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Abstract. In this paper we will classify all the minimal bilinear algorithms for computing the

cients o P YTAVA Ll I S QO Y where deg Ofu Pl isirreducible
coefficients Uf(Z[:O X;u )(ZI:O v ) mod G{u) where ch Q(u) :j,jl, =#nand Q(ii) isirreducible.

The case where [ = 1 was studied in [1]. For / > 1 the main results are that we have to distinguish
between two cases: j > 1 and j= 1. The first case is discussed here while the second is classified
in [4]. For j>1 it is shown that up to equivalence every minimal (27 — 1 multiplications) bilinear
algorithm for computing the coefficients of (Z:.';é x,ui)(Z',';‘; yu') mod Q(u) is done by first

n~1

computing the coefficients of (¥,—, xu')(5 2! yu') and then reducing it modulo Q(u)' (similar
to the case I=1, [1]).

1. Introduction

In this paper we will classify all the minimal bilinear (noncommutative) algorithms
for computing the coefficients of the product of two peolynomials modulo a third
one. First we need to establish a precise framework. Let G be a field, G[u] be the
polynomial ring in u over the field G, {x,, x,, ..., X,_1} and {¥o, 1, ..., Va_1} tWO
sets of indeterminates, and let P(u)=u"+Y'_, au' be a monic polynomial, 4, € G.
Denote by R(u) the polynomial R(u)=Y'_ xu' and by S(u) the polynomial
S(u):Z::Ol yu' whose coefficients are indeterminates, and by T, the set of the
coefficients of the polynomial Y ) gu'=R(u)S(u)mod P(u) where
{Wo, ¥, oo st 3= G(xg, X1,y -y Xu_1, Vos v +s Vu-1). The multiplicative com-
plexity of the system of bilinear forms T, was studied in [2, 8]. It was shown that
the minimum number of nonscalar multiplications needed to compute Tp is 2n — 1.
In[1] Winograd classified all the minimal (2n — 1 multiplications) bilinear algorithms
for computing the coefficients Tp where P(u) is irreducible (over G), deg P(u) = n.
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There it was proved that up to some equivalence every minimal bilinear algorithm
for computing Tp is done by first computing the coefficients of R(u)S(u) and then
reducing them modulo P(u). Furthermore, in [1] Winograd proved that every
minimal algorithm for computing T, in an algebraic extension field of degree 2 is
necessarily bilinear. Recently, in [9, 10], Feig showed that all the minimal algorithms
for computing Tp, P(u) irreducible (over G), are bilinear and thus computed by
the above procedure. Hence, the case of computing T, in an algebraic extension
field is classified completely.

In this paper we are interested in classification of all the minimal bilinear
algorithms for computing Tp(,, where P(u)=Q(u)'=u"+Y ) au' is a monic
polynomial, a; € G and Q(u) is irreducible (over G) deg Q(u) =/, (jl=n)and I>1.
The motivation for studying this problem is threefold:

(1) To close a gap of Winograd’s paper [1]. There Winograd classifies all the
minimal bilinear algorithms for computing T, only in algebraic extension fields,
the case I =1.

(2) To continue the flow of the general results on problems in Algebraic Com-
plexity that were started in [11, 12, 13] on classification of all the minimal algorithms
for computing 2 x2 matrices and that were continued in [1, 2, 3, 8, 9, 10] on the
classification of all the minimal algorithms for computing Tp.

(3) The minimal algorithms for computing T, where P(u) is irreducible (over
G) are the basis for an algorithm for computing cyclic convolution, the Discrete
Fourier Transform (DFT) and Digital Filters [3, 5, 6].

In order to understand how the minimal algorithms for computing the cyclic
convolution and the DFT, which are based on computing T, where P(u) is irreduc-
ible (over G), is related to the problem of computing T where P(u)= Q(u)' (I1>1),
we will now bring some more background facts.

Fact 1: The case of simultaneously computing the set Tp U Tp,u -« - u Ty was
solved in [2]. If P,= Q,(u)", i=1,..., k, are distinct irreducible polynomials (over
G)andfori=1,..., kthe coefficients of the R;’s and S;’s are distinct indeterminates,
then the minimum number of multiplications needed to compute Tp U Tp, - - U Tp,
is Z:;l (2 deg(P,)—1). Moreover, every algorithm which uses the minimum number
of multiplications necessarily computes each Tp, separately. Consequently, if P(u) =
Hf;l P.(u) where deg P(u)=n, P,=Q;(u)" and Q/(u), i=1,...,k, are distinct
irreducible polynomials (over G), then the minimum number of multiplications
needed to compute Tp U Tp,u - -u Tp, is X:‘:] (2 deg(P,) —1)=2n—k. Moreover,
as a consequence of the Chinese Remainder Theorem, every algorithm which uses
the minimum number of multiplications necessarily computes each Tp (i=1,..., k)
separately. Hence, classification of all the minimal algorithms which compute the
coeflicients of T, where P(u) =]_[f:0 P(u), deg P(u)=n, can be reduced to
classification of all the minimal algorithms which compute the T, where P(u)=
Qu)' =u" +Z:01 au' is a monic polynomial, a; € G and Q(u) is irreducible (over
G), deg Q(u)=j (jl=n).
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Fact 2: Denote by R, (u) the polynomial R,(u)=2ﬁ:0 xu' and by S,(u) the
polynomial S,,(u)=Y] ,yu' It was shown in [8] that the minimum number of
multiplications needed to compute the coefficients of R,(u)S,,(u) is [+m+1. In
[2] Winograd proved that, for i=1,...,I+m+ 1, each multiplication in a minimal
algorithm for computing the coefficients of R;(u)S,,(u) has the form R,(«;)S,.(«;)
and the «; are distinct scalars from G. Therefore, the minimal algorithms for
computing the coefficients of R;(u)S,,(u) (which are the basis for the minimal
algorithms for computing T, where P(u) is irreducible polynomial (over G))
necessitate large coefficients and hence they are impractical to implement. This
observation brings us back to the linkage between the problem of classifying all the
minimal algorithms for computing Ty, (I>1) and the DFT. For instance, the
cyclic convolution is computed by (") xu')(Y /o vu') mod(u" —1) where u" —1 =
[1;. Pi(u) and P,(u) are the cyclotomic polynomials. By Fact 1 we can look at this
problem as a direct sum computation of Tp(,, over algebraic extension fields and
by Fact 2 such algorithms necessitate large coefficients. Since the minimal algorithms
for computing T, where P(u) is irreducible (over G) is the basis for an algorithm
for computing the Discrete Fourier Transform [5, 6], it will be useful to derive new
algorithms which do not use large coefficients.

Therefore, we will look at nonminimal algorithms in the following way. Assume
that deg P(u)=2n—1 with distinct irreducible factors, but not necessarily only
linear factors. Therefore, the following identity exists: R(u)S(u)=
R(u)S(u) mod P(u) (by using distinct linear factors we get the algorithms that were
mentioned before). Hence, by computing the coefficients of R(u)S(u) by using the
coefficients of R(u)S(u) mod P(u), there is no guarantee that the algorithm will be
minimal, but because of the form of P(u) we can hope that we may reduce the
large constants that the minimal algorithm generates. For example, assume

R(u)zi xu', S(u)=i yu' and P(u)=u®(u’+1)*(u+1).

The minimal algorithm for computing the coefficients of R(u)S(u) needs 11 multipli-
cations and R(u)S(u) mod P(u) needs 11+ 7+ 1 =19 multiplications. The question
is whether computing the coefficients of R(u)S(u) mod P(u) as three separate
(minimal) algorithms will still require large coefficients? The purpose of this paper
is to classify all the minimal algorithms for computing Ty, and to see whether
we get new types of algorithms by computing Ty(,,. For further reading about
computing nonminimal algorithms for computing T, consult [3].

In this paper and in the subsequent one [14] we will show that for minimal
bilinear algorithms all the algorithms that we derive are essentially (up to some
equivalence) either the same or almost the same as the minimal bilinear algorithms
when computation is performed in algebraic extension fields and therefore they still
require large coefficients.

For I> 1 the main results are that we have to distinguish between two cases: j > 1
and j=1. The case /> 1 and j>1 is classified in this paper while the classification
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of the case I>>1 and j =1 will be a subject of a separate paper [ 14]. After deriving
these results (beginning of 1984) Fellman [15] obtained similar results.

The paper is organized as follows. In the next section we will give some definitions
and results from Algebraic Complexity Theory. In Section 3 we define the concept
of equivalence relation on the class of algorithms we are about to classify. The
technical lemmas of Section 4 will also be used extensively in this paper and in
[14]. In that section we present some general technical results about classification
of minimal bilinear algorithms for computing T, /= 1. In Section 5 we present
the classification of all the minimal bilinear algorithms for computing Ty, [>1.
This section is heavily based on Section 4. Finally, in Section 6 we will reexamine
the algorithm of Section 5. The results of Section 5 are constructive. We will prove
that these algorithms (from Section 5) can be given a different interpretation and
furthermore it will enable us to link them to previous results which are mentioned
in Section 2.

2. Some definitions and results from Algebraic Complexity Theory

Let G be a field, and let (x) =(x,,...,x,) and (y)=(y1,..., ¥.)" be vectors of

distinct indeterminates over G. Let Y =}, gwXy;, k=1,..., 1, be a collection of
bilinear forms, where g;; € G. We may write it as ¢y = A(x)y where ¢ = (¢, .. ., )T,
R,, ... Ry,
Alx)=| : :
R, ... R,

and R, =Y gaX, k=1,...,4j=1,..., m Then we call ¢y = A(x)y a system of
bilinear forms.

Let H=G(xy,...,X,, ¥1,-.-,¥Ym) be the purely transcendental extension of G
of degree m+n obtained by adjoining to it m+n distinct indeterminates
XiyeuesXny Viser-sVmover Gandlet B=GuU{xy, ..., X, Vis-urs Vm)-

We will use the usual definitions for our model of computation and the concept
of complexity (see [2-5]). We will investigate all the algorithms for computing a
system of bilinear forms by counting only multiplications or divisions (m/d) where
the multiplicands do not belong to G.

If A is an algorithm over B, then denote by uz(A) the number of m/d-steps that
A contains.

In the following we will mention a hierarchy of classes of algorithms for computing
systems of bilinear forms.

If each m/d-step of A is a multiplication of the form

n m n m

ux;+ Y Ly ux;+ Y tiy, | u,ult,tieGl=sisnlsjsm,
~ = Vi I\ . ~ iYi s b
i f = iz

then A is called a quadratic algorithm.
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If each m/d-step of a quadratic algorithm A has the form h(k)=
O, uax )X tadi), U, ti € G, then A is called a bilinear (or noncommutative)
algorithm.

Theorem 2.1 (Winograd [3,4]). Let A be a bilinear algorithm computing A(x)y and
let h(1),..., h(l) be the multiplications steps of A. Then there exists a matrix M,
m; € G such that A(x)y=M(hQ1),..., h())" where h(k)=(Y_, uax ) (| i),
Up, k€ G, 1=k=l

For a bilinear algorithm A (over B) we define g5(A) to be the number of m/d-steps
in A. If ¢ = A(x)y, then the bilinear complexity of ¢ is gz() =min, gg(A) where
A ranges over all bilinear algorithms over B for computing .

We did not make a special definition for quadratic complexity analogous to our
definition of the bilinear complexity because in [4] Winograd proved that given an
algorithm A with w(A) m/d-steps for computing ¢ = A(x)y, we can constructively
derive from it a quadratic algorithm A of at most w(A) m/d-steps which also
computes ¢ = A(x)y. In particular, if A is minimal, then the quadratic algorithm A

must also be minimal and therefore with the same number of m/d-steps.
Corollary 2.2 (Winograd [4]). For every system i = A(x)y, u() =< a()<2u(ifs).
From [4] we will need also the column-rank theorem.

Theorem 2.3. Let A(x)y be a system of bilinear forms. If A(x) has at least s columns
such that no nontrivial linear combination of them (with coefficients in G) yields the
column 0, then any algorithm for computing A(x)y requires at least s multiplications.

A minimal algorithm is determined uniquely by its m/d-steps since if A(x)y is a
set of ¢ bilinear forms and M a t X s G-matrix such that A(x)y = Mm and u(A(x)y) =
s, then m={m,, m,, ..., m,} are linearly independent; hence, if Mm and M'm are
two distinct minimal algorithms for computing A(x)y, then M = M'.

From now on we will deal with a specific system of bilinear forms. Therefore,
we will specialize the field H and the elements {,,..., ¢} H that are to be
computed. Let F=G(xy,...,%), H=F(¥g, ..., ¥m) Where xo, ..., X}, Yo, .+, Vyu, U
are distinct indeterminates over G.

Let R,(u) =Z,’.:0 xu' and S, (u)=Y"  yu' be two polynomials with indetermin-
ates as coefficients. R,(u)S,,(u) form a system of bilinear forms which are denoted
by T(u)=Y;0 wu'

We aim, first, at classifying all the minimal algorithms for computing
{$o, ..., ¥mb€ H where B=GuU{x,,...,x}U{yo,-.., ¥m}. For the construction
of the algorithms we will need the Chinese Remainder Theorem. For the sake of
completeness we now give the polynomial version of the Chinese Remainder
Theorem.
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Chinese Remainder Theorem (CRT). Let R be commutative ring with identity, and let
G be a field, G < R (whose 0 and unit element are the same as those of R). Let P(u),
P.(u), P(u), ..., P(u)c Glu] be monic polynomials such that P(u) =]_[:‘:1 P(u)
and (P,(u), P(u))=1 for i# j. Then there is an isomorphism p such that

p: R[ul/{P(u))—> R{ul/(P\(u))x - - x R[ul/(Pi(u))
where the isomorphism is given by the following:
p(r(u))=(pi(r(u)),..., px(r(u))) = (r(u) mod Py(u), ..., r(u) mod Pi(u)).
For every (ry(u), ..., rn(u))e R[ul/{P,(u))x - -x R[u]/{(P.(u)) we have

p (n(u),...,n(u))= (‘;l r,-(u)Q,-(u)) mod P(u)
where Q(u), ..., Qu(u) € Glu] satisfy Qi(u)=6; mod P;(u).

If, for instance, P(u)=1u" +Z::01 g’ is a monic polynomial, g;€ G,0sin-—1,
and P(u) = P,(u)P,(u) such that (P,(u), P,(u)) =1, then by using the CRT we obtain

R,(u)S,,(u) mod P(u)
= (Qx(u) Py(u)(R/(u)S,,(u) mod Py(u))
+ Q(u) Py(u)(R/(u)S,,(u) mod P,(u))) mod P(u),

where Q,(u) and Q,(u) are polynomials such that Q,(u)P,(u)+ Q,(u)Px(u)=
1 mod P(u).

It was shown in [8] that at least /+ m +1 multiplications are needed to compute
the coefficients of R,(u)S,,(u). There are two ways for computing R,(u)S,,(u) using
[+ m+1 multiplications. The first one uses the following identity:

m+l!

R(u)S,.(u) = R,(u)S,,(u) mod _Izlo(u—ai), (1)

where a;€ G, i=0,..., m+ 1 are distinct. Therefore, choose m+1I1+1 distinct ele-

ments «; € G. By using the CRT R,(u)S,,(u) mod ﬂ:":ol (u — ;) can be obtained by

computing R, (u)S,.(u) mod(u — ;) = R(a;)S,(a;), i=0,...,m+[] and then

(applying the CRT using only multiplications by elements of G) we obtain

R/(u)S,,(u) mod H::)I {u—a;). This is the algorithm which is described in [7].
The second way uses the identity

m—+1 m+1
R/(u)S,,(u)=Ri(u)S,,(u) mod [ (u—pB)+xy. [I (u—B), (2)
i=1 i=1
where B;€ G,i=1,..., m+1 are distinct. Therefore, R,(u)S,,(u) mod H:";ll (u—8:)

is computed by using the CRT. We get I+ m multiplications R;(8,)S,.(8;), i=
1,...,m+1, and the (/+ m+1)st multiplication is x;y,,.
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Theorem 2.4 (Winograd [2]). Every algorithm for computing the coefficients of
Ry(u)S,,(u) in I+ m+1 multiplications uses either (1) or (2).

Assume that for R,(u) and S, (u) (which are defined above) we have that
I=m=n-1 and P(u)=Q(u) = u"+2:':01 au' is a monic polynomial in G[u],
a;€ G, Q(u) irreducible (over G) and deg Q(u)=j, deg P(u)=n (jl=n). Then
F=G(x,...,x,_1) and H=F(yy,...,y,_1), Where Xo,...,Xu_1, Yo, -+-» Va1, U
are distinct indeterminates over G, and R(u)=Y7_J xu', S(u)=Y"") yu' Then
R(u)S(u) mod P(u) forms a system of bilinear forms which are denoted by Tp(u) =
Z:Ol Yu'. Now we aim at classifying all the minimal bilinear algorithms for comput-
ing {Yo, ..., ¥,_1}eH where H=Gul{xy,...,x, 1 JU{¥o, .., Yn_1}
(1,4,...,u""") is a basis for the algebra G[u]/{Q(u)") and x is the multiplication
in this algebra. If for p,: x> p X x we choose p = u, where u is taken from the basis
and x varies over the basis elements, then we have

p(D)=uxl=u, p(W)=uxu=u’,... p(u" H=uxu"=u""",
p

1 -1

Pu(unil): uxu" ' =-ay—au+t---—a, u"

Denote by Up be the companion matrix of P(u) (Up is the matrix which is
derived from the above basis), and by A(Up) be the algebra generated by U, over
G. Then, for the regular matrix representation determined by the basis
(1,u,...,u"""), there is a unique isomorphism p: G[u]/{P(u))-> A(U,) such that
p(u)=Up and

0 O P 0 -ao
1 0 0 -a
U = 0 1 0 —da,

00 ... 1 —a,,

Since G[u]/{P(u)) is an algebra, [ G[u]/{P(u)): G] = n (as a vector space); hence,
there exists an isomorphism i : G[u]/(P(u))~> G" such that i(u' ') =¢;, j=1,...,n,
where ¢, j=1, ..., n, is the standard basis of G". Let i: G[u]/(P(u))—= G" be such
that i(d,d,) = p(d,)i(d,), d,, d-€ G[u]/(P(u)), where p(d,) is an n X n G-companion
matrix. Then i(d,d,) is the regular matrix representation. By substituting the above
into

(Xo+xju+- - +x, u" Y yotyut--+y,.u""") mod Q(u)
we have that
i((xotxqut- - tx, u" Nyotyut--+y,_u""") mod Q(u)’

= (xo( Uo(u)’)0+x1(UQ(u)’)l+' : '+xn—1(Uo(u)')n—l)(yoel+Y1ez+' Tt Yaoi€a).

n—1

Hence, the coefficients of (Y|~ xu') (X!, yu') mod Q(u)’ (i.e., the regular matrix
representation determined by the basis {1, u, ..., u""'}) are given by (¥ _, x;Up)y =
(x|Upx| ... JUp 'x)y, where x=(xo,...,x,_,)" and y=(yo, ..., yu_1)"-
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It is known that Ur = K 'UpK and K can be chosen such that

a, a, ... Qa,, a,,; 1
a as ... Qa,, 1 0
K= . . . .
a,; 1 0 0 0
1 0 0 0 0
and K=K".

Theorem 2.5 (Winograd [2]). us({¥g,..., ¥n_1})=as{te,..., ¥, 1})=2n-1.

Our classification results (Sections 4, 5, 6) are based on the minimality of the
algorithms for computing the coefficients of R(u)S(u) mod Q(u)".

3. The equivalence classes of minimal algorithms

If an algorithm A’ is derived from an algorithm A by some transformation which
does not use any m/d-operations, then the algorithms are related and we will identify
them as belonging to the same equivalence class and thus we do not distinguish
between them since they differ merely by these transformations. We can divide these
transformations into two types:

Type 1: Transformations applicable to any systems of bilinear forms.

Type 2: Transformations applicable only to systems of bilinear forms that were
derived from (Y72, xu")(X'_, yu') mod Q(u)"

Let A be a minimal algorithm for computing ¢ = A(x)y; then ¢ = A(x)(y) = Mm
where ¢ = (Yo, ..., Y1),

R,, ... Ry,
A(x)= :
R,, ... R,

and Rkj=2::01 gixXi, g € G, further, M is an nx2n—1 G-matrix, m,;e M (i=
1’ IR ) n,j: 15 .. .,2"'1), m :(pla e ,p2n—1)T Wlth Px:Ly(x)Mz(.Y) Here’

n—1 n—1
Lix)= Z U;X; :xTui and Mi(.V) = Z Ly :yTti,
j=0 j=0
with w;=(u;0,..., %, 1) and t;=(tig,..., t.y) (i=1,...,2n—1), and x=
(x()a Py xnfl)T and .V = (J’o, feey yn—l)T'

For type 1 we have the following transformations: another algorithm A', =
A(x)(y) = M’'m’, is equivalent to A if one of the following conditions is satisfied:

(1) Let IT be any (2n—1)x(2n—1) G-permutation matrix; then,

M =MII and m'=I1I"m.
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In other words, we can renumber the multiplication column and then rearrange the
coefficients matrix to suite this permutation.

(2) Replace m;=L(x)M;(y) by (a,Li(x))(bM(y)) (a;, b€ G, a;, b;#0) and
multiply the ith column of M by (ab;) '. In other words, we can scale the
multiplications by scalars from the base field G.

For type 2 we have the following transformations:

(3) Choose two invertible elements «, 8 in the algebra G[u]/{(Q(u)"). It always
holds that

xxy=(axB) ' x((axx)x(Bxy))
where x is the multiplication in G[u]/{Q(u)"). Each a is described by a =Y., a;u’
and its regular matrix representation is given by U, =Z::0] a;U" where U is the
companion matrix of Q(u)’ Similarly, let 8 =Z:01 Bu' and Uj =Z:01 B;U". Then
A’is given by m'=(p}, ..., pt,_,)" where pi= Li( U x)M;(Ugy), 1<i=2n-1, and
M’'=U,pzM.

From L;(x)=u{x, M;(y)=tly, L{Ux)xu] Ux = (u!)" x and M Upy) = t,»TUBy =
(t))"y, we obtain, for all i=1,...,2n—1, that u,= ULw, and t;= Ujt,.

These transformations will play a major role in our classifications theorems of
Sections 4, 5 and 6.

How is the computation performed in an algebraic extension field? For =1,
G[u]/{Q(u)"y is a field. We list here some obvious methods to compute the
coefficients of R(u)S(u) mod P(u) in 2n — 1 multiplications where P(u) is irreduc-
ible (over G) and deg P(u) = n.

Method 1: Compute the coefficients of R(u)S(u) by using Theorem 2.4 and then
reduce them modulo P(u). The second half uses no nonscalar multiplications.
Method 2: Choose P\(u), P,(u), Py(u)e G[u]/{(P(u)) with coefficients in G such
that P,(u) Po(u)P;(u)=1mod P(u). Since P(u) is irreducible, the polynomial P;(u)
always exists and is unique. Compute the coefficients of R'(u)=
P,(u)R(u) mod P(u) and S'(u)= P,(u)S(u) mod P(u). This computation uses no
nonscalar multiplication. Compute the coefficients of T'(u) = R’(u)S'(u) mod P(u)
using an algorithm of Method 1 which takes 2n — 1 multiplications. Finally, compute
the coefficients of P;(u)T'(u) mod P(u). The last part does not use any nonscalar
multiplications. This method is exactly the method which was described in Transfor-
mation 3 and is performed in an algebraic extension field.

Notation: Denote by Jp the class of all the algorithms for computing the coefficients
of (L7-4 xu"YX/_, yaur') mod P(u) in any algebra isomorphic to G[u]/{P(u)).

How do we relate the computation among various algebras in %, ?

Assume first tha* ~ Then P(u)= Q(u) is a monic irreducible (over G) poly-
nomial and deg Q.. -+ Theesr -+ - nic irreducible (over G) polynomial N(v),
deg N(v) = n such that the o,

o : Glul/(Q(u)) > G[v]/(N(v)),
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is a field isomorphism. We can view o as an invertible linear transformation
o:Lg(xo, ..., X 1)~> La(x4, ..., Xh_1), where Lo(xg, ..., %,_1)=
(Y1, gX:; g € G}. Then, for every q(u)=Y"_, xu'e G[ul/(Q(u)), it holds that
n(v)=o(q(u)) =Y, a/(x)v’, where n(v)e G[v]/(N(v)) and o(x,,..., X, ;)=
(oo(x), ..., 0uy(x)).

Now assume [>1. If G is a field of characteristic 0 (which implies that Q(u)
does not have multiple roots), then we have that

G[u]/(Q(u)"y= G[u]/{Q(u))® G[ul/(u').

Hence, G[u]/{Q(u)")=G[v]/(N(v)*) if and only if G[u]/(Q(u))=G[v]/(N(v))
and I=s. We choose a polynomial N(v)' with deg N(v)'=n such that N(v) is
irreducible (over G), and an isomorphism o, such that o:G[u]/(Q(u)")~
G[v]/{N(v)"), which must be a field isomorphism (o : G[u]/(Q(u)) > G[2]/(N(v)})
as defined in the case I=1. Therefore, in order to compute the coeflicients of
R(u)S(u) mod Q(u)" in either case I=1 or I> 1, we compute R'(v) = o(R(u)) and
S'(v) = o(S(u)). This part uses no m/d-steps. Then, to compute the coeflicients of
R(u)S(u) mod Q(u)’, we compute the coefficients of T'(v) = R'(v)S'(v) mod N(v)'
and then compute o~ '(T'(v)). The last part does not use any m/d-steps.

Theorem 3.1 (Winograd [1]). Every bilinear algorithm in $, for computing the
coefficients of

n-1

n—1 n—1 . - .
( Y x,-u')( Y. y,-u') mod P(u), P(u)=u"+ 3 gu' g G,
i—=0 i=0 i=0

P(u) irreducible (over G) in 2n—1 multiplications is derivable by one of the two
methods which are described above.

Corollary 3.2. If |G| <2n—2, then every minimal algorithm in ¥, for computing the
coefficients of (¥ xu') (Y _y yu') mod P(u), P(u) as in Theorem 3.1, uses more
than 2n — 1 multiplications.

As was mentioned in the introduction, based on [1, 9, 10], we know that all
minimal algorithms for computing the coefficients of (Z:.Zol xu') x
(2:01 yu')y mod P(u), P(u) as in Theorem 3.1, are bilinear and thus computed by
Theorem 2.4.

4. Technical lemmas

The lemmas we present here are technical in nature. They yield various identities
that will be used extensively in Sections 5, 6 and in [14]. Our main goal is to find,
fori=1,...,2n—1,all possible {u;}, {t;}and mye M (i=1,...,n,j=1,...,2n—1)
with A(x)y = Mm. If we can derive the concrete description for these items, then
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we can construct all the minimal bilinear algorithms for computing T(,,. This
lengthy process is divided mainly into two parts. One which is more “crude” and
is described in this section. And the second one is a refined version of the first part
which is used in Sections 4, 5 and in [14]. In this section we will be deriving some
identities on the bilinear systems T, which is suitable for every /= 1. Our starting
point is the minimality and the bilinearity of the algorithm. We ignore the fact about
the degree of Q(u). By taking the degree of Q(u) into consideration we can refine
the results of this section to yield the classification theorems in Section 5 and [14].

Since this is an independent section, we summarize the notation that was presented
in the previous sections. x',y' denote row vectors: x'=(Xo,..., %, 1), ¥ =
(Yo, - - ., ¥n_1). Computing the coefficients of (¥, xu') (X", yu') mod Q(u)" is the
same as computing the coordinate values of x x y where x stands for multiplication
in G[u]/{Q(u)", I=1.

Let A be a minimal algorithm for computing the coeflicients of x X y; then, from
Theorem 2.1 and Theorem 2.5,

1{r=x><y=<’_1i1 x,Ui>y:A(x)y=Mm

where @ = (t,...,¥,1)", M is nx2n—1 G-matrix with m;;e M (i=1,...,n,
j=1,...,2n=-1), m=(m,,...,my,_,)", and m;=L(x)M,(y) (i=1,...,2n—1);
further

n—1 T n—1

Li(x)=}% UX; =u; x, M(y)= % Iij}’j:tiTy,

j=0 j=0
with u] =(uo, ..., 4, ) and ] =(tio,..., tin 1), i=1,...,2n—1 and U is the
companion matrix of P(u)= Q(u).

Lemma 4.1. Assume the algorithm for computing A(x)y is given by A(x)y = Mm. Then
rank M =n and there exists a nonsingular nxXn G-matrix W such that M=
(W W ).

Proof. We have xxy=A(x)y= (X", x;U)y=(x|Ux| - - - |U" 'x)y=Mm. Let we
G", w#0. Then w'A(x) # 0 because its first coefficient is Z:':Ol w,x;. Hence, wMm # 0
and so wM #0. Since w is arbitrary, we get that n rows of the matrix
(x|Ux| - - |U" 'x) are linearly independent; therefore, rank M = n. We can assume
that the first n columns of M are linearly independent. If not, by applying Transfor-
mation 1 of Section 3 (permuting columns) we obtain an equivalent algorithm where
the first n columns of M are linearly independent. It follows that there exists a
nonsingular nxn G-matrix W and an nxn—1 G-matrix a such that M=
(W lw'a). O

Notation: Denote each row of W by

T __ P —
wi _(Wi,09"'7 wi,n*l)a 1_1""”15
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(le)T WlT
wl=wik,  W=| i [=] i |=wk,
(Kw,)" | | wn
where w],..., wr are the n rows of W. WA(x)y=(I|a)m (Lemma 4.1) and the
matrix « has the form
[ T R W e
a -
Xy C!n,n-l

The following Lemma gives an important connection between the rows of W and
the multiplications L;(x)M;(y), i=1,...,2n —1. This relationship will be frequently
used in this section.

Lemma 4.2. Foralli=1,...,n, Uy, the regular matrix representation of the ith row
of the matrix W, satisfies

n—1 n—1
— k T T
Us, =Y W U =Kut; + ¥ ayKu, t,.;.
k=0 j=1

Proof. From Lemma 4.1 we get
L(x)M,(y)
(_ x,-U">y=(W“|W“a) : ) (3)
Lyper(X) Mapa(p) |
Then,
[ L(x)M(y)

n—1 X
W(Z x,-U')y——-W(x|Ux|-~|U"‘1x)y=(I|a) : ,
| Lot () M1 (9)
(4)
where I is n X n unit matrix. Recall that L;(x)=u]x and M,(y)=t]y. Then,
L(x)M,(y)=u xt]y=x"utly, i=1,...,2n—1. (5a)
U'=K 'UK, K=KT, U=KU'K™". (5b)
If @, B e G[u]/{Q(u)"), then, since the algebra G[u]/(Q(u)') is commutative,
UpB=Usa and «'Ui=8"UL (5¢)

From (5a), (5b) and (5c) we obtain the following identity:

wiUy=w KUK 'y=w{UIK 'y=x"ULK 'y=x"K 'Ugy. (6)
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By taking the ith row of W, w{, in (4) we get

n—1 . n—1
WT( Z x,-U'>y=w,Tny=L,-(x)M,~(y)+ D aijLn+j(x)Mn+j(y)a
i=0 j=1

Substituting (5a) into (7) using (6) we get
x"K ' (Kw;|UKw,| - - - |U"‘1Kw,-)y=xT(u,«tiT+iZ: aijunfjt'rl:«}»j)y:xTKlUwiy. (8)
F
We can rewrite (8) as
U, = :i; w,, U = Ku,-t,»T+'_lz a;Ku, it =(W|UW| - - [ U 'W,),
= j=
i=1,...,n. O

Corollary 4.3. Foralli=1,...,n, U, =KiuT+Y" ! a 9 ST

j=1

Proof. From Lemma 4.2,

K 'Ug, =ut] + Z @yt i=1,...,n (9)

=
Taking the transpose of (9) yields, for all i=1,...,n,

(KAIUW,) _tu + Z Un+ju;l|-+j' (10)

j=

Substituting K ~'U;, = UL K" into (10) using K = K" completes the proof. [J

Note that in Lemma 4.2 and Corollary 4.3 we view w,, i=1,..., n, as vectors in
the algebra G[ul/(Q(u)").

For I>1 the algebra has zero divisors. Let r(u)e G[u]/{(Q(u)') and denote by
8(r(u)) the dimension of the null space of the polynomial r(u); then, 8(r(u))=
dim{gq(u)e G[u]l/{(Q(u)");r(u)g(u)=0mod Q(u)'}. If a =Z::) gu® with ae
Glul/(P(u)yand gee G, k=0,...,n—1, P(u)= Q(u) and deg Q(u) =j,j > 1, then

5= )_{0 if (a, Q(u)") =1,
0Tk i (0, Q(u)') = d(u) and deg d(u) = k.

Let a, be G[u]/{Q(u)"); then 8(axb)=min(n, 8(a)+8(b)) where x is the
multiplication in G[ul/(Q(u)") and 8(a)<n when a#0. r(u)e G[u]/{(Q(u)") is
invertible if and only if §(r(u))=0.

G[ul/{Q(u)") has the following basis:

{1, u,...,07", Q(u), uQ(u), ..., 'Qu),...,
Q(w)' ™, uQ(u) ™, ..., W Qu) ).
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The radical of G[u]/(Q(u)") has the following basis:
{Q(u), uQ(u), ..., ' 'Qu),..., Qu) ", uQu) ", ..., ' Q(u)""}

and dim rad(G[u]/{Q(u)')) = n — j. Therefore, there are at least j invertible elements
in each basis of G[u]/{Q(u)"). So we have the following lemma.

Lemma 4.4. If deg Q(u) =], then there are at least j invertible rows in W.

Proof. Since W is a nonsingular G-matrix, its rows constitute a base for
G[u}/{Q(u)"). Since each base of G[u]/(Q(u)") contains at least j invertible ele-
ments, W contains at least j invertible rows. [J

In order to classify all the minimal bilinear algorithms for computing x X y, we
will consider the following question: How many rows of W are invertible and how
is the structure of W determined by j and I, where deg Q(u) =j, jl=n?

Remark 4.5. We assume that the last j rows of W are invertible (i.e., for i=n—j+
1,...,n, 6(w;)=0 or, equivalently, U is nonsingular). If the last j rows of W are
not invertible, then, by applying Transformation 1 of Section 3 (permuting columns),
we can get an equivalent algorithm in the following way: Let II be an nXxn
G-permutation matrix, N an (2n—1)x(2n—1) G-matrix and J an (n—1)x(n—1)

unit matrix such that

[Hl 0} h [H O}

N= , N '= .

0o J 0 J

If the algorithm is given in the form WA(x)y = (I|a)m, then, by Transformation 1

of Section 3, we get IIWA(x)y = (111 |IlIa)NN "'m and IWA(x)y = (I|Ila)N"'m.
Therefore, by choosing the right permutation matrix we obtain an equivalent

algorithm where, for i=n-j+1,...,n, U are nonsingular.

Lemma 4.6. For every i, i=n—j+1,...,n {u,Upir,-..,HUs,} and
{tiy tasry .-, ba_} are two sets of n linearly independent n-dimensional vectors and
Wiyooos @iy 0.

n—1
j=1

Proof. From Lemma 4.2, K 'U; = uit] +Y
matrix form) as

U, in.; can be rewritten (in a

1 0... 0 t
_ 0 q 0 (]
K IUWi:(ui|un+l|. ' '|u2n*1) N ',l a . ‘+1 s =19 3n_1
0 e Qip] t;n—l
From Lemma 4.4 and Remark 4.5, since Uy, is nonsingular for i=n—j+1,...,n,
{tiy psry ..., Uspn_y} and {t;, tusy, ..., tan_1} are two sets of n linearly independent

n-dimensional vectors and «;;,..., &, #0,i=n—j+1,...,n U
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Since j =1, there is at least one invertible row, w,, in W (Lemma 4.4) which will
yield Corollary 4.7, 4.7 and 4.7".

Corollary 4.7. Every algorithm described by WA(x)y = (I|a)m is equivalent to an
algorithm where a,,, = - = a,,_ = 1.

Proof. By Transformation 2 of Section 3 (multiply the ith column of the matrix a
by 1/a,;, i=1,...,n—1, and multiply the (n+i)th row of m by «,;), we obtain
an equivalent algorithm such that a,, = - =a,,;=1. O

Corollary 4.7'. For all i=1,...,n—1, ;= Z;’;OI bitn.j, Ui =Zj":_01 a;u,.; and for all
i=n—j+1,...,n, we have a;o, b;o#0.

Proof. Immediate from the fact that, for i=n—j+1,...,n {4, Up1,. ., Usn 1}
and {t;, t,41,..., l,_1} are linearly independent (Lemma 4.6). [

Corollary 4.7". There exist n-dimensional vectors So,...,S,_, and n-dimensional
vectors Vy, ..., V,_, such that IIHS, = &, and uL},V, =8y, ,1=0,...,n—1.

Lemma 4.8. Every minimal algorithm for computing the coefficients of (Z:Ol xu') x
» :01 yu') mod Q(u)' is equivalent to an algorithm where Sy=(1,0,...,0) and w, =
(1,0,...,0).

Proof. Since {S,,...,S,_;} are n linearly independent n-dimensional vectors
(Corollary 4.7"), there must be at least one S;, i€ {0, ..., n—1}, such that 8(S;)=0.
Assume i = 0. If S, is not invertible, then we first prove that there exists a transforma-
tion T which takes the algorithm into an equivalent algorithm with S, being
invertible. Assume that S, is invertible for some 1<i=n-1. Let

1 0 ... 0O —-ay;
o1 ... 0O -,
T=1{ . :
R | —, )
0 0 ... 0O 1

T is nonsingular. Multiplying WA (x)y = (I|a)m by T we get TWA(x)y=T(I|a)m.
This transformation leaves the first n —1 columns of I invariant and column i of «
will become (0, ...,0,1)". Exchange column n of I with column i of « and rows
n and n+i of m. We get an equivalent algorithm (by Transformation 1 of Section
3) where S; has been interchanged with S,. Continue to denote TW as W, the new
a;, @ and m as a;, o and m. Since the last row of T is (0,...,0,1), w, stays
invariant under the transformation T, hence w, is invertible (Lemma 4.4 and Remark
4.5). So assume that S, is invertible.

Every algorithm has the form (Lemma IV.1):
Ax)y=(W | W a)m, (11)
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where  m=(my,...,my, )", m=x"utly, w=(ug,...,u, ), and =
(tigy- .- tiny) for i=1,...,2n~1; further x=(x,,...,x,,)" and y=
(Yo, -+ > Yn_1)". We have shown that if we choose Transformation 3 of Section 3 by
choosing two invertible elements «, B € G[u]/{Q(u)') where their regular matrix
representation is given by U, and Uy, then we can get from (11) an equivalent
algorithm such that

AX)y=U_ (W' W 'a)m', (12)
where m'=(mj,..., m},_)", mi=(x"ULu)(tfUsy) for i=1,...,2n~1, and
U.p=Uip) . Denote U= (u,|" - - |u,_,),

tn
T=| , U=KUTU, T=TU,

12n71

(the columns of U and the rows of T correspond to the new u;’s and ¢’s,
i=1,...,2n—1). Equation (12) can be written as

WA(x)y=(I|a)m’, (13)

where W = WU,;.
w; is the ith row of W. Since Ulz=K 'U,,K and wlK=w, we have
Wi K =w]U,zK =w]KUL;=w/ULs. Denote: w = w!K; then,

WT=wlUT, (14)
For i =n, choose a and B such that
(aB) ' =w,. (15)

Since (aB) ™' Uz =(1,0,...,0), from (4) and (5) we get wUL; =(1,0,...,0) and
therefore,

wr=(1,0,...,0). (16)

From Lemma 4.2 and Corollary 4.7 for i =n we get U; = UT.

Let S be the new S matrix corresponding to T by Corollary 4.7". Then §=T""=
Ug~T '=Us1S. If we choose B=S, and a=B'w,'=(%,S,)"", we get
Us1(So| - -+ 1Sty = (1] - « - |S",_,) since Us B =(1,0,...,0". O

Remark 4.9. If 6(V;) =0, then by the same procedure we can get an equivalent
algorithm where S,= V,=(1,0,...,0), but then W, is not necessarily (1,0, ..., 0).
If 5(S;)=0, i # 0, then we can have S;=(1,0, ..., 0) instead of S, being (1,0,...,0)
since in the proof of Lemma 4.8 we can choose 8 = S,.

So far we got some identities that depend on each other and were based on the
notion of equivalence classes. The purpose of the following remark is to check
whether applying these transformations do not destroy previous results.
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Remark 4.10. After applying Lemma 4.8, can we guarantee that the last j rows of
W are invertible (Lemma 4.4 and Remark 4.5)? We will see that Lemma 4.4 and
Remark 4.5 can coexist with Lemma 4.8. w, stays invertible since the transformation
matrix 7T, defined in Lemma 4.8 does not change w,. After applying T of Lemma
4.8, if the last j rows of W are not invertible, apply again the matrices N, N and
IT (as appeared in Remark 4.5) to WA(x)y =(I|a)m since the last row of IT is
(0, ...,0,1). This structure of the matrix II will cause w, to be invariant. The fact
that last j rows of W are invertible is mainly for ease of the notation and presentation
of the coming proofs. Such an assumption will not be of any significance in [14]
since there we are classifying the algorithms in G[u]/{u") (j=1), i.e., there is at
least one invertible row and as mentioned above we can guarantee that w,, is invertible
no matter which transformation we apply to the algorithm.

Lemma 4.1 states that every algorithm has the form WA(x)y=(I|a)m where
a;=(a;y,...,a,),i=1,...,n,are the rows of the matrix a. The following lemma
establishes the relationship between the ith row of W and «,.

Lemma 4.11. If 8(w/) =1, then at least n —t multiplications are needed to compute
w; A(x)y and at least n—t—1 terms from Qi1,.-., 0, are not equal to 0.

Proof. If §(w/)=1t, then the dimension of the null space of W, is t, hence, rank Uy, =
n—nullity U;, = n —t, where (Lemma 4.2)

n—1 n—1

— - k _ T T

Us, = 2 Wi U =Kut; + 3 a;Kupiitn,.
k=0 j=1

But w/A(x) =xU,, and thus rank w] A(x) = n — t, and by the Column-rank Theorem
(Theorem 2.3) at least n — t multiplications are needed to compute w; A(x)y. There-
fore, at least n—t summands of Uy, are not equal to 0, and at least n —t—1 terms
from e;,,..., @;,_, are not equal to 0. [

Hence, from Lemmas 4.4, 4.8, Corollary 4.7 and Remarks 4.5, 4.10 we derive the
following summary.

Summary. From now on we will assume

(i) 8(w,)=0;

(ii) Ap1 =" "=y =1,

(iii) S,=(1,0,...,0);

(iv) the last j rows of W are invertible.

(i), (ii), (iii) and (iv) can be achieved simultaneously for each algorithm. (i) and
(iii) are necessary for derivation of the algorithms while (ii) and (iv) are for ease
of notation.
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From now on we will derive more concrete description of {u;}, {t,}, {w.}, {a;} etc.

Lemma 4.12. Assume we use the same notation as in Lemma 4.6, Corollaries 4.7 and
4.7"; then,

(i) Kupry=w, X8 forl=0,...,n—-1,

(ii) big#0 fori=1,..., n—l,

(iii) Ku;=w,/by fori=1,...,n—1;

(iv) {t, tas1, ..., tan_y} are linearly independent fori=1,... , n—1,

V) (W, —a;w,) X S, =b¥w, with b5 =b,/b,, fori,l=1,...,n—-1;
where x is multiplication in G[ul/(Q(u)".

Proof. Multiply the identity of Lemma 4.7 by S;:
Uy, S = Kugtls,+ Z a,-jKu,,+th+jS,, i=1,...,n; (17)

U, S =w;x8, 1=0,...,n-1,i=1,...,n (18)
Substitute i = n in (17) using Corollary 4.7" and (18) to obtain
Ku,,,=w,xS, 1=0,...,n—1. (19)

This proves (i) of the lemma.
Substitute ; =X" ! bjt,.;, i=1,...,n—1(Corollary 4.7') in (17) using Corollary
4.7" and (18) to obtain

T n—1
VT)iXSI= (Z bytn+j) SI+ 2 a,jKu,,ﬂ»tIHS,, I=O,...,n_l,i=1,...,n_1.
Jj=1

(20)

Here Z;’: a,-}-Ku,,ﬂtLjSO: 0 (Corollary 4.7"); then, for /=0 in (20) using ?,S,=1
and (18), we get

bioKu,':wixSO, i=1,...,n_l. (218.)
So=(1,0,...,0) (Lemma 4.8); then from (21a),
boKu=w, i=1,...,n—1. (21b)

This proves (iii) of the lemma.
Now, u;#0,i=1,...,n—1,and w;#0, i=1,...,n—1; then from (21b),

bo#0, i=1,...,n—1. (22a)

This proves (ii) of the lemma.
Equation (22a) with =Z;':_01 b;t..; (Corollary 4.7') yield

{ti’ tn+15~”7t2n—1}s i=la"'9n—l (22b)

are linearly independent. This proves (iv) of the lemma.
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For >0 in (20) we obtain
va,»XS,=b,~,Ku,-+a,-,Ku,,+,, l:0,...,n_l. (23)
Substitute (19) and (21b) into (23) using (22a) and Corollary 4.7":

b;
(W, — a;,) X S = bw, b?i=b—' and i,/=1,...,n-1.
i0

This proves (v) of the lemma. [

Remark 4.13. It was sufficient to prove in Lemma 4.12(ii) that, forall i=1, ..., n—}],
b, # 0 since in Corollary 4.7' we have shown that, forall i=n—j+1,...,n, b;#0,
and it was sufficient to prove in Lemma 4.12(iv) that, for all i=1,...,n—},
{t:, tas1, -+, tan_1t are linearly independent since in Lemma 4.6 we have shown
that, forall i=n—j+1,...,n, {t;, tus1, ..., lan} are linearly independent.

Lemma 4.12'. Assume we use the same notation as in Lemma 4.6 and Corollaries
4.7, 47", then:
(i) a;,oKt;=w;xV, fori=1,...,n—-1;
(i) Kt,y=w,xV,forl=0,...,n—1.
Ifa,,#0,i=1,...,n—}j, then
(iil) (W, —a,w,)x Vi=akw,x V, with ai = ay/a,, fori,1=1,...,n—1;
(iv) {u;, upsy, ..., Uz, } are linearly independent, i=1,...,n—j.

Proof. The proof is the same as Lerzllma 4.12 using Uy, = Ktu]+3 7| a;Kt, . jun.),

i=1,...,n (Corollary 4.3), u,;=3 _;
0,...,n—1 (Corollary 4.7"). O

j=1

azu,; (Corollary 4.7') and uy,;Vi=8;, j, 1=

Note that a;, i=1,...,n—j (or, equivalently, 5(V;)), are not known at this
point. Therefore we cannot say anything about {u;, t4, 1, ..., Uz, 1}, i=1,...,0—].

Corollary 4.14

w;
—_—X (bffl,lw - b?fl(W“ Ap_1y)) = ailbf—l,IW, i=1,...,n=2,1=1,...,n—1,

n

where w=w,_,/W,.

Proof. By multiplying Lemma 4.12(v) with i=n—1 by w, — a; W, we have
(w;, — ai,lwn) X (Wyoy — an—l,lwn) X8 = bi(—l,lwn—l X (W; — ai,lwn)'
By using Lemma 4.12(v) (with i) dividing with w, (8(w,)=0) we obtain b¥(w—

X ) X W= b:(—l,lw x (W, —a;w,). O

Lemmas 4.16 and 4.16" and Corollary 4.17 below will establish some relationships
among «; and w;. The restrictions we impose now are necessary to perform computa-
tion with division in the algebra.
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Notution: From now on we assume that w=w,_,/w, € G[u]/{Q(u)".

Claim 4.15. Let 8(w) <in. Then w¢ G and w, w* are linearly independent.
'y

Proof. Since w,_, and w, are linearly independent, w¢ G. Assume w and w’ are
linearly dependent; then there exist A, u € G which are not both 0 such that Aw +
uw?=0. Then wx (A + uw) =0, hence 8(w x (A +uw))=nIf A, u #0and §(w)=0,
then

Swx(A+uw))=8(A+uw)<n (wg G).

If A, u #0 and 8(w) >0, then 8(A +uw) =0; therefore, 5(w X (A +puw))=8(w)<n.
If A#0, u=0, then 8(wX (A +puw))=8(w)<n,and if A =0 and u # 0, then 5(w x
(a+Bw)) = 8(w’) < n. We get contradictions in all these cases, hence A = =0. [

If 8(w;) =t> 0, then at least n — ¢ —1 terms of {a;, ..., @;, ,} are not equal to 0
(Lemma 4.11). Assume {2, i=1,...,n—2 are n—2 sets of all indices for which
ay#0, le ;.

If 6(w;) =0, then {a;(,..., a;,,} are not equal to 0 and £2,={1,...,n—1}. We
will prove for one row i of the matrix @« we can guarantee that if 8(w,)=¢> 0, then
{ai1, ..., @,_,—1}#0 and this will imply that, for all i 1<i<n—1, we have
{ai, .-, ai,nvt—l} #0.

Lemma 4.16. Assume b}, a;#0, i=1,...,n—1, lef, and §(w—a, ,)=0,
8((b} ., ,—b)w+bla, ,)=0fori=1,...,n—2 and le {2;; then,

(i) b #bf fori=1,...,n-2,and le Q;;

(i) a,_ #Pifori=1,...,n-2, and lc Q;
where B, = b, _,,/(bE—bk_ ) fori=1,...,n-2 and I 0,

Proof. Substituting i =n—1 in Lemma 4.12(v) using §(w,) =0 we obtain

(W—a,_ ) xS =b% , w, lei2, (24)
where w=w,_,/Ww,. 8(w—a,_,,)=0; then from (24),

Si=bi  w/(w—a, ), le,. (25)
Substitute (25) in (W, —a;w,) X S;=bkw,, i=1,...,n—=2, le L,

((bE_ 1 ;= byw+bla, ) xw,=aybk_, W, xw. (25a)

From (25a) and our assumption we get

Wi/ W, = ailbfﬂ,lw/((bf—u_ bi)w+ b?;an—l,l), i=1,...,n=2,1e,.
(26)
If in (26) b}_,,=bf, i=1,...,n—-2, le (2, then w;/W, =(ayb¥_,,/a, ;,bF)w and
since w=w,_,/w,, we get W, = (a;b¥_, /o, b%5)W,_,. Therefore w; and w,_, are
linearly dependent which contradicts the nonsingularity of W. This proves (i) of
the lemma.
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Now if a,_,,= B, then b}_, ;=0 which is impossible. This proves (ii) of the
lemma. OJ

Recall that WA(x)y = (I|a)m and the matrix & has the form:

Xy - Oy pg

Qp1 oor Oyny

The next lemma describes «; as a function of a,_q.

Lemma 4.16'. Assume the same conditions as in Lemma 4.16. Then

ai,:—%—"—”— i=1,...,n-2,1leq,
&y 1,1 Bl
where
bia,_ by 1 ia;
By = bl ——”—'— i=1,...,n—-2, 1€,

bi—bi. ' bi.—bh
Proof. Since the conditions in this lemma are the same as in Lemma 4.16, we can
start our proof from (26) in the proof of Lemma 4.16. Therefore, assume

W/W —allb" ]IW/((bn 1,1 b;,;)W+b;l7an—l,l)7 i=1,...,n—2,l€ﬂi.
(27)

Substituting /=1 in (27) we get
Wi/ W, = an bk | w/((b% - bH)w+blie, ), i=1,...,n-2. (28)
By comparing (27) and (28) we get
agbi_y w/(bF_ = bh)w+bla,_ )= abi_ w/ (b5, — b)) w+blian_1.),
i=1,...,n=-2,1e;. (29)

Hence, from Lemma 4.16(i) and (29) we obtain

atlbn 1aW _ a;b k L,1W _
[2 o 11b /(1 f )— [¢ o0 llb /(1 gW) (30)

where £=bjja, 1/(b b} 11) and { = bﬁan—l,l/(bﬁ_bf—l,l)-

Since w,_, and w, are linearly independent, w, /W, =w £ G. From Claim 4.15
we can equate the coefficients of w and w”. Compare the coefficients of w and w?
in (4):

* *
ailbn—l,l _ anbnﬂ,l

i=1,...,n-2, 1€, (31a)

* * 2
anAl,lbil an—l,lbil

* *
bilan—l,l _ bilanfl,l

* _ pk TRk *
bil bn—l,l bil_bnfl,l

=B, i=1,...,n-2 e, (31b)
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From (31a) and (31b):
Ilbilk 1,1 llb:Ik~l,l

=y, i=1,...,n-2,1le,. 32
n i,/ b bn 1,1 b:kl ‘y ( )
Solve (31b) to get bi/b% |
b% Bi
—, i=1,...,n-2,lec . 33
bn 1,1 Bi_an—\,l ( )
From (32) we have ayb* | ,/(b¥ , ,— = y,; therefore, a;/(1—-b%/b% | )=y and
we get from (33)
a,—,——%"—”— i‘—‘l,...,n—Z,IE.Q,-. O
QX 1,1 BI

The next lemma describes each w;e W, i=1,...,n—2 as a function of w,_,.

Corollary 4.17. Assume the same conditions as in Lemma 4.16'. Then
wi:‘yiwnfl/(w—ﬁi)’ izls"'an_z

where b?;an~l,l/(b b 1,1) = B; and b} 11‘111/(bn 1.1 bf,)=‘y,«f0ri=1,...,n—2,
le 2,

Proof. Since we assume the same conditions as in Lemma 4.16', we can use the
following identities which were derived in the proof of Lemma 4.16":
from (28),

* *

_ bn 1,1 — b} a’n—l,lbn
Wi - wnfl b W+ b* )

& 10p_11 Xi10p—11

from (31a) and (32),

— /( 1 Ay lb?;)
=W, | w0,
Yi aubnﬂ,z
from (33),

— /( 1 anfl,lBi )
=W, —wt——1,
Yi ail(Bi —Qn_1,

and from Lemma 4.16’
wnﬂ/(i w+ﬁi(an—1,1_ﬁi)).
Yi 'Yi(Bi_anvl,l)

Wi = YWar/(W—Bs), i=1,...,n=2. 0O

So we get
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Lemma 4.18. Assume 8(w) <3inand b%, a,,, a%, a; #0 fori=1,...,n—1andle (;
assume 8(w—a, ;) =0 and
5((b>:~1,1—bﬁ)w"‘bﬁan‘x,l):3((af—y,_aﬁ)w+aﬁan—1,l):0
fori=1,...,n—2 and 1€ (), Then,
b¥ X

a;

b ar i=1,...,n—1,1le,
n—1, n—1,

Proof. As in the proof of Lemma 4.16" we get

W/ Wy, = ailbf—l,lw/((bi(\l,l_b?;)w+ bﬁanﬁl,l)’ i=1,...,n=-2,1e4},

(34a)
Wi/ W, = ailai(fl,lw/((afvl,l_a;';)w_*_a?l:an—l,l)a i=1,...,n-2,leq),.
(34b)
We proved in Lemma 4.16(i) that b} # b} |, i=1,...,n—2, € ;. By the same

proof, af#ak_,,i=1,...,n—=2, 1€, Compare (34a) and (34b) to get
ailbi(fl,lw/((bffl,l_ b?;)“"*‘ b?l(an—l,l) = aila;ln(~l,lw/((a):fl,l_' aﬁ)w"' a?’;an‘l,l)- (35)

As we did in Lemma 4.16', since w £ G, we can equate the powers of w in (35) and
derive the desired identity. O

In Claim 4.15, Lemmas 4.16, 4.16’ and 4.18 we imposed the condition that
8(w)<3in. In all cases we will use these lemmas, either w will be invertible or
8(w) =1, hence this constraint will never be mentioned.

The following lemma will be used to show that vectors that do appear in the
classification theorems (Section 6 and [14]) do not annihilate any polynomial of
degree less than n modulo Q(u)' with deg Q(u)' =n.

Lemma 4.19. Assume that we G[u]/(P(u)), wg G, deg P(u)=mn, foralli,1<si<n;,
g: € G are distinct, w—g; are invertible and {1/(w—g,), ..., 1/(w—g,)} are linearly
independent. Then {1, w, ..., w" '} are linearly independent.

Proof. For u=w there is nothing to prove since {1,u,...,u" '} are linearly
independent.

Assume that u=w, {1,w,...,w"™"}, k=n, are linearly independent and
{1, w,...,w"", w*} are linearly dependent. We want to show that k =n. Since
{1, w,...,w* ", w*} are linearly dependent, there exists a polynomial P(u)=
u"+2f.:$ au', a;€ G, such that P(w)=0mod P(u). The following identity always
holds:

k—1

Pu)=(u~g)(u* "+ fi yu" P+ +fiutfo)+ P(g), (36)
where

fnvj:gj71+ak71gj_2+. . '+ak7j+l, j:z,..., k.



40 A. Averbuch, Z. Galil, S. Winograd

Since I~’(w) =0mod P(u), from (36) we have

0=(w _gi)(Wk“'*'flszkAZ"‘ cetfiwtfo)+ i)(gi)-
Since, for all i, 1<isn w-—g  are invertible and L(u)=
w '+ fi Lu* -+ fiu+f, does not have the form of L(u)=a(u)P(u), where
a(u)e G[ul/(P(u)), it holds that, for all i, 1<i<n, I5(g,-) # 0 and therefore,

1 1

== (W LW T Wt T 1), (37)

w—g; P(g;)
Since {1/(w—g.),..., 1/(w—g,)} can be generated from {1, w,..., w* '} and are
linearly independent, it follows that k=n and {l,w,...,w" '} are linearly

independent. [

5. Classification in G[ul/{ Q(u)"y with I,j>1

As was mentioned before, for />>1 we have to distinguish between two cases:
j>1 and j = 1. For the rest of the paper we deal with the case j> 1.

The identities that have been derived by the technical lemmas (Section 4) are
used extensively in this section by applying them to the case deg Q(u)=j>1 and
to the case j=1 in [14].

We use the same notation as in Section 3. x", y" will denote row vectors: x' =
(Xgy - s Xn_1) and 7= (yo, ..., Ya_;). Computing the coefficients of (¥_, xu') X
(X1, yat') mod Q(u)' is the same as computing the coordinate values of x X y where
x stands for multiplication in G[u]/{(Q(u)"), [=1.

Let A be a minimal algorithm for computing the coefficients of x x y; then, from
Theorems 2.1 and 2.5, ¢y=xxy=(Y o xU)y=A(x)y=Mm, where =
(Yoo, ¥o_)', M is an nx2n—1 G-matrix with m;;eM for i=1,...,n, j=
1,....,2n=1;, m=(m,,..., my,_,)", where m;=L,(x)M,(y) for i=1,...,2n—1;
further L;(x) = Z;:Ol uzx; =u; x and M;(y) = Z;:O' iy, =tiywithu! =(ug, ..., Y1)
and ] = (t:05---»stiny) fori=1,...,2n~1 and where U is the companion matrix
of P(u)=Q(u)".

From Lemma 4.1 we can assume that there exists a nonsingular n x n G-matrix
W such that M =(W™'| W 'a). Denote each row of W by:

W;r=(wi,()=‘--9wi,n—l)y i=1,...,n,
(le)T W}-
w=wiK, W= : =| . |= WK,
(Kw,)" W

where w],..., w, are the n rows of W. WA(x)y=(I|a)m (Lemma 4.1) and the
matrix « has the form

23 al,nfl

an,l L an,n—]
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Note that in Lemma 4.2 and Corollary 4.3 we consider w;, i=1,..., n, as vectors
in the algebra G[u]/{Q(u)"y. Hence, 8(w) will denote the dimension of the null
space of the vector w, thus, when 8(w) =0, we have that w is invertible.

We already derived a strong connection between the w;’s and the rows a;=
(@i,--., @n1), i=1,...,n, of the matrix & (Lemma 4.11) which appears in the
presentation of the minimal algorithm given in the form WA(x)y =(I|a)m. These
fact will imply in this section and in [14] that the structure of the matrix W will
determine the minimal bilinear algorithms for computing the coefficients of x X y.
By using the tools that we developed in Section 4 we will see that any minimal
algorithm for computing the coefficients of x x y in Gl[ul/{Q(u)", I,j>1, which is
described by WA(x)y =(I|a)m, has at least two invertible rows in W and, as we
will prove in Lemma 5.5, this will imply that all the rows of W are invertible. From
that we will obtain that all the multiplications in every minimal bilinear algorithm
for computing the coefficients of x Xy are determined by an arbitrary invertible
vector we G[u]/{Q(u)") and by 2n —2 distinct scalars from the field G (Theorem
5.1). The multiplications of the algorithm then determine the algorithm itself. We
will also prove that the other direction of Theorem 5.1 is true, i.e., for every choice
of an arbitrary invertible vector w e G[u]/{Q(u)"y and of 2n — 2 distinct scalars from
G there exists a minimal bilinear algorithm for computing the coefficients of x X y
whose multiplications are given by Theorem 5.1 (Theorem 5.1°).

Theorem 5.1. Every algorithm A for computing the coefficients of (Z:’: xu')x
(X0 yu')y mod Q(u)', deg Q(u)=j, lj=n, I, j>1 and Q(u) irreducible (over G), in
2n —1 multiplications is equivalent to the algorithm whose L;(x)’s and M;(y)’s are
given by

a=L=K'(1/(w=38)), i=1,...,n-2,
n-1= t_n-l = K_l(l)a

ﬁn+1=t—n+l:K71(1/(w_an-—l,l)), l=0,"',n_15

bN]|

where w G, 8(w)=0, we G[u]/{Q(u)") and the minimal degree polynomial (over
G) satisfied by w (mod Q(u)') is of degree n, 1 is the unit vector in G[ul/{Q(u)")
and the set A={B,,...,Bn1-2,0,ap_11,..., 0, 1,1} has 2n—2 distinct elements.

In order to prove the theorem we first prove some lemmas.

Lemma 5.2. Forall g,,...,g,-,€ G there exist at least j —1 indices k, 1< k=sn—1,
such that

(i) 8(w,)=0;

(ii) 8(Ww, —gw,)=0.

Proof. Let

7

gi=

{0 if 8(w;) >0, (38)

g if 8(w,)=0.
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Consider the set {Ww;—g{W,, Wo—gW,, ..., Wy, —Zh_1Wa, Wa}. It is a basis for
Glu]/{Q(u)"y since {W,,..., W,_,, W,} is a basis. Each basis for G[u]/(Q(u)") has
at least j invertible elements in it (Lemma 4.4) and w, is one of them (Remark 4.5).
If 8(w;)>0, then w; =w; —giw, (cf. (38)). So in the set

{W,—giw,;8(w,) =0, 1<sisn—1}={w,—gW,;8(w)=0,1<isn-1}

there are at least j— 1 invertible elements. [
Lemma 53. Forall1=0,...,n—1, 8(S,) =0 (S, is defined in Corollary 4.7").

Proof. It is sufficient to prove it for I > 0 because §(S;) =0 (Lemma 4.8). Fix [, then
from (W, —a;Ww,) X S;=b%w;, i=1,...,n—1(Lemma 4.12(v)), choose g; = a;;. Since
j—1=1, by Lemma 5.2, there exists a k such that §(w,) =0 and §(w, —a,w,)=0.
Therefore, since S;# 0, we get bf;# 0 and 8§(w,)=8(S5)=0. O

Lemma 54. Forallil 1<il<sn—1, bi=>b;/b,,#0.

Proof. From (W, —a;w,)x S;=bjw,, i=1,...,n—1 (Lemma 4.12(v)) and Lemma
53weget bj#0forall 1<ilsn—-1. O

Lemma 5.5. Foralli=1,...,n—1, §(w;)=0.

Proof. Assume the lemma is false. Since W is nonsingular, there is a noninvertible
row w; satisfying §(w;)sn—j<n—2(j>1). w;#0, so by Lemma 4.11 there exists
at least one k such that

(2479 7& 0. (39)

Since 8(w;)> 0, from the fact that a linear combination of an invertible element
with a noninvertible one is invertible and from (39) we get

(W, — ayw,) =0. (40)
From (W, — a;W,) X S, = b} w,; (Lemma 4.12(v)), Lemma 5.4 and (40) we get §(w,) =
8(8Sy), in contradiction to Lemma 5.3. O

Lemma 5.6. Forall 1<ilsn—1, §(w,—a;w,)=0.

Proof. From (w,—a;w,)x S, =b¥w;, (Lemma 4.12(v)), using &(S)=0, I=
1,...,n—1 (Lemma 5.3) and §(w;)=0,i=1,...,n—1 (Lemma 5.5) we obtain that
S(wi—ayw,)=0forall1<il<sn-1. O

Lemma 5.7. Forallijl=1,...,n-1,
(i) aix#0;
(i) af=ay/a,#0.
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Proof. From a;oKt;=w;xV, (Lemma 4.12'(i)) and Lemma 5.5 (8(w;)=0, i=
1,...,n—1) we get for all i=1,...,n—1 that a;,,# 0. (It was sufficient to prove
that, for all i=1,..., n—j, a;,,# 0 since in Corollary 4.7" we have shown that, for
all i=n—j+1,...,n, a,#0).

From (W, — a;W,) X V;= a’w, (Lemma 4.12'(iii)) and Lemma 5.6 we obtain a¥ # 0
forall i,l=1,...,n—1. [

Lemma 5.8. Forall1=0,...,n—1, 8(V;)=0 (V, is defined in Corollary 4.7").

Proof. From (W; —a;w,)x V,=a¥w; x V, (Lemma 4.12'(iii)), Lemmas 5.5, 5.6 and
5.7(ii) we obtain 8(V,) =86(V,),1=1,...,n—1.Since {V,, V;,..., V,_,} are linearly
independent, there is at least one V|, I€{0,..., n—1}, that is invertible; therefore
5(V))=0,1=0,...,n—1. O

Lemma 5.9. Foralll=1,...,n—-1,i=1,...,n-2,
i) Si=bi_w/(w—a,_y));
(ii)) V= a:f—l,lwx Vo/(w—a,_1 ), where 8(W;) = 8(w)=28(W,) =0, w=W, /W,;
(iii) the assumptions of Lemmas 4.16, 4.16’ and Corollary 4.17 hold with 1<i<
n—1,02={1,...,n—1} (ie, I=1,...,n-2).

Proof. From (W, — a,_; W,) XS =b%_| ;w,_, (Lemma 4.12(v) with i = n — 1), from
(W — W)X Vi=ak | w, XV, (Lemma 4.12'(iii) with i=n—1), and §(w, —
aw,)=0, i,I=1,..., n—1 (Lemma 5.6), we get (i) and (ii) of the lemma. From
Lemma 5.5:

§(w,)=8(w)=8(w,)=t=0, w=w, /W, (41a)
From Lemma 4.11 and (41a):

Qiyyeons @y 70, i=1,...,n—1 (41b)
So 2,={1,...,n—1}. From Lemma 5.4:

b%¥#0, il=1,...,n—1. (42)
Since 8§(w,_,—a,_;w,)=0,1=1,...,n—1 (Lemma 5.6), we have

S(w—a,_,,)=0, I=1,...,n—-1. (43)
From Corollary 4.14:

w;

—_—X(bf,l’,w—bf,(w—a,,,l’,))==a,»,bi,k,1’,w, i=1,...,n_2, I:].,...,n_l. (44)
Now, since o;; #0 and b #0fori=1,...,n=2,1=1,...,n—1and §(w;) #0, we
have that if in (44) b}_, ;= b}, then

W _aizbfﬂ,lwnq

' b?‘;an~l,1
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and w; and w,_, are linearly dependent, contradicting the nonsingularity of W. Then
from Lemma 5.4, (41a), (41b), (42) and (44) we obtain for all i=1,...,n-2,
I=1,...,n—-1(02),

8((b’,'.l1’,—b§‘§)w+b§’;a,,,1),)=0. (45)

Then from (41b), (42), (43) and (45) we get that the assumptions of Lemmas 4.16,
4.16" and Corollary 4.17 hold for all i=1,...,n—2,I=1,...,n—2 in the algebra
Glul/(Q(u)"), j,1>1 and deg Q(u)=j. O

The fact that all the rows of W are invertible will be sufficient to classify all the
minimal bilinear algorithms for computing the coefficients of x X y as we will see
in the proof of Theorem 5.1.

Proof of Theorem 5.1. From Lemma 5.9(iii) we can substitute w; = y;w,_,/(w— 8;),
i=1,...,n—2 (Corollary 4.13) into bKu;=w;, i=1,...,n—2 (Lemma 4.12(iii))
and from Lemma 5.9(i) substitute S;, /=0,...,n—1 into Ku,,,=w, XS; (Lemma
4.7(i)) and get

ui:%K_l(wn—l/(w—Bi))a i=1,...,n-2, (46a)
i0
1 -1
U, = K 'w, ,, (46b)
bnfl,O
u,,=K_1W,, :K_l(wn——l/(w_anfl,o))a an*l,OZO, (460)
Uy =b¥ K '(W,_/(Ww=—a,_,), I=1,...,n—~1. (46d)

From Lemma 5.9(iii) we can substitute w,=yw,_,/(w—48;), i=1,...,n—-2
(Corollary 4.17) into a;oKt;=w;xV,, i=1,...,n—2 (Lemma 4.12'(i)) and, from
Lemma 5.9(ii), substitute V,, I=0,..., n—1, into Kt,,,=w, x V; (Lemma 4.12'(ii))
and get

‘ :% K '(Woy X Vo/(W—=8))), i=1,...,n-2, (47a)
i0
lho1= Kﬁl(wnflx Vo), (47b)
anfl,O
tn=K_1(wnx VO):Kil(wnflx VO/(w_anfl,O)L an~l,0=0’ (470)
by = af—l,lK_l(Wn—n X Vof/(w— an—l,l)), I=1,...,n=1,W,_/W,=w.
(47d)

By using Transformation 2 of Section 3 we can obtain an equivalent algorithm
where all the constants y;/aio, i/ bio, 1/b,_10, 1/ @u_10, b¥ 1,4, a¥_,,, are unity.
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Since 8(w, ;) = 8(V,) =0 (Lemmas 5.5 and 5.8), we choose the following invertible
elements in the algebra G[u]/(Q(u)"):
a=W;11, B =(W,_, X Vo)*l- (48a)

n—1

Let U, =Y/, o;U'" and Uy =%, B;U’ be the regular matrix representations of a
and B. Recall
K=KT, UK '=K'U, UK '=K U,
U.(1/a)=(1,0,...,0)". (48b)
Transformation 3 of Section 3 eliminates the invertible elements w,_, and V, that
appear in the multiplications L;(x) and M(y), i=1,...,2n—1. For all i=
1,...,2n—1,

ai = UZ“,', t—x = Ugti’ (49)

where @; and 7, i=1,...,2n—1 are the vectors describing the multiplications after
applying Transformation 3 of Section 3. So apply (48a), (48b) and (49) on (46a)-
(474d); then if u;= K '(w,_,/(w—8))), i=1,...,n—2 ((46a) after converting the
constants to be unity), we get

= UK Wt/ (Ww=B)), i=1,...,n-2. (50a)
From (50a) using (48b) we obtain

d,=K 'U,(W, ,/(W=8,)), i=1,...,n-2 (50b)
Since a =w,"' (cf. (482)) and since U,(1/a)=(1,0,...,0)" (cf. (48b)) we get

=K '(1/(w=8))), i=1,...,n-2.

By doing the same to (46b)-(47d) we obtain the final form of the multiplications:

al:t-szil(l/(w_Br)), izls"'an_z, (513)
=1,y = K_l(l), (51b)
Byt = Fy =K1/ (w=a, 1)), 1=0,...,n—1, (51c)

where a,_, ,=0 and 1 is the unit vector in G[u]/{Q(u)"). Since {i,, ..., #,_,} are
linearly independent (Lemma 4.6), {1/(W—a,_10),...,1/(W—a,_;, )} are also
linearly independent. Therefore a,,_, ;, I=0,..., n—1, are distinct and since a,, _; , #
Bi,1=1,...,n—1,i=1,...,n—2 (Lemma 4.16(ii)), it follows that all the scalars
we choose from G are distinct. In addition, from Lemma 4.19 we get that
{1,w,...,w"""} are linearly independent, hence the minimal degree polynomial
P(u) such that P(w)=0mod Q(u)' must have deg Pu)y=n. 0O

Notice that the multiplications of the algorithm have been described by an
invertible vector w and a unit vector 1 (1, we G[u]/{(Q(u)')) and by 2n —2 distinct
scalars from the field G. This kind of description for the algorithms will be the
model for our further investigation in the case I>1, j=1.

We now prove the converse of Theorem 5.1.
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Theorem 5.1'. Forevery we Glul/{Q(u)), 6(w)=0, we G such that {1, w, ..., w" '}
are linearly independent, and for every set A={B,...,By_2,0,0,_11,..., @u_1.n-1}
of 2n —2 distinct elements of G there exists an algorithm A for computing the coefficients
of (X0 o xu' )X iy yu') mod Q(u), deg Q(u)=j, li=n, 1 j>1 and Q(u) irreducible
(over G), using 2n—1 multiplications whose L,(x)’s and M (y)’s, i=1,...,2n—1,
are given by Theorem 5.1.

Proof. We have shown that for any minimal bilinear algorithm the following:

WA(x)y=(I|a)m (52)
and

(W,——a,«,W,,)X&:bﬁW,-XSO, i,l=1,...,n—1 (53)
are equivalent. Then if we can show that (53) is true for all i=1,...,n,
I=1,..., n—1, then we get an algorithm since {S,, ..., S, ,} is a base of n linearly

independent n-dimensional vectors. In order to construct (53) we need the following:
wi(i=1,...,n),b;(i=1,...,n—1,j=0,...,n-1), a; (i, j=1,...,n—1) (a,; =

c+=a,,.;=1 by Corollary 4.7) and a nonsingular matrix S where S=
(So)Sy) + -+ |S,_1).Since{t,, ..., t.,_,} are given, from ¢ 22;';01 byt i=1,...,n—1
(Corollary 4.7') we get b; for all i,j=1,...,n—1. S, is given by S/=
bk wxSy/(Ww—a,_,,),I=1,...,n—1 (Lemma 5.9(i}) and from our assumptions,
Lemma 4.16" and Corollary 4.17 we have

Yilln_1,1

anfl,l _Bi ’

Substituting it into (2) yields an identity. [

ay = w,=yw,_/(w—8), i=1,...,n—=2,1=1,...,n—1.

6. Interpretation of the results of Section 5

The proof of Theorem 5.1 is constructive, i.e., the theorem states that by using a
vector we G[u]/{Q(u)") and distinct scalars from the field G we can construct an
algorithm. For different choices of these vectors and scalars we might get an
equivalent algorithm. We now give an interpretation to the formal description of
the algorithm that appeared in Section 5 in order to relate it to the previous work,
especially to Theorem 2.4. Theorem 2.4 shows that computation of the coefficients
of R, (u)S,,(u) (R,(u) =Z§:0 xu' and S,,(u)=Y.,yu') using I+ m+1 multiplica-
tions is done by

either using the identity

m+1

Ri(4)Sm(u) = R(4) S, (u) mod [] (u—ai),

where a;€ G, i=0,..., m+1 are distinct (thus for all i, i=0,..., m+1I we have
that Ri(&;)S,,(a;) = (Z}’.:O xa}) (X, yeh); then, by the Chinese Remainder Theorem,
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which uses only multiplications by elements of G, we obtain
Ry()S,.(u) mod Ty (u —ar)
or by using the identity

m+! m+1
R((u)S,,(u) = R(u)S,,(u) mod _l_[1 (u—=B)+xym _l_[1 (u—p),
where B8,€ G, i=1,..., m+1 are distinct and this identity is solved by choosing
m+ 1 distinct elements of G; then R,(u)S,,(u) mod H:":ll (u—pB;) is computed as
follows: I+ m multiplications R,(8;)S,,(8:) = (Z;;O xBNE o yB, i=1,...,m+],
and the (/+m+1)st multiplication is x;y,,.

Assume that I=m=n—1, i, R(u)=Y"", xu', S(u)=Y""0 yu'. Let P(u)=
Q(u)', with deg P(u)=n and with Q(u)' =u"+Y."_, au’, be a monic polynomial,
a;€ G, Q(u) is irreducible (over G) deg Q(u)=j We know that the minimal
algorithm for computing the coefficients of R(u)S(u) mod Q(u)' requires 2n—1
multiplications. Based on this minimality we classified all the minimal bilinear
algorithms for computing the coefficients of R(u)S(u) mod P(u). The coefficients
of x and y in the multiplications L;(x) and M,(y) that appear in Theorem 5.1 have
the following form:

1
ui:ti:Kl( >,
w—a«;

where we G[u]/(Q(u)"), weg G, a,€ G and {1, w, ..., w" '} are linearly indepen-
dent. We now prove that the method discussed above (Theorem 2.4) is “essentially”
the only way for obtaining minimal bilinear algorithm for computing the coefficients
of R(u)S(u) mod Q(u)' (i.e., compute the coefficients of R(u)S(u) and then reduce
them modulo Q(u)"). Hence we have to show that

ui:ti=K‘( ):c(l,ai’._.,a;‘_l)’

W—
where ¢ is a constant.
We now state the main result of this paper:

Theorem 6.1. Every bilinear algorithm A in $,,y for computing the coefficients of
(Z:OI xiui)(z:';ol yu') mod Q(u)', deg Q(u)=j, li=n, I,j>1, Q(u) irreducible (over
G) P(u)=Q(w), P(u)=u"+Y" , au', a;€ G,i=0,...,n—1,in 2n—1 multiplica-
tions is done by first computing the coefficients of (¥._) xu')(¥— yiu') (using Theorem
2.4) and then reducing them modulo Q(u)’.

Before we prove the theorem we prove several lemmas.
For the case w=u we prove that by using our regular basis {1, u,...,u" "'} we
immediately get that

1
K“(u—_g> =c(l,g,...,g" "), geG
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Hence the multiplications of all the algorithms for computing the coefficients of
(X7, xu' )X, yu') mod Q(u)' are given by (Z;:OI xja’,i)(Z;:Ol y;e}) which means
that the algorithm computes the coefficients of (¥|_, xu'} (X', yu') (Theorem 2.4)
and then reduces modulo Q(u)".

Lemma 6.2. Let P(u)=u" +Z::(; au', a;e€ G. Assume that u— g is invertible in the
algebra G[u]/{P(u)). Then

1 1
K”(—):——g and K '(1)=(0,...,0,1)7,
u-g P(g)
where
a, a, ap_z Ay 1
a, a3 a, 1 0
K- s ,
a,_, 1 0 0 0
1 0 0 0 0

and §=(1,g,...,8" "

Proof. The proof is based on the following identity which is valid in any algebra:

P(t)=(t—g)(t" "+ f, 5"+ -+ fit+fo) + P(g), (54)
where f, »=(a,_,,1)(1,2)",

foym gl gl gy

=(@nejtseees @uar @, D, ..., g% g T j=2,...,n,

and fy=(a,, a,...,a,_,,1)(1,8,...,g" ")". Hence we have

(for - sfua, )T=K(1,g,...,g" """ (55)
Substituting u for ¢ in (54) and observing that P(u)=0 in G[u]/(P(u)) we get
0= (u—g)L(u)+ P(g), where

Luw)=u"""+f,_u" ?+f_su" >+ -+ f,# 0mod P(u).

Since u—g is invertible and L(u) is not of the form L(u)= a(u)P(u) where
a(u)e G[ul/{P(u)), from (54) we have that P(g)#0, and in the basis
{1, u,...,u"" of G[u]/{P(u)) we have

u ig: _P—({g_) (W' fu" T f w1 f)
L Gorer s faa, D, (56)

P(g)
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Multiply (56) by K~' and we get

1 1
-1 =——— K '(fo.fi, - s fucz, DN >
K <u—g> Py il D 7

From (55) and (57):

. 1 =_L~
K (u—g) P(g)® H

If w# u, then it is not the case that

ui:ti=K71< ):C(I’aia"'aa?yl)’

w—a;
where ¢ is a constant. If {1, w,..., w" '} are linearly independent and we
G[u)/{Q(u)"), we G (hence w annihilates only polynomial L(v) of degree n), then
{1,w,...,w" "} is another basis for the algebra G[u]/(Q(u)") (in addition to
{1,u,...,u"""} which is our regular basis) and therefore the minimal degree poly-
nomial L(v) such that L(w) =0 mod Q(u)' is the generator of an isomorphic algebra
to G[ul/(Q(w)"). If the minimal degree polynomial satisfied by w has the form
L(v)=v"+Y!7, dv', d;e G, then L(v)=g(v)’ and G[ul/{Q(u)")= G[v]/{g(v)".
Therefore, assume that we perform the computation by the algorithm we derived
in Section 5, in an algebra G[v]/{(g(v)"y isomorphic to G[u]/(Q(u)"). Let
Glu)/{Q(w)") = G[v]/{q(v)"), i.e., the fields G[u]/(Q(u)) and G[v]/(q(v)) are
isomorphic and the algorithms which are computed in G[u]/{Q(u)) are equivalent
to the algorithms which are computed in G[v]/{(g(v)".

Each element in G[u]/(Q(u)") has a regular matrix representation given by the
companion matrix of Q(u)" In Lemma 6.3 we will assume that G[u]/{Q(u)")=
G[v]/{g(v)") and we will derive the relation between the companion matrix of Q(u)’
and the companion matrix of g(v)".

Lemma 6.3. Assume that G[u]l/{Q(u)"y= G[v]/{g(v)') where Q(u)' = u" +Z::(; au’
a;e G, and q(v) = 0" +Z:(: dv', d; € G, deg Q(u)=deg q(v) =j, jl = n. Then
(i) U, = SngSaS;
(ii) D= QsSKS™=SKS'QL,;
(iii) S'=KUIS'D!;
where U is the companion matrix of Q(u)' such that U = K ' UK,

a, a, a,, a,_, 1

a, as a, 1 0
K= . . . .

a1 1 0 0 0
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d d, d,o, d,, 1
d, d, d_, 1 0
D= : ,
d,, 1 0 0 0
1 0 0 0 0

Q is the companion matrix of q(v), a, v are n-dimensional vectors, ST is an nxn
nonsingular G-matrix which is a change of basis between a representation of vectors
in G[u]/(Q(u)") and a representation of vectors in G[v]/{q(v)"), Sa € G[v]/{(g(v)"
and Qs, is the regular matrix representation of Sa in G[v]/{q(v)").

Proof. Let Q be the companion matrix of g(v)), and let v=(v,,..., v, ,)". Let
Q, =Z:(} v:Q' be the regular matrix representation of v in G[v]/(g(v)"). For every
two n-dimensional vectors a, 8 € G[v]/(g(v)"), define the multiplication as

a° B =Qu.B, (58)

where o is the multiplication in G[v]/{g(v)").

So we have two different coordinate systems for representing elements in the
same algebra. One is represented by x which is the multiplication in G[u]/(Q(u)")
and one is represented by ° which is the multiplication in the (isomorphic) algebra
G[v]/{g(v)") defined in (58). Since elements in the algebra A are represented by
two different coordinate systems, there is a nonsingular matrix S which transforms
vectors from one coordinate system to another. ST is the matrix which is the change
of basis between the two vectors representation and if x=(x,,...,x, ;) and y=
(Vos - -+, ¥a_1), then Sx and Sy are the representation of x and y in G[v]/(g(v)");
therefore,

xxy=S"((8x)°(Sy)). (59)

U.B is the representation of a x 8 € G[u]/{Q(u)"). Therefore, from (58) and (59)
we get

UB=axB=S8"((Sa)e(SB))=5"Qs.SB (60)

Since (60) is true for all vectors 8 we obtain (i) from (60).
Recall that UL = K~'U. K in G[u]/(Q(u)'); then by taking the transpose of (i)
we get

Ui=K UK =5"Q5.(5)". (61)
Substitute (i) into (61) and get

K 'S 'QsuSK =S"Qsa(s") (62)
therefore, for every a we get

Qs = (SKST) ™' Qs (SKS™). (63)
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(SKS™) is a similarity transformation taking Q into Q". By direct calculation
Q=D 'QD and Q=D 'QuD. Substituting into (63) we get D 'Qs.D=
(SKS") 'Qs.(SKS™) and

Qs.. = D(SKS") 'Qs.(SKSTYD™". (64)

Therefore, D(SKS")™' is commutative with Q. The only matrices that are
commutative with the matrix Q are polynomials of Q; it then follows that there
exists a vector v such that

D= Qs,SKS"=SKS'Qg,. (65)
This proves (ii). From (i) we get

(§H7'ULS" = QS (66)
From (65) and (66) we get

D=SKS"QL =SKS" (ST 'UIST=SKU}S".
Thus, D(ST) {(UT) 'K '=8, and therefore S™'=KU.S"D™' which proves
(iii). O

Lemma 6.4. Assumethat {1, w,..., w" '} arelinearly independent, w € Glul/(Qu)Y,
forallg, ge G, 8(w—g)=0 and we G. Let q(v)' be the minimal degree polynomial
(over G) satisfied by w (i.e., g(w)' =0mod Q(u)') where Q(u)’=u"+z,'.:0l au’
a;€ G and g(v)' =v"+Y, dv', d.e G, deg Q(u) =deg q(v) =}, jl=n. Then

1 1
K (—> =-——U!S"¢ and K '(1)=US'D"'
w—g q(g)’

where U is the companion matrix of Q(u)' such that U'= K 'UK, STisannxn
nonsingular G-matrix which is a change of basis between representation of vectors in
G[ul/(Q(w)"y and a representation of vectors in G[v]/{q(v)) and &=
(1, g....,8" "

Proof. From the identity

Pu)=(u—g)(u" "+ f, u" 7+ +fiutfo)+P(g)
and since g(w)' =0 mod Q(u)' we obtain for every ge G

0=g(w) =(w=g)(w" '+ £, ow" 2+ f, W -+ ) +Hq(r)
where

foi=g '"+d, g/ +d, g+ Hd, i, J=2,...,n
Since 8(w—g) =0, from (67) we have that q(g)' # 0; hence,

1 1 \

[ [(W"‘]+ﬁ,72Wn72+ﬁ,73W"7

w—g g(g) o) (68)
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By substituting f,_;, i=2,..., n, of (67) into (68) we have

1 1
—=- (W d, w4k d, w2
w—g  q(g)

+dn¥2wn73+. ) '+d2,' L] W+d,,_1, l)g

Denote
d d ... d,, d,_, 1
d, d, ... d,_, 1 0
Q=Qwl...w,  D=| S
d,.; 1 0 0 0
1 0 0 0 0
then from (68):
1 1
—=-——0Dg. (69)
w—g q(g)

From our assumptions, as in Lemma 6.3, it follows that the algebra G[u]/{Q(u)")
with the multiplication x is isomorphic to the algebra G[v]/(g(v)") with the multipli-
cation ° (i.e., the fields G[u]/{Q(u)) and G[v]/{q(v)) are isomorphic). Note that
Q, v, Q,, @ and B are the same as in Lemma 6.3. Since elements in the algebra A
are represented by two different coordinate systems, there is a nonsingular matrix
S which transforms vectors from one coordinate system to another. From Lemma
6.2 we have that in the basis {1, u,...,u" "'}

1 1

w—g Qg
while (69) is the representation in the basis {1, w, ..., w"'}; therefore,

S=07" (70)

As in the proof of Lemma 6.3 we have that x X y = S7'((Sx) o (Sy)). From (69), (70),
Lemma 6.3(i) and (ii) we have

1 1 1 .
K- <f> =——— K 'IDg§=-—7 K 'ST'Qs SKS"§
w—g q(g) q(g)
1
- K 'UKS™§
q(g)’
1
-——Uls"g
(g)'
Therefore,
1 1 .
k() =Lt (1)
w—g q(g)
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Substitute Lemma 5.3(iii) into K ' = K™'S™' (cf. (70)) and get
K'Q=UIS"D™". (72)
Since the first column of (2 is 1, we have 1= {21 and therefore (using (72)) we get

K'M=K'21=U!s"D™"1. O

We outline the main ideas how to apply the above results (Lemmas 6.2-6.4) to
Theorem 5.1. We interpretate the algorithm in two bases. In the basis {1, u,..., u" '}
it is immediate. In order to interpretate the algorithm of Theorem 5.1 in the basis
{1, w,...,w" "}, where we G[u]/{Q(u)"), we G, w# u and w does not annihilate
any polynomial of degree less than n, on the one hand we compute K '(1/(w—g))
using the identities of Lemma 6.4, on the other hand we compute the coefficients
of R(u)S(u) using Theorem 2.4 and then reduce them modulo Q(u)".

In evaluating the coefficients of R(u)S(u) we will use the fact that {1, w, ..., w" "'}
are linearly independent and thus, the algebra G[v]/{L(v}) generated by the minimal
degree polynomial L(v) where L(w)=0mod Q(u)' is isomorphic to G[u]/{Q(u)".
Therefore, let o: G[u]/{Q(u)"Y> G[v]/{g(v)") be an algebra isomorphism, R'(v) =
o(R(u)) and S'(v)=0c(S(u)). This part uses no m/d-steps. In order to compute
the coefficients of R(u)S(u) mod Q(u)' we will compute the coeflicients of T'(v) =
R'(v)S'(v) mod g(v). We will prove that when Theorem 5.1 is restated in
G[v]/{q(v)"), then computing the coefficients of R'(v)S'(v) mod g(v)' has to be
done by first computing the coeflicients of R'(v)S’(v) (as in Theorem 2.4) and then
reduce them modulo g(v)".

Thus, once we determine the 2n —1 multiplications for computing the coefficients
of T'(v)=R'(v)S'(v) mod q(v)’, then the algorithm is determined uniquely and by
o~ '(T'(v)) (which does not use any m/d-steps) and we obtain the minimal algorithm
for computing the coefficients of R(u)S(u) mod Q(u)".

Proof of Theorem 6.1. By Theorem 5.1, the multiplications for computing the
n—1

coefficients of (Y, xu' )Y, yu') mod Q(u)' are given by

g=hL=K '(1/(w=8)), i=1,...,n=2, (73a)
By =1, = Kﬁl(l), (73b)
1Ithl:'t_rl-H:I<71(1/("V_anfl,l))a l:()a"'an_la (730)

where 1 is the unit vector in G[u]/{Q(u)"y and 8(w)=0, we G[u]/{Q(u)".
If we assume that u = w, then from Lemma 6.2 (73a)-(73c) can be rewritten as

- 1 ~
d=1= L i=1,...,n-2, (74a)
Q(B)'
l’_ln—lz_n—]:(09"'5031)’ (74b)
_ - 1 - )
u"*j:t"*'.f: lan*l,ja JZO"",n_la (74C)

_Q(an~1,j)
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where $=(1,7,...,y" ")". By eliminating the constants in (74a)-(74c) we get
identity (2) of Theorem 2.4. Thus the algorithm first computes the coefficients of
(X0, xu' )T 1Z, yu') (using Theorem 2.4) and then reduces them modulo Q(u)"

Assume that w#u. In Lemma 4.6 we saw already that {a,,..., %,,_,} and
{f,, ..., [} are linearly independent and we proved in Theorem 5.1 that {1/(w —
Ay_10)s---,1/(W—a, ;,-1)}are linearly independent. Therefore, from Lemma 4.19
we obtain that {1, w, ..., w""'} are linearly independent and thus the minimal degree
polynomial (over G) satisfied by w is of degree n and generates an algebra isomorphic
to G[u]/{Q(u)"y. Hence we can use the identities which have been derived in Lemma
5.4. Rewriting (73a)-(73c) by using the identities of Lemma 6.4 yields

L_lx:t_l:_—l UISTE,', i=1,...,”_2, (753)
q(B;)
Uy =t =U,S"D 1, (75b)
ﬁ,,+,=t_,,+j=——-1—, UIST&H,I,,-, j=0,...,n—1. (75¢)
' Q(an—l,j) ’

The algorithm that is described by (75a)-(75c) is equivalent to the following
algorithm:

d=5=S"6, i=1,...,n—-2, (76a)
i, =f,_,=S' D1, (76b)
Upsj=Tor; =S 8y y; j=0,...,n—1. (76¢)

We will complete the proof by showing that (76a)-(76c) are exactly the algorithm

that computes the product in an isomorphic algebra and then reduces it modulo a
polynomial. For this purpose we compute the coeflicients of (¥ ,";(} xu')x

n—1

(X7 yu'ymod Q(u)' in (L) xv ) (T, yv') mod g(v)’ where the algebra
G[u]/{Q(u)"y is isomorphic to Glv]/{q(v)".

Denote
Sx=(,..., €)' =& Sy=(no,..., M) =7 (77a)
and
£T=xTST, nT=yTST, (77b)

where S is a nonsingular matrix which transforms vectors from one coordinate
system to another. x x y = S7'((Sx) ° (Sy)) = S~ '(£° 1) where x is the multiplication
in G[u]/{(Q(u)"y and ° is the multiplication in G[v]/(q(v)"). Thus, compute first
&° n which means compute first the coefficients of (¥|_, &v' ) (X 1—y nv') mod g(v)’
and then apply S™'. We will prove that to compute the coefficients of (¥, £&v') X
(Y77, mv') mod g(v))" we first have to compute the coefficients of (¥|_, &v') %
(Y7o m') and then reduce modulo g(v)’.
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To compute the coefficients of (¥, &v ) (X", nv') we must use Theorem 2.4
and by using identity (2) of Theorem 2.4 we have

(ngl fivi)C}_:l nivi) - <n§—; fivi><'_'§_; mui) mod n];_[lz (v—8;) nlj; (v—a,_y ;)

n—2 n—1
F & 1M U (v—58) 'Uo (n_anvl,j)a (78)

where forall i and j,i=1,...,n-2,j=0,...,n-1, B, @, ; ;€ G are distinct.
To compute the left side of (78) we use the Chinese Remainder Theorem. The
2n — 2 multiplications are

(T est)(X mt) =@, =1, 2 (192)

n—1 n—1
(Z §kaﬁ1,,,-><kz nkaﬁl,j) :(fT&n—l,j)(nT&n—l,j)’ Jj=0,...,n—-1
k=0 =0
(79b)

The (2n —1)st multiplication we derive by using
& =(6'D')(n"D7') (79¢)

since in D' the first column are 0 except for the last entry which is 1.

Substitute (77b) into (7a)-(7¢) and we get (79a)-(79¢). This completes the proof
of the case w# u. Therefore we have proved that every bilinear algorithm which
computes the coefficients of (¥ ) xu )X, yu') mod Q(u)’, deg Q(u)=j, li=n,
Lj>1 in 2n—1 multiplications is done first by computing the coefficients of
(X7, xu' )X/~ yu') and then reducing them modulo Q(u). O

7. Conclusions

In view of the result of Theorem 5.1 that all the minimal bilinear algorithms for
computing the coefficients of R(u)S(u) mod Q(u)', where R(u) =Y, xu', S(u) =
2:’;01 yu',deg Q(u)=j, ,jl=n,,j,1>1and Q(u) is irreducible (over G), we get that
at least 2n — 2 distinct scalars from the field G are needed and each multiplication
has the form R(«;}S(a;)m j=1,...,2n—1, hence the algorithm requires large
coefficients (as in the case I=1). Therefore, using the identity R(u)S(u)=
R(u)S(u) mod P(u) where deg P(u)=2n—1 with distinct irreducible factors, but
not necessarily only linear factors, does not reduce the large coefficients which the
algorithm generates. In order to achieve better “practical” algorithms, nonminimal
algorithms should be studied. In addition, classification of all the minimal (not
necessarily bilinear) algorithms for computing the coefficients R(#)S(u) mod Q(u)'
remains open.
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