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1. Introduction

Graphs in this paper are undirected simple graphs. For a graph G, V(G) is the set of its vertices, E(G) is the set of its edges,
e(G) = |[E(G)|, and G is the complement of G. By G[X] we denote the subgraph of G induced by the vertex set X. By eg(X, Y)
we denote the number of edges connecting disjoint sets X and Y. We let Ng(v) denote the set of neighbors of v in G and
Ng[v] = Ng(v) U {v}. Similarly, for X € V(G), we define N(X) := | ,cx N(x) and N[X] := |,y N[x]. Contraction of edge xy
in G is the operation of replacing the vertices x and y with a new vertex, denoted as x * y, that is adjacent to all neighbors of
x, all neighbors of y, and to no other vertices. A minor of a graph G is a graph H that can be obtained from G by a sequence
of vertex and edge deletions and edge contractions. A subgraph F of G is an H-minor in G if H can be obtained from F by a
sequence of edge contractions and deletions.

A famous open problem concerning graph minors is the Hadwiger Conjecture.

Conjecture 1 (Hadwiger). Every k-chromatic graph has a Kj-minor.

The Conjecture is known to be true for k < 6 but remains open for all larger values of k. In order to stimulate attacks on
the conjecture, Woodall [ 18] and independently Seymour [15] suggested proving the following weaker statement.

Conjecture 2. Every (s + t)-chromatic graph has a K; ;-minor.

Another way to approach Hadwiger’s Conjecture is to search for sufficient conditions other than k-chromaticity that force
a graph to contain a K,-minor. Mader [7] proved that for each positive integer k, there exists a function D(k) such that every

k
graph with average degree at least D(k) has a Ki-minor by demonstrating that D(k) < Z(Z)H. Later, Kostochka [3,4] and
Thomason [16] determined that D(k) = @ (k+/log k). More recently, Thomason [17] determined that

D(k) = (a 4 o(1))ky/logk,
where o = 0.6381726.. . . is given explicitly.
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Fig. 1. Graph M(2, 3, 4) has no K3 4-minor.

Myers and Thomason extended the function D above to general graphs H, that is, they defined
D(H) = inf{d | 2e(G)/n(G) > d implies that G has an H-minor}.

They determined [12,9] D(H) for almost every H, showing, in particular, that for almost all H, the extremal graphs not
containing H are quasi-random (built deterministically from randomly generated subcomponents). However, their methods
work well only for dense graphs, i.e. for graphs H with average degree comparable with |V (H)]|.

An example of a sparse H is K ¢, where s is fixed and t is large with respect to s. For this reason, Myers [10,11] studied
D(K; ) when s is fixed and ¢ is large. Let M(r, s, t) be the graph obtained by taking r copies of K;_1 arranged so that each
two copies share the same fixed s — 1 vertices (Fig. 1 shows M (2, 3, 4)). Myers [11] observed that M(r, s, t) has no K; ;-minor
and that

e(M(r,s,t)):%(t+25—3)(n—s+1)+(sgl), 1)

where n = |V(M(r, s, t))| = rt +s — 1. He proved the following.

Theorem 1 ([11]). Let t > 10%° be a positive integer. Let G be a graph with n > 3 vertices such that

e(G) > %(r+ H(n—1). (2)

Then G has a K, ;-minor.

The graphs M (r, 2, t) witness that this bound is sharp when |V (G)| = 1(mod t).

In connection with Conjecture 2, recently, Chudnovsky et al. [1] proved that Theorem 1 in fact holds for all t. They used
this result to prove that Conjecture 2 holds for s = 2 and each t.

Myers conjectured that a similar, more general statement is true for K; ,-minors.

Conjecture 3. Let s be a positive integer. Then there exists a constant C(s) such that, for all positive integers t, if G has average
degree at least C(s) - t, then G has a K; (-minor.

S

Let K, = Ks4r — E(K¢). In other words, K, is the graph obtained from K; ; by adding all (2) possible edges into the
s-vertex partite set. Myers noted that the average degree that forces G to contain a K ;-minor also likely forces a K", -minor,
that is, D(K; ;) = D(K;,) when s is fixed and t is large.

Myers’ Conjecture was proved independently in [5,6] using different methods. Kiihn and Osthus [6] showed the following.

Theorem 2 ([6]). For every € > 0 and every positive integer s, there exists a number to = to(s, €) such that for allt > to, every
graph of average degree at least (1 + €)t contains K’ as a minor.

In [5], the following fact was proved.

Theorem 3. Let s and t be positive integers with
t > (240slog, s)510825+1

Let G be a graph such that e(G) > %“(n(G) — s+ 1). Then G has a K ,-minor. Furthermore, for n large, there exists a graph G

t+3s—54/5
2 (n—

of order n and size at least s+ 1) that has no K ;-minor.

From Theorem 3 we have that for huge t,
t+3s—54/s < D(Ks¢) < D(KJ,) <t +3s.
Hence, Myers’ insight that D(K; () is the same as D(K",) is true asymptotically in s.

S,
The second half of Theorem 3 shows that for s > 100, Myers’ construction of M(r, s, t) is not optimal. In Section 2,

we provide another construction with fewer edges that shows that M(r, s, t) is not optimal for s > 6. Note that while
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Theorem 2 does not provide the dependence of D(K; ;) on s, it applies for a much wider range of s than Theorem 3, namely
fors <C-t/logt.

The goal of the present paper is to determine D(K5 ;) for ¢ > 6300 exactly. We prove the slightly stronger version with
K3, in place of K3 ;.

Theorem 4. Let t > 6300. Let G be a graph of order n > 3 with

1
e > S(t+3)(n—-2) +1. (3)
Then G has a K3 ,-minor.

The graphs M(r, 3, t) demonstrate the sharpness of Theorem 4 for the existence of minors for both K;‘_’ cand K3 ;.

Remark. If t > 6300 and for some n > 3, an n-vertex graph G satisfies (2), then adding a new vertex x adjacent to all
vertices of G creates a graph G’ with n’ = n + 1 vertices that satisfies the conditions of Theorem 4. By this theorem, G’ has
a K3 ,-minor, and hence G = G’ — x has a K ,-minor. This implies Theorem 1 and the corresponding result of Chudnovsky
et al [1] restricted to t > 6300, in a slightly stronger form, namely, with the K3 .-minor in place of the K, (-minor.

Seymour showed that Theorem 4 implies the validity of Conjecture 2 for s = 3 and t > 6300. With his kind permission,
we present this proof here.

Corollary 5 (Seymour). Let t > 6300. Then every (3 + t)-chromatic graph has a K3*’ (-minor.

Proof. Let G be a counter-example to this corollary with the smallest total number of edges and vertices. Then G is (3 + t)-
critical, and hence §(G) > t + 2. If §(G) > t + 3, then e(G) > ‘+3 [V(G)|, and so by Theorem 4, G has a K3 ,-minor. Thus,
G has a vertex v with dg(v) = t 4+ 2. If GIN(v)] = K42, then G contams K:+3 which contains K3, So, N(v) contains some
non-adjacent vertices x and y.

Let G’ be obtained from G by contracting the edges vx and vy. Since G’ is a minor of G, it does not have a K3 ,-minor.
Therefore, by the minimality of G, G’ is (t + 2)-colorable. Let f” be a proper (t + 2)-coloring of G'. It naturally yields a proper
(t 4 2)-coloring f of G — v in which f (x) = f(y). But then one of the t + 2 colors is not used on N (v), and we can use this
color to color v, a contradiction to the definition of G. O

We also show that Theorem 4 cannot be extended to s > 6. Namely, we prove the following two results.

Theorem 6. Let s and t be integers satisfying s > 6 and t > (25)%~! such that s + t is odd. Then for infinitely manyn > s + t,
there exists a graph G(n, s, t) of order n with

e(G(n, s, t)) > %(t+25_3+37371)(n—s+ H+ (s; 1)

that has no K, (-minor.

The bound of this theorem is getting weaker when s grows. For larger s, the bound of the second part of Theorem 3 is
better.

Theorem 7. Let s and t be integers satisfying t > s > 4 such that s + t is odd. Then for infinitely many n > s + t, there exists a
graph G(n, s, t) of order n with

G t L O ) W s—1
e(G(n,s, ))>5<+ s 7)(11 s+ )+< 5 )

that has no K;,-minor.

The proof of our main theorem elaborates and refines the ideas of [5] and uses discharging to handle the most difficult
case: the case ofn =t + 5.

The structure of the paper is the following. In the next section we prove Theorems 6 and 7. The subsequent five sections
are devoted to the proof of Theorem 4. In Section 3 we cite and prove several auxiliary statements. In Sections 4-7, we
consider several cases depending on how large the number ng of vertices of a minimum counter-example to our statement
is. In Section 4, we set up the proof and handle the case ny < 1.1t, ng # t + 5. In Sections 5 and 6 we consider the case
ng > 1.1t. The singular case ng = t + 5 is postponed to the last section. We conclude the paper with a couple of comments.
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2. Alower bound fors > 6

For this section, it will be convenient to use the following definition of a K; -minor of G. We say that G has a K, ,-minor if
there are a set Vy € V(G) and a function f: (V(G) — Vo) — V(K;.,) such that f~!(v) induces a connected subgraph of G for
allv € V(K;,) and such that, for all viv, € E(K;,), thereis anx; € f~1(v;) (i = 1, 2) such that x;x, € E(G).

We will need the following old result of Sauer [13]:

Theorem 8 ([13]). Let g > 5 and m > 4. Then, for every even n > 2(m — 1)872, there exists an n-vertex m-regular graph of
girth at least g.

Lemma 9. Let s and t be integers satisfying s > 6 and t > (25)%! such that s + t is odd. Then there exists a graph G = G(s, t)
oforder n =t 4+ s + 3 with

1 1
eG) > S(t+5+3) <t+s—2+§>

that contains no Ks -minor.

Proof. Under the conditions of the lemma, the numbersn = s+t + 3,2 = s + 7, and m = 4 satisfy the conditions of
Theorem 8. Hence, there exists an n-vertex 4-regular graph H = H(s, t) with girth at least s+ 7. Since the number of vertices
at distance at most j from a given edge in H is less than 4 - 3/, we can greedily find a set A of at least ﬁ edges in H at distance
at least s from each other. Let H' = H'(s, t) = H — A. Let us prove that

[Ny (U) —U| > 7 foreveryU C V(H') withs —3 < |U| <s. (4)

Indeed, let u satisfy s — 3 < u < s and U be a set of u vertices in H. Let W = Ny (U) — U. Since the girth of H' is
greater than s, H'[U] has no cycles. So, if H'[U] has x edges, k components, and £ vertices of degree 3, then x + k = u and
ey(U, W) = 4u — £ — 2x. Furthermore, since vertices of degree 3 are at distance at least s > u from each other, each
component of H'[U] has at most one such vertex, and hence ¢ < k = u — x. Suppose |W| < 6.Then [U U W| < s + 6 and
hence H'[U U W1 has no cycles. Therefore, e(H'[U U W]) < [UU W| — 1 < u + 5. On the other hand, by the above,

eHUUW]D >x+(4u—£€—2x) =3u+ (u—£—x) > 3u.

So,3u <u+5andu < 2. It follows thats < u + 3 < 5. This contradiction implies (4).

Let G = H'. Suppose that G has a K; (-minor. Let S € V(G) be the set of vertices in the pre-image of the smaller partite
set of this minor, and let S’ C S be the vertices that are not deleted or contracted with a neighbor to get the minor. By (4)
with U = §’, there must be at least seven vertices with a non-neighbor in §’, and at least one of these vertices x is the entire
pre-image of a vertex of the larger partite set in the minor. This contradicts the fact that every vertex of S’ is adjacent to x.
Therefore G has no K; -minor.

Since A(H') = 4 and at least 35 vertices of H' have degree 3,

n 1
2e(G) zn(n—S)—i-? =({t+s+3) <t+s—2+§>. |
Now we are ready to prove Theorem 6

Proof. Consider G(s, t) and H’(s, t) from the proof of Lemma 9. Since A(H'(s,t)) = 4ands +t + 3 > 5s, H'(s, t) has an
independent set I of size s — 1. Then I induces an (s — 1)-clique in G(s, t). Let G'(r, s, t) be obtained from r copies of G(s, t)
by arranging them so that each two copies share the set I and nothing else. This is an analog of M(r, s, t); only the bricks
are different. By construction,

V@@, s, =6—D+r@s+t+3—(—1))=6—1)+rt+4) (5)

, s—1 s—1 s—1
e(G(r,s,t))=r~e(G(s,t))—(r—l)( 5 ):r(e(G(s,t))—( 5 >)+< 5 ) (6)

Since fors > 6and t > (25)>7,

(t+s+3)(t+s—2+5) t+2s—3+437! (5—1)

and

e(G(s, t)) > > (t+4) 5

2 2
we get by (6) and (5) forn = |V(G/(r, s, t))| that

t+2s—3+4351 s—1
2 2

t+2s—3+4351 s—1
e(G'(r,s, ) >r(t+4) + + ( ) .

):(n—s—{—l) 5 5
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Fig. 2. Lemma 10.

Ny

Suppose that G'(r, s, t) has a K; .-minor with partite sets X; and X; and f: (V(G) — Vo) — V(K;) is the corresponding
function. Since |I| < s, the pre-image of some vertex in X; avoids I and is contained in some copy C; of G(s, t). Then the
pre-image of each vertex in X; has a vertex in C; and hence at least t — s + 1 pre-images of vertices in X; are contained in
C; — I. It follows that the pre-image of each vertex of our K; ; has a vertex in C;. Since these pre-images induce connected
subgraphs of G'(r, s, t), each of the pre-images that is not completely in C; — I contains a vertex in I. Since I induces a
complete subgraph of G'(r, s, t), f~!(v) N V(C;) induces a connected subgraph for every v € V(K;. ;). For the same reason,
if the pre-images of some two vertices of K; ; are connected by an edge in G'(r, s, t), then their intersections with V(C;) are
also connected by an edge. It follows that C; also has a K; (-minor, a contradiction to Lemma 9.

Thus, for every n of the formn = (s — 1) + r(t + 4), the graph G(n, s, t) = G/(r, s, t) satisfies the statement of the
theorem. Note that the difference between e(G(n, s, t)) and the right-hand side of (1) is linearinn. O

The proof of Theorem 7 below essentially repeats that of Theorem 6; only the starting brick is different.

Proof of Theorem 7. Let G(s, t) be the graph on s 4+ t + 1 vertices whose complement is a perfect matching. Clearly,
contracting an edge in G(s, t) creates at most three all-adjacent vertices. Thus G(s, t) has no K;’,-minor and

t+1 t—1 t+2 2 -1
GCHe+ DG+ )> + t-i-ZS—Z—fS + * .
2 2 t 2

e(G(s, t)) =

Fix the vertex set I of an (s — 1)-clique in G(s, t) and let G'(r, s, t) be obtained from r copies of G(s, t) by arranging them
so that each two copies share the set I and no other vertices. Repeating the proof of Theorem 6 (with slightly different
calculations) we obtain that G'(r, s, t) has no K ,-minor and that forn = V(G (r,s, )],

, t+25—2-% /51 t+25—2—-% (51
e(G(r,s,t))>r(t+2)f+ 5 :(n—s+1)f+ 5 . O

3. Lemmas on connectivity and domination
If H is a graph and X C V(H), we say that X is k-separable if N[X] # V(H) and [N(X) — X| < k.

Lemma 10. Let k be a positive integer and H be a graph such that each edge of H belongs to at least 3k/2 triangles. If X is an
inclusion-minimal k-separable set in H and S = N(X) — X, then H[X U S]is (1 + [k/27)-connected.

Proof. Assume that there is a separating set D of H[X U S] with |D| < [k/2]. Let H; be a component of H[X U S] — D that
has minimum size of intersection with S, and let H, = H[X U S] — D — Hy. Then the set S; = D U (S N V(H;)) has at most
ID| 4+ |S]/2 < kvertices. If Hy — S; # @, then S; separates H; — S; from the rest of the graph (see Fig. 2), and H; — S; is
properly contained in X, contradicting the minimality of X. Therefore V(H;) C S.Lety € V(H;). By the definition of S, y
has some neighbor x € X. Since xy belongs to at least 3k/2 triangles, y is adjacent to at least 3k/2 + 1 vertices in X U S.
Since |S| < kandy € S, y has at least k/2 + 2 neighbors in X. It follows that y has a neighbor in X — D, a contradiction to
V(H;) €S. O

Let Uy, Uy, and Us be disjoint sets of vertices in a graph G. Then a path P is a (Uy, U,)-path if one end of P is in U; and the
other is in U,. Similarly P is a strict ((U;, U) — Us)-path if one end of P is in Uy, the other is in U, and no internal vertex of P
is in U; U U, U Us. Furthermore, a pair (Py, P,) of paths is (Uy, U,, Us)-connecting if for some i € {1, 2, 3}, one of the paths
is a strict ((U;, Ui1q1) — Ujyo)-path and the other is a strict ((Uj—q, U;) — Ui1)-path (indices sum modulo 3). Note that the
paths in a (Uy, U,, U3)-connecting pair may share an end (in the set U;) and also internal vertices (outside of U; U U, U U3).
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Lemma 11. Let G be a graph and let Uy, U,, and Us be disjoint sets of vertices in G. If G contains a Uy, Uy-path Py and a Uy,
Us-path P, which is vertex-disjoint from Py, then P; U P, contains a (Uq, Uy, Us)-connecting pair of paths.

Proof. Fori = 1, 2, let P{ be a shortest subpath of P; that starts at U; and finishes at Uy4;. If neither of the P/ intersects
Us—;, then the pair (P{, P;) is (U;, U, Us)-connecting. Suppose that P; meets Us. Let Q; be the subpath of P{ from U; to the
first vertex in Us N V(P;) and Q, be the subpath of P; from the last vertex in U3 N V(P;) to U,. Then the pair (Q;, Q>) is
(U1, Uy, Us)-connecting. O

For a graph G, aset T C V(G) is totally dominating if every vertex of G has a neighbor in T. We say thataset T C V(G) is
connected if G[T] is connected.

Lemma 12. Let G be an n-vertex connected graph with minimum degree k > 1. Then:

(a) G contains a totally dominating set T with |T| < [log,,q_y n] + 1; and
(b) G contains a connected totally dominating set T’ with |T'| < 2 log, /(g 1.

Proof. Let A C V(G). The total number of neighbors of vertices in A counted with multiplicities is at least k|A|. Hence
there exists v4 € V(G) that is adjacent to at least k|A|/n vertices in A. (7)

Consider the sequence Ag, Ay, ..., where Ay = V(G) and fori > 1, A; = Ai_1 — N(va_,). By (7), for every i > 1,
|Ail < "=%|A;_4]. It follows that for ip = [log,/u_t 1l + 1,

n—k ip n—k logn/(n—ky
Ayl <n{——) <n =1,
n n

and so Aj, = . Hence T = {va,, va;» - - -, vAiofl} is totally dominating. This proves (a).

LetCy, ..., Cy be the vertex sets of the components of G[T]. Since T is totally dominating, each C; has at least two vertices.
It follows that m < ip/2.Let T = T and C; = C;. We do the following iteration for Cy: If C; dominates V (G), then stop.
Otherwise, choose any vertex w at distance exactly 2 from Cy. Let w’ be the intermediate vertex on a shortest path from G,
to w. By the choice of T, w has a neighbor z € T — Cy. By definition, z belongs to some ;. Add to T’ vertices w and w’ and
let the new C, be the component of the new T’ that contains Co U G U {w, w'}. This increases |T’| by 2 and decreases the
number of components in G[T’] by at least 1.

After at most m — 1 iterations, we obtain a connected totally dominating set T’. By construction, |T’| < |T|+2(m—1) <
io+2@p/2—1)=2ip—2 < 210g,,/(,1_k) n. O

Applying Lemma 12 s times, we have the following corollary.

Lemma 13. Let s, k, and n be positive integers. Suppose n > k > 1. Let H be a graph of order n with §(H) > k + 2
(s — 1) 108, /(n_k) 1 and connectivity greater than 2(s — 1) 10g, ;(,_, n. Then V(H) contains s disjoint subsets Ay, . . ., As such
that, foreveryi=1,...,s,

(i) H[A] is connected,
(11) |A1| <2 1Ogn/(nfk) n,

(iii) A; dominates H — |Jj_; A;.

Schénheim [14], Mills [8] and others, for m > k > [, studied the minimum number C (i, k, £) of k-element subsets of an
m-element set S that cover all £-tuples of elements of S. We will use the following bounds on C(m, k, £) due to Schénheim
and Mills.

Lemma 14 ([14,8]). (@) Forallm > k > £ > 1,
m
C(m, k, €) > HC(m— Lk—1,0— 1)]; (8)

(b) if m/k > 9/5, then C(m, k, 2) > 6;
(o) if m/k > 7/3, then C(m, k,2) > 8.

Erdoés et al. [2] proved a result whose partial case is the following.

Lemma15 ([2]). If 0 < k < (5n — 3)/9 and H is an n-vertex graph with maximum degree k and diameter 2, then
e(H) > 4n — 2k — 11. In particular, if k < 0.5n + o and o > 0, thene(H) > 3n — 11 — 2¢.
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4. Preliminaries and graphs of small order
We will prove Theorem 4 by contradiction. Suppose that the theorem is false. Then there exists a counter-example Gg
which is minimum with respect to |V (G)| + |E(G)|. Suppose that ng = |V (Gp)|. Our starting point is the following lemma

concerning properties of such minimum counter-examples.

Lemma 16. Let t > 3. Let Gg be a graph minimum with respect to |V (G)| 4+ |E(G)| satisfying (3) such that ng = |V(Gp)| > 3
and Go has no K3 ,-minor. Then:

(p0) ng >t +4;

(P1) 2(t+3)(no —2) + 1 < e(Go) < 3(t +3)(ny — 2) +2;
(p2) each edge of Gg belongs to at least (t 4+ 2)/2 triangles;
(p3) 8(Go) = (4+0)/2;

(p4) Gy is 3-connected.

Proof. Since no n-vertex graph can have more than (;) edges, (3) yields

ng(1ng — 1)
—

Forng > 3thisisequivalenttot+3 < ng+1,i.e.ng > t+ 3. Suppose that ng = t+ 3. Then (3) gives 2e(Gp) > ng(ng—2)+2.
It follows that at least three vertices have degree np — 1, i.e., are all-adjacent ones in Go. So, Go contains K3 ;. This proves (p0).

Property (p1) holds by (3) and the minimality of G,. If an edge e of Gy belongs to at most (t + 1)/2 triangles, then after
contracting e we obtain from Gy a graph G, with one vertex fewer and no more than 1+ (t + 1)/2 = (t + 3)/2 fewer edges.
So if Gy satisfies (3), then G also satisfies (3) and by (p0) has at least t + 4 — 1 vertices. This contradicts the minimality of
Go. So, (p2) holds, and (p3) follows from (p2).

Let us prove (p4). Suppose otherwise. Then there is S C V(Gp) such that |S| < 2 and Gy — S is disconnected. Then there
are Vq, Vo, C V(Gp) suchthatV; — S, Vo, —S # @, V, UV, = V(Gp), V1 NV, =S, and V; — S has no neighbors in V, — S. Let
n; = |Vj| fori = 1,2 and ny > n,. By (p3),8(Go) > [(4+t)/2] > 4. Henceny + |S| > 1+ 6(Gp) > 5,and sony > 3.

Case 1: |S| < 1. By the minimality of Gy and the fact that ny, n, > 3, we have e(Go[V;]) < %(t 4+ 3)(n; — 2) + 1. So,

(H—3)(n]2+nz—4)_l_2E (t+3);no—3)+2

1
FE+DM—2)+1 <

e(Go) = e(Go[V1]) + e(Go[V2]) <

3

a contradiction to (3).

Case 2: |S| = 2.LetS = {x, y}. Fori = 1, 2, let G; be obtained from Go[V;] by adding edge xy, if it does not belong to Gy. Since
Case 1 does not hold, each of Go[V7] and Go[V,] contains an x, y-path and so G; is a minor of Gy for i = 1, 2. Again by the
minimality of Gg and the fact that nq, n, > 3, we have e(G;) < %(t + 3)(n; — 2) + 1. Furthermore, e(Gg) < e(G1) +e(Gy) —1,
since either we count edge xy twice or have added extra edges. Therefore,

< (t+3)(n12+n2—4)+15 (t—i—3)(n0—2)+l

e(Go) < e(Gy) +e(Gp) — 1

’

a contradiction to (3), again. O

In the course of our proof, we will increase the lower bound on ng. For small ng, the complement of Gy has far fewer
edges than Gy and it is easier to understand its structure. Let Hy = Gp. Then phrasing (p1) and (p3) in terms of Hy, we get
the following.

Lemma 17. Let t > 3. Let Gy be a minimum with respect to |V (G)| + |E(G)| graph satisfying (3) such that no = |V (Go)| > 3
and Go has no K3 .-minor. Let d = ng — t and Hy = Go. Then:

(q1) 3(d—2)(np —2) — 1 < e(Ho) < 3(d — 2)(ng — 2);
(42) A(Hp) < "2 — 3.

Lemma 18. ng #t + 4.

Proof. Suppose ng =t + 4. By (q1) in Lemma 17, e(Hp) < no — 2. Hence Hy has at least three tree components, say Cq, C,,
and Cs. If all three are singletons, then Gy contains K3*,r+1- If C; and Cs are singletons and C; is not, then deleting the neighbor,
say x, of a leaf in C; we will have three isolated vertices in Hy — x, which correspond to three all-adjacent vertices in Gy — x.
Finally suppose that C; and C, are not singletons. For i = 1, 2, let y; be a leaf in C; and x; be the neighbor of y; in C;. Then

contracting in Gy the edge x1x; creates a (t + 3)-vertex graph with all-adjacent vertices y, ¥, and x; * x,. O

The next statement has quite a long proof which we postpone to the last section.



2644 A.V. Kostochka, N. Prince / Discrete Mathematics 310 (2010) 2637-2654

Lemma 19. ny # ¢ + 5.

For the time being, we continue our proof assuming that Lemma 19 holds. To handle the casest + 6 < ng <t + 23, we
need a couple of auxiliary facts.

Lemma 20. Let t > 162. Let G be a graph of order n > t + 6 such that e(G) < 17n/6 — 2 and A(G) < (n + 3)/2. Then G has
a K3 ,-minor.

Proof. Forn > t +6 > 168, (n + 3)/2 < (51 — 3)/9 and 17n/6 — 2 < 3n — 11 — 2(3/2), so by Lemma 15, G has two
vertices x; and x; at distance at least 3. Note that X = {xq, X} is a connected dominating set in G. Let G; = G — X and
n; = |V(Gy)| = n — 2. Again, forn > 168, (n + 3)/2 = (n; + 5)/2 < (517 — 3)/9and 17n/6 — 2 < 3ny — 11 — 2(5/2),
so by Lemma 15, G; has two vertices y; and y, at distance at least 3. Again, Y = {y1, ¥} is a connected dominating set
inGy.LetG; = Gy —Yandn, = |V(Gy))| = n— 4. Sincenyg > 168, (n + 3)/2 = (np +7)/2 < (5n, — 3)/9 and
17n/6 — 2 < 3n, — 11 — 2(7/2), so by Lemma 15, G, has two vertices z; and z, at distance at least 3. Contracting in G edges
X1X2, y1y2 and z12,, we get a graph containing K3, 5 2 K3,. O

Here is another fact in a similar spirit.

Lemma 21. Let k > 3 and n > 4(k?* + 3k + 6). Let H be an n-vertex graph with maximum degree at most n/2 + k and
e(H) < (k+ 1.5)n/2 — k. If at most two vertices of H have degree less than k, then H contains three disjoint pairs (x;, y;) of
vertices such that dy (x;,y;) > 3 fori=1,2, 3.

Proof. The total number of pairs of distinct vertices at distance at most 2 in H is at most e(H) plus the number of paths of
length 2 in H. Denoting this value by F(H), we have

FO) <e) + Y (d”(”)> Y @y Y @) =5 Y &,

veV(H) veV(H) veV(H) veV(H)

Under the conditions of the lemma, the maximum of the last sum is attained when two vertices have degree 0 and all other
vertices apart from at most one have degree either k+n/2 or k. Recall that Zvev(,_,) (dy(v) —k) < 1.5n—2k. In this situation,

the sum of the squares of the degrees of the vertices with degree greater than k is at most 3(k 4+ n/2)2. Thus,

1 ) ,, 1[3n? ) ,]
F(H)§5[3(k+n/2) +(n—5)k]=E T+n(3k+k)—2k <5—3n.

It follows that H has at least (g) — F(H) = 3n — n/2 = 2.5n pairs of vertices at distance at least 3. Hence some three of
these pairs are disjoint. O

The next fact is based on Lemma 14.

Lemma 22. Let t > 231. Let G be a graph of order n > t 4+ 9 such that e(G) < 3.75n — 6 and A(G) < n/2 + 6. Then G has a
K3 -minor.

Proof. Let G satisfy the conditions of the lemma. Order the vertices x1, X3, . . ., X, of G so that dz(x1) < dg(xp) < -+ <
de(xn).Fori=1,...,n,let N; = Nz(x;).

Case 1: dz(x3) < 5. Each of the neighbors of x; in G has at most A(G) — 1 < n/2 +5 < 5(n — 8)/9 neighbors in
V(G) — N1 — {x1, X2, x3}. So, by Lemma 14(b) form = n — 8 and k = A(G) — 1, V(G) — Ny — {x1, x5, x3} contains a
pair (y1, z1) of vertices such that no vertex in G is adjacent to all of x;, y; and z;. This means that {x1, y1, z;} is a connected
dominating set in G. Similarly, each of the neighbors of x, has at most A(G) — 1 < n/2 + 5 < 5(n — 10)/9 neighbors in
V(G) — Ny — {x1, X2, X3, y1, z1}. Again, by Lemma 14(b), V(G) — N, — {x1, X2, X3, ¥1, 1} contains a pair (y», z) of vertices
such that {x,, y, z,} is a connected dominating set in G. Finally, since A(G) — 1 < n/2+5 < 5(n— 12)/9, by Lemma 14(b),
V(G) — N3 — {x1, X2, X3, Y1, 21, Y2, Z»} contains a pair (ys, z3) of vertices such that {x3, y3, z3} is a connected dominating set
in G. Contracting these three sets in G, we find a K3 ,-minor of G.

Case 2: dz(x3) > 6. Thennand H = G satisfy conditions of Lemma 21 with k = 6. Thus by this lemma, G has three disjoint
pairs of vertices at distance at least 3. Contracting the corresponding edges in G, we find a K3, _g-minorof G. O

Now we are ready to say more about our minimum counter-example G, to Theorem 4 and about its complement H,.

Lemma23. Let t > 432. Thenng & {t + 6, +7, ..., t +22}.
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Proof. Recall that Hy satisfies (q1) and (q2). Letd = ng — t.
Case 1: 6 < d < 7.By(q1)and (q2), e(Hy) < 5(ng — 2)/2 and A(Hp) < (np + 1)/2. So, we are done by Lemma 20.
Case 2: d = 8.By (q1) and (q2), e(Hp) < 3(ng — 2) and A(Hp) < ng/2 + 1.If A(Hp) > ng/6 — 1, consider G = Gy — v,
where v has maximum degree in Hy. Then e(d)) < 17ny/6 — 2 and A(Eg) < (ng+3)/2, where ny = |V (Gp)| = no — 1,and
so Gy, satisfies the conditions of Lemma 20. This yields our statement.

Suppose now that A(Hy) < ng/6 — 1. By (q1), Hp has three vertices, x, y, z, of degree at most d — 3 = 5. Then each

of x, y, z has fewer than 5(np/6 — 1) vertices at distance 1 or 2 from it. Hence, we can choose for each of them a vertex at
distance at least 3 in Hy so that all chosen vertices are distinct. Contracting the corresponding edges in Gy, we get K3 ng—6*

Case 3: d = 9.By (q1) and (q2), e(Hp) < 3.5(np — 2) and A(Hp) < np/2 + 1.5.Since t > 231, Lemma 22 yields the result.

Case 4: d = 10.By (q1) and (q2), e(Hp) < 4(ng — 2) — 1and A(Hy) < ng/2 + 2. If Hy has a vertex v of degree at least
(no + 3)/4, then applying Lemma 22 to Hy — v we are done. Suppose that A(Hp) < (ng + 2)/4. Since e(Hp) < 4(ng — 2), Hp
has three vertices, X1, X, and x3 of degree at most 7. Let N; = Ny, (x;),i = 1, 2, 3. Since A(Hg) < (ng+2)/4,fori € {1, 2, 3},

the number of pairs of vertices in V(Hy) — N; — {1, X2, x3} that have a common neighbor in N; is at most 7 (("°+22)/4_1).

Since this is much less than (”0;10), we can choose fori € {1, 2, 3}, a pair {y;, zi} C V(Hg) — N; — {X1, X2, X3} so that all

there chosen pairs are disjoint and y; and z; have no common neighbor in N;. Contracting in Go for i € {1, 2, 3}, x; with y;
and z;, we obtain a K3, _s-minor of Go.

Case5:d = 11.By(q1)and (q2),e(Hp) < 4.5(ng—2) and A(Hp) < np/2+2.5.1f at most two vertices in Hy have degree less
than 8, then we are done by Lemma 21 for k = 8. Suppose now that Hy has three vertices, x1, x, and x5 of degree at most 7.
LetN; = NHO (X,'), i= 1, 2, 3.

If Hy has two vertices, v; and v,, of degree at least 3(ng — 15)/7, then Hy — v; — v; has less than 4.5ny — 10 — 6(ng —
15)/7 + 1 < 3.75(ny — 2) — 6 edges and satisfies the conditions of Lemma 22 with ny — 2 in place of ny. So, in this case by
Lemma 22, Gy — v1 — v, has a K3 ,-minor. Thus, we may assume that for some v € V(Hp), A(Ho — v) < 3(no — 15)/7. By
Lemma 14(c), some pair {y;, z;} of vertices in V (Ho) — {X1, X2, X3, v} — N7 has no common neighbor in N;. Similarly, some
pair {y,, z,} of vertices in V (Hp) — {X1, X2, X3, v, y1, 21} — N> has no common neighbor in N, and some pair {ys, z3} of vertices
in V(Hp) — {x1, X2, X3, U, ¥1, Z1, ¥2, Z2} — N3 has no common neighbor in N3. Thus contracting in G; — v vertices x;, y; and z;
fori=1,2, 3, wefind a K;noqo—minor of Gg.

Case 6: 12 < d < 14.By(q1) and (q2), e(Hp) < 6(ng — 2) and A(Hp) < ng/2 + 4.1f at most two vertices in Hy have degree
less than 11, then we are done by Lemma 21 for k = 11. Suppose now that Hy has three vertices, x1, x and x3, of degree at
most 10. Let N; = N@(x,-),i =1,2,3.

By Lemma 14(a) and (b), if m > 9k/5, thenm — 1 > 9(k — 1)/5 and

m 9
cam, k, 3) > L—C(m— 1,k— 1,2)} > (56—‘ —11. 9)
k
Thus, since |[N¢| < 10 and
9 No 9
[V (Ho) — {1, X2, X3} — Ni| > ng — 13 > 5 (? +3> > E(A(HO) -1,

the set V(Hy) — {X1, X2, X3} — N7 contains a triple {y, z1, u;} that has no common neighbors of all three of these vertices in
Nj. Similarly, the set V(Hg) — {x1, X2, X3, y1, 21, U1} — N, contains a triple {y,, z», u,} that has no common neighbors in N,
and the set V(Hg) — {1, X2, X3, Y1, Z1, U1, Y2, Z2, U2} — N3 contains a triple {ys, z3, u3} that has no common neighbors in Ns.
For this we need ng — 19 > %(”70 + 3) which holds for ny > 244. Now contracting in G, the three quadruples {x;, y;, z;, u;},
we find a K3, _;,-minor of Go.

Case 7: 15 < d < 22.By(ql) and (q2), e(Hy) < 10(ny — 2) and A(Hp) < ng/2 + 8. Since e(Hp) < 10(ny — 2), Hp has
three vertices, x1, X, and x3 of degree at most 19. Let N; = Na(x,-),i =1, 2, 3. By Lemma 14(a) and by (9), if m > 9k/5, then
m—1>9(k—1)/5and

m 9
Cam, k, 4) > HC(m— 1,k— 1,3)} > {511—‘ —20. (10)

Now we repeat the second part of the proof of Case 6 with quadruples in place of triples and 5-tuples in place of quadruples.
We will find a I(;nofls—minor of Gyifng—(19+3+4+4) > g "70 + 8) which holds for ng > 444. O

Lemma 24. Let t > 432. Then ng > 1.1t.

Proof. Suppose thatd := ng — t < 0.1t. If d < 22 then we are done by the previous lemma. So suppose that d > 23. By
(q1), Hy has three vertices, vq, vy, v3, with degree at most d — 3. So, the degrees of vy, v, v3 in Gy are at least t + 2. We will
construct disjoint connected dominating sets D¢, D5, D3 as follows.
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STEP0: Forj =1, 2, 3,let Dy ; = {v;} and Q; ; = V(Gg) — Ng, (vj) — vj.
STEP i, i > 1: Consecutively, forj = 1,2, 3,if Q;; = #, then let D; := D;y1; := D;j. When all D; are defined, then stop. If
Qij # ¥, thenlet F; := Q;; U UJ[:]] Ditq1,0 U U2’=j D; ¢, then choose in V(Gp) — F;j a vertex v; j that has the most neighbors
in Q” and let Di+1,j = D,'.j U {U,"j} and QH»L]' = Q” — NCo (U,’ﬁj) — Vij.

By definition, for all i and j, Q; ; is exactly the set of vertices of Go not dominated by D; ;. Since we always choose v;; € Q;j,

Go[D;;]is a connected subgraph of G, for all i and j. Also, D;; and D; y are disjoint if j* # j. We now show by induction on i
that for eachj € (1, 2, 3},if Q;; # ¥, then for each x € Q;,
V(Go) — Fij 5
[V (Go) il <2 (11)
INg, () — Fi;| 2
It will be easier to prove a slightly stronger inequality
ng — |Ng, (x 3
0~ NG ®)| _3 12)
[Ng, () — Fi;| 2

By (p3), since ny < 1.1t, we have ny — |Ng,(x)| < 1.1t — t/2 — 2 = 0.6t — 2. By the definition of Q;j, for each x € Q;,
NGO (X) — ijj = NGO (X) — (F,"j — D,‘_j). Since

|Fij — Dijl < 2i+ 1Qijl, (13)

we will estimate |Q; .
By the choice of vy, v3, and vs, [Qqj| < d — 3 and hence |F;j — Dyj| <d—1 < 0.1t — 1. So,

INg,(x) — F1j| > 0.5t +2— (0.1t — 1) > 0.4t + 1,
and (since ng — |Ng, (x)| < 0.6t — 2)(12) (and hence (11), as well) holds for i = 1. Observe that

if (11) holds for a pair (i, j), then v;yq; has more than 2|Q;|/5 neighborsin Q. (14)
Thus if (11) holds for a pair (i, j) and |Q; ;| > 3, then by (14),

|Fit1j — Div1jl < [Fij — Dijl +2 — (1Qij| — 1Qit1,1) < |Fij — Dijl +2 — [2|Qij1/51 < |Fij — Dijl.
It follows that the inequality

|Fij —Djjl <0.1t — 1 (15)

holds if [Qi—1;| > 3 and |Fi_y; — Dj_1 | < 0.1t — 1. Let iy be the smallest i > 2 such that |Q;_; j| < 2.1f Q;,; = ¥, then (12)
is proved for all i. Suppose that |Q;, ;| > 1. Then inequalities (15) and (12) hold for i = iy — 1. This implies that |Q;, ;| = 1
and that

|Fig.j — Dig.jl < |Fig—1j — Diy—1,jl +2 — (1Qi.j| — |Qip—1,;1) < (0.1t = 1) +2 — 1 =0.1t.

So, if Qi j = {x}, IN(%;) — Fj, j| > 0.4t and hence Q;,+1; = @. Thus in all cases (12) holds.
By (11) and (14),if Q;j # ¥, then

3
|Qi+1,j| < E|Qi,j|~ (16)

Let k = [logs,3(d — 3)]. By (16) applied k times,

3 k 3 logs /3(d—3)
Q1] < 1Qujl (E) =d-3 <5> =1

Hence Qi1 = ¥ for eachj € {1, 2, 3} and so our algorithm constructs by the end of Step k disjoint connected dominating

sets D1, D, and Ds. In particular, this means that Gg has a K;‘.HO%(,(H)—minor.

It is left to show that 3(k + 1) < d, i.e, that 3[logs,5(d — 3)] < d — 3. Since d — 3 > 20, it is enough to show that for
integer x > 20, logs 5 x < |x/3], which is true. For example, logs,; 20 < 5.87. O

5. Graphs with a dense subgraph of moderate order

Lemma 25. Let 2 < s < 3,t > 500, and let G be a 2s-connected graph that contains a vertex subset U with
t+19(—1)Int < |U| <2t +20(s—1)Int
suchthat §(G[U]) > 2t/5+36(s—1) In t. Then G has a K, -minor such that the pre-image of each vertex of the minor intersects U.
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Proof. Let u = |U|. Perform the following procedure on G[U]. Leti = 1and G; = G[U]. Step i: If every component of G; has
connectivity greater than 10(s — 1) Int and the number of components in G; is exactly i, then stop. Otherwise, choose a set
S; with |S;| = [10(s — 1) Int] so that G; — S; has more than i components and let G;; = G; — S;.

Let G’ be the resulting graph. Let Hy, H», .. ., H; be the components of the graph G’ and let U; = V (H;) and u; = |U;| for
i=1,..., ¢ Wemay assume that u; > --- > uy. First, we show that

0 <4 (17)

Suppose that (17) does not hold. Consider G4. By construction, G4 has at least four components. Since §(G4) > §(G) — 30
(s —1Int > 0.4t + 6(s — 1) Int, each component of G, has more than 0.4t 4+ 6(s — 1) Int vertices. So, if G4 has at least
five components, then |V (G4)| > 5(0.4t + 6(s — 1) Int) = 2t 4+ 30(s — 1) Int, a contradiction. Moreover, each component
of G4 that is not 10(s — 1) In t-connected has more than 26(G4) — 10(s — 1) Int > 0.8t 4+ 2(s — 1) Int vertices. So, if there
is such a component, then |V (G4)| > 0.8t +2(s — 1) Int + 3(0.4t + 6(s — 1)Int) = 2t 4+ 20(s — 1) Int, a contradiction.
This proves (17).
Case 1: £ = 1. This means that H; = G[U], u; = u, and the connectivity of H; is greater than 10(s — 1) Int. Let us check
that H; satisfies the conditions of Lemma 13 with k = [0.4t + 4(s — 1) Int] and n = u. Indeed, in this case u < 5k; hence
u/(u—k) > 5/4,and so for t > 500,

2(s — D log,jq—iytt < 2(s — 1) logs s u < 9(s — 1) In(u).

Hence by this lemma, U contains s disjoint subsets Ay, ..., As such that, for every i = 1,...,s, (i) G[A;] is connected,
(ii) |Ai] < 2108y u—k) U, and (iii) A; dominates Hy — U]';} A
Contracting each of Ay, ..., A into a vertex, we find a K* -minor of G. We want to prove that u —

S, u—25 108y / (u—k) U
25108, u—iy U > t,1.e. thatfor 0.4t <k <,

Fauk) = uln —

—2slnu—tlIn 4 > 0. (18)
u—k u—k

For this we show first that f; (u, k) > 0 when 0.4t < k < t and u > t. Indeed,

2 1 1 — 2
fi(u, k) =In “ + 4 t a n—%__ ku=-6 —S.
u— u—k uu-—k) u

k' u u—k u
Hence,
u k k(t — k)

W (u. k), :lnu—k Tu—k  (u—k?

Since In(1 + x) < xforx = ﬁ function uf’(u) decreases for u > t. So, to check the inequality f,(u, k) > 0 foru € (t, 2t],

it is enough to check it for u = 2t. Foru = 2t,

1 u—t u t—k
’ K r_ _ — 0
(u(t ) u—k U W—k2  w—k2

So,

PO > £2L 040 = In 20 04t 25 5 1 s
e A T et 16t-2t 2t 40 8
Since In1.25 > 0.22,s < 3and t > 200, f;(2t, k) > 0 and f(u, k) grows with u on (t, 2t]. Letug = t + [2s logs/, 1.2t].

Sinces < 3andt > 500, up < 1.2t. Hence % > 3/2 and

Uo — 25108y /(up—iy Uo = £ + 251083/, 1.2t — 2slogs, ug > ¢.

Since logg,/2 1.2t < 2.6Int for t > 500, this proves Case 1 foru < 2t.Ifu € [2t, 2t 4+ 20(s — 1) Int], then it is enough to

show that fi(u) = u — 2slogs, u > t. Since for u > 2t > 1000, f{(u) =1 — 11157553/4 >1-— % > 0, we have for such u

fiw) > fi(2t) > 2t — 9sIn2t > 2t — 27 In2t > t.

This finishes Case 1.

Case 2: { = 2.Then §(G') > &(G[U]) — 10(s — 1)Int > 0.4t + 26(s — 1)Int. Forj = 1,2, letu; = |V(H))|. If
u; > t + 6(s — 1) Int, then we simply repeat the proof of Case 1 for Hy. The only difference would be the lower bound
on §(G'), but the new bound is sufficient for the argument. Suppose that u, < u; < t+6(s— 1) Int. Since G is 2s-connected,
there are s pairwise disjoint paths Py, ..., Ps connecting V(H;) with V(H,). We may assume that fori = 1,...,s and
J=1,2,V(P) NVH) = {x}.Let H{ = Hj — {x1, ..., xs;}. Then forj = 1,2, 5(H]) > §(G') —s > 0.4t +25(s — 1) Int.
So each of Hj/ satisfies the conditions of Lemma 13 with k = [0.4t 4+ 3(s — 1)Int] and n; = uj/- = u; — s. Hence
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V(H;) U V(H)) contains disjoint subsets A; 1,431, ..., A2 such that for everyi = 1,...,sandj = 1,2, (i) G[A;;] is
connected, (ii) |A;;| < 2 loguj/(uj,k) u;, and (iii) A; j dominates Hj/ — U;;ll Agj.
Since u; < 2.5k, by (ii),

2 s

D> lAijl < 4slogs;st +6(s— 1)Int < 4s-2Int +6(s— 1)Int < 8.5sInt. (19)
j=1 i=1

For j = 1, 2, choose in V(Hj/) — Uf:] A;jvertices y1j, ..., ysjsothatx;;y;; € E(G') fori =1, ..., s. We can do this because

each x;; has at least 0.4t + 26(s — 1) Int neighbors in H;. Fori = 1,...,s,let B; = A; 1 UA;» UV (P) U {yi1,Yi2}. By the

dominating properties of A; j, y;; has a neighbor in A; ;. Hence each of By, ..., B; induces a connected subgraph in G and

dominates the set X = V(H}) U V(H}) — UjZ:1 Uf:] (Aij U {yi;}). Under the assumptions of the case, by (19),

2 s
X| = U] = Si| =25 — Y ) "|Aijl — 25 > U] — 10(s — 1) Int — 8.5sInt — 4s > |U| — 18sInt.
j=1 i=1
So,if |U| > t + 18sInt, then the case is proved. Suppose |U| < t + 18sInt. Thenu; < |U| —38(G') <t + 18sInt — (2t/5+
36(s — 1) Int) < 0.6t and u, < uy. So, repeating the above argument, instead of (19), we get

2 S
D> lAijl < 4slog; 0.6t < 4s(Int +In0.6) < 4sint — 2s. (20)
j=1 i=1
Hence
|X| > |U| —10(s — 1)Int — (4sInt — 2s) —4s > |U| — 18(s — 1) Int — 2s > t.

Case 3: ¢{ = 3.Since §(G') > 0.4t + 16(s — 1)Int,uy > u; > us > 1+ 0.4t + 16(s — 1) Int. Forj = 1, 2, 3, choose
F; C Uj with |F;| = 2s and |F,| = |F3| = s. Since G is 2s-connected, G contains 2s vertex-disjoint paths Py, ..., Py from
F; to F, U F5. By Lemma 11, P; U ... U Py contains s vertex-disjoint (Uy, U, Us)-connecting pairs of paths (Q; 1, Q;2),
i=1..sLltQ = U_, Uj2:1 V(Qj.Forj = 1,2,3,let Hf = H; — Q and uj = |V(H))|. Then forj = 1,2,3,
S(Hj’) > 8(G') — 2s > 0.4t + 15(s — 1) Int and hence uj/- > 14+0.4t + 15(s — 1) Int.

AsinCase2,u; < t+6slInt.Moreover,u; < (JU|—20(s—1)Int—u3)/2 < 0.8tandus < (|[U|—20(s—1)Int)/3 < 2t/3.
So, each of Hj/ ( = 1,2, 3) satisfies the conditions of Lemma 13 with k; = [0.4t 4+ 2.5sInt], u}/(u}] — k1) > 5/3,
ky = ks = [0.4t], u,/(u), — k) > 2 and uj/(uj — k3) > 5/2. Hence V(H}) U V(H3) U V(H}) contains disjoint subsets
A11,A21,...,As3 such that, foreveryi = 1,...,sandj = 1, 2, 3, (i) G[A;;] is connected, (ii) |A;j| < Zlogu;/(u]/__,(j) uj/., and
(iii) Ai; dominates V (H/) — Uj_} Aq,.

By construction, 21‘3=1 Zf=1 |Aij| < 2s(logs 5 uy + log, up + logs , u3). Since uy < 1.2¢ (cf.Case 1)and uz < up < t,

14+1In1.2/Int 1 1
—_— Y+ — + )
In5/3 In2  In5/2

logs 5 u} + log, u) + logs , U3 < Int <

so for t > 500 we have

3 s

> > Al < 25-46Int =9.2sInt. (21)
j=1 i=1
By the definition of (U;, U,, U3)-connecting pairs, forj = 1,2,3andi = 1,...,s, (Q1 UQi2) NU; # ¥. Letx;j €
(Q;,1UQ; 2)NU;. Since each x; j has atleast 0.4t +16(s—1) In t neighbors in Hj, forj = 1, 2, 3 we can choose in V(Hj’) —Uf:] Aij
vertices y j, ..., ¥sjsothatx;jy;; € E(G) fori=1,...,s.Fori=1,...,sletB; = V(Q;; UQiz) U U?}:](A,-J U yih).
By the dominating properties of A;j and the choice of y;;, each of By, ..., B; induces a connected subgraph in G and
dominates the set

3 s

X = Vv(H) UVHy) UVH;) — @y b
j=1i=1

Furthermore, by (21),

3 s
X| = 3(14 0.4t +15(s = ) Int) — [Q N (U1 UU, UU3)| = > > A U {yi)
j=1 i=1
>341.2t+45(s—1)Int — 12 —-9.2sInt —3s = 1.2t +35.8(s — 1)Int — 9 — 35 > t.
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Case 4: ¢ = 4. Since §(G') > 0.4t +6(s — 1)Int,u; > -+ > ug > 1+ 0.4t + 6(s — 1)Int. Hence u < (JU| —
30(s — 1)Int — u3 — uyg)/2 < 0.6t and uy < u3 < uy. We can now repeat the proof for Case 3 with H,, H3 and Hy4 in place
of Hy, H, and H3 and with k, = k3 = k4 = 0.4t. The disadvantage is a slightly smaller minimum degree, but the advantage

is that m ”0 + = 5% = 3,and so instead of (21) we will have

4

N
ZZ'AU| <2s-3Inuj < 6sint.

=2 i=1

This finishes the proof of the lemma. O

6. The final argument

We are now ready to prove Theorem 4. Recall that Gy is our smallest counter-example to the theorem.
Case 1: Gy is 6-connected.
Case 1.1: Gy has avertex v witht+191Int < d(v) < 2t+20Int.Then Gy — v is 5-connected and by (p2), §(Go[N (v)]) > t/2.
Since t > 3000, 2t/5 4+ 361Int < t/2,s0 Go — v with U = N(v) satisfies the conditions of Lemma 25 for s = 2. Hence by

this lemma, Gy — v has a K} ,-minor such that the pre-image of each vertex of the minor intersects N(v). Adding v, we will
get a K3 ,-minor.

Case 1.2: Gy has no vertices v with t + 19Int < d(v) < 2t 4+ 20Int. Let Vi, be the set of vertices of degree less than
t + 191Int. We first show that

[Vsm| <t +38Int. (22)
Assume that |V, | = £ > t 4+ 38Int. Order vy, ..., vy, the vertices in Vs, so thatforall1 <i <j < ¢,
i i—1
UNIgl| = | NIvg]| UNIw1. (23)
q=1 q=1
In other words, having already defined vy, ..., v;_1, we choose as v; a vertex v with maximum |[N[v] — U 1 N[vgll. If (22)

does not hold, then | Uﬁ:] N[v4]| > t 4 38Int. Let i be the largest i such that | U;zl N[vg]| < t+38Int. Let us check that

ip+1

| Nivgl
q=1

By the definition of Vim, ip > 1, and if ip = 1, then (24) holds. So, let iy > 2. If (24) does not hold, then by the definition
of ig, IN[vig1] — U;O I N[vgll > t — 18Int. But then by the ordering of vy, ..., v;,, [N[v,] — Ug’f [vgll > t — 181Int
and |N[vjy—1] — Ul" 2N[vq]l >t —18Int,so | U N[vg]| > 2t — 361Int.But fort > 6300,2t — 36Int > t + 38Int,a
contradiction to the definition of iy. Thus (24) holds. Then Goand U = Ug);] [vq] satisfy the conditions of Lemma 25 for
s = 3, since t > 6300. This proves (22).

Since every vertex not in Vs, has degree at least 2t + 201Int, by (p1),

flemI

<2t +20Int. (24)

+2to — [Vaml) < Y dgy(v) < (t+3)(ng — 2) +4 < (t + 3)no.
veV(Gg)

It follows that ng — 3% < w and hence by (22),

3t|Vsm| 3(t+381Int)

2(t — 3) - 4(t — 3)
Thus if ng > t 4 38 Int, then we apply Lemma 25 for s = 3 to Go and U = V(Gy). If ng < t 4+ 38 Int, then, since t > 6300,
ng < t 4+ 0.1t, and by Lemma 24, the theorem holds for Go.

Case 2: Gy is not 6-connected. Let X be a separating set in Gy with [X| < 5. Let V; and V, be vertex sets of some two
connected components of Gy — X. By definition, each of V; and V; is 5-separable, and hence 9-separable. Forj = 1, 2, let
W; be an inclusion-minimal 9-separable subset of V;, let S; = N(W;) — W}, and let G; = Go[W; U §;]. By (p2), forj = 1, 2,
8(Gj) > t/2 and by Lemma 10 for k = 9, graph G; is 6-connected.

Case 2.1: |V(Gy)| > t + 38 Int.If [V(Gy)| < 2t, then G, with U = V(G,) satisfies the conditions of Lemma 25 for s = 3. So,
we may assume that

V(Gy)| > 2t. (25)

Ny <
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If W1 contains a vertex v with t + 19Int < d(v) < 2t + 401Int, then we simply repeat the argument of Cases 1.1 and 1.2
with Gy in place of Gq. If not, we let Vi, be the set of vertices in Wy of degree less than t + 19 In t. Note that we do not include
vertices of S; into V. Repeating the proof of (22) word by word, we get that it holds for our new definition of V. By the
minimality of Gg, e(G) < %(|Wl| + |S1] — 2) + 1. So, since every vertex in W; — V;,, has degree at least 2t + 401Int,

(t +3)(Vom| + 151D
2

F20(Wi = Ven) < D de, (w) < (t+ 3)(Wh| + IS1]).

weS1UWq
Since |S1] < 9, this and (22) yield for t > 2000

3t(|V, 349/t 3t(t+38Int+3+9/t 3t(1.2t -5
Wil < (Vo + +/)< €+ + +/)< ( )<1.8t<2t—9.

2(t —3) 2(t —3) 2(t —3)
Hence |W1| + |S1]| < 2t, a contradiction to (25). This proves Case 2.1.
Case 2.2:Forj = 1,2,|V(G))| < t+ 38Int.Foreachw € W, d(w) < |W;| 4 |Sj| — 1. On the other hand, by the minimality
of G, e(Go) — e(Go — W)) > (t + 3)|W;|/2. Thus, since |5j| < 9,

(C+3)W < Y dw) + [SIIW)] < (WI(W| + 218 — 1) < [W(IW)] + 17),

weW;

and hence |W;| > t — 14. Thus, if at most two vertices of G; have degree greater than t — 12, then

(t+3)|Wjl Z dg;(w) = 2(IWj| + ISj| — 1) + (t = 12)(Wj| + IS;] — 2)
weW;Us;

(t — 10)|Wj| 4+ 16 4+ 7(t — 12).

It follows that 13|W;| < 7(t — 12) + 16, a contradiction to |W;| > t — 14. So, G; contains some three vertices vy j, v, j and
v3j of degree atleastt — 11in G;.

By (p4), there are three vertex-disjoint Sy, So-paths Py, P, and P;. We may assume that fori = 1,2,3 andj = 1, 2,
the only common vertex of P; and §; is p;j. We also may assume that if p;; € {vqj, v2j, v3;}, then p;; = v;;. Let Fj =
{Uw‘, V2j, U3, P1,j, D2,j» p3‘]‘} fOFj =1,2. lfpi,j 75 Vi j and DijVij Q/ E(Gj), then Dij and Vij have at least

t+3

5 4+ (t—11) — (¢ +38Int) > 10
common neighbors. Thus, we can choose distinct vertices q1 j, g2 j, g3 € V(G;) — Fj so that g; ; is a common neighbor of p;
and v;; if p;j # vij and pjvi; & E(G)). Forj = 1,2, let F/ = F; U {q1, q2,j, g3} and let M; be the set of common neighbors
of vy, vz and v3; in V(G;) — F;. By definition, for t > 6000,

IA

IA

dg; (pij) + dg;(vij) — V(G| =

3
IMj| = > " de, (viy) = 2IV(G)| — IF/| = 3(t — 11) = 2(t + 38Int) —9 =t — 761Int — 42 > 7t/8.
i=1
Fori=1,2,3,letB; = V(P;) U {vi1, vi2, Gi.1, qi.2}. Then Go[B;] is connected and contracting each B; into a vertex, we get a
K3 7¢/4-minor of Gy, where the pre-images of the remaining vertices are the vertices in M; UM,. Since K3 (4, hasa K;t—minor,
this finishes the proof of the theorem. O

7. Caseng =t +5

In this section we deliver the postponed proof of Lemma 19 that ny # t 4+ 5. We assume that ng = t + 5 and will
eventually get a contradiction. As was noted, in this case it is easier to consider the complement, Hy, of our counter-example
Go than Gy itself. By (q1),

e(Ho) < 1.5n9 — 3. (26)

Lemma 26. H, is connected.

Proof. Suppose first that each component of Hy has at least three vertices. Let x be a vertex of degree at most 2 in Hp.
Contracting in Gy the neighbors of x in Hy with vertices in other components of Hy, we find a K3 ,_s-minor. Similarly, if Hy
has a K,-component C with V(C) = {y1, y»}, then it has another vertex x of degree at most 2 in Hy — C. If Ny, (x) C {z1, 22},
then we contract in Gy the edges y1z; and y,z,. Suppose finally that Hy has an isolated vertex x. Let H; = Hy — x and
ny = |V(Hy)| = ng— 1.Sincee(H;) = e(Hg) < 1.5(ny — 1), by Lemma 15, H; contains two disjoint pairs (y1, y2) and (z1, z3)
of vertices at distance at least 3. Thus, contracting in Go edges y1y» and z,z,, we get a graph containing K5 ,. O

Lemma 27. If a vertex of Hy is adjacent to two degree-1 vertices, then there are no other degree-1 vertices in Hy.
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V—component D-component Y-component U-component

Fig. 3. Some kinds of tiny components.

Proof. Suppose that a vertex x € V(Hy) is adjacent to degree-1 vertices v; and v,, and that there is another degree-1 vertex
v3 adjacent to a vertex y (possibly, y = x). Then vy, v; and v3 are isolated in Hy — x — y, i.e. Go contains K3’ ,. O

For A C V(Hyp), a component C of Hy — A is tiny if [V(C)| < 2 and e(C, A) < 2.
We need a couple of statements on tiny components. For this, let us first give names to some of these components. We
will say that a tiny component C of Hy — A is:

(c1) aV-component if |V(C)| = 1and e(C, A) = 2,

(c2) a D-component if |V (C)| = 2 and both vertices in C are adjacent to the same vertex in A,
(c3) a Y-component if |V(C)| = 2 and two vertices in A are adjacent to the same vertex in C,
(c4) a U-component if |V (C)| = 2 and the vertices in C are adjacent to distinct vertices in A.
(

Lemma 28. For every x € V(Hp), the number of tiny components in Hy — x is at most 2.

Proof. Suppose that Hy — x has tiny components Cy, G, and G3. If [V(Cy)| = |[V(Gp)| = [V(G3)| = 1, then we have K3, ; in
Go —x,so suppose V(Cy) = {vq, v2}.If|V(Cy)| = |V(C3)| = 1, then we haveKit in Gg —x — v1, so suppose V(Gy) = {w1, wa).
In this case the graph G}, obtained from Go—x by contracting edge v, w1 has three all-adjacent vertices: v,, w,,and vyxw;. O

Lemma 29. For every X1, X, € V(Hp), the number of tiny components in Hy — x; — x, that are not Y-components is at most 2.

Proof. Suppose that Hy — x; — x; has tiny components C, C,, and Cs that are not Y-components. For convenience, suppose
that V(G) = {vi1, ..., Vi) fori = 1,2, 3. If all of them are singletons, then Go contains K3 ,. So, we may assume that
V(C)I =2

Case 1: Vertex x; has no neighbors in C; for some i € {1, 2}. If, say, G5 is a singleton, then contracting in Gg — x3_; the edge
v1,1X; we get a (3 4 t)-vertex graph with three all-adjacent vertices, namely v; », v1,1 * X;, and the vertex in C3. So we may
assume that [V(G,)| = [V(G3)| = 2. If for some £ € {2,3}andj € {1, 2}, vejx; & E(Hp), then contracting in Gy — X3_; the
edge vq,1v,3—; We get a (3 + t)-vertex graph with three all-adjacent vertices: vy 3, v¢j, and v1,1 * v¢ 3—j. Thus both G, and
C; are D-components in Hy — x;. Switching the roles of x; and x3_;, we again get the same case and repeating the proof get a
contradiction.

Case 2: Both x; and x, have neighbors in C;. In other words, C; is a U-component (recall that we forbid Y-components). We
may assume that x;vq 1, Xav1.2 € E(Hp).

Case 2.1: Some vertex u is at distance at least 3 from some x; in Hy. If C; and C3 are singletons, then contracting in Gg — X3_;
the edge x;u we get a (3 + t)-vertex graph with three all-adjacent vertices: v; 1, v3 1, and x; * u. So, we may assume that
|[V(Cy)| = 2. Then contracting in Gy the edges x;u and v; 3_iv2 3—; we get a (3 4 t)-vertex graph with three all-adjacent
vertices: vy j, V2 j, and x; * u.

Case 2.2: Each vertex in Hy is at distance at most 2 from x; and from x,. Let N; ; denote the set of vertices in Hy that are at
distance i from x; and at distance j from x,. By definition, v ; € N1 and vy ; € N, 1. We observe some properties of vertices
in Njyj.

Eachu € N, of degree at most 2 has a neighbor in Ny . (27)

Indeed, suppose that u € N, ; has at most two neighbors, say w; and w;, and that wq, w, ¢ Ny 1. Since Case 2.1 does not
hold, we may assume that w; € Ny 3 and w, € N, 1. Then contracting in Gy edges wiv,2 and wyvy; we get a (3 + t)-vertex
graph with three all-adjacent vertices: u, w1 * vq2, and wy * vy 1.

No two vertices uy, u; € N, of degree 1in Hy have a common neighbor. (28)

Indeed, assume that w is the only neighbor of u;, u, € N, . Then contracting in Gy the vertices w, vy 1, and vy 3 into the
new vertex z we get a (3 + t)-vertex graph with three all-adjacent vertices: z, uy, and uj.

Neither of x; and x, has a neighbor of degree 1. (29)
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Indeed, suppose that x; has a neighbor w of degree 1. If C; and C; are singletons, then Gy —x; — X, has all-adjacent vertices
w, V3,1, and v3 ;. So, we may assume that |V (C;)| = 2. Then contracting in Gy — x; edge vy ,v; 2 we get a (3 + t)-vertex
graph with three all-adjacent vertices: vy 1, v3,1, and w.

Now we use discharging to find a contradiction. At the beginning, each edge has charge 1 and so the total charge is e(Hp).
The edges give their charges to vertices according to the following rules.

(R1) If both ends of an edge e are in N, ; or both are in N7 ; U N1 5 U N3 1, then e gives 1/2 to either of its ends.

(R2) If exactly one of the ends of e is in {X1, X}, then e gives 1 to the other end.

(R3) Ife=xy,x € N, 5,andy € N1, UN; 1, then e gives 1/2 to either of its ends.

(R4) Ife = xy,x € N»»,and y € Ny 1, then e gives 1 to x. Moreover, if dy, (x) = 1, then y forwards 0.5 from its charge of 2
received from the edges x1y and x,y by Rule (R2) to x.

We claim that the resulting charge of each vertex apart from x; and x; is at least 3/2, so the total charge is at least 3(n—2) /2,
a contradiction to (26). To prove the claim, consider all possible cases. If w € N, , has degree at least 3, then by (R1), (R3),
and (R4), it receives at least 1/2 from each incident edge. If w € N, , has degree exactly 2, then by (27) and (R4), at least
one of the incident with w edges gives 1 to w, so w gets at least 3/2 in total. If w € N, , has degree 1, then by (R4), w gets 1
from the incident edge and 1/2 from the neighbor. If w € Ny ;, then it gets 2 from the edges x;w and x,w by Rule (R2), and
by (28) and Rule (R4), gives 1/2 to the at most one neighbor of degree 1in N; ;.

Suppose that w € Ny » UN; 1. Then w gets 1 from the edge connecting w with {x;, X, }. Moreover, by (29), w has another
incident edge which gives 1/2 to w either by (R1) or by (R3). This proves the claim and thus the lemma. O

Lemma 30. If ny > 200, then Hy has no dominating set with at most y/ng/2 — 2 vertices.

Proof. Suppose that Hy has a dominating set S with |S| = s < \/ng/2 — 2. Let S’ = V(Hy) — S and Hy = Ho[S’]. Let m be
the number of tree components in H. Since S dominates S, it intersects at least |S’| edges. So, e(H}) < 3n9/2 —3 — |S'| <
0.5n9 — 3 +s. It follows that m > 3 4 0.5np — 2s. Let ¢; denote the number of tree components of H) with i vertices and ¢; j
denote the number of tree components of H) with i vertices that are connected with S by exactly j edges.

Claim 1: 37, ((s — D1 +¢i2) <2(5).

Proof. Since S is dominating, ¢; 1 + ¢;» = 0 for every i > 3 and so 2:21 ((s = 1)ci1 + ¢i2) counts only tiny components of
Hp — S. For the same reason, Hy — S has no Y-components. By Lemma 29, the sum over all pairs {x1, x,} C S of the number
of tiny components of Hy — {x1, x»} is at most 2 (;) Furthermore, each component of Hy — S that has only one neighbor in
S is counted (s — 1) times in this sum. This proves the claim.

The number of edges in all components of Hy is at least |V (Hy)| — m = ny — s — m. Thus by Claim 1, the total number of
edges in Hy is at least

n n? no

S
e(Hy) + Y iy = (o —s—m)+3m— Y Q1+ zno—s+2m—2(_ ).

i=1 j=1 i=1 2
Sincem > 3+ 0.5np —sand s < {/ng/2 — 2, for ny > 200 this is at least

) 2 No 3n0
2ng+6 —4s—s">2ny+ 10 — (s + 2) 22n0+10—3>7,

a contradiction. O

Lemma 31. Each 2-vertex in Hy has a neighbor of degree greater than /ng/2 — 4.

Proof. Suppose that neighbors of v € V(Hp) are x and y of degree at most 4/ng/2 — 4. By Lemma 30, each of the sets
N(x) —v+yand N(y) — v + x does not dominate at least three vertices. So, we can choose distinct vertices x’ not dominated
by N(x) —v+y and y’ not dominated by N (y) — v + x. By definition, dy, (x, ') > 3 and dy, (y, ') > 3. Contracting the edges
xx" and yy’ in Go we get a (3 + t)-vertex graph with all-adjacent vertices v, x * X', andy xy’. O

A 2-vertex in Hy is weak if at least one of its neighbors has degree at most 5.

Lemma 32. Ifavertex v € V(Hp) has at least five neighbors that are either 1 -vertices or weak 2-vertices, then it has at least five
neighbors of degree at least 3.

Proof. Suppose that v € V(Hp) is adjacent to £ 1-vertices uq, ..., U, to s weak 2-vertices zi, ..., z;, and to k vertices
X1y, ..., X of degree at least 3, where £ + s > 5 and k < 4. By Lemma 27, £ < 2.In particular, s > 3. Vertices z; and z; form
a weak pair if they are adjacent to each other.

Claim 1: There are no weak pairs.
Proof. Suppose (z1, z3) is a weak pair. Let y be the neighbor of z; other than v. We delete v and contract in Gg — v the edge
z1y. Now the vertices z,, z3, and z; * y are all-adjacent ones in the graph obtained.
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For 1 <i < s, let the neighbor of z; that is not v be y;. By Claim 1, no y; coincides with any z;. Some y; can coincide with
some other y; and with some x;. Let X = {x1, ..., x}and Y = {yq, ..., ys}.

Claim 2: If y; € Y — X, then it has a neighbor in X.

Proof. Suppose that yy € Y —X and has no neighbor in X. Contract in Gy edge vy . In the resulting graph Gy, the neighbors
of the vertex v * y; are only some z;, and these z; have no other non-neighbors in G If there are at least three such z;, then
Gy — v *yy has at least three all-adjacent vertices. If there are exactly two of them, then contracting in Gj, vertex v * y;y with
any vertex distinct from these two, we again get three all-adjacent vertices. Suppose that only z; is a non-neighbor of v * yy
in Gj. Then, since s > 3, there is some other y;». Contracting in G, vertex v * yy with y;», we again get three all-adjacent
vertices.

Claim 3: Every vertex in Hy is at distance at most 2 from v.

Proof. Suppose that dy, (w, v) > 3. Contract the edge vw in Go. If £ > 1 or y; = yy for distinct j and j, then delete y; and
geta K3 . Suppose now that ¢ = 0 and all y; are distinct. Then s > 5. Since zy, . . ., z; are weak, each of y; has at most four
neighbors in Hy — z;. Moreover, if y; € X, then yjv € E(Hp) and if y; & X, then y; is adjacent to a vertex in X. So, some y;
has at most three neighbors in Y, and we may assume that y;y, & E(Hp). In this case, contract in Gy edges vw and y,y,, and
vertices v * w, z; and z, become all-adjacent ones in the graph obtained.

Claims 1, 2 and 3 together imply that the set X 4 v of size at most 5 is dominating in Hy, a contradiction to Lemma 30. O

Lemma 33. Ifavertexv € V(Hy) of degree at most /ny/2 — 4 is adjacent to a vertex of degree 1, then there are no other vertices
of degree 1 in Hy.

Proof. Suppose that a vertex x of degree at most /ng/2 — 4 in Hy is adjacent to vertex y of degree 1, and that z is another
vertex of degree 1 in Hy. By Lemma 30, there are at least three vertices at distance at least 3 from x. Identify x with such a
vertex u distinct from z and the neighbor of z and delete the neighbor of z. O

Consider the following discharging on the set of vertices of Ho. The initial charge ¢ (v) is the degree of v in Hyp, and hence
ZUEV(HO) ¢(v) < 3ng — 7. The rules are:

(R1)Ifd(v) > +/ng/2 — 4 and v has neighbors of degree 1, it gives 2 to one of them and nothing to the other neighbors
of degree 1 (by Lemma 27, there could be only one “other neighbor” and only for one vertex v). If a vertex of degree 1 is
adjacent to a vertex of degree at most /ng/2 — 4, it gets nothing. (By Lemma 33, in this case there are no other vertices of
degree 1.)

(R2) If v is a weak 2-vertex, then it gets 1 from the neighbor of the larger degree.
(R3) If v is a non-weak 2-vertex, then it gets 1/2 from each neighbor.
We claim that the new charge is at least 3 for all vertices, apart from at most one vertex of degree 1. That would imply
that e(Hp) > (3ny — 2)/2, a contradiction to (26). To prove this, consider vertices of all possible degrees.
Case 1: d(v) = 1. By Lemmas 27 and 33, only one vertex of degree 1 may not receive the extra charge 2.
Case 2: d(v) = 2. By Rule (R1), v gives away nothing. By Rules (R2) and (R3), it gets 1 from the neighbors.
Case 3: 3 < d(v) < 5.By Rules (R1) and (R2), v gives away nothing.
Case 4: 6 < d(v) < +/np/2 — 4. By the rules, v gives away at most d(v)/2. So, it keeps at least d(v)/2 > 3.

Case 5: d(v) > +/ng/2 — 4.1f v has fewer than five adjacent weak 2-vertices, then it gives away at most d(v)/2 + 4/2 + 1
and hence retains at least d(v)/2 — 3. For ny > 800,
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If v has at least five adjacent weak 2-vertices, then by Lemma 32, it gives away at most 1 + (d(v) — 5) = d(v) — 4. This
contradicts (26).

8. Concluding remarks

1. By elaborating Lemma 25, one can push the restriction t > 6300 in Theorem 4 down to about t > 3000. In the course
of some proofs, we pointed out how large t needed to be for the proofs to go through. If the bounds on t were less than
500, then we did not try to obtain the best bounds.

2. It was shown in Section 2 that for infinitely many t, graphs M(r, 4, t) and M(r, 5, t) are not extremal for the existence
of I(L—minors and K7 ,-minors, respectively. However, we do not know whether M(r, 4, t) and M(r, 5, t) are extremal
for the existence of K4 (-minors and Ks (-minors, respectively.

3. It is annoying that the case ng = t + 5 took so much effort and space. We believe that if one could handle for s = 4 the
casesng =t + 6 and ng = t + 7, then we would be able to handle the remaining proof for s = 4 and large t using the
technique of the present paper.
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