,c
− εadηkl X

l,dXk,c ∂

∂Xi,c

+ εadηij Xl,dXj,b ∂

∂Xl,b
+ ηij εbcX

j,bXl,c ∂

∂Xl,a
(2.5)

The above SO(d, 2) generators satisfy the following commutation relations:[
Lij , Lkl

] = ηjkLil − ηikLj l − ηjlLik + ηilLjk

[Mab , Mcd ] = εcbMad + εcaMbd + εdbMac + εdaMbc (2.6a)

[
�, K±

] = ±2K±
[
K− , K+

] = �[
�, Ui,a

] = −Ui,a

[
�, Ũi,a

] = Ũi,a[
Ui,a , K+

] = Ũi,a

[
Ũi,a , K−

] = −Ui,a[
Ui,a , Uj,b

] = 2ηij εab K−
[
Ũi,a , Ũj,b

] = 2ηij εab K+ (2.6b)

[
Lij , Uk,a

] = ηjkUi,a − ηikUj,a

[
Lij , Ũk,a

] = ηjkŨi,a − ηikŨj,a[
Mab , Ui,c

] = εcbUi,a + εcaUi,b

[
Mab , Ũi,c

] = εcbŨi,a + εcaŨi,b (2.6c)

[
Ui,a , Ũj,b

] = ηij εab � − 2 εabLij − ηijMab (2.6d)

The quartic norm (length) of a vector X = (
Xi,a, x

) ∈ T is defined as
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� (X ) = I4 (X) + 2x2 . (2.7)

In order to see the geometric picture behind the above nonlinear realization, a quartic distance 
function between any two points X and Y in the (2d − 3)-dimensional space T can be defined 
as [21,24]

d (X ,Y) = � (δ (X ,Y)) (2.8)

where the “symplectic” difference δ (X ,Y) is given by

δ (X ,Y) =
(
Xi,a − Y i,a , x − y − ηij εab Xi,aY j,b

)
. (2.9)

The quasiconformal action of SO(d, 2) leaves the lightlike separations between any two points 
with respect to the quartic distance function invariant, which implies that SO(d, 2) behaves 
as the invariance group of a “light-cone” with respect to a quartic distance function in a 
(2d − 3)-dimensional space.

3. Minimal unitary representation of SO(d, 2) from its quasiconformal realization

The minimal unitary realization of a Lie algebra can be easily obtained by quantizing its 
geometric quasiconformal realization [21,23–25]. To achieve this, in the case of SO(d, 2), we 
split the 2(d − 2) variables Xi,a introduced in section 2 into (d − 2) coordinates Xi and (d − 2)

conjugate momenta Pi as

Xi = Xi,1 Pi = ηij Xj,2 (3.1)

and introduce a momentum p conjugate to the singlet coordinate x as well. Treated as quan-
tum mechanical operators, these coordinates and momenta satisfy the canonical commutation 
relations[

Xi , Pj

]
= δi

j

[
x , p

] = i . (3.2)

However, for the rest of this paper, instead of using Xi and Pi we shall work with bosonic 
oscillator annihilation operators ai and creation operators a†

i , defined as

ai = 1√
2

(
Xi + i Pi

)
a

†
i = 1√

2

(
Xi − i Pi

)
(3.3)

which satisfy the commutation relations[
ai , a

†
j

]
= δij

[
ai , aj

] =
[
a

†
i , a

†
j

]
= 0 . (3.4)

The generators of the minimal unitary realization of so(d, 2) has a 5-graded decomposition

so(d,2) = g(−2) ⊕ g(−1) ⊕ [� ⊕ so(d − 2) ⊕ su(1,1) ] ⊕ g(+1) ⊕ g+2) (3.5)

with respect to the SO(1, 1) generator

� = 1

2
(xp + px) . (3.6)

The generators of the subalgebra su(1, 1) ⊂ g(0) are realized as bilinears of the a-type bosonic 
oscillators:
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M+ = 1

2
a

†
i a

†
i M− = 1

2
aiai M0 = 1

4

(
a

†
i ai + aia

†
i

)
(3.7)

and satisfy[
M− , M+

] = 2M0
[
M0 , M±

] = ±M± . (3.8)

We denote this subalgebra as su(1, 1)M and its quadratic Casimir as M2:

C2 [su(1,1)M ] =M2 = M0
2 − 1

2
(M+M− + M−M+) (3.9)

The subalgebra so(d − 2) ⊂ g(0) corresponding to the little group of massless particles in d
dimensions, denoted as so(d−2)L, is also realized as bilinears of the a-type bosonic oscillators1:

Lij = i
(
a

†
i aj − a

†
j ai

)
(3.10)

and satisfy the commutation relations[
Lij , Lkl

] = i
(
δjkLil − δikLjl − δjlLik + δilLjk

)
. (3.11)

The quadratic Casimir L2 of so(d − 2)L given by

C2 [so(d − 2)L] = L2 = LijLij (3.12)

is related to that of su(1, 1)M as

L2 = 8M2 − 1

2
(d − 2) (d − 6) . (3.13)

The single generator in g(−2) is defined as

K− = 1

2
x2 . (3.14)

The “quantized generators” (Ui, U
†
i ) in grade −1 subspace are realized as bilinears of x and the 

above a-type bosonic oscillators as

Ui = x ai U
†
i = x a

†
i . (3.15)

They close into K− under commutation and form a Heisenberg subalgebra[
Ui , U

†
j

]
= 2 δij K−

[
Ui , Uj

] =
[
U

†
i , U

†
j

]
= 0 (3.16)

with K− playing the role of the central charge.
The quartic invariant I4 of SO(d − 2)L × SU(1, 1)M subgroup becomes a linear function of 

the quadratic Casimir of SO(d − 2)L × SU(1, 1)M after quantization. As a result the grade +2
generator K+ becomes:

K+ = 1

2
p2 + 1

x2
G (3.17)

where G depends on L2:

1 We should note that Lij are Hermitian generators while Lij in the geometric quasiconformal realization in equa-
tion (2.4) were chosen to be anti-Hermitian.
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G = 1

4
L2 + 1

8
(d − 3) (d − 5) = 2M2 + 3

8
(3.18)

The remaining 2(d − 2) generators in grade +1 subspace can be obtained by taking the commu-
tators between the grade −1 generators and K+:

Wi = −i
[
Ui , K+

]
W

†
i = −i

[
U

†
i , K+

]
(3.19)

Explicitly one finds

Wi = p ai − i

x

[
1

2
(d − 3) ai + i Lij aj

]

W
†
i = p a

†
i − i

x

[
1

2
(d − 3) a

†
i + i Lij a

†
j

]
. (3.20)

The grade +2 and grade +1 generators form a Heisenberg algebra as well:[
Wi , W

†
j

]
= 2 δij K+

[
Wi , Wj

] =
[
W

†
i , W

†
j

]
= 0 (3.21)

with the generator K+ playing the role of the central charge. The commutators of grade −2 and 
grade +1 generators close into grade −1 subspace:[

Wi , K−
] = −i Ui

[
W

†
i , K−

]
= −i U

†
i (3.22)

Grade ±2 generators, together with the generator � from grade 0 subspace, form a distinguished 
su(1, 1) subalgebra, which we shall denote as su(1, 1)K :[

K− , K+
] = i �

[
�, K±

] = ±2i K± (3.23)

The quadratic Casimir of su(1, 1)K subalgebra, denoted by

C2 [su(1,1)K ] = K2 = �2 − 2 (K+K− + K−K+) (3.24)

is related to the quadratic Casimir of so(d − 2)L (and that of su(1, 1)M ) as

K2 = −1

2
L2 − 1

4
(d − 2) (d − 6) = −4M2 . (3.25)

Grade −1 (grade +1) generators transform under SO(d − 2)L × SU(1, 1)M as follows:

[M0 , Ui] = −1

2
Ui[

M+ , Ui

] = −U
†
i[

M− , Ui

] = 0[
Lij , Uk

] = i
(
δjkUi − δikUj

)

[M0 , Wi] = −1

2
Wi[

M+ , Wi

] = −W
†
i[

M− , Wi

] = 0[
Lij , Wk

] = i
(
δjkWi − δikWj

)
(3.26)[

M0 , U
†
i

]
= 1

2
U

†
i[

M+ , U
†
i

]
= 0[

M− , U
†
i

]
= Ui[

Lij , U
†
k

]
= i

(
δjkU

†
i − δikU

†
j

)

[
M0 , W

†
i

]
= 1

2
W

†
i[

M+ , W
†
i

]
= 0[

M− , W
†
i

]
= Wi[

Lij , W
†
k

]
= i

(
δjkW

†
i − δikW

†
j

)
(3.27)
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The commutators between grade −1 generators and grade +1 generators are:

[
Ui , Wj

] = 2i δij M−[
U

†
i , W

†
j

]
= 2i δij M+

[
U

†
i , Wj

]
= δij (2i M0 − �) + 2Lij[

Ui , W
†
j

]
= δij (2i M0 + �) − 2Lij (3.28)

Let us now present the quadratic Casimir of so(d, 2). One finds that the quadratic operator

[UW ] = UiW
†
i + W

†
i Ui − U

†
i Wi − WiU

†
i (3.29)

constructed out of the generators of grade ±1 subspaces corresponding to the coset space

SO(d,2)

SO(d − 2) × SU(1,1)
,

is related to the quadratic Casimir of su(1, 1)K as follows:

[UW ] = −4iK2 + 4i (d − 2) (3.30)

As a consequence one finds2:

C2 [so(d − 2)L] + λ1 C2 [su(1,1)M ] + λ2 C2 [su(1,1)K ] + i

2

(
1 + λ1

8
− λ2

2

)
[UW ]

= −1

4
(d − 2)λ1 + (d − 2) λ2 − 1

2
(d − 2)2 (3.31)

The quadratic Casimir of so(d, 2) is given by λ1 = 4 and λ2 = −1 (for any d) and is therefore 
given by

C2 [so(d,2)] = −1

2

(
d2 − 4

)
. (3.32)

4. Noncompact 3-grading of so(d, 2) with respect to the subalgebra 
so(d − 1, 1) ⊕ so(1, 1)

Considered as the d-dimensional conformal group, SO(d, 2) has a natural 3-grading with 
respect to the generator D of dilatations, whose eigenvalues determine the conformal dimensions 
of operators and states. We shall denote the corresponding 3-graded decomposition of so(d, 2)

as

so(d,2) =N− ⊕N0 ⊕N+ (4.1)

which symbolically satisfy[
D , N0

]
= 0

[
D , N+] = +iN+ [

D , N−] = −iN− (4.2)

with N0 = so(d − 1, 1) ⊕ so(1, 1)D . The subalgebra so(d − 1, 1) in N0 represents the Lorentz 
algebra in d dimensions and grade +1 and −1 subspaces are spanned by translation and special 
conformal generators, respectively.

The noncompact dilatation generator so(1, 1)D is given by

D = 1

2

[
� − i (M+ − M−)

]
. (4.3)

2 That there exists a two-parameter family of quadratic invariants for the minrep was shown by Joseph [22,26].
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The Lorentz group generators Mμν (μ, ν = 0, . . . , d − 1) are given by

M0i = 1

2
√

2

(
Ui + U

†
i

)
+ i

2
√

2

(
Wi − W

†
i

)
Mij = Lij

Mi,d−1 = 1

2
√

2

(
Ui + U

†
i

)
− i

2
√

2

(
Wi − W

†
i

)
M0,d−1 = 1

2

[
� + i (M+ − M−)

]
(4.4)

and satisfy the commutation relations:[
Mμν , Mρτ

] = i
(
ηνρMμτ − ημρMντ − ηντMμρ + ημτMνρ

)
(4.5)

where ημν = diag(−, +, . . . , +).
The translation generators Pμ (μ = 0, . . . , d − 1) are given by

P0 = K+ + M0 + 1

2
(M+ + M−)

Pi = 1√
2

(
Wi + W

†
i

)
(i = 1, . . . , d − 2)

Pd−1 = K+ − M0 − 1

2
(M+ + M−) (4.6)

and the special conformal generators Kμ (μ = 0, . . . , d − 1) are given by

K0 = K− + M0 − 1

2
(M+ + M−)

Ki = − i√
2

(
Ui − U

†
i

)
(i = 1, . . . , d − 2)

Kd−1 = −K− + M0 − 1

2
(M+ + M−) . (4.7)

They satisfy the commutation relations:[
Mμν , Mρτ

] = i
(
ηνρMμτ − ημρMντ − ηντMμρ + ημτMνρ

)
[
Pμ , Mνρ

] = i
(
ημν Pρ − ημρ Pν

)
[
Kμ , Mνρ

] = i
(
ημν Kρ − ημρ Kν

)
[
D , Mμν

] = [
Pμ , Pν

] = [
Kμ , Kν

] = 0[
D , Pμ

] = +iPμ

[
D , Kμ

] = −iKμ[
Pμ , Kν

] = 2i
(
ημν D +Mμν

)
(4.8)

Finally we note that the Poincaré mass operator in d dimensions vanishes identically

M 2 = ημνPμPν = 0 (4.9)

for the minimal unitary realization given above. Therefore the minimal unitary representation of 
SO(d, 2) corresponds to a massless representation in d dimensions. In addition we have

ημνKμKν = 0 . (4.10)
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5. Compact 3-grading of so(d, 2) with respect to the subalgebra so(d) ⊕ so(2)

The Lie algebra so(d, 2) has a 3-grading:

so(d,2) = C− ⊕ C0 ⊕ C+ (5.1)

with respect to its maximal compact subalgebra C0 = so(d) ⊕ so(2), determined by the u(1)

generator

H = 1

2
(K+ + K−) + M0 . (5.2)

The operators in various grade subspaces satisfy[
H , C0

]
= 0

[
H , C+] = +C+ [

H , C−] = −C− . (5.3)

The so(d) generators M̃MN (M, N = 1, . . . , d) in grade 0 subspace C0 are given by

M̃ij = Lij

M̃d−1,d = 1

2
(Pd−1 −Kd−1)

M̃i,d−1 = Mi,d−1

M̃i,d = 1

2
(Pi −Ki ) (5.4)

and satisfy the commutation relations[
M̃MN , M̃PQ

] = i
(
δNP M̃MQ − δMP M̃NQ − δNQM̃MP + δMQM̃NP

)
. (5.5)

The generators M̃ij ⊕ M̃d−1,d form the so(d − 2)L ⊕ so(2) subalgebra of so(d).

We shall label the d operators that belong to grade +1 subspace C+ as B̃†
M (M = 1, . . . , d) 

where

B̃
†
i = 1√

2

(
U

†
i − i W

†
i

)
(i = 1, . . . , d − 2)

B̃
†
d−1 = 1

2

[
� − i (K+ − K−)

] + i M+

B̃
†
d = i

2

[
� − i (K+ − K−)

] + M+ . (5.6)

These operators in grade +1 subspace C+ satisfy the following important relation:

B̃
†
MB̃

†
M = B̃

†
1 B̃

†
1 + B̃

†
2 B̃

†
2 + · · · + B̃

†
d B̃

†
d = 0 (5.7)

which corresponds to the masslessness condition in the noncompact picture.
Similarly, we shall label the d operators that belong to grade −1 subspace C− as B̃M

(M, N, · · · = 1, . . . , d) where

B̃i = 1√
2

(Ui + i Wi) (i = 1, . . . , d − 2)

B̃d−1 = 1

2

[
� + i (K+ − K−)

] − i M−

B̃d = − i [
� + i (K+ − K−)

] + M− . (5.8)

2
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The commutation relations of the SO(d, 2) generators in this compact basis can be listed as:[
M̃MN , M̃PQ

] = i
(
δNP M̃MQ − δMP M̃NQ − δNQM̃MP + δMQM̃NP

)
[
B̃

†
M , M̃NP

]
= i

(
δMN B̃

†
P − δMP B̃

†
N

)
[
B̃M , M̃NP

] = i
(
δMN B̃P − δMP B̃N

)
[
H , M̃MN

] =
[
B̃

†
M , B̃

†
N

]
= [

B̃M , B̃N

] = 0[
H , B̃

†
M

]
= +B̃

†
M

[
H , B̃M

] = −B̃M[
B̃

†
M , B̃N

]
= 2

(−δMN H + i M̃MN

)
(5.9)

The operators in the subspace C+ given in equation (5.6) are the Hermitian conjugates of 
those in the subspace C− given in equation (5.8). The so(2) generator H in the subspace C0

is simply the conformal Hamiltonian or the AdS energy. In terms of the generators in noncom-
pact 3-grading of so(d, 2) this conformal Hamiltonian (or the AdS energy operator) is simply 
1
2 (P0 +K0).

6. Distinguished SU(1, 1)K subgroup of SO(d, 2) generated by the isotonic (singular) 
oscillators

The u(1) generator H , given in equation (5.2), can be expressed in terms of the a-type bosonic 
oscillators, singlet coordinate x, and its conjugate momentum p in the following form:

H = 1

2
(K+ + K−) + M0

= 1

4

(
x2 + p2

)
+ 1

2x2
G + 1

2
a

†
i ai + 1

4
(d − 2)

= H	 + Ha (6.1)

where

H	 = 1

4

(
x2 + p2

)
+ 1

2x2
G Ha = M0 = 1

2
a

†
i ai + 1

4
(d − 2) . (6.2)

As pointed out earlier, this u(1) generator H is the d-dimensional conformal Hamiltonian or the 
(d + 1)-dimensional AdS energy operator, depending on whether one is treating SO(d, 2) as the 
d-dimensional conformal group or as the (d + 1)-dimensional AdS group. The part Ha is simply 
1/2 the Hamiltonian of standard bosonic oscillators ai and the part H	 is 1/2 the Hamiltonian 
of a singular harmonic oscillator with a potential function

V (x) = G
x2

(6.3)

where G was given in equation (3.18). We note that H	 corresponds to the Hamiltonian in the 
conformal quantum mechanics of [27], with the operator G replacing the “coupling constant” 
[24]. It also appears in this form in the Hamiltonian of the Calogero models [28,29] as well as in 
isotonic singular oscillator models [30,31].

Since the singlet coordinate x and its conjugate momentum p enter the minrep as in conformal 
quantum mechanics, we shall use the coordinate (Schrödinger) picture for the states that form the 
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basis of an irrep of the subgroup SU(1, 1)K . Consider now this conformal quantum mechanics 
Hamiltonian:

H	 = 1

2
(K+ + K−) = 1

4

(
x2 + p2

)
+ 1

2x2
G

= 1

4

(
x2 − ∂2

∂x2

)
+ 1

2x2
G (6.4)

Together with the generators B̃†
d−1 and B̃†

d it generates the distinguished SU(1, 1)K subalgebra. 
In the compact 3-grading determined by H	, the noncompact generators take the form

B̃
†
	 = − i

2

(
B̃

†
d−1 − i B̃

†
d

)
= − i

2

[
� − i (K+ − K−)

] = 1

4
(x − ip)2 − 1

2x2
G

= 1

4

(
x − ∂

∂x

)2

− 1

2x2
G

B̃	 = i

2

(
B̃d−1 + i B̃d

) = i

2

[
� + i (K+ − K−)

] = 1

4
(x + ip)2 − 1

2x2
G

= 1

4

(
x + ∂

∂x

)2

− 1

2x2
G (6.5)

and satisfy the commutation relations:[
B̃	 , B̃

†
	
]

= 2H	
[
H	 , B̃

†
	
]

= + B̃
†
	

[
H	 , B̃	

] = − B̃	 (6.6)

Now we consider the Fock space of the a-type oscillators spanned by the states of the form

|n1, n2, . . . , nd−2〉 =
∏
i

1√
ni ! ( a

†
i )ni |0〉 (6.7)

where ni are non-negative integers and the vacuum state |0〉 is annihilated by all bosonic annihi-
lation operators ai :

ai |0〉 = 0 (i = 1, . . . , d − 2) (6.8)

The state(s) with the lowest H	 eigenvalue are obtained by taking the tensor product of states ∣∣�g

〉
with the lowest eigenvalue g of G and the lowest weight vector of SU(1, 1)K determined 

by g [32]:

ψ
αg

0 (x) = C0 xαge−x2/2 (6.9)

where C0 is a normalization constant and

αg = 1

2
±

√
2g + 1

4
. (6.10)

These states satisfy

B̃	 ψ
αg

0 (x)
∣∣�g

〉 = 0 . (6.11)

The Hermiticity of H	 requires that

g ≥ −1
(6.12)
8
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and the normalizability of the lowest weight vector requires

αg > −1

2
. (6.13)

The state ψ
αg

0 (x)
∣∣�g

〉
is an eigenstate of H	 with eigenvalue

E
αg

	,0 = αg

2
+ 1

4
= 1

2
± 1

2

√
2g + 1

4
. (6.14)

For the minrep of SO(d, 2) given earlier, the lowest possible value of g is

g0 = 1

8
(d − 3) (d − 5) (6.15)

which occurs when 
∣∣�g

〉
is simply the Fock vacuum |0〉 of a-type oscillators. For this g we 

have two possible values of αg , namely (5 − d) /2 and (d − 3) /2. For all d ≥ 6, the state with 
αg = (5 − d) /2 is non-normalizable. For d = 4, αg = (5 − d) /2 produces the same result as 
αg = (d − 3) /2. For d = 5, even though the state with αg = (5 − d) /2 is normalizable, it leads 
to non-normalizable states under the action of SO(5) when SU(1, 1)K is extended to SO(5, 2)

[4]. Therefore we need to choose

αg = (d − 3)

2
. (6.16)

The corresponding tensor product state

ψ
αg

0 (x) |0〉 = C0 x(d−3)/2 e−x2/2 |0〉 (6.17)

is an eigenstate of H	 with the lowest eigenvalue

E
αg

	,0 = 1

4
(d − 2) . (6.18)

The higher eigenstates of H	 can be obtained from this “ground state” by repeatedly acting on 
it with the raising operator B̃†

	:

|ψαg
n 〉 ≡ ψ

αg
n (x) |0〉 = Cn (B̃

†
	)n ψ

αg

0 (x) |0〉 (n = 0,1,2, . . .) (6.19)

where Cn are normalization constants. They satisfy

H	ψ
αg
n (x) |0〉 = E

αg

	,nψ
αg
n (x) |0〉 (6.20)

where

E
αg

	,n = E
αg

	,0 + n = 1

4
(d − 2) + n . (6.21)

The states | ψαg
n 〉 form the basis of a unitary lowest weight representation of SU(1, 1)K .

7. K-type decomposition of the minimal unitary representation of SO(d, 2)

The K-type decomposition of the minimal unitary representation of SO(d, 2) is simply the 
decomposition with respect to its maximal compact subgroup SO(d) × SO(2)H . For the true 
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minrep of SO(d, 2) this turns out to be easily determined since the lowest energy representation 
is an SO(d) singlet, namely the state

|ψαg

0 〉 = C0 x(d−3)/2 e−x2/2 |0〉 (7.1)

with the lowest eigenvalue E = 1
2 (d − 2) of the so(2) generator H . This state |ψαg

0 〉 is annihi-
lated by all the operators B̃1, . . . , ̃Bd in the subspace C− of so(d, 2) given in equation (5.8):

B̃M |ψαg

0 〉 = 0 (M = 1, . . . , d) (7.2)

Therefore the minrep of SO(d, 2) is a unitary lowest weight representation. The irreducible uni-
tary lowest weight representations of a non-compact group are uniquely labelled by their lowest 
weight vectors. For SO(d, 2) these lowest weight vectors have the lowest eigenvalue of the gen-
erator H of SO(2) subgroup corresponding to the AdS(d+1) energy or of the d-dimensional 
conformal Hamiltonian. By acting on this lowest weight vector with the generators of SO(d)

one generates the lowest energy irrep of SO(d) × SO(2) which we will refer to as the lowest 
(energy) K-type. For physical applications it is more convenient to use the labels of the lowest 
K-type to uniquely designate an irreducible unitary lowest weight representation. Therefore we 
will label the lowest (energy) K-type as

|E0 ; (n1, n2, . . . , np) 〉0 (7.3)

where E0 indicates the eigenvalue of the SO(2) generator H

H |E0 ; (n1, n2, . . . , np) 〉0 = E0 |E0 ; (n1, n2, . . . , np) 〉0 , (7.4)

(n1, n2, . . . , np) are the Dynkin labels of the irrep of lowest K-type under SO(d), and p = [ d
2 ].

Therefore the lowest K-type of the minrep of SO(d, 2) is the SO(d) singlet state |ψαg

0 〉, which 
will be denotes as

|ψαg

0 〉 = | 1

2
(d − 2) ; (0,0, . . . ,0) 〉0 . (7.5)

All the other states of the particle basis of the minrep with higher energies can be obtained from 
the lowest K-type by acting on it repeatedly with the operators B̃†

1 , . . . , ̃B†
d in the subspace C+

of so(d, 2) given in equation (5.6)3:

|ψαg

0 〉, B̃
†
M1

|ψαg

0 〉, B̃
†
(M1

B̃
†
M2)o

|ψαg

0 〉, B̃
†
(M1

B̃
†
M2

B̃
†
M3)o

|ψαg

0 〉, . . . . (7.6)

All the states that belong to a given energy level form a single irrep of SO(d). In Table 1, we 
give the (K-type) decomposition of the minrep of SO(d, 2) with respect to its maximal compact 
subgroup and the dimension of their SO(d) irrep as well as the energy. For odd d the minrep of 
SO(d, 2) is the scalar singleton representation of SO(d, 2) in AdS(d+1), just like the Dirac scalar 
singleton of SO(3, 2) in AdS4. For even d it corresponds to the scalar doubleton of SO(d, 2) in 
AdS(d+1) as defined and studied for d = 4 in [1,5] and for d = 6 in [2,3,8].

The products B̃†
(M1

. . . B̃
†
Mn)

of the operators B†
M from the subspace C+ are symmetric and 

traceless due to the fact that they satisfy the condition B̃†
MB̃

†
M = 0. As a consequence, by acting 

3 The round brackets with a subscript o in B†
. . .B

† denote the symmetric traceless product of the operators.

(M1 Mn)o
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Table 1
K-type decomposition of the minrep of SO(d, 2) with the lowest weight vector |ψαg

0 〉 = | 12 (d − 2) ; (0, 0, . . . , 0) 〉0. The 
AdS(d+1) energy (or the eigenvalue of the d-dimensional conformal Hamiltonian), and the dimension and Dynkin labels 
of SO(d) irrep at each level are given.

States AdS(d+1) energy E Dim of SO(d) irrep Dynkin labels of SO(d) irrep

|ψαg

0 〉 d
2 − 1 1 (0,0, . . . ,0)

B̃
†
M1

|ψαg

0 〉 d
2 d (1,0, . . . ,0)

B̃
†
(M1

B̃
†
M2)o

|ψαg

0 〉 d
2 + 1 (d−1)(d+2)

2 (2,0, . . . ,0)

B̃
†
(M1

B̃
†
M2

B̃
†
M3)o

|ψαg

0 〉 d
2 + 2 (d−1)d(d+4)

6 (3,0, . . . ,0)

.

.

.
.
.
.

.

.

.
.
.
.

B̃
†
(M1

. . . B̃
†
Mn)o

|ψαg

0 〉 d
2 + n − 1 (n+1)(n+2)...(n+d−3)(2n+d−2)

d! (n,0, . . . ,0)

.

.

.
.
.
.

.

.

.
.
.
.

on the lowest weight vector |ψαg

0 〉, which is a singlet of SO(d), they generate states whose SO(d)

Young tableaux have one row of n boxes:

· · ·︸ ︷︷ ︸
n boxes

(7.7)

8. Deformations of the minimal unitary representation of SO(d, 2)

In the previous section, we studied the minrep of SO(d, 2) using quasiconformal techniques 
and showed that it describes a massless scalar conformal field in d dimensions. In this section we 
shall describe how to obtain all possible “deformations” of the minrep of SO(d, 2) by extending 
the little group of massless states SO(d − 2)L generated by the “orbital” operators Lij by the 
addition of “spin operators” Sij :

Lij −→ Jij = Lij + Sij (8.1)

We shall denote the subgroup generated by Jij as SO(d − 2)J and its quadratic Casimir as J 2:

C2 [so(d − 2)J ] = J 2 = Jij Jij = L2 + S2 + 2L · S (8.2)

where S2 denotes the quadratic Casimir of so(d − 2)S generated by Sij and L · S = LijSij .
With the inclusion of spin terms, one can write a general Ansatz for K+, which is invariant 

under SO(d − 2)J , and impose the constraints due to Jacobi identities. Then one finds that all the 
Jacobi identities are satisfied if K+ has the form

K+ = 1

2
p2 + 1

x2

(
1

2
J 2 − 1

4
L2 − (d − 6)

2(d − 2)
S2 + 1

8
(d − 3) (d − 5)

)
. (8.3)

Furthermore one finds that replacement of so(d−2)L by so(d−2)J does not affect the generators 
M±,0 and � in grade 0 subspace, Ui and U†

i in grade −1 subspace, and K− in grade −2 subspace 
of so(d, 2). However it leads to modifications of the grade +1 generators Wi and W †

i involving 
Sij , according to equation (3.19):
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Wi = p ai − i

x

[
1

2
(d − 3) ai + i

(
Lij + 2Sij

)
aj

]

W
†
i = p a

†
i − i

x

[
1

2
(d − 3) a

†
i + i

(
Lij + 2Sij

)
a

†
j

]
(8.4)

Jacobi identities require that the spin generators Sij satisfy the constraint:

�ij = SikSjk + SjkSik − 2

(d − 2)
S2 δij = 0 (8.5)

Remarkably, this constraint (8.5) is precisely the condition that must be satisfied by the little 
group generators Sij of massless representations of the Poincaré group in d dimensions that ex-
tend to the unitary irreducible representations of the conformal group SO(d, 2) [33,34]. That the 
minrep corresponds to a massless conformal scalar field and its deformations describe higher spin 
massless conformal fields in d = 4, 5 and 6 dimensions were established in our previous work 
[1–4]. The above analysis shows that this is true in all spacetime dimensions, namely there is a 
one-to-one correspondence between massless conformal fields in d-dimensional Minkowskian 
spacetimes and the minrep of SO(d, 2) and its deformations. It is interesting to note that each 
such deformation corresponds to a particular realization of the Calogero model or the conformal 
quantum mechanics with the distinguished SU(1, 1)K subgroup acting as its symmetry group.

To summarize, of all the generators of so(d, 2):

so(d,2) = g(−2) ⊕ g(−1) ⊕ [� ⊕ so(d − 2)J ⊕ su(1,1)M ] ⊕ g(+1) ⊕ g(+2)

= K− ⊕
(

Ui , U
†
i

)
⊕ (

� ⊕ Jij ⊕ M±,0
) ⊕

(
Wi , W

†
i

)
⊕ K+ (8.6)

only K+ and Wi , W
†
i and Jij involve the spin operators Sij . We shall now give the quadratic 

Casimir of this deformed minrep of so(d, 2). Noting that

C2 [so(d − 2)J ] = Jij Jij = J 2

C2 [su(1,1)M ] = M0
2 − 1

2
(M+M− + M−M+) =M2 = 1

8
L2 + 1

16
(d − 2) (d − 6)

C2 [su(1,1)K ] = �2 − 2 (K+K− + K−K+) =K2

= −J 2 + 1

2
L2 + (d − 6)

(d − 2)
S2 − 1

4
(d − 2) (d − 6)

[UW ] = UiW
†
i + W

†
i Ui − U

†
i Wi − WiU

†
i = 2i

(
J 2 − S2

)
+ i (d − 2)2

(8.7)

the quadratic Casimir of the deformed so(d, 2) takes the form

C2 [so(d,2)] = C2 [so(d − 2)J ] + 4C2 [su(1,1)M ] − C2 [su(1,1)K ] + i [UW ]

= (d + 2)

(d − 2)
S2 − 1

2

(
d2 − 4

)
. (8.8)

Note that it reduces to the quadratic Casimir of the undeformed minrep of so(d, 2) when S2 = 0.
In our previous work the generators of spin operators Sij were realized as bilinears of 

fermionic oscillators. For conformal groups in d = 3, 4, 5 and 6 dimensions this is natu-
ral since they admit extensions to simple superalgebras OSp(N | 4, R), SU(2, 2 | N), F(4) and 



S. Fernando, M. Günaydin / Nuclear Physics B 904 (2016) 494–526 511
OSp(8∗ | 2N), respectively. Deformations of the minrep can then be fitted into unitary supermul-
tiplets of the corresponding superalgebras. For SU(2, 2 | N) and OSp(8∗ | 2N) the corresponding 
supermultiplets turn out to be doubleton supermultiplets that were constructed and studied long 
time ago [5,8]. Over the field of real and complex numbers there do not exist any simple con-
formal superalgebras beyond six dimensions that obey the usual spin and statistics connection 
and do not involve any extra tensorial generators [35]. The construction of the representations of 
compact orthogonal groups over the Fock spaces of fermionic oscillators is reviewed in Appen-
dices A and B. We shall discuss the application of this construction to the spin operators Sij and 
the study of the relevant representations that satisfy (8.5) in odd and even dimensions separately.

8.1. Deformation in odd dimensions

In our previous work on five-dimensional conformal algebra [4], we showed that SO(5, 2)

admits only two singleton representations, which are the analogs of Dirac singletons in three 
dimensions, corresponding to five-dimensional massless scalar and spinorial conformal fields. 
The minrep of SO(5, 2) is the scalar singleton representation and the unique “deformation” of 
the minrep, labelled by the spin 1/2 of the little group SO(3), is the spinorial singleton repre-
sentation. As discussed in Appendix A, this property extends to all odd-dimensional conformal 
algebras so(d, 2) – the minrep of SO(d, 2) for odd d admits a single nontrivial “deformation”. 
Therefore we shall introduce a “deformation parameter” ε = 0 or 1, so that the “undeformed” 
minrep corresponds to ε = 0, and the “deformed” minrep corresponds to ε = 1. As shown in Ap-
pendix A, the generators Sij of SO(d − 2)S describing this unique deformation can be realized 
in terms of a single set of fermionic oscillators transforming in the fundamental representation of 
u((d − 3)/2) subalgebra of so(d − 2)S for odd d . More specifically the Lie algebra so(d − 2)S
has a 5-grading with respect to its subalgebra u((d − 3)/2):

so(d − 2)S = g(−1) ⊕ g(−1/2) ⊕ g(0) ⊕ g(+1/2) ⊕ g(+1)

= Zrs ⊕ Yr ⊕ Trs ⊕ Y †
r ⊕ Z†

rs (8.9)

and its generators can be realized in terms of fermionic oscillators as follows:

Trs = 1

2

(
ξ†
r ξs − ξsξ

†
r

) Yr = 1√
2
ξr

Y †
r = 1√

2
ξ†
r

Zrs = ξrξs

Z†
rs = −ξ†

r ξ†
s

(8.10)

where r, s, · · · = 1, 2, . . . (d − 3)/2. Denoting the Fock vacuum as |0〉F , such that

ξr |0〉F = 0 (r = 1, . . . , (d − 3)/2) (8.11)

one finds that the entire fermionic Fock space spanned by the states4

|0〉F , ξ†
r1

|0〉F , ξ
†
[r1

ξ
†
r2] |0〉F , ξ

†
[r1

ξ†
r2

ξ
†
r3] |0〉F , . . . , ξ

†
[1 . . . ξ

†
d−3

2 ] |0〉F (8.12)

form the 2

(
d−3

2

)
-dimensional spinor irrep of SO(d − 2)S . The spin operators Sij can be recast in 

terms of 2n × 2n (n = (d − 3)/2) Euclidean Dirac gamma matrices γi as

Sij = 1

4
[γi, γj ] . (8.13)

4 [r1, r2, . . . , rn] denotes the complete anti-symmetrization with weight 1.
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In odd dimensions, the “coupling constant” G of the isotonic (singular) oscillator, which ap-
pears in the generator K+, can be written in the form

G = 1

4
L2 + εL · S + ε

1

2
(d − 3) + 1

8
(d − 3) (d − 5) (8.14)

where we have used the value of the quadratic Casimir S2 from equation (A.7). The parameter 
ε = 0 for the true minrep and ε = 1 for the unique deformation.

Let us now give the K-type decomposition of the unique “deformation” of the minrep of 
SO(d, 2) for all odd d . Consider the tensor product space of the Fock spaces of the a-type bosonic 
oscillators, the ξ -type fermionic oscillators, and the state space of the singular oscillator. Let |0〉
be the vacuum state annihilated by both ai and ξr :

ai |0〉 = 0 (i = 1, . . . , d − 2) ξr |0〉 = 0 (r = 1, . . . , (d − 3)/2) (8.15)

With respect to the isotonic “coupling constant” G in equation (8.14), this vacuum state has the 
eigenvalue

g (ε) = ε
1

2
(d − 3) + 1

8
(d − 3) (d − 5) . (8.16)

Therefore, the state of the form∣∣�(ε)

〉 = xαg(ε)e−x2/2 |0〉 (8.17)

is annihilated by all grade −1 operators in C− of so(d, 2), if αg(ε) satisfies:

αg(ε) = 1

2

(
1 +

√
(d − 4)2 + 4 (d − 3) ε

)
(8.18)

More specifically we have

αg(0) = (d − 3)

2
αg(1) = (d − 1)

2
. (8.19)

The state 
∣∣�(0)

〉
is the lowest weight vector of the true minrep and is a singlet of SO(d) which 

we denoted as |ψαg

0 〉 in section 6.
By acting on the state 

∣∣�(1)

〉
with all the generators of SO(d), one obtains a set of states 

which we will denote collectively as |�αg(1)
σ 〉, where σ = 1, . . . , 2

(d−1)
2 , transforming in the 

2

(
d−1

2

)
-dimensional spinor representation of SO(d), with the Dynkin labels (0, 0, . . . , 0, 1). They 

are eigenstates of the AdS(d+1) energy operator H with the eigenvalue

E
αg(1)

0 = 1

2
(d − 1) . (8.20)

Since the states |�αg(1)
σ 〉 are annihilated by all the operators in C− of so(d, 2), the deformed 

minrep of SO(d, 2) is also a unitary lowest weight representation, and the states |�αg(1)
σ 〉 form 

the lowest K-type of the spinorial singleton. All the other states of the “particle basis” of the 
spinorial singleton are obtained from the set of states |�αg(1)

σ 〉 by repeatedly acting with the 
deformed grade +1 operators in the C+ subspace of SO(d, 2):

|�αg(1)
σ 〉, B̃

†
M1

|�αg(1)
σ 〉, B̃

†
(M1

B̃
†
M2)o

|�αg(1)
σ 〉, B̃

†
(M1

B̃
†
M2

B̃
†
M3)o

|�αg(1)
σ 〉, . . . . (8.21)

In Table 2, we give the K-type decomposition of the unique deformed minrep (spinorial single-
ton) of SO(d, 2), for odd d . The deformed minrep (ε = 1) describes a massless spinor field in 
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Table 2
K-type decomposition of the deformed minimal unitary representation (spinorial singleton) of SO(d, 2), for odd d , with 
the lowest weight vector |�αg(1)

σ 〉. The AdS energy, and the dimension and the Dynkin labels of SO(d) irrep at each level 
are given.

States AdS(d+1) energy E Dim of SO(d) irrep Dynkin labels of SO(d) irrep∣∣∣�αg(1)
σ

〉
1
2 (d − 1) 2

(
d−1

2

)
(0,0, . . . ,0,1)

B̃
†
M1

∣∣∣�αg(1)
σ

〉
1
2 (d + 1) 2

(
d−1

2

)
· (d−1)!

1!(d−2)! (1,0, . . . ,0,1)

B̃
†
(M1

B̃
†
M2)o

∣∣∣�αg(1)
σ

〉
1
2 (d + 3) 2

(
d−1

2

)
· d!

2!(d−2)! (2,0, . . . ,0,1)

B̃
†
(M1

B̃
†
M2

B̃
†
M3)o

∣∣∣�αg(1)
σ

〉
1
2 (d + 5) 2

(
d−1

2

)
· (d+1)!

3!(d−2)! (3,0, . . . ,0,1)

.

.

.
.
.
.

.

.

.
.
.
.

B̃
†
(M1

. . . B̃
†
Mn)o

∣∣∣�αg(1)
σ

〉
1
2 (d + 2n − 1) 2

(
d−1

2

)
· (d+n−2)!

n!(d−2)! (n,0, . . . ,0,1)

.

.

.
.
.
.

.

.

.
.
.
.

d dimensions, and together with the true minrep (ε = 0), which describes a massless scalar field, 
they exhaust the list of conformally massless fields in odd-dimensional spacetimes [33].

8.2. Deformations in even dimensions

As stated above, in four and six dimensions the minrep of the conformal group admits an 
infinite set of deformations which correspond to higher spin massless conformal fields [1–3]. In 
four dimensions there exist a continuous infinity of massless conformal fields labelled by helicity. 
Similarly in six dimensions there exist a discrete infinity of massless conformal fields labelled by 
the spin of an SU(2) subgroup of the little group SO(4) of massless particles. Let us now show 
that the minrep of the even conformal group SO(d, 2) admits an infinite set of deformations for 
all d > 6 as well.

In Appendix B we review the construction of the representations of SO(2n) over the Fock 
spaces of an arbitrary number of fermionic oscillators transforming in the fundamental repre-
sentation of the u(n) subalgebra of so(2n) and present their Gelfand–Zetlin as well as Dynkin 
labels following [36]. We shall apply this construction to the representations of the little group 
SO(d − 2)S of massless particles, generated by Sij . Using the 3-grading of the Lie algebra 
so(d − 2) with respect to its subalgebra u((d − 2)/2):

so((d − 2)/2)S = g(−1) ⊕ g(0) ⊕ g(+1)

= Zrs ⊕ Trs ⊕ Z†
rs (8.22)

one realizes its generators as bilinears of fermionic oscillators as follows:

Zrs = 
αr · 
βs − 
αs · 
βr + ε ξrξs

Trs = 
α†
r · 
αs − 
βs · 
β†

r + ε

2

(
ξ†
r ξs − ξsξ

†
r

)
Z†

rs = −
α†
r · 
β†

s + 
α†
s · 
β†

r − ε ξ†
r ξ†

s (8.23)

where r, s, · · · = 1, 2, . . . , (d −2)/2 ; ε = 0, 1 and 
αr · 
βs = ∑P
K=1 αr(K)βs(K). The expressions 

of the generators Sij in terms of the above bilinears are given in Appendix B (equation (B.3)). 
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The representations of even orthogonal groups SO(d −2) that satisfy the constraint (8.5) have the 
Dynkin labels (0, . . . , 0, 0, f )D or (0, . . . , 0, f, 0)D , where f is a non-negative integer [33,34]. 
These irreducible representations have the Gelfand–Zetlin labels

(0, . . . ,0,0, f )D =
(

f

2
, . . . ,

f

2
,
f

2

)
GZ

(0, . . . ,0, f,0)D =
(

f

2
, . . . ,

f

2
,−f

2

)
GZ

where f = 2P +ε is the number of colors of fermionic oscillators transforming in the fundamen-
tal representation of the subgroup U((d − 2)/2). For d = 4k + 2, where k is a positive integer, 
these massless irreps have the following lowest weight vectors in the fermionic Fock space:

(0, . . . ,0,0, f )D ⇐⇒ |0〉
(0, . . . ,0, f,0)D ⇐⇒ α

†
(r1

(1)β†
s1

(1)α†
r2

(2)β†
s2

(2) . . . α†
rP

(P )β†
sP

(P )ξ
†
t)

|0〉 (8.24)

and (r1, s1, . . . , t) denotes complete symmetrization of indices.5 For d = 4k, where k is a positive 
integer, the roles of the lowest weight vectors above are reversed:

(0, . . . ,0,0, f )D ⇐⇒ α
†
(r1

(1)β†
s1

(1)α†
r2

(2)β†
s2

(2) . . . α†
rP

(P )β†
sP

(P )ξ
†
t)

|0〉
(0, . . . ,0, f,0)D ⇐⇒ |0〉 (8.25)

Since f = 2P + ε, where P = 0, 1, . . . and ε = 0, 1, we have an infinite set of deformations 
of the minrep that are in one-to-one correspondence with the conformally massless representa-
tions of SO(d, 2) for even d , that remain irreducible under reduction to the Poincaré group in 
d dimensions.

One finds that the quadratic Casimir S2 have the eigenvalues

S2 = 1

4
(d − 2)f (d + f − 4) (8.26)

for the massless irreps of SO(d − 2) in even dimensions in agreement with [33,34]. Note that 
these eigenvalues depend only on f and enter into the “coupling constant” G that appears in the 
generator K+:

G = 1

4
L2 +L · S + 2

(d − 2)
S2 + 1

8
(d − 3) (d − 5) (8.27)

We shall now give the K-type decomposition of the deformations of the minrep of SO(d, 2)

for all even d . Let |0〉F be the vacuum of the Fock space of fermionic oscillators:

αr(K) |0〉F = 0 βr(K) |0〉F = 0 ξr |0〉F = 0 (8.28)

where r = 1, . . . , n = 1, . . . , d−2
2 and K = 1, . . . , P . By acting on this vacuum state with the 

corresponding fermionic creation operators αr(K)†, βr(K)†, ξ†
r , one can obtain a basis for this 

2
f

(
d−2

2

)
-dimensional Fock space. Now consider the tensor product space of the Fock spaces 

of the a-type bosonic oscillators, α-type, β-type and ξ -type fermionic oscillators, and the state 

5 In the definition of the completely-symmetrized state, ξ†
t is absent if ε = 0.
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space of the singular oscillator. Let |0〉 be the tensor product of the vacuum state |0〉B annihilated 
by all ai and the fermionic Fock vacuum |0〉F :

ai |0〉 = 0 (i = 1, . . . , d − 2)

αr(K) |0〉 = 0 βr(K) |0〉 = 0 ξr |0〉 = 0 (r = 1, . . . , (d − 2)/2) (8.29)

With respect to the isotonic “coupling constant” G in equation (8.27), the vacuum state has the 
eigenvalue

g (f ) = 1

2
f (d − 4 + f ) + 1

8
(d − 3) (d − 5) . (8.30)

Therefore, the state∣∣�(f )(0)
〉 = xαg(f )e−x2/2 |0〉 (8.31)

and the state∣∣�(f )(S)
〉 = xαg(f )e−x2/2α

†
(r1

(1)β†
s1

(1)α†
r2

(2)β†
s2

(2) . . . α†
rP

(P )β†
sP

(P )ξ
†
t)

|0〉 (8.32)

are annihilated by all grade −1 operators in C− of so(d, 2), if αg(f ) is chosen to be

αg(f ) = 1

2
(d + 2f − 3) . (8.33)

Since[
B̃M , M̃NP

] = i
(
δMN B̃P − δMP B̃N

)
(see equation (5.9)), all the states generated by the action of M̃NP on 

∣∣�(f )(0)
〉

or 
∣∣�(f )(S)

〉
will 

be annihilated by B̃M . These states, generated by the action of M̃NP , form the lowest K-type 
of a unitary lowest weight representation of SO(d, 2). These lowest K-types turn out to be the 
representations (0, . . . ,0,0, f )D or (0, . . . ,0, f,0)D of SO(d) for even d . They are all eigen-
states of the AdS energy operator H that determines the compact 3-grading of SO(d, 2). These 
eigenvalues turn out to be equal for the two representations:

E0(f ) = 1

2
αg(f ) + 1

4
(d − 1) = 1

2
(d + f − 2) (8.34)

In Tables 3 and 4, we give the lowest K-type of all the unitary lowest weight representations 
of SO(d, 2) for even d and their K-type decompositions.

9. AdS(d+1)/CFTd bosonic higher spin algebra

Before constructing the higher spin algebra in d dimensions, it is useful to write down the 
so(d, 2) generators in the “canonical basis”, that we denote as MAB (A, B = 0, 1, . . . , d + 1). In 
terms of the generators in the compact 3-grading with respect to C0 = so(d) ⊕ so(2), they are 
defined as

M0M = 1

2

(
B̃

†
M + B̃M

)
MMN = M̃MN

M0,d+1 = H

MM,d+1 = i

2

(
B̃

†
M − B̃M

)
(9.1)

They satisfy the canonical commutation relations:
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Table 3
K-type decomposition of the deformed minimal unitary representation of SO(d, 2), for even d , obtained from the lowest 
weight vector 

∣∣�(f )(0)
〉 = | E0(f ) , (0, . . . , 0, 0, f ) 〉. The AdS energy and the Dynkin labels of SO(d) irrep at each level 

are given.

States AdS(d+1) energy E Dynkin labels of SO(d) irrep∣∣�(f )(0)
〉 1

2 (d + f − 2) (0,0, . . . ,0,0, f )

B̃
†
M1

∣∣�(f )(0)
〉 1

2 (d + f ) (1,0, . . . ,0,0, f )

B̃
†
(M1

B̃
†
M2)o

∣∣�(f )(0)
〉 1

2 (d + f + 2) (2,0, . . . ,0,0, f )

B̃
†
(M1

B̃
†
M2

B̃
†
M3)o

∣∣�(f )(0)
〉 1

2 (d + f + 4) (3,0, . . . ,0,0, f )

.

.

.
.
.
.

.

.

.

B̃
†
(M1

. . . B̃
†
Mn)o

∣∣�(f )(0)
〉 1

2 (d + f + 2n − 2) (n,0, . . . ,0,0, f )

.

.

.
.
.
.

.

.

.

Table 4
K-type decomposition of the deformed minimal unitary representation of SO(d, 2), for even d , obtained from the lowest 
weight vector 

∣∣�(f )(S)
〉 = | E0(f ) , (0, . . . , 0, f, 0) 〉. The AdS energy and the Dynkin labels of SO(d) irrep at each level 

are given.

States AdS(d+1) energy E Dynkin labels of SO(d) irrep∣∣�(f )(S)
〉 1

2 (d + f − 2) (0,0, . . . ,0, f,0)

B̃
†
M1

∣∣�(f )(S)
〉 1

2 (d + f ) (1,0, . . . ,0, f,0)

B̃
†
(M1

B̃
†
M2)o

∣∣�(f )(S)
〉 1

2 (d + f + 2) (2,0, . . . ,0, f,0)

B̃
†
(M1

B̃
†
M2

B̃
†
M3)o

∣∣�(f )(S)
〉 1

2 (d + f + 4) (3,0, . . . ,0, f,0)

.

.

.
.
.
.

.

.

.

B̃
†
(M1

. . . B̃
†
Mn)o

∣∣�(f )(S)
〉 1

2 (d + f + 2n − 2) (n,0, . . . ,0, f,0)

.

.

.
.
.
.

.

.

.

[MAB , MCD] = i (ηBCMAD − ηACMBD − ηBDMAC + ηADMBC) (9.2)

where ηAB = diag (−,+, . . . ,+,−).
In terms of the generators in the non-compact three grading D, Mμν , Pμ, Kμ (μ, ν =

0, . . . , d − 1), the generators MAB can be expressed as:

Mμν =Mμν

Mμ,d = 1

2

(
Pμ −Kμ

) Mμ,d+1 = 1

2

(
Pμ +Kμ

)
Md,d+1 = −D (9.3)

The AdS(d+1)/CFTd higher spin algebra of Fradkin–Vasiliev type simply corresponds to the 
universal enveloping algebra of SO(d, 2), quotiented by its Joseph ideal [4,13–15,18,19,37]. We 
recall that the universal enveloping algebra U (g) of a Lie algebra g is defined as the quotient:

U (g) = G /L (9.4)

where G is the associative algebra freely generated by elements of g, and L is the ideal of G
generated by elements of form {gh − hg − [g, h]}, (g, h ∈ g) where [g, h] denotes the commu-
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tator. The Joseph ideal of a Lie algebra g is a two-sided ideal inside its universal enveloping 
algebra that annihilates its minrep.

We shall denote the corresponding higher spin algebra as hs(d, 2):

hs(d,2) = U (d,2)

J (d,2)
(9.5)

where U (d, 2) is the universal enveloping algebra of so(d, 2) and J (d, 2) is its Joseph ideal.
An explicit formula for the generators of the Joseph ideal of SO(d, 2) was given by Eastwood 

in [37]:

JABCD = MABMCD − MAB � MCD − 1

2
[MAB , MCD] + (d − 2)

4d(d + 1)
〈MAB,MCD〉1

= 1

2
MAB · MCD − MAB � MCD + (d − 2)

4d(d + 1)
〈MAB,MCD〉1 . (9.6)

In the above expression, the symbol · denotes the symmetric product of two generators of 
so(d, 2):

MAB · MCD = MABMCD + MCDMAB , (9.7)

the symbol � denotes the Cartan product of two generators of so(d, 2) [38]:

MAB � MCD

= 1

3
MABMCD + 1

3
MDCMBA

+ 1

6
MACMBD − 1

6
MADMBC + 1

6
MDBMCA − 1

6
MCBMDA

− 1

2d

(
ηBDMAEMC

E − ηADMBEMC
E + ηACMBEMD

E − ηBCMAEMD
E
)

− 1

2d

(
ηBDMCEMA

E − ηADMCEMB
E + ηACMDEMB

E − ηBCMDEMA
E
)

+ 1

d(d + 1)
MEF MEF (ηACηBD − ηBCηAD) , (9.8)

and 〈MAB, MCD〉 denotes the Killing form of SO(d, 2):

〈MAB,MCD〉
= − 2d

(d2 − 4)
MEF MGH

(
ηEGηFH − ηEH ηFG

)
(ηACηBD − ηADηBC) (9.9)

where ηAB is the SO(d, 2) invariant metric.
The decomposition of the enveloping algebra U (d, 2) under the adjoint action of so(d, 2)

is equivalent to computing symmetric products of the adjoint representation of so(d, 2) whose 
Young tableau is

MAB ∼ . (9.10)

The symmetric tensor product of the adjoint representation of SO(d, 2) decomposes as follows:
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(
⊗

)
S

= ⊕ ⊕ ⊕ •

(
(d + 2)(d + 1)

2
⊗ (d + 2)(d + 1)

2

)
S

= (d + 2)(d + 3)(d + 4)(d − 1)

12

⊕ (d + 2)!
(d − 2)!4!

⊕
(

(d + 2)(d + 3)

2
− 1

)
⊕ 1 (9.11)

where • represents the quadratic Casimir of SO(d, 2). As was pointed out by Vasiliev in [18], the 
higher spin gauge fields in AdS(d+1) are described by traceless two-row Young tableaux:

· · ·
· · ·

︸ ︷︷ ︸
n boxes

(9.12)

Therefore one has to remove all the representations on the right hand side of equation (9.11)
except for the window diagram. This is precisely what one achieves by quotienting the enveloping 
algebra by the Joseph ideal. After quotienting the enveloping algebra by the Joseph ideal, the 
generators of the infinite higher spin algebra decompose under the finite dimensional subalgebra 
so(d, 2) as

⊕ ⊕ . . . ⊕ · · ·
· · · ⊕ . . . (9.13)

For the minimal unitary realization of SO(d, 2) obtained via the quasiconformal methods, 
the generators JABCD of the Joseph ideal vanish identically as operators. This was shown to 
be the case for d = 3, 4, 5, 6 dimensions earlier [4,13,14]. We have verified that this is true in 
all dimensions. Therefore the enveloping algebra of the minimal unitary realization of SO(d, 2)

obtained by quantizing its quasiconformal realization leads directly to the bosonic higher spin 
AdS(d+1)/Confd algebra for all d .

As we established above in section 8, the minimal unitary representation of SO(d, 2) admits 
deformations, which are in one-to-one correspondence with the unitary irreducible representa-
tions that describe conformally massless fields in d-dimensional Minkowskian spacetimes. As 
was done in d = 4, 5, 6 dimensions, we shall define deformations of the bosonic higher spin 
algebras as enveloping algebras of the deformed minreps. For the deformed minreps, the rep-

resentation in the symmetric tensor product of the adjoint representation does not vanish, 

while the representation still vanishes:

ηCDMAC · MDB = 0 (9.14)

Therefore the gauge fields of deformed higher spin algebras will not consist only of those that 
correspond to traceless two-row Young tableaux. The Young tableaux of the representations of 
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higher spin gauge fields defined by the deformed higher spin algebras will be given by the sym-

metric tensor products of the adjoint of SO(d, 2) subject to the constraint:

(
⊗

)
Sym

= ⊕

To understand how the Joseph ideal gets deformed when going from the minrep to a deformed 
minrep, one decomposes the SO(d, 2)-covariant generators JABCD of the Joseph ideal with re-
spect to the SO(d − 1, 1) (Lorentz) subgroup.

First we have the lightlike conditions for momentum and special conformal generators:

P 2 = PμPμ = 0 , K2 = KμKμ = 0 (9.15)

which hold for both the minrep and its deformations.
The generators of JABCD that are quadratic in the generators of SO(d, 2) and vanish for the 

minrep are as follows:

d D ·D +Mμν · Mμν + (d − 2)

2
Pμ ·Kμ = 0

Pμ · (Mμν + ημν D
) = 0

Kμ · (Mμν − ημν D
) = 0

ημν Mμρ ·Mνσ −P(ρ ·Kσ) + (d − 2) ηρσ = 0

Mμν ·Mρσ +Mμσ ·Mνρ +Mμρ ·Mσν = 0

D ·Mμν +P[μ ·Kν] = 0

M[μν ·Pρ] = 0

M[μν ·Kρ] = 0 (9.16)

In the above equations, symmetrizations (round brackets) and anti-symmetrizations (square 
brackets) are done with weight one. However, we should stress that the dot product of two oper-
ators A and B is defined as A · B = AB + BA.

When the expressions for the generators of the deformed minrep of SO(d, 2), which involve 
fermionic oscillators, are substituted in the above identities only the first three identities are satis-
fied and the remaining five identities get modified by “spin”-dependent terms involving fermionic 
oscillators. For example, the fourth identity becomes:

ημνMμρ ·Mνσ −P(ρ ·Kσ) −
[

2

(d − 2)
S2 − (d − 2)

]
ηρσ = 0 (9.17)

where S2 is the Casimir of SO(d − 2)S . There are similar changes in the last four identities.

10. Conclusions

Extending our earlier work we have shown that there is a one-to-one correspondence between 
the minimal unitary representation of SO(d, 2) and its deformations and conformally massless 
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fields in d-dimensional Minkowskian spacetimes. The minrep describes a massless conformal 
scalar field, while the deformations describe massless conformal fields that transform nontrivially 
under the little group SO(d − 2) in d-dimensions. Joseph ideal generators vanish identically as 
operators for the minrep obtained via the quasiconformal methods. Similarly for the deformed 
minreps certain deformations of the Joseph ideal generators involving the spin terms vanish as 
operators.

Again extending earlier work, we have shown how the enveloping algebras of the deformed 
minreps lead directly to deformations of the standard bosonic higher spin algebras in all dimen-
sions. These deformed higher spin algebras are defined as the quotient of the universal enveloping 
algebras of SO(d, 2) by the respective deformed Joseph ideals. Consequently, the higher spin al-
gebras are in one-to-one correspondence with the conformally massless unitary representations 
of SO(d, 2) in d dimensional Minkowskian spacetimes.

In dimensions d ≤ 6, the minimal unitary representation of the conformal group SO(d, 2) and 
its deformations can be fitted into the minimal unitary supermultiplet of a Lie superalgebra that 
extends the Lie algebra of SO(d, 2) and its deformed supermultiplets. For example, the minimal 
unitary supermultiplet of PSU(2, 2|4) is the N = 4 Yang–Mills multiplet, and the minimal uni-
tary supermultiplet of OSp(8∗|4) is the (2, 0) tensor multiplet in six dimensions. The enveloping 
algebras of the minreps of the conformal Lie superalgebras in d ≤ 6 and deformations thereof 
define the higher spin superalgebras and their deformations in the respective dimensions. Since 
no simple Lie superalgebras over the real or complex field, that extend the conformal algebra 
so(d, 2) by a compact R-symmetry group [35], exist beyond six dimensions, we do not expect 
the minrep and its deformations beyond six dimensions to fit into unitary representations of a 
simple Lie superalgebra that obeys the usual spin and statistics connection.

It was shown in [39] that the three dimensional conformal theories with a unique stress energy 
tensor and a conserved higher spin current that are dual to Vasiliev type higher spin theories in 
AdS4 are free. As was pointed out in [13,14], since the minrep and its deformations obtained via 
the quasiconformal approach are isomorphic to doubleton representations in d = 4 and d = 6
which are obtained by realizing the generators as bilinears of covariant twistorial oscillators, 
the conformal field theories that are dual to Vasiliev type theories must be free or interacting but 
integrable. Since there is a one-to-one correspondence between the massless conformal fields and 
higher spin algebras and their deformations in all dimensions we expect such a duality to hold for 
any d . The latter possibility of a duality with an interacting and integrable conformal field theory 
is suggested by the fact that quasiconformal realizations of the minrep and its deformations 
are non-linear, involving cubic and quartic terms for d > 3.6 A concrete result in support of 
this comes from the results of [40] where the quasiconformal construction of the minrep of 
D(2, 1; α) and its deformations were shown to describe the spectra of N = 8 supersymmetric 
interacting quantum mechanical models that were studied using harmonic superspace techniques 
in [41]. Furthermore the quasiconformal realizations of minreps and their deformations all have 
a distinguished SL(2, R) subalgebra which is of the form that comes up in Calogero models or 
conformal quantum mechanical models which are integrable. This suggests the possibility that 
an interacting but integrable conformal field theory that is dual to an higher spin theory may be a 
dimensionally reduced CFT.

6 Conformal group in d = 3 is isomorphic to the symplectic group Sp(4, R) for which the quartic invariant vanishes 
and the quasiconformal realization reduces to twistorial bilinear construction.
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Appendix A. Realization of SO(d − 2)S for odd d

In this appendix we review the construction given in [42] of the irreps of the compact odd 
orthogonal groups SO(2n + 1) in the Fock space of fermionic oscillators. The Lie algebra 
so(2n + 1) can be given a 5-graded decomposition with respect to its u(n) subalgebra as

so(2n + 1)S = g(−1) ⊕ g(−1/2) ⊕ g(0) ⊕ g(+1/2) ⊕ g(+1)

= Zrs ⊕ Yr ⊕ Trs ⊕ Y †
r ⊕ Z†

rs (A.1)

such that the operators belonging to various-grade subspaces satisfy the commutation relations:

[Trs , Ttu] = δst Tru − δur Tts

[
Z†

rs , Ztu

]
= δrt Tsu − δst Tru − δru Tst + δsu Trt[

Y †
r , Ys

]
= Trs [Yr , Ys] = Zrs

[
Y †

r , Y †
s

]
= −Z†

rs[
Trs , Y

†
t

]
= δst Y

†
r

[
Trs , Z

†
tu

]
= δst Z

†
ru − δsu Z

†
rt

[
Zrs , Y

†
t

]
= δst Yr − δrt Ys

[Trs , Yt ] = −δrtYs [Trs , Ztu] = −δrtZsu + δruZst

[
Z†

rs , Yt

]
= δrtY

†
s − δstY

†
r

(A.2)

The generators Sij of so(2n + 1) = so(d − 2)S in the canonical basis can be expressed in 
terms of the above operators as follows:

Sr,d−2 = 1

2

(
Yr + Y †

r

)
− i

2

(
Yr − Y †

r

)
Sd−3

2 +r,d−2 = 1

2

(
Yr + Y †

r

)
+ i

2

(
Yr − Y †

r

)
(A.3a)

Sr,s = i
[
Sr,d−2 , Ss,d−2

] = 1

2

(
Zrs + Z†

rs

)
+ i

2
(Trs − Tsr )

S
r, d−3

2 +s
= i

[
Sr,d−2 , S d−3

2 +s,d−2

]
= i

2

(
Zrs − Z†

rs

)
− 1

2
(Trs + Tsr )

S d−3
2 +r, d−3

2 +s
= i

[
Sd−3

2 +r,d−2 , S d−3
2 +s,d−2

]
= −1

2

(
Zrs + Z†

rs

)
+ i

2
(Trs − Tsr) (A.3b)

where r, s = 1, . . . , n = 1, . . . , d−3
2 .

They satisfy the commutation relations of the algebra so(d − 2)S :[
Sij , Skl

] = i
(
δjkSil − δikSjl − δjlSik + δilSjk

)
(A.4)

as well as the constraint given in equation (8.5).
The “singletonic” realization of so(2n + 1) is obtained by realizing its generators in terms of 

a single set of fermionic oscillators ξr and ξ†
r (r = 1, . . . , n) that transforms in the fundamental 

representation of u(n) and satisfies{
ξr , ξ†

s

}
= δrs {ξr , ξs} =

{
ξ†
r , ξ†

s

}
= 0 (A.5)
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and

Trs = 1

2

(
ξ†
r ξs − ξsξ

†
r

) Yr = 1√
2
ξr

Y †
r = 1√

2
ξ†
r

Zrs = ξrξs

Z†
rs = −ξ†

r ξ†
s . (A.6)

The entire Fock space of these fermionic oscillators forms the spinor representation of 
SO(2n + 1) of dimension 2n and satisfies the condition (8.5). Furthermore, the quadratic Casimir 
reduces to a c-number

C2 [so(d − 2)S] = S2 = SijSij = 1

4
(d − 2) (d − 3) (A.7)

for this irrep.
All the irreps of SO(2n + 1) can be constructed over the Fock space of an arbitrary num-

ber of fermionic oscillators αr(K), βr(K), ψ(K), ξr and their hermitian conjugates α†
r (K), 

β
†
r (K), ψ†(K), ξ†

r , where K = 1, . . . , P is a “color” index. The general form of the generators 
of so(2n + 1) in the 5-graded decomposition were given in [42]:

Zrs = 
αr · 
βs − 
αs · 
βr + ε ξrξs

Yr = 
αr · 
ψ† − 
βr · 
ψ + ε√
2
ξr

Trs = 
α†
r · 
αs − 
βs · 
β†

r + ε

2

(
ξ†
r ξs − ξsξ

†
r

)
Y †

r = 
ψ · 
α†
r − 
ψ† · 
β†

r + ε√
2
ξ†
r

Z†
rs = −
α†

r · 
β†
s + 
α†

s · 
β†
r − ε ξ†

r ξ†
s (A.8)

where ε = 0, 1 and the ‘dot product’ denotes summation over all pairs of oscillators labelled by 
the “color” or “family” index K , e.g. 
αr · 
βs = ∑P

K=1 αr(K)βs(K). Hence we have a realization 
of SO(2n + 1) in terms of f = 2P + ε sets of fermionic creation and annihilation operators 
transforming in the fundamental and anti-fundamental representation of U(n), respectively. They 
satisfy the canonical anticommutation relations{

αr(K) , α†
s (L)

}
=

{
βr(K) , β†

s (L)
}

= δrs δKL

{
ψ(K) , ψ†(L)

}
= δKL

{αr(K) , αs(L)} = {βr(K) , βs(L)} = {αr(K) , βs(L)} =
{
αr(K) , β†

s (L)
}

= 0

{αr(K) , ψ(L)} =
{
αr(K) , ψ†(L)

}
= {βr(K) , ψ(L)} =

{
βr(K) , ψ†(L)

}
= 0 (A.9)

in addition to those in equation (A.5).
In the Fock space of all fermionic oscillators, the irreps of SO(2n + 1) = SO(d − 2) are 

uniquely determined by a set of states, that transforms irreducibly under the subgroup U(n) and 
are annihilated by the grade −1/2 generators Yr , which we shall refer to as the “lowest weight 
vector” by an abuse of terminology since they contain a true lowest weight vector.

As was proven in [34] for odd orthogonal groups SO(d − 2) the only irreducible nontrivial 
representation that satisfies the condition (8.5)

�ij = SikSjk + SjkSik − 2
δij S2 = 0
(2n + 1)



S. Fernando, M. Günaydin / Nuclear Physics B 904 (2016) 494–526 523
is the 2n-dimensional spinor representation with 2n +1 = d −2. This is simply the irrep obtained 
by the singletonic realization of SO(2n + 1) in terms of a single set of oscillators, i.e. P = 0
and ε = 1 with the Fock vacuum |0〉 as the lowest weight vector. The full Fock space of n
fermionic oscillators ξ†

r form the 2n-dimensional irreducible spinor representation of SO(2n +1). 
Equivalently the action of the generators Sij on the entire Fock space can be represented in terms 
of 2n × 2n gamma matrices γi , which satisfy the Clifford algebra{

γi , γj

} = 2 δij , (A.10)

as

Sij = 1

4

[
γi , γj

]
(A.11)

which does satisfy the condition (8.5).

Appendix B. Realization of SO(d − 2)S for even d

Fermionic oscillator realization of even orthogonal Lie algebras, as studied in [36], can be 
obtained from the odd-dimensional orthogonal Lie algebras by truncating away the generators 
Yr and Y †

r belonging to the grade ±1/2 subspaces reviewed above in Appendix A. This leads 
naturally to the 3-grading of so(d − 2)S for even d [36]:

so(2n) = g(−1) ⊕ g(0) ⊕ g(+1)

= Zrs ⊕ Trs ⊕ Z†
rs (B.1)

where

Zrs = 
αr · 
βs − 
αs · 
βr + ε ξrξs

Trs = 
α†
r · 
αs − 
βs · 
β†

r + ε

2

(
ξ†
r ξs − ξsξ

†
r

)
Z†

rs = −
α†
r · 
β†

s + 
α†
s · 
β†

r − ε ξ†
r ξ†

s (B.2)

The generators Sij of so(2n) = so(d − 2)S in the canonical basis can be expressed in terms 
of the above operators as follows:

Srs = 1

2

(
Zrs + Z†

rs

)
+ i

2
(Trs − Tsr )

S
r, d−2

2 +s
= i

2

(
Zrs − Z†

rs

)
− 1

2
(Trs + Tsr )

S d−2
2 +r, d−2

2 +s
= −1

2

(
Zrs + Z†

rs

)
+ i

2
(Trs − Tsr ) (B.3)

where r, s = 1, . . . , n = 1, . . . , d−2
2 .

They satisfy the commutation relations of the algebra so(d − 2)S :[
Sij , Skl

] = i
(
δjkSil − δikSjl − δjlSik + δilSjk

)
(B.4)

with the quadratic Casimir

C2 [so(d − 2)S] = S2 = Sij Sij . (B.5)

One can obtain all the irreps of SO(2n) over the Fock space of these fermionic oscillators [36]. 
The irreps can be uniquely labelled by the U(n) Young tableaux of a set of states in the Fock 
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Table 5
The U(n) Young-tableau label of a lowest U(n) representation and the Gelfand–Zetlin and Dynkin labels of the cor-
responding irrep of SO(2n) for even n. The integer f = 2P + ε (P = 1, 2, . . . and ε = 0, 1) designates the number of 
colors of the fermionic oscillators transforming in the fundamental representation of the U(n) subgroup.

U(n) Young-tableau of the lowest U(n) rep
[
l1 , l2 , . . . , ln

]
YT

Gelfand–Zetlin labels of the SO(2n) irrep
(

f
2 − ln ,

f
2 − ln−1 , . . . ,

f
2 − l1

)
GZ

Dynkin labels of the SO(2n) irrep
(
ln−1 − ln , ln−2 − ln−1 , . . . , l2 − l3 , l1 − l2 , f − l1 − l2

)
D

Table 6
The U(n) Young-tableau label of a lowest U(n) representation and the Gelfand–Zetlin and Dynkin labels of the corre-
sponding irrep of SO(2n) for odd n. The integer f = 2P + ε (P = 1, 2, . . . and ε = 0, 1) designates the number of colors 
of the fermionic oscillators transforming in the fundamental representation of the U(n) subgroup.

U(n) Young-tableau of the lowest U(n) rep
[
l1 , l2 , . . . , ln

]
YT

Gelfand–Zetlin labels of the SO(2n) irrep
(

f
2 − ln ,

f
2 − ln−1 , . . . ,

f
2 − l2 , l1 − f

2

)
GZ

Dynkin labels of the SO(2n) irrep
(
ln−1 − ln , ln−2 − ln−1 , . . . , l2 − l3 , f − l1 − l2 , l1 − l2

)
D

space that transform irreducibly under U(n) and are annihilated by the grade −1 generators Zrs . 
We shall refer to this set of states simply as lowest U(n) representation. The relationship between 
the Young tableaux labels of the lowest U(n) representations and the Gelfand–Zetlin labels as 
well as Dynkin labels of the corresponding irreps of SO(2n) were given in [36], which we repro-
duce in Tables 5 and 6.

As was shown in [34], the representations of even orthogonal groups SO(2n) that satisfy 
the constraint (8.5) have the Dynkin labels (0, . . . , 0, 0, f )D or (0, . . . , 0, f, 0)D , where f is 
a non-negative integer. The representations (0, . . . , 0, 0, f )D of SO(2n), with Gelfand–Zetlin 
labels

(0, . . . ,0,0, f )D =
(

f

2
, . . . ,

f

2
,
f

2

)
GZ

have:

• for even n = (d−2)
2 , the lowest U(n) representation generated from the Fock vacuum |0〉

• for odd n = (d−2)
2 , the lowest U(n) representation generated from a state of the form

α
†
(r1

(1)β†
s1

(1)α†
r2

(2)β†
s2

(2) . . . α†
rP

(P )β†
sP

(P )ξ
†
t)

|0〉

On the other hand, the representations (0, . . . , 0, f, 0)D of SO(2n), with Gelfand–Zetlin labels

(0, . . . ,0, f,0)D =
(

f

2
, . . . ,

f

2
,−f

2

)
GZ

have:

• for even n = (d−2)
2 , the lowest U(n) representation generated from a state of the form

α
†
(r1

(1)β†
s1

(1)α†
r2

(2)β†
s2

(2) . . . α†
rP

(P )β†
sP

(P )ξ
†
t)

|0〉
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• for odd n = (d−2)
2 , the lowest U(n) representation generated from the Fock vacuum |0〉

Note that f = 2P + ε is the number of sets of fermionic creation and annihilation operators, and 
(r1s1 . . . t) of fermionic indices denotes complete symmetrization.7

Since f = 2P +ε, where P = 0, 1, . . . and ε = 0, 1, we have an infinite set of deformations of 
the minrep that are in one-to-one correspondence with the conformally massless representations 
of SO(d, 2).

Appendix C. Indices used in the paper

Here we give a list of indices we used in this paper and their ranges:

i, j, k, l = 1, . . . , d − 2 SO(d − 2) vector indices

a, b, c, d = 1,2 Sp(2,R) spinor indices

μ,ν,ρ, τ = 0, . . . , d − 1 SO(d − 1,1) vector indices

M,N,P,Q = 1, . . . , d SO(d) vector indices

A,B,C,D,E,F = 0, . . . , d + 1 SO(d,2) vector indices

r, s, t, u = 1, . . . ,
d − 3

2
SO(d − 2)S spinor indices for odd d

r, s, t, u = 1, . . . ,
d − 2

2
SO(d − 2)S spinor indices for even d (C.1)
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