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In a recent paper Lovfisz, Neumann-Lara and Plummer proved some Mengerian theorems 
for paths of bounded length. In this note the line connectivity analogue of their problem "is 
considered. 

In [3] Lovfisz, Neumann-Lara and Plummer considered the problem of extend- 
ing Monger's theorem to paths of bounded length. Given a graph G and 
nonadjacent points x and y of G they defined Sk(x, y; G) to be the minimum 
number of points whose removal increases the distance from x to y to more than 
k, and defined Ik(x, y; G) to be the maximum number of internally disjoilJt x-y 
paths whose length does not exceed k. They focused their study on the ratio 
Sk(x, y; G)/l~(x, y; G) and in particular on how large this ratio can be. If fo(k) is 
defined to be the supremum of the ratio taken over all graphs G and all 
nonadjacent points x and y, then they showed that fo(k)~[~k]. 

In [2] it was shown that fo(k)>~[¼(k +3)], settling a conjecture of Lovfisz [1, p. 
248] that fo(k)~x/-k. (The lower bound has recently been improved to [](k + 1)] 
by F.R.K. Chung [personal communication].) In this note the analogous problem 
for line connectivity is considered. 

Let S[,(x, y; G) be the minimum t tumber of lines in a graph G whose removal 
increases the distance between distinct points x and y tc more than k and let 
I;,(x, y; G) be the maximum numbel of line disjoint x-y paths in G whose length 
does not exceed k. Finally let f t (k)  be the supremum of S~(xt, y~, G)/l[,(x~, y,. G) 
taken over all graphs G and points x and y in G. 

Theorem. For all k 9 2 ,  [½k]'~fl(k)>~[~(k +2)]. 

Proof. The proof of the lower bound is by construction. A family of graphs {H,, } is 
constructed containing points x and y such that S6m_?(x, y;I-I, ,)::m and 
I~,,_2(x, y; H , , ) = I .  We now describe H,,. Begin with a path of length 2rn--I  
between points u = w ( 1 ,  1) and v = w ( 1 , 2 m )  containing points w(1, 1), 
w(1, 2) . . . . .  w(1, 2m). Call this path and its points layer 1. Layer 2 is added by 
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Fig. 1. The graphs H z, Hs ar, ti H,~. 

including the 2m - 1 points w(2, 1), w(2, 2) . . . . .  w(2, 2m - 1), so that, for i = i to 
2m - 1, w(2, i) is adjacent to w(1, i) and w(1, i + 1) but to no other points in the 
first two layers. Suppose that layers 1 through i - 1 have been constructed. Layer  i 
contains points w(i, 1), w(i, 2) . . . . .  w(i, 2 m - i +  1), and w(i, ]) is a~zljacent to 
w(i - 1, j) and w(i - 1, ] + 1) but to no other points in the first i layers. Construct 
layers 1,2 . . . . .  m. Finally to complete H,,, for each i, 2 ~< i <~ m, rdd paths of 
length i -  1 between w(1, 1) and w(i, 1) and between w(1, 2m) and w(1, 2m - 1+ 
1 t. The graphs H2, ~ and/- /4 are shown in Fig. 1. 

To see that I'3,,-2(x, y; H , , ) =  1 observe that any x-y  path with length 3 m - 2  
or less must contair m lines in layer 1. Since layer 1 has but 2m - 1 lines, any two 
such paths must share a line. 

To show that S~,~_2(x, y; H,,)  = m suppose to the contrary that there is a set A of 
m - 1 lines in H,,  whose removal increases the distance from x to y tt wore  than 
3 m -  2. If A contains a line incident with a point of layer m then there are at 
most m -  1 lines in A joining points in lower layers, and an easy induction 
argument gives the desired conclusion. If no line in A is incident with a point  in 
layer m, then a path from x to y of length 3 m - 2  or less can be found without 
mvch difficulty. (The reader interested in a more detailed expositior, of a similar 
argument should consult [2].) 

This establishes the lower bound for values of k of the form 3 m - 2 .  For other 
values of k one ::an simply subdivide lines incident with x to ebtain the 
aopropriate examples. 

For the upper bound, the proof given by Lov~isz, Neumann-Lara  and Plummer 
[3] can be easily modified to the line version, giving the desired result. 
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