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THE PAPER EXTENDS EXIT THEOREMS OF FREIDLIN AND WENTZELL
TO DEGENERATE DIFFUSIONS. IT USES EXTENSIVELY GENERAL,
EXPONENTIAL ESTIMATES DUE TO AZENCOTT

1. INTRODUCTION

It is of everyday experience that stable dynamical systems deteriorate or
destabilize after operating for some, usually rather long, time. This is often
due to the persistent influence of small random perturbations. The question
of describing accurately the process of destabilization has been studied in
the scientific literature, mainly probabilistic, as the so-called exit problem.
Basic results on the exit problem belong to Freidlin and Wentzell and can
be found in their monograph [6]. As was pointed out in [12] and [3]
some of the conditions imposed in [6] on the studied model limited the
number of applications considerably. An attempt to remove some of the
restrictions was made in [12]. In the present paper we go much further
than in [12] and we also make the control theoretic aspect of the subject
more apparent. More specifically we are concerned here with the exit
problem for solutions X™° of the general stochastic equation

dX = f(X)dt+ea(X)dW,, X(0)=x,e=0 (1)

without making any non-degeneracy assumptions on the diffusion term in
(1). The assumption that the matrix a(x)=ad(x)a*(x), xe R" is positive
definite has been made in all derivations of the exit theorems known to the
author see [6, 10, 11]. Moreover we do not impose neither smoothness
assumptions on the boundary 0D of the basic reference set D nor
invariance properties of D. The main technical tool of the paper is the
Azencott’s generalization, see [1], of the exponential estimates for
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STABLE DYNAMICAL SYSTEMS 569

solutions of (1). In our proofs we impose some conditions on the control
system

dy=f(y)dt+aly)ud, y(0)=x (2)

As a rule they are weak and easy to check although it is possible that even
weaker conditions suffice for the results to hold true, see Section 6 for com-
ments. Contrary to the non-degenerate case [6, 1] the quasi-potential
associated with (2) is no longer continuous.

Probabilistic considerations of Section 3 to Section 5 follow those of the
book by Freidlin and Wentzell [6] and CBMS Notes of Varadhan [11].
They are included in the paper to make it self-sufficient and also because it
was not always clear that the considerations of [6, 11] do generalize to the
situation studied here. Similar extensions should be possible for systems
with more equilibria. The case of invariant measures for {1) as ¢ 0 is
treated in [9]. Some results for the infinite dimensional systems have been
obtained in [4] and [13].

2. FORMULATION OF THE RESULTS

We assume that /" and ¢ are C' functions defined on R” with values
respectively in R” and in the space L(R”, R™) of nxm matrices. Then
Eq. (1) has a unique solution X** defined up to the explosion time t(X*").
In a similar way, for arbitrary x and a square integrable function u(-),
Eq. (2) has a unique solution y** defined up to the explosion time z( »*").

Define, for arbitrary xe R” and number >0 following subset (1)
of R".

v*(n) = closure {y e R", vy = v*™(1)for some t < 1{ 1)

1 r R
and control u such that 3 J lu(s)|~ ds < r]}.
(4]

Thus 7%(1) is the ball with the centre at x and of radius \/;—7 with respect to
the following quasi-distance 4:

1 rt
A(a, b)= inf{\/;; n =3 L lu(s)|? ds, £ =0 and yv*““(0)=a, v*“(1)= b}.

The distance is not in general finite and commutative but it satisfies the
triangle inequality, see [2, 7] for more details.
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We impose the following crucial hypothesis on system (2):
(H1) For arbitrary #># >0 and 6 > 0 there exists r >0 such that
y(fi) ~ B(dD, r)y = B(y°(n), 8), forall x, |x|<r.

In the above definition, B(K, ) stands for the é-neighbourhood of a set K.

Before going further we give sufficient, easy to check, conditions which
imply (H1). The proofs are relegated to Section 3. In the formulation of the
condition (iii), ¥ will stand for the so-called quasipotential defined as
follows

T
0

V(a, b) ———%inf {J (u(s)|? ds; y*“(0)=a, y*(T)=b, T> 0} a,beR".

with the inf @& = +o0.

PrROPOSITION 1. Hypothesis (H1) is satisfied if one of the fillowing con-
ditions hold:

(1) For arbitrary n>0 there exists r >0 such that
7°(n)> B(O, r)
(i) Rank[B, AB,.., A"~ 'B] =n where
A=f.0) and B=a(0)

(iii) There exists r >0 such that the quasipotential V (-, ) is continuous
on

B(0, r)x B(0D, r).

(iv) System (2) is linear: f(x)=Ax, 6(x)=0, xe R" and A is a stable
matrix.

Let D = R” be an open, bounded set containing the origin. Set D is our
basic reference set which is assumed to be uniformly attracted by the
system

2= f(z), z(0)=x 3)
to 0 in the sense that:

(H2) For arbitrary r >0 there exists 7> 0 such that for all xe D and
t2T .

lIz5(0)| < r. (4)
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In (4), z¥(*) stands for the solution of problem (3). It is clear that the set
Dy={xeD;z*(t)e Dforall 1 >0}
contains an open neighbourhood of 0 provided that (H2) is satisfied.
Finally let us define the exit time 7%°

¢ =inf{r=0; X**(1)eD}.
Our main results are given in the following two theorems:

THEOREM 1. Under hypotheses (H1) and (H2) the following estimates
hold:

(i) Forall xeD

lim sup &’ In E(t**) <sup{n;y°(n)s D}
«l0

() For all xe D,.

lim inf &” In E(t™*) = sup{n; ()= D}
©]0

Let us define

It is clear that #< 400 if and only if the following controllability
assumption is satisfied:

(H3) There exists a square integrable control u(-) which transfers 0
to a point in D¢; (for some >0, y*“(t)e D).
If 7 < + oo then the following set E is well defined and as we will see later
non-empty
E=08Dny%#).
THEOREM 2. Assume that (H1)-(H3) hold then for arbitrary xe D, and
0>0,

11m [p(p(X“(‘L'“), E) > 5) =0.

£]l0
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In the formulation of Theorem 2 the letter p stands for the Euclidian dis-
tance between a point and a set. The symbol p, will be used in the sequel
as the standard metric in the space C[0, T; R"] of continuous functions
from [0, T] into R"

Remark 1. It will follow from the proofs that hypothesis (H1) has to be
required only for all # <#+ 6 where J is a positive number. Also the proof
of the estimate (i) in Theorem 1 does not require (H1).

3. SoME DETERMINISTIC RESULTS

In this section we gather some results on the deterministic system (2)
needed in the sequel. We will prove also Proposition 1.
3.1. Properties of the distance 4

Let us remark that sets y*(y) defined as in Section 2 but without the
closure operation are not in general closed. To see this it is enough to con-
sider the example of system (2) with a(x) =0 for all xe R". It is also impor-
tant to note that all sets y*(n), xe R", >0 are invariant for (3). The
following two propositions are less obvious.

ProrosiTioN 2. For arbitrary compact set F< R" separated from 0 and
uniformly attracted by (3) to 0, there exist M >0 and Ty>0 such that if
T>Tyand y““(t)e F for all t < T then

1 pe
5[ ()| ds=M(t—T,), forall te[T,, T].
0

Proof. Since Fis a bounded set and f if of class C' one can assume that
f satisfies Lipschitz condition:
()= fPI <k |x—yl,

for some k>0 and all x, ye R". Then for all 1< T:

|y* ()= z*(1)|

<k [ 1ye(s)—z5(s) ds+sup | [ a(y™*(r)u(r) dr|.
0 s<t (%0
Consequently,
sup | y*“(s) — z*(s)| <e*’sup fo a(y* (r)) u(r) dr.
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Since o y)| </ for some />0 and all y e F therefore

12
sup | y*H(s) — z¥(s) |<ek’l\/_<f s)|? ds> .

Let T, >0 be a number such that
[z*(t)] <6/2 for all xeF and t=T,

where 6 = p(F,0). Then for all te[T,, T] and xe F

5/2<ek'1f<j lu(s))? ds)

In particular taking 1 =T,

12

To 6 2 e
lu(s)lzds>< > e o= M.
jo 21 /T,

By a simple induction, for arbitrary j=1, 2,... such that ;T < T one has
JTo 5
[ luts)? ds > jm
0
and this implies the result.

PrOPOSITION 3. Let F be a compact set invariant for (3) contained in an
open set G such that G is uniformly attracted by (3) to O. Then there exists
& >0 such that for arbitrary a€ F and be G¢ and a control u(-) transferring a
to b in time T>=0 one has

.
j u(s)|? ds = &
0

Proof. Without any loss of generality one cas assume that F contains a
neighbourhood of 0.

Define H=G — F and let us assume that the proposition is not true.
Then one can construct sequences of points (a,), controls («,) and positive
numbers (7,) with the properties:

a,e HNF, [=1,2,. and a,~aecF (5)
yuye Hfort < T, and ye(T)eGl=1,2,. (6)

,
j'|u,(s)|2ds—»0 as |- +oc. (7)
0
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It follows from Proposition 2 that the sequence (T,) is bounded. So
suitably constructing a subsequence one can claim that 7,— T, < +c0.
Let « and f be positive numbers such that for all xe G, and r<aq,
p(z¥(¢), Fy= f. Let, in addition, /, be a natural number such that for / >/,
|T,— T,| <a. Extending all u,('), /=/,,.. to the interval [0, T, +a] by
setting u,(¢t)=0 for re [T,, T, + a] one has that IO%” lu/(s)|* ds — 0 and
consequently y“*(-) - z°(*) uniformly on [0, T + «]. Since a€ F and the
set F is invariant for (3) therefore z%(T. +a)e F. However for all
[=1,., y*(T)eG° and therefore p(y**“(T,+a), F)=ph. Thus
p(z(T . +a), F)= >0 a contradiction.
We will need also the following lemma:

LEMMA 1. If a compact set F is uniformly attracted to O by (3) then there
exists 0 >0 such that the S-neighbourhood B(F, 6) of F is also uniformly
attracted to 0.,

Proof. Let r>0 be a fixed number. Since F is uniformly attracted to 0
and solutions of (3) depend continuously on the initial condition therefore,
for arbitrary x e F there exists a neigbourhood B(x) of x and a number
T(x)> 0 such that for all ye B(x) and 1= T(x), |z¥(¢)| < r. Since the set F
is compact, it can be covered by a finite number of B(x)say F>{J~ , B(x,).
If now a d-neighbourhood of F is contained in [JY,B(x;,) and
T>2max; .y T(x;) then for ye B(F,0) and =T, |z¥(¢)| <r. This implies
the result.

The following theorem summarizes some basic properties of y*(n),
xeR", n>0.

THEOREM 3. (i) For arbitrary xe R" and n >0
v (m=J v*(#)
ii<n

(i1) If for some x € R" and n >0 the set y*(n) is compact and uniformly
attracted to 0, then

(i) Assume (H2). Then for arbitrary r>0 there exist ro>0 and
o >0 such that if |x| <ry and n <n,, then

y¥(n) < B(O, r).

Proof. (i) Assume that for a control u("), {3 |u(s)|* ds<n, y*(T)=y.
If 1fZ|u(s)l*ds<n then ye Usen ¥ ). If 315 u(s)|*ds=n and
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K lu(s)|*ds<n for all t<T then yreUy<,y(n) and as (17,
yeU(t)y—y. Il F denotes J;.,7y*(7) then yeF. Let T'=inf{sr<T,
‘jo lu(s)|> ds=n} < T. Then y**(T')= )’ € F by the revious argument and
since the set F is invariant for (3) therefore also y=z*(T— T')e F as well.

(ii) By Lemma 1 for sufficiently small 6 >0 the set B(y*(n), d) is
uniformly attracted to 0. Consequently, Proposition 3 implies that for 7
sufficiently close to #, y* ()< B(y*(n), ). Since y*(f)>7y"(n) the result
follows.

(ii1) The hypotheses (H2) implies that for r>0 there exists r,>0
such that for all x, [x|<ryand 120, |z°(1)| <r. Let F={zeR", z=z%(1)
for some 10 and |x|<r,}. It is easy to see that F is a compact set
invariant for (3). Without any loss of generality one can assume that
B(0, 2r)y< D. Proposition 3 gives that there exists o> 0 such that if for
some control u(), T>0, xeF and |h|=2r, v*(T)=bh, then
& lu(s)P ds=a Thus for all x,|x|<r,, 7%(2/2)< B(0, 2r) the desired
result.

C()R()IIARY I. For arbitrary xeD, y*(1)cD and E=¢D () =
D (., 7°(7). This identity will be useful in the proof of Theorem 2.

COROLLARY 2. Always n>0.

3.2. Proof of Proposition |

(1) Let n>ﬁ>0 be given. There exists r>0 such that
7'(n—A)Y=2 B(0, r). If |x|<r and yey*(7) then there exist sequences of
pomts (x) (ve) and controls (u,), (v,) and positive numbers (T,), (S,)
such that x, - xand y, > yas k- +oc and for k=1, 2...

.
we= 3T 5 |l ds<n -7

N =

N4
o= s [ oo ds <
O

b —

If a control w,{') is defined as
we(t)=u,(t)fort< T, and

=v,(t—T)for T, <t< T, + S, then
.V().”.k( Tk + SA) = _Vk .
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Consequently yey°(y) and therefore for |x| <r
y¥ (i) =y°(n)

which is stronger property than (HI1).

(i1} See also [8, 12]. Let y,,..., y, be solutions of the linear equations
7,=fd0)y;+0(0)u;, i=1,.,n such that y(0)=0 i=1,.,n, vectors
yi(T),..., y,(T) are linearly independent and functions u,(’),.., u,(-) are
continuous on [0, 77]. Existence of functions u,,.., u, such that
the corresponding y,,.., y, have the desired properties for some 7>0
follows from the controllability condition given in (ii). For arbitrary
E=(&,.., &) e R" define u(&, 1) =E'u\ (1) + -+ 4+ &"u,(t) and let p(£;) be the
unique solution of

W& =& ) +a(pE D)) u, ), 120

If X(1) is the Jacobian of the transformation & — y(¢, t) at £ =0, then

X(1) = £.(0) X(1) + 6(0) 14, (£, 1, (1) ].

Therefore the matrix X(7) consists of linearly independent columns
yi(T),..., y,(T) and therefore det X(T)#0. The implicit function theorem
implies that the transformation ¢ — y(&, T) transforms an arbitrary
neighbourhood of 0 onto a neighbourhood of 0. Since for some >0 and
all Ee R" 1[T (u(&, t)|? dr < B |€]? therefore, for all x of the form x= y(&, T)
where [£] < (7 —7#/B)"% one has

() = y(n)

which implies the desired inquality even with J =0.

(iii) Continuity of the function V implies that for 6 >0, d<n—7
there exists r,<r such that V(0, y)—3d<V(x,y) for |x|<r, and
ye€ B(dD, r). Now

v (F) B(oD, r) < { ye B(AD, r); V(x, y) <7}
c {ye B(OD, r); V(0, y)<#i+6}
<y (F+6)n B(SD, r)
<y%(n)n B(OD, r)

which proves (iii).
(iv) Solution to the Eq. (2) is of the form

PE(E) = S(t)x+£)[ s(t—s) ou(s) ds
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where S(¢)=expt A and for some M >0 and x>0, |S(r)] < M exp(—at),
t 2 0. Consequently for arbitrary 7> 0 and a square integrable u

|y¥ () — y* (1) <6

provided that |x| < /M and this proves the result.

3. SOME AUXILIARY PROBABILISTIC RESULTS

From now on we make the simplifying assumption that f and ¢ vanish
for sufficiently large arguments. This assumption implies that solutions X**
and y** exist globally. We first quote the following uniform estimates due
to Azencott [1]. For their formulation we need however some more
notation:

1 7
itm= {’v‘\‘.u e C[0, I R™]; Ef lu(s)| ds < ’7}
4]
v3(n) =closure of { ye R"; y = y™"(1)
for some ¢ < Tand y*"e I'(n)}

Note that y*(n)=closure |75 75(#).

ProposITION 4 [1].  For arbitrary compact set K< R" and constants
T>0,n>0, a>0, and >0 there exists ¢, >0 such that for all xe K and
we L*[0, T; R™ ], )& lu(s)|* ds <n one has

‘o - NTE I 2 e
P(pT(X.\,a,, y,\.u) <a) >e (L2 W2 g luts) P ds + f8)

provided x € K and ¢ < g.

PROPOSITION 5[1]. For arbitrary compact set K< R" and constants
T>0,41>0, >0, and >0 there exists e,>0 such that for all 0 <¢ <,
and xe K

Plpr X I(n)) >a)y<e ! B

We will need also the following result:

PROPOSITION 6. For arbitrary 6 >0, T>0

P(sup | X (s)—z*(s)| <o) 1

s T

as €| 0 uniformly on compact sets.
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Proof. One can assume that f satisfies the Lipschitz condition with a
constant L >0 and that |o(-)| is bounded by M. Therefore

() =2 (0 < L[| 1X() = 2°(5) ds + sup ()|

R

where m(t)=j(’) a(X*(s)) dW(s). From Gronwall’s inequality it follows
that

sup | X %(s) —z%(s)| < e e™ sup |m(s)].

S s
Doob’s inequality applied to the continuous martingale m(-) implies

P(sup [X™(s) —z%(s)| 2 9)

s<t 6
< P(sup |m(s)] >—e*L’)<§eL’[E Im(1)].
&

EENy

But E|m(1)] < (E(f; a*(X"(s)) ds))'? < M |/ t. The result follows.
The following result is of independent interest. Its proof uses Prop. 2 and
Prop. 5 in the same way as in [6].

PROPOSITION 7. Let F be an arbitrary compact set separated from 0 and
uniformly attracted to 0. Then for arbitrary K>0 there exist T>0 and
g9 >0 such that for all xe F and 0 <eg< g,

PX(t)eFforallt<T)<e" (/K

Proof. Let F, be a compact set also separated from 0 and uniformly
attracted to 0 and such that F,> B(F, 6) for some positive §>0. By
Proposition 2 for arbitrary K, >0 one can find 7>0 such that if
[&lu(s)? ds< K, and xeF, then for some <7, y““(t)e F;. Applying
Proposition 5 one gets in turn that for > 0 there exists g, > 0 such that

0 2
P <pT(X”, I'3(Ky)) >5> e WK B forall xeFande<g,.

Since the event
{X*(t)e Fforall 1< T}

1s contained in

{pr F“T(Kl))>-§-}
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therefore for all xe F and ¢ <¢,
P(X*(t)e Fforall t < T) e (VK= 5)

It is enough to put K, — =K.

4. PROOF OF THEOREM 1

With the results of Section 2 and 3 we can prove Theorem 1 similarly as
in [6].

(i) Without any loss of generality one can assume that #+ oo, If
n > 7 then there exist 7> 0 and control u(-) such that {7 |u(s)|* ds <# and
the trajectory y®“C'(t), t< T is not contained in D. One can therefore
require that y*“"(T)=be D*. Since solutions to Eq.(2) depend con-
tinuously on initial data therefore there exist r, >0, r,>0, such that
B(b, r,)= D¢ and for all x, |x|<r, y™ (T)e B(b, r»/2). Let 6 <r,/2 and
f>0. By Proposition 4 there exists ¢,>0 such that for all ¢<e¢, and
x| <r

P(Sup IX(.;;(t) _ y.\"u([)l < 5) >e (1/63)(l/Z)I&\M(;\'sz\‘ + ) Se” (I,‘f:z)ln+/f)‘

r<T

Since the event {7*°< T} contains (sup,., |X*(s)— y=“(s) <d!,
therefore

Pt < T)Ze*“/ezu“,;), x| <ry, e<e,.

It follows from Proposition 6 that for arbitrary pe (0, 1) one finds T, >0
such that for all xe D and sufficiently small ¢, say ¢ <¢,

PAXHT)I <r)=p.

Markov property implies that for all xe D and ¢ <¢, A ¢,

Ip(,[m:< T+ T])Z pe (1/62)(n + &)

or equivalently that

P(TX,L'> T+ T1)< 1 — pe (1/e1)(n + £)

By a simple induction argument and Markov property, for k=1, 2,...

Pt > k(1 +1,)) < (1 — pe (Vi

409/125/2-18
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But 1/(T+T))E(r™) < T P > k(T+T,)) S Tp%(1 —pe~ 10 hyx
< (1fp)e W8 and &2 ln E(c*°) <& In(T+ T,)/p+ (n+ B) conse-
quently Iim, |, £* In E(t**) <+ . Passing with M and § to 7 and 0 respec-
tively one gets (i).

(i) To sim an a
than (H1) namely that for arbitrarily #>#4>0 and 6 > 0 there exists r >0
such that

In the proof only those points from v () which are close to dD matter.

Let >0 be a number such that y°(5y)< D. Then for some J>0,
p(7°(n), D)= &. Moreover for #j <y one can find r>0 such that for all x,
lx| <r

. 0
()= B (v"(n), 55.
AN =7/
Let r, > ry> 0 be arbitrary numbers smaller than r. For arbitrary x, |x| =r,
one defines stopping times 17 <k} <13 <k3 < - as foliows:
re=inf{1>0; X**(¢)€ 0D or | X**(1)| =1, }
ki =inf{t =17 | X)) =ry }.

I ~

nd for arbitrary £ =1, 2,...

b

et =inf{1> Kk, X (1) € dD or [ X™(1)| =r,}

k¥e =inf{r >t s XY(1)e dD or [ X¥(1) =1y}

pi=P(X™(t1*)€ D).

Note that for arbitrary 7> 0

where

F=D\B(0, r,).
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By Proposition 7 there exists 7> 0 and ¢, > 0 such that for ¢ <¢, and xe F
P(X*(s)e Floralls< T)<e V&0

However {t"“< T} {pAX™, I'(7))>(6/2)} and therefore

“

)

From Proposition 5 there exists ¢, >0 such that for ¢ <¢, and |x| =r,
[p)(rx.t: < T) <e (L2 )F - )
Consequently one can assume that for e <gy A ¢,, |x] =7,

P(IX ()] =

rU)ZI*F (Lremyp )

If A5 = {[X**(13%)| = ro}, then the strong Markov property implies

P(A"'"ﬂ ﬂA'Zf”)Z(l —p (Lie=)(n -~ /l))k
for |x| =r, and e <egy A ¢,. Consider now x, |x| =r, and define

tir=inf {>0; [X*(s)| = r, for some s [0, 1] and
XX (t) =roor X*(1)eéD}
£ =inf{1> £, [X*(5)] = r, for some s € [}, 1] and

| X 1) =rqor X*(1)eéD},

Agr= (X (1) =ro},  k=1,2....

One can assume, see the proof of (i), that

P(|X™%(t)| =r, for some ¢) = 1

for |x| =r, and therefore for arbitrary k= 1,... one gets also that

=

P(ATn 4

¥

o ARz (L= VT INE cpy Ay, x| =7
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Define ¢ =17° and &55 | =135, — %% k=1,... Then
E(r) = E(Z5% (47)°)

+ oo
+ Z [E(.ic,6+ +€z,s;A.;c.sn nA.,’cc,ilm(Az,s)c)
k=2

+o0
=E(;; A7)+ ) B
k=2
4o +ézs’firfm ﬂz‘i,?\/if‘f\ ﬁ/‘i/:il)
+
=E(F)+ X E(EE A7 - n A )

k=2

Without any loss of generality one can assume that there exists a con-
stant M >0 such that for e<eyn e, and |x|=r,, E({]?)=2 M. Con-
sequently

+ oo
IE(T‘CE)ZM+M Z P(Alvem mAi.il)ZMe—(l/fiz)(ﬁ*ﬂ)
k=2

for all x, |x| =r, and e <¢y A &,. Thus if |x] =r, then

liminfe?In E(z%) =7 — B
el 0

Passing with # and § to n and O respectively one gets that for |x| <r,

liminfe’ In E(z%) > n

el0
where n was an arbitrary number smaller than #, and therefore

lim inf &* In E(t*°) > 1, [x] <rg.
£l0 -

If now xe D, then z*(¢)e D for all >0 and for some T>0, |z5(T)| < ry.
Taking into account sufficiently small tube around z*(¢), t<T and
Proposition 6 one gets that (ii) holds true for all x € D,,.

5. PROOF OF THEOREM 2

The proof is an adaptation of that given in [11, Section 7].
Let 6> 0 be a fixed number and let

E;={xedD;p(x, EY<d}, E;=xedD;p(x, E)=4).
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Let moreover 4™* and B** be the following events
A% =X (%) e E, ), BY = {X*(1**) e ES}.
Assumption (H3) implies that for ¢ >0 small enough and xe D
P(A™ U B =P(4™*)+ P(B**) =1,

see the proof of Theorem 1, (i). Our aim is to show that P(4*) -0 as ¢ |0
for all x e D,. Without any loss of generality one can assume that the set £
is nonempty.

Let us fix 7, >r,>0 and 7> 0 and define Markov times 13

e =inf{t>T; | X*(1) =roor X““(t)e D}
Moreover let
A.';:‘ = {t™ <3 and Xt e B}
By = {t™* <t and X (1) e £}

We will show first that one can choose r,, r,, and T such that

Supy - P(B5) | 0 as £]0
intm =ry I}:D(A;:l)
Remark that
P(AYL) 2 [p(Tx.é: < T and X.\‘,z:(,rx.e;) = E())’
T
and for arbitrary T, >0,

P(B})SP({3* < T+T,} " By*) + P(xy*> T+ T,)
<PX™(t)e E{forsomet< T+ T))
+P(X*(t)yeFforallte [T, T+ T,])

where F= D\B(0, r,). We will need the following lemma.

LEMMA 2. There exist ¥ >0, >1, 6, >0, d,> 0 such that if | x| <r then

p(B(y™(7), 0,), E5) = 6, (9)

Proof. From the very definition of the set £ and Coroliary 1, Section 3
it follows that the lemma is true for x =0. Because of (H1) it is true for all
x close enough to 0.
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To estimate further the three probabilities of interest let us fix numbers
>0, ,>0,n,>0, §,>0 as follows

A<m<n+p+B,<n,<i

From the very definition of # and Lemma 2 there exist 7>0, ;>0, r, >0,
r,>r and control ue L*[0, T; R™] such that for all x, |x| <r,:

1,7 _
5J0 lu(s)|*ds<n, and  p(y*(T), D)>5,

Let r, be an arbitrary positive number such that ro <r,. It follows from
Proposition 7 that there exists 7,>0 and ¢, >0 such that for all
xe F=D\{x:|x| <r,} and e <¢,

P(X*(s)e F for all s<T,) e Vim

The Markov property implies in turn that for all xe F and ¢ <¢,

P(X*(s)e Fforallse [T, T+ T,]) <e (V& m=$2

Moreover, if [x| <r, <r, then

P(r** < Tand X*(t™) € E,)
2 P(sup |X™(s) — y™(s)| <93 A dy).

ssT

This is because y*“(s)ey*(n,) =y*(n) and lemma. Consequently for all x,
|x| <r, and ¢ <e,, &, >0 suitably chosen

P(r** < T and X™¥(t"°) € Ej)

>e — (/)((1/2) [ 1uts))2ds + B1) > o~ (UEm + p1)

In a similar way for ¢ <e;,

P(X™(t)e E5forsome t< T+ T))

SP(pr, (X T3, 7, (12)) 2 85) e W=

The first estimate follows from the fact that the set covered by all trajec-
tories from I'j, | ,(n,) is contained in y*(n,) = y*(77). Summing up all the
obtained estimates one has for e<e, A g, A &,.

(1782 —
SUP |y = r, [p(BsT) e~ W/et) 2~ B2)

<267“/‘;2)("27("]+ﬁl+ﬁ2))_)0as8 0
: , |
lnt‘x|=r1 P(AFT) = ef(l/s Yo + B X l
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However, again by an easy application of the strong Markov property
for all xe D and ¢>0

lp(Bx,a) < Sup!-‘d =ri I]:D(BXT‘)

< - [FD A\'.l?
inf, P(A%*) ( )

x| =r

Consequently P(A47°) -» 1 as ¢} 0 for all x, |x| =r,. The case of all xe D,
one gets in the same way as at the end of the proof of Theorem 1, (ii).

6. COMMENTS AND OPEN QUESTIONS

In this final section we make some comments on the imposed conditions
and obtained results and we pose some questions.

6.1. Hypotheses (H1)-(H3)

Hypothesis (H2) is natural as our main concern was to study behaviour
of perturbed systems in a neighbourhood of a stable equilibrium. Condition
(H3) is aiso natural. If all controlled trajectories y**“(-) are contained in D
then, it follows from support theorems of Stroock-Varadhan, that
stochastic trajectories X°“(*), xe D, are also contained in D and the exit
problem looses its meaning. Condition (H1)-being a kind of smoothness
property of the metric 4—is of a more special character. First it is not at
all obvious that (H3) does not follow from the fact that f and ¢ are of class
C'. Proposition 8 below shows that it is not the case. Moreover the same
proposition implies that Theorem 1 and Theorem 2 hold true, in some
special cases, without (H1). The following question is therefore of some
interest.

Question 1. Are Theorem 1 and Theorem 2 true if f and ¢ are of class
(' and only the conditions (H2) and (H3) are satisfied?
Proposition 8 concerns a two dimensional system

dX,= ~X,dt +¢dW'

(10)
dX,= —sgn(X,) X3 dt+eX, dW?

and the reference set D= {(%)e R’ —a<x,<a, —b<x,<h} where a

RS

and b are arbitrary positive numbers.

PROPOSITION 8. For system (10) conclusions of Theorem | and Theorem
2 hold true, hypotheses (H2) and (H3) are satisfied but hypothesis (H1) is
violated.
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Proof. Let
i =inf{2>0; | X7(0)| > a},
3 =inf{1 > 0; | X5(¢)| = b}

where x=(;!)e D. Let yi** and y3**2 be solutions of the associated con-
trolled systems:

dyy= —y,dt+u,ds, »1(0)=x, (11)
dy,= —sgn(y,) y3di+uy y,dt,  yo(0)=x,, (12)
and let y7'(n), y32(n) be the quasi balls corresponding to the one dimen-

sional systems (11) and (12) respectively. It is easy to calculate, see, e.g.,
[12], that

Y =[-mn1 and %)= {0}.
Thus

and

= {(3) ()

Note that conclusions of Theorem ! and Theorem 2 are certainly true for
initial conditions () € D because system (11) satisfies all the requirements.
Let now x=(3})e D and x, #0, say x, >0 and let § >0 be a fixed number.
Without any loss of generality we can assume that x, <J. From standard
formulae the probability g(x,, ¢) of the event A(x,, ¢) that trajectory X7°
will never hit {J} is

(e(Z/cz)d _ 6(2/62)"2)/(6(2/#)5 —1)

and does converge to 1 as ¢ | 0. But
E(r™%) = E(r7%* A 737°) < E(t]1),
E(z™) = E(t%; A(x,, £)) 2 E(17°) g(x,, €).

Thus

lim 2 In E(z™°) =lim &% In E(t}"%) = a?,
el0 £l 0
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and since P(p(X™, E) < d) = q(x,, €), therefore

lim P(p(X**, E)<8)= 1.
cl0

To see that (H1) does not hold let us assume that x=(2), x,>0 and

x3

consider feedback law u, =2y, for the system (12). Direct computations
lead to the conclusion that
y3:n) 2 [0, 3x,+ 1]

Therefore 3°(7) = {(); —/1<21</n, 22=0},

z 1

YX(W):{(:>; _\/’;SZI <ym0<z, g'z’( ~Zf)+x2}

<2

and we see that condition (H1) can not be satisfied for system (11)-(12).

6.2

In general n#7. To see this it is enough to consider linear system
y=—y+u in R, n=22 and D=B(0,1)\{xR";, i<x,<1}. Since
(1) = B(0, \/n), therefore n =14 and 7= 1.

6.3

Finally we want to pose some questions related to the size of E.
It was shown in the paper [6] that for nth order systems n=2,3

M pa " Vg yaz=eW (13)

the exist set relative to the unit ball B(0, 1) was, with only one exception, a
two point set. The situation in the case of n >4 is not clear.

Question 2. s it so that generically all n-dimensional systems (13) have
two point exit sets?

Question 3. Do generically all systems (1) have exit sets composed of
finite number of points?
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