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Abstract

Let {2, denote the set of all n x n doubly stochastic matrices. Two unequal matrices A and B in (2, are called permanental
mates if the permanent function is constant on the line segment tA + (1 —#)B, 0 <t < 1, connecting A and B. We study the
perturbation matrix A + E of a symmetric matrix A in {2, as a permanental mate of A. Also we show an example to disprove
Hwang’s conjecture, which states that, for n > 4, any matrix in the interior of {2, has no permanental mate.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Let {2, be the set of all n x n doubly stochastic matrices. Given a function f whose domain is the set of doubly
stochastic matrices, two doubly stochastic matrices A and B, A # B, are called f-mates if f(tA+(1—¢)B) is constant
for all ¢ in [0, 1]. That is, f is constant on the line segment connecting A and B. Wang [6] took f as the permanent of
a doubly stochastic matrix and defined permanental mates as follows. A, B € (2,, A # B, are said to be permanental
mates if per[t A + (1 —¢) B] is constant for all ¢ in [0, 1]. If A = B then A and B are trivial mates, otherwise nontrivial

mates. Here mates refer to nontrivial permanental mates. From the definition of mates, the matrices in {2 have no
1—x

permanental mates. It is proved in [2] that ( | fx .

) @ 1, 0 < x < 1, has no permanental mate in {23, where &

denotes the direct sum. Karuppanchetty and Maria Arulraj [4] characterized the set of all matrices {23 and {2 having
their transposes as permanental mates.

Let AT denote the transpose of A and let trace of A be denoted by tra(A). For integers r,n (1 < r < n),let Q,,
denote the set of all sequences (i, ip,...,i,) suchthat 1 <ij < --- < i, < n.Forfixeda, 8 € Q,,, let A(x/B)
be the submatrix of A obtained by deleting the rows o and columns S of A, let A[x/B] denote the submatrix of A
formed by rows « and columns § of A and A; denote the first n — 3 rows of the ith column of A. We denote A + E
as A, a perturbation of a matrix A € (2,.

For brevity, let us use the notation M(a,b;c,d) to denote the 3 x 3 doubly stochastic matrix

a b l—a—-b 0 & —&
c d l—c—d and E=|-= 0 ¢ ], &¢>0.Ann x n doubly stochastic matrix A = (a;;) is
l—-a—c 1-b—-d a+b+c+d-1 e —& 0
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called a k-matching matrix, if there exists precisely one k (1 < k < n) such thatay; = aj; for j =1,2,...,n. Let
My i denote the set of all k-matching matrices in (24.

In this paper, we frequently use the following results (Minc [5]).

If A = (a;j) and B = (b;;) are n x n matrices, then

perA = Z perAlo/BlperA(a/B), fora € QO p, (1)
ﬁEQr.n
> perAle/plperA(a/f) = <’r’) perA and @)
a»ﬁeQr,n
per(A+ B) = > S,(A,B), whereS.(A,B)= Y perAle/BlperB(e/p) 3)
r=o a,BEQrn

perAla/B] = 1 when r = 0 and perB(«/f) = 1 whenr = n.

The Eq. (1) is called the Laplace expansion for permanents.

In the next section, we prove a necessary and sufficient condition for a symmetric matrix in (2, having a
permanental mate with its perturbation matrix and a counter example is also given to disprove the Hwang’s
conjecture [3].

2. Permanental mates

Brenner and Wang [1] have obtained a necessary and sufficient condition for A and B in (2, to be permanental
mates, which is given below.

perA =perB and Si(A, B) = (Z) perA = S,—« (A, B). 4)

Theorem 2.1 (Hwang [3]). For A, B € (J,, the following are equivalent:

1. A and B form a permanental pair.

2. ¥4 pe,, PerAla/BlperB(a/p) = (f) perA, forallr =0,1,...,n.

3. Za,ﬁeQm perAla/Blper[B(a/B) — A(e/B)] =0, forallr =0,1,...,n— 1.

Theorem 2.2. Let A = (a;;) € {2, be a symmetric matrix, let E1 = Op_3x,—3 @ E, On_3x,—3 be the zero matrix of
order n — 3, such that the perturbation A=A+E| €, Then A and A are permanental mates if and only if

n n n—=3 n n
( o a-2 ) a,-i)perX—i— > ( > aag -2 ) a,-kajk> per X (i/j) =0, (5)

i,j=n—2 i=n—2 i,j=1 \k,r=n-2 k=n-2

where X = (ajj)n—3xn—3 is a submatrix of A formed by taking first n — 3 rows and n — 3 columns of A.

Proof. From the Theorem 2.1, a necessary and sufficient condition for A and A to be permanental mates is

S (A, Ey) = Z perAla/BlperE1(¢/B) =0, r=0,1,...,n—1.
o, BE€Qrn

It is easy to see that S, (A, E;) =0forr =0,1,...,n —3and S,_1(A, E;) = 0, since A is symmetric.
Now,

d X A Z” X A
2 § JY _ 2 !
Sn—Z(AyEl) =é& per <AT aij) € per (A;T a“) :

ij=n—2 i=n—2 i
i#]
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Taking the permanent through the last row, we get

n

n
Su-2(A, Ey) = & > aij— Y ai | perX
i.j;n_fZ i=n—2
i#]

n-3 n n
+ > | D anper(X(A) —ajiper(XHA)) | 1+
i=1 j=n—2 \ r=n—2
J#r
where (X (i)A;) is a submatrix of order n — 3 formed by deleting the ith column of X and includes the jth column
of A.
Now, taking permanent of (X (i)A ;) by expanding along the column A ; we get,

n n n—3 n n
Snz(A,E1)=52{< Z ajj —2 Z a,-i>perX+ Z ( Z ajr@jx — 2 Z aikajk> perX(i/j)}.

i,j=n—2 i=n—2 i,j=1 \k,r=n-2 k=n—2

Hence the necessary and sufficient condition for A and A to be permanental mates is Qo j=n—2Gij =2 Yo aii)
perX + Y1 2 Tk oy p@irajk — 2 Y 4,y aikaji)perX (i/j) =0. O

Let A be a symmetric matrix in {24, we define,

4
T(A) =4af, — 2atra(A) +1-2) af, k=1,234.
i=1

ik

Corollary 2.3. Let A be a symmetric matrix in {24 and choose & > 0 such that the perturbation A=A+E| €,
where E1 = 0@ E. A and A are permanental mates if and only if T (A) = 0.

Proof. Let X = (a;1). From (3), perX (1/1) = 1. Now, the condition (5) becomes,

n n n—3 n n
( Z a,-j—2 Z aii> perX + Z ( Z airajk—2 Z a,-kajk>perX(i/j)

ij=n—2 i=n—2 ij=1 \k.r=n—2 k=n—2

= a1 (3 — (a21 +a31 + aa1) — 2(ax + asz + aaa)) +ann(l —ain)
+aiz(1 —an) +aia(l —apy) — 2(a}, +ais +aly)

=a11(2 4 3a1 — 2tra(A)) + (1 — a1)(1 — a1) — (a7}, + ajs + aiy)

= (4af, — 2apitra(A) + 1 — 2(a}, + aiy + aly))

=T(4A). O
Construct a symmetric matrix A = (a;;) € (% as follows: Let a1 = x, a;; = y, for j = 2,3,4 and
tra(A) = 10"22’#. Choose arbitrary small x, x > 0, such that y = I_Tx > 0. It is easy to see that T(A) = 0,

hence by the Corollary 2.3, A and A = A + E; are permanental mates in £24.
In particular, if we take x = y = %, then

1
, 0<8<§ and T(A)=0. (6)

PN
Il
NS N Y N
0| M 00| = N = | =
00 = | — 00| — | —
NI = 00| = 00| | —
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Therefore A and A form permanental mates in £2;. Hence for some symmetric matrices A € (24, we can find an
infinite number of perturbation matrices, which are permanental mates of A in (2.

Let A be a symmetric matrix in (2. Then the perturbation matrix A e My.1, where My 1 denote the set of all
one matching matrices in 24. As A #+ AT and T(A) = T(A) = 0, by the Theorem 2.2 in [4], A and AT are
permanental mates in {2. Hence the pairs (A, A) and (A , AT) are permanental mates in 24. The Theorem 2.2 is only
for a symmetric matrix in {2,. We can extend to an asymmetric matrix in {23.

Theorem 2.4.~Let A = M(a,b;c,d),c # b, be in {3 and choose ¢ > 0 such that A=A+Ec¢ (23. A and the
perturbation A are permanental mates if and only if tra(A) = %

Proof. Necessary and sufficient condition for A and A to be permanental mates is S2(A, E) = 0 = S1(A, E), since
per E = 0.

3
S$2(A,E)=0 and Si(A,E)=0 ifandonlyiftra(A):E. 0

Suppose ¢ = bin A = M(a, b; ¢, d) then S2(A, E) = 0. In this case also A and A are permanental mates if and
only if tra(A) = %, which is easily verified from the Theorem 2.2.
Consider a matrix

1131
A—M(2,8,8,2>€.Q3 @)
and choose 0 < ¢ < % suchthat A=A+ E € {23, A and A are permanental mates, since tra(A) = %

In [3], Hwang discussed some nontrivial permanental mates of doubly stochastic matrices. Mte(A) denotes the
set of all mates of A for A € (2,. Let Int {2, denote the interior of (2,. In concluding remarks, Hwang [3] asked the
question whether there exists an A € Int {2, with a nontrivial permanental mate. We established such a matrix (7) in
{23. The matrices A and A are permanental mates, since tra(A) = % A € Intf) and A=A+Ec¢€ Mte(A) for all

g, 0<e< % In (24, consider the matrix (6),

- 1
Aelntfy, and A=A+ E|; € Mte(A) fora118,0<e<§.

For larger n’s, Hwang thought that an affirmative answer to the question regarding the existence of matrices in
Int {2, having nontrivial mates seems to be not possible. Therefore, Hwang proposed a conjecture, which states that,
“forn > 4, if A € Int (),, then Mte(A) is a trivial set”.

Karuppanchetty and Maria Arulraj [4] disproved this conjecture by proving necessary and sufficient conditions for
A= (JT g) € 2, and that AT are permanental mates, where X is a symmetric matrix and of order (n —3) x (n —3),
Uis(n—3) x3,and Y is 3 x 3(Y # YT). Here we have shown the perturbation matrix Aasa permanental mate of
a symmetric matrix A in (2, which will also disprove the Hwang’s conjecture.

Construct a symmetric matrix A = (a;;) € {2, as follows,

ajj=x, fori,j=1,2,...,n—3and

ajj=y, fori=12,...,n-3andj=n—-2,n—1,n.

Choose arbitrary small x, x > 0, such that y = @ > 0.
Choose the 3 x 3 bottom right sub matrix (a;;),7, j =n —2,n — 1, n, such that

< < —3(n —3)y?
(Z aij—zlz a,-,):%.

Therefore, per X = (n — 3)!x" 3, per(X (i /j)) = (n — 4)!x"~* and

n— n n
( Z ajrajk — 2 Z aikajk> =3(n— 3)2y2.

k,r=n—2 k=n—-2

i,j=1
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It is easy to verify the condition (5) of the Theorem 2.2,

n n n—73 n n
Z ajj -2 Z aj; | per X + Z Z aijrdjk -2 Z aikdjk per X (i/j)
i,j=n—2 i=n—2 i,j=1 \k,r=n—-2 k=n—-2

—3(n — 3)y?
= I 33 3 — 322 — Ayt = 0,
X

By the Theorem 2.2, A and the perturbation A=A+ E| €, are permanental mates. Hence for A € Int {2,, there
exist infinitely many perturbation matrices, which are permanental mates of A in (2,,.

If A and B have permanental mates with C and D respectively then A @ B and C @ D are permanental mates.
In particular, if A and AT are permanental mates in (2,,, B and BT are permanental mates in (2,, then A @ B and
AT @ BT are permanental mates in {2,, where n = n| + n.

From the definition of permanental mates, we observed the fact that, if a permanent function is constant on the line
segment connecting A and B, then it is constant on its line subsegment connecting a given convex combination of
two with any other convex combination. Hence, the convex combination of two permanental mates has a permanental
mate.
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