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Abstract

The exact symmetry identities among four-point tree-level amplitudes of bosonic open string theory as
derived by G.W. Moore are re-examined. The main focuses of this work are: (1) Explicit construction of
kinematic configurations and a new polarization basis for the scattering processes. These setups simplify
greatly the functional forms of the exact symmetry identities, and help us to extract easily high-energy limits
of stringy amplitudes appearing in the exact identities. (2) Connection and comparison between D.J. Gross’s
high-energy stringy symmetry and the exact symmetry identities as derived by G.W. Moore. (3) Observation
of symmetry patterns of stringy amplitudes with respect to the order of energy dependence in scattering
amplitudes.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

Given many tremendous progresses and miraculous achievements, string theory as we know it
today is still a beautiful work under construction [1,2]. While the lack of a full non-perturbative
background-independent definition [3,4] may await for an unexpected breakthrough, the current
formulation does not follow the wisdom of previous paradigms such as Einstein’s general theory
of relativity or the standard model of the particle physics. Nevertheless, one can hardly imagine
that a symmetry principle would be irrelevant under a proper formulation of string theory. To this
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end, many people have addressed this issue over past decades. See, for example, [5]. Notable
examples are the high-energy symmetry as proposed by D.J. Gross [6,7] and the exact symmetry
identities derived by G.W. Moore [8]. In the former context, one observes linear relations among
high-energy scattering amplitudes among stringy excitations at the same level, and inter-level
symmetry patterns for leading four-point tree-level amplitudes were proposed in [9]. In the latter
context, based on a well-defined algebraic algorithm (described by a bracket operation defined
in Section 2), one establishes exact identities among inter-level stringy scattering amplitudes.

The basic idea behind high-energy symmetry as envisioned by Gross et al. [6] is to view
string theory as a higher-spin gauge theory with spontaneous symmetry breakdown. Here all
higher-level stringy excitations gain their masses through a higher-spin generalization of Higgs
mechanism [5]. Furthermore, if we combine both the master formula [9] of tree-level stringy
amplitudes for all transverse-polarized highest spin states at given mass levels, together with the
linear relations among leading high-energy scattering amplitudes, these patterns strongly suggest
an underlying structure of string theory as that of equivalent theorem in the electroweak theory
[10]. The fact that we are able to deduce linear relations among the stringy scattering amplitudes
[9] provides further evidences that the high-energy symmetry is a reflection of global symmetry
associated with the would-be Goldstone particles in the unbroken phase of string theory.

In contrast, the advantages of the identities of Moore are: (1) the derivation of the identities
is based on a clear algebraic structure of symmetry, some subsectors of the bracket states and
their bracket relations, based on the bracket operation, can be described in explicit mathematical
frameworks, e.g. [11]. (2) While there are infinitely many exact relations one can write down
based on bracket algebra, these are not totally independent identities. In fact, one of the special
features of these exact symmetry relations is that, it almost realizes a “bootstrap” scenario which
allows us to derive infinite many scattering amplitudes among massive stringy excitations based
on the Veneziano amplitude. (3) These are exact identities among stringy amplitudes, no special
kinematic limits are taken (either high-energy [12] or Regge limits [14]).

On the contrary, to display the contents of these exact identities, especially in terms of all
explicit kinematics (momenta, polarizations) are definitely not a trivial task. There are several
immediate issues which demand special efforts. For instance: (1) What are the physical char-
acteristics (momenta, polarizations) of a state generated by bracket computation (referred to as
a bracket state henceforth)? (2) From the structure of bracket computation (to be reviewed in
Section 2), it is clear that the exact identities generally relate stringy excited states at differ-
ent levels. In order to view all stringy states and their scattering amplitudes as representations
of a huge symmetry underlying string theory, it is natural to ask if bracket states generate full
stringy spectrum? (3) Note that due to the “dressing” of the deformer to various seed operators
(to be defined in Section 2), the stringy amplitudes as related by the exact symmetry identi-
ties in general have different kinematic configurations. Specifically, all amplitudes involved in
a given symmetry identity describe different scattering processes, in which participant particles
may have different spins and momenta. In application to four-point scattering amplitudes, for ex-
ample, while we know that the explicit form of any Lorentz invariant four-point amplitudes must
be a function of two Mandelstam variables (s, t), there is no guarantee that all four four-point
amplitudes appearing in an exact symmetry identity share the same set of Mandelstam variables.

In view of these, the symmetry identities as derived from the bracket algebra not only are
generic inter-level symmetry relations but also connect amplitudes with different kinematic con-
figurations. Clearly, these relations are based on a well-defined infinite-dimensional symmetry
algebra and may cover a wider energy region as compared with, say, high-energy symmetries a la
Gross. Nevertheless, from a physicist’s point of view, if we believe that all scattering amplitudes
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form representations of the grand symmetry of string theory, one would like to have explicit ac-
tions on the scattering amplitudes as explicit functions of Mandelstam variables. Indeed, while
neither symmetry relations mentioned above cover complete patterns of the stringy amplitudes,
it is still of interest and importance to see if we can make connections between these two ap-
proaches. To achieve this goal, we need to pin down the explicit kinematic dependence of the
exact identities and study their high-energy behaviors. In this paper, we begin the first explo-
ration of such a connection/unification based on a couple of case studies. We make a detailed
comparison of the spectrum of stringy scattering states as generated from bracket algebra and
identify a new kinematic basis for the decomposition of the polarization tensors. Most impor-
tantly, through the choice of proper basis of the string state Fock space (Verma module), we
obtain much-simplified representations of the exact identities which allow us to extract high-
energy limits easily. Though we have worked out two specific cases, they already provide a
couple of essential and generic features of these exact/high-energy relations. We therefore believe
that the study worked out here will be a good starting point toward more general understanding
of Moore’s relation.

This paper is organized as follows: we first give a brief review of Moore’s derivation of exact
identities among string amplitudes in Section 2. Then we discuss the condition of conformal
invariance on the bracket states and study their spectrum in Section 3. In order to examine
the explicit kinematic dependence of the stringy amplitudes, we give a detailed study of the
4-point kinematic configuration in Section 4. Here we also construct a new basis set for the
helicity vector/tensor (g-orthonormal basis) which leads to improved expressions of exact iden-
tities. In Section 5, we investigate how the physical bracket states are related to the conventional
positive-norm states as well as light-cone like physical states based on Del Giudice, Di Vec-
chia, and Fubini (DDF) operators [15,1] (referred to as DDF states). It is also discussed that the
derivations of the exact symmetry identities of the stringy tree amplitudes with explicit kinematic
dependence. Two explicit cases are used to illustrate our idea. Finally, based on the explicit con-
structions, we study the high-energy expansions of the exact identities and compare them with
previous work in Section 6. Section 7 consists of summary and the discussion of future directions
related to this work.

To streamline our discussion, we only use simple examples in the main text for various expla-
nations. Some technical details and further illustrative examples are collected in the appendices
for reference. Appendix A aims at supplying discussion about necessary and sufficient condi-
tions to make bracket operators conformally invariant. We give a simple explanation and useful
formulas of DDF states in Appendix B. Finally, we discuss some subtleties regarding the choice
of reference kinematic variables in the study of high-energy limits of Moore’s exact identities in
Appendix C.

2. A brief review of G.W. Moore’s derivation
2.1. Outline of the basic idea

Let us first begin with a brief review of the argument of Moore [8]. Throughout this paper we
use convention X*(w)X"(z) ~ —2a'n*" log(w — z) for string world-sheet propagators. Starting
with dimension 1 chiral currents J(q, w) (referred to as the deformer) and V (k, z) (referred to
as the seed operator) which carry the momenta g* and k* respectively, we define a new operator
by
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where J(q) is the integrated operator of the current J(g,w), and k=k+ q is a deformed
momentum associated with this new operator which we call a bracket operator. This expression
is well-defined when J(g) and V (k, z) are mutually local, 2a’q - k € Z. When J (g, w) and
V (k, z) are primary, it is easy to see that VP(k, 7) is also primary and defines a physical vertex
operator. We shall revisit physical state conditions later, and temporarily we assume that both
V(k,z) and VP (k, 7) are primary.

Now we look at four-point tree-level amplitudes of bosonic open string theory,

1
A[{Vitn}] = / dx (Vi k1, x)Va(ka, 0) V3 (ks, 1) Va(ka, 00)), 2.2)
0

where V;(k;) are again integrated vertex operators. On the right hand side, we did not write
explicitly the ghost part which should be understood in a standard way. It should be noted that
the string scattering amplitude includes integration over the other domains, —oo <x <0Oand 1 <
X < 00, and also the contribution from the different ordering of the vertex operators. However,
the relations among the scattering amplitudes we deal with in this paper are already manifest in
this part, as we will see, so we concentrate on this part of the scattering amplitudes. The scattering
amplitude is given as a function of independent momentum invariants, k; - k;, which we choose
as the standard Mandelstam variables,

s=—(ki+k)?,  t=—(k +k3)? (2.3)

for the four-point scattering amplitudes, as well as an independent set of polarization invariants,
suchas ¢ - kjor g - ;.

Now let us turn to unintegrated correlation functions with deformed operators. We may con-
sider the second operator at z = 0 to be deformed by the action of J(q) operator,

(Vitk1, ){T (@), Valka, 0)} V3 (ks, 1) Va(ka, 00)). 2.4)

It should be noted that the momentum conservation condition now includes g*,

4
g+ K =0. (23)
i=1

By deforming the contour and integrating x from O to 1, we obtain a relation among scattering
amplitudes,

0= A[V1(k)VY (k2)V3(k3) Va(ks) ]
+ (=D)AL () Vo (k) Vs (k3) Va(ks) ]
+ (=X TR AV (k) Vi (k) V2" (h3) Vi (ks) ]
+ (=2 btk bk ATV (k) Vs (ko) V3 (k) VI (ks) ). (2.6)

Recall that the position of the unintegrated vertex operator Vj(ky, x) is 0 < x < 1 < oo. For
this procedure to be well-defined, all 2a/q - k; have to be integral, while each pair of k; and k;
does not need to be mutually local. In [8], this relation has been employed to derive functional
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equations for scattering amplitudes, which turn out to suffice for determining tachyon scattering
amplitudes up to a constant. This is an intriguing result, but in this article we revisit these relations
from the viewpoint of the standard scattering amplitudes in the center-of-momentum frame and
their linear relations at high energy.

To make this point clearer, we look closer to the deformation of vertex operators and also recall
a (fixed-angle) high-energy limit in the string scattering amplitudes. For four-point scattering
amplitudes, we may prepare momenta k; and an extra momentum g* to satisfy the following

ki=-m;,  q*=-m,. = 2q-ki=n; (€, 2.7)

where the momentum conservation condition (2.5) is also imposed. These conditions lead to a
consistency condition,

4
> ni=2a'm}. (2.8)

i=1

The deformed momenta satisfy mass-shell conditions,

a/l;i2 =o' (ki + q)2 = —oc’mi2 +n; — oc/m; = —05’1711»2, (2.9)
where o nﬁlz are again integers. Therefore the level of the vertex operator V;(k) is shifted by

o'm2 —n;. Ttis easy to see from the bracket computation that if the deformed mass o’ n~1,2 < -2,

the deformed operator identically vanishes. The Mandelstam variables for the physical momenta
in the second amplitude in (2.6) are defined as

- 1
s=—(ki +k)* = —(ki + k2)? — = (n1 +n2) +m2,
20[’ q

- 1
= —(ki +k3)> = —(k1 + k3)* = = (n1 +n3) +m;, (2.10)
20

Following similar definitions, we obtain the relations between Mandelstam variables in various
scattering amplitudes related by a exact symmetry identity.
Now we look at, for example, the second amplitude in (2.6),

AV (k) Va (ko) V3 (k3) Va(ks) ] 2.11)

If we take a high-energy limit,' o’s — oo with ¢/s fixed, then each component of each mo-

mentum also goes to infinity; for example, Ig? lk1| — oo, where k; is the spatial part of

26-momentum 12{‘ . The same is true for the other momenta. On the other hand, the inner products
of g with these momenta, and also itself, are all constant. Therefore, each component of g* is
O() or less. This means that the deformation due to g becomes negligible in the high-energy
limit, and we can obtain a high-energy relation among the usual scattering amplitudes with the
same external momenta. The purpose of this article is to make this observation more precise, and
demonstrate how the high-energy relations are obtained by use of a couple of concrete exam-
ples. We shall examine the bracket relation in terms of conventional scattering amplitudes, and
also explore the relation to the amplitudes based on Del Giudice, Di Vecchia and Fubini (DDF)

1 In the high-energy regime, the string scattering amplitudes are extremely soft and damped exponentially. In this
paper, we compare the high-energy limit of the amplitudes up to a common exponentially damping part. See (5.6) in
Section 5.1.
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operators. The DDF operators are spectrum generating operators in string theory, and play an
important role, for example, in proving the no-ghost theorem. The DDF states spanned by the
action of the DDF operators thus form a convenient basis of the positive norm states. The DDF
amplitudes, associated with these DDF states, have an advantage that the patterns of the energy
hierarchy are much more transparent than those of conventional amplitudes. They therefore prove
to be a particularly convenient basis when we discuss high-energy asymptotic relations among
scattering amplitudes [13,16,17], as we will briefly explain in Section 6.1.

2.2. Mass and level parameters in our case studies

In the following sections, we investigate the properties of the bracket states and kinematics.
We shall first write down the expressions of vertex operators

Vi (k,z;0) = —iCuvp a;ﬁ‘ax“axﬂ-gﬂazxﬂaxwM eF X (2), (212
N KOG 20 202 s
— i .
Voy(k,z:¢) = :(%M“axv - —T‘l,sz“)e”“X: ), (2.13)
i-0X ; .
Vay(k,z;¢) = %e’“(z), Vi) (k, 2) = :* X (2), (2.14)

where the subscript of V() (k;), (£), denotes the level of the vertex operator; (0) is for a tachyon,
(1) for a massless state, and so on. In the argument of V,)(k, z; ¢), ¢ schematically stands for the
set of polarization tensors. A deformer at level n is represented by J,) (g, w) = Vi) (q, w; &),
and its polarization tensors are usually denoted as ¢, otherwise specified. As in (2.1), bracket op-
erators are written with the superscript “br”, V(';r) (12, z; ;:). The deformation of bracket operation
appears as a special form of the polarization tensors (as well as the shift of the momentum by g),
as we are about to see.
We will mainly consider the following example,

m%:mi:O, m%:m%:mﬁ:—l/a’, np=ny=-—1, ny=n4=1,
which implies m? = 1/a’ and m3 = 0. It also gives iij = 20'ky g = —1 and 7y = 2’k -
g = —1. Namely, we prepare the following deformer operator J(1)(g, w) and seed operators,
Vay(kt, z; ¢1) and Vg (k;, z) (i =2, 3, 4). This choice of the parameters leads to

A[V?zr) (k1) Vo) (k2)V0) (k3) V(o) (ka) ] = A[Va)(kl)V?f (k2) V(o) (k3)V(0) (ks)]- (2.15)
Since rh% = nﬁi = —2/a’, the corresponding operators identically vanish, and the relation in-

volves only these two amplitudes. The explicit expressions of the polarization tensors of the
bracket operators, V(gr) (k1, z; g“(z)) and V(t}r) (kz, z; ¢g) in terms of the seed and the deformer are
(for simplicity, &’ = 1/2 in these expressions)

£$2(01.¢9) = € - kDgutv) — €1 Do) + Squliv)
1
+ 3G e = G kDG 9)) gy, (2.16)

1
821 8 = =@ Dgu+ 5 (&g 00 = G kD E - D)ap, (2.17)
;Ru(gq) = (gq : k2)q;L + gqu- (218)
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In the relation, we call the left hand side .A[2000] amplitude and the right hand side A[1 100] by
using the sequences of the levels. The tilde for the level number stands for deformed (bracket)
operators. In later sections, we frequently refer to this example as “Case study I: A[2000] =
All IOO]”. The Mandelstam variables for A[QOOO] side are defined by S[5000] = —(121 + k)% and

13000 = —(121 + k3)2. On the other hand, on A[1 iOO] side, they are given as S(1700) = — (k1 + 122)2
and "ioo) = —(k1 + k3)2 Using the mass-shell conditions and the values of g - k;, one can find
that these two variables are equivalent, S3000] = S1i00) and t[2000] = f;yj00)- We therefore simply
write them as s and 7, and the relation between the amplitudes is understood as the relation of
functions of these s and 7, A[2000](s, 1) = A[1100](s, 7).

In another example we will consider, we prepare a massive deformer operator J(2)(g, w), and
the same set of seed operators, V(1)(k1, z; 1) and V(g)(k;, z). With the following choice of the
parameters,

2 ’
0, 2=1/a,

m3 = m
% %— 421=—1/0‘ ny=ny=-1, ny=n4=2,

we obtain the following relation,
A[V}’§) (k1)Vo) (k2)Vio) (k3)Vio) (ka) ] = A[ V1 (ky )V(z) (k) Vo) (k3) V(o) (ks) - (2.19)

This example will be referred to as “Case study II: A[SOOO] = A[liOO]”. Note that nﬁ% =
2/a’, i) = =3, nﬁ% = 1/a’ and i = —3. The explicit forms of the polarization tensors of
V(%r) k1, z; @) and V(gr) (ka, z; CR) are spelled out as (again o’ = 1/2)

5,53\;);;@111 gq; {1 = {q(uv{lp) + 2‘](#{11}({(1 : kl)p) — (&1 Q)[gq(;wq,o) + (é‘q : kl)(uQva)]

1
—E2qu9vqp, (2.20)

1
+‘Z(MQU(§q'§l)p)+— 6

2
&) (Lq0 g3 00) = Lqutin +2(Zg - k1)1
— (€1 P[2guv + 2 -k pugy + qu &g - kv + Lguqv]

El‘](u‘ivClp) -

+ 20 - E0ugv + 9 (&g - SO + 1u1un1u—%Ezququ, (2.21)
£ (8g: g1 00) =2 - ) — 2081 - @) (&g k) — 2081 - @) gy — %Ezqu, (2.22)
By =(k1- g4 k) — (&g k),
Gy =(k1-¢g kD)1 -q) — g - kD)1 q) = 2081 - &g - k1) + 20 - 20),
CRuv (Eg- £g) = Cqpv + 2q(uLqupkh + %(kz Lk — &g k) g, (2.23)
ru g Eg) = By + 28kl + 5K ks — By K (2.24)

Here, the polarization tensors of the deformer are represented as ¢, and ¢, for distinction.
One can check that the Mandelstam variables of both hands sides coincide also in this case, and
we write them as s and ¢.
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3. The bracket operators and the spectrum analysis

As we have explained in Section 2, the basic idea underlying the derivation of exact identities
among n-point scattering amplitudes is to deform the contour of the bracket operator in a null
n + 1 point scattering amplitude into separate “dressing” of the » individual seed vertex opera-
tors. The bracket algebra leads to a relation among n n-point scattering amplitudes, where each
amplitude includes one deformed operator and other n — 1 seed operators. While it is natural to
demand that all seed operators are conformal invariant, the nature of the bracket operator requires
some explanations. In particular, we will examine the following questions in this section:

e What are necessary and sufficient conditions for the bracket operators to be conformal in-
variant?
e Do bracket operators at a fixed level generate the complete positive-norm spectrum?

3.1. Conformal invariance of the bracket operators

In order for the relation (2.6) to make sense as a relation among string scattering amplitudes,
the deformed operator V" has to be a decent vertex operator. If J (g, w) is a primary operator
of dimension 1, the integrated one, J (g), is a dimension zero operator and commutes with the
Virasoro generators. Therefore if a seed operator V (k, z) is also a dimension 1 primary operator,
the resultant bracket operator will be a dimension 1 primary operator. Let 7 (g) and V(k) be the
integrated operators,

2 2mi

dw dz
J(q) = % —l.J(q, w), V(k) = f —Vi(k,2). 3.1

The state constructed by the action of V" is written, by state—operator correspondence through
the action of the commutator on the momentum vacuum, as [J(g), V(k)]|0; 0). The physical
state condition is

0=[Ln. [T (). V]®)]10:0) = ([T (@). [Ln. VIK)] = [V(K). [Lu. T (@)]])10: 0),

for n > 1 where we have used Jacobi’s identity. L, represents a Virasoro generator. Therefore it is
easy to see that a sufficient condition for V' to be a physical vertex operator is both J (g, w) and
V (k, z) being physical. The question is what are necessary conditions. Let us take the bracket
operator in [2000] amplitude as an example. The bracket states corresponding to V(bZr) (k,z) is
(here k represents kj in the example)

[(Cq K)g a1 o) = (€ -g)ga-1)(Gga—1)+ (&g a—1)( a-1)

1 ~
—(C @) a2+ 5((;7, ) =g D) (g a1 +q- 052)} |0; k), (3.2)
and the physical state conditions are

0= 99
0= (é‘q @)+ (& 'k)é‘qu + [(C ‘k)(é'q k) — (¢ "Z)@q ‘Q)]ql4~ (3.3)

The first condition requires ¢ - g =0 or ¢, - ¢ = 0. When ¢, - ¢ = 0, the second condition says
¢-k=0or ;g‘ = —(¢, -k)g". Itis easy to see that when ¢, o g, the bracket state (3.2) identically
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vanishes. So a sensible condition is ¢ - k = 0. On the other hand, if we take ¢ - ¢ = 0, the second
condition is

(&g )" + (& - k)g) + (€ k) (&g - k)g" =0. (3.4)

Contraction with g, leads to (¢ - k)(¢; - q) = 0. {; - ¢ = 0 coincides with the previous choice,
while with ¢ - k =0, (3.4) implies ¢, - ¢ = 0 unless ¢ = 0 identically. Therefore, the physical
state conditions for the bracket state lead to the conditions, ¢ - k = ¢, - ¢ = 0, which are nothing
but the physical state conditions for each J,; and V (k). So in this case, the sufficient conditions
are also the necessary conditions.

However this may not be a general feature. Indeed, in the case of a’q> = —1, we find physical
bracket states generated by a deformer operator with an unphysical choice of polarizations. The
details of this example are presented in Appendix A. However, such physical states seem quite
special, and in the following discussion we confine ourselves in considering physical bracket
states generated by physical deformer and seed operators.

3.2. Spectrum analysis of the bracket states

As seen, possible physical states obtained through the bracket operator is governed by the
physical polarizations for the deformer operator J; and the seed operator.

In the previous example, there are 25 choices for each ¢, and ¢, . It is easy to see that the
bracket state (3.2) are symmetric under the exchange of ¢ and ¢, when physical; As seen, {; =¢
makes (3.2) trivially vanish, while it is not difficult to check that { = k gives a null state. Since
g>=k>=0and k- g = —1, k and ¢ are linearly independent, which implies ¢ - g = tq k=0
for physical states of positive norm, and the statement follows. Both ¢, and ¢, are transverse to
both k and ¢, and then this choice of seed and deformer operators generates at most 300 physical
states, while the total number of positive norm states at level 2 is 324.

This counting will be more vividly illustrated by considering the simplest case; namely, both
seed and deformer operators are tachyons, J()(g, w) and Vg (k, z) with q2 =k2=2(@'=1 /2).
The bracket operator {J(0)(q), V(0)(k, 2)} is not trivial for g - k < —1, and a first few choices of
q -k lead to

KX (g k=—1), it -9XeFX (g k=-2),
[~ 220 XPOXY +i02, XM ]eFX (g k==3), .- (3.5)

where ¢1, =g, {200 = quqv/2, and {5, = q,, /2. These polarization tensors satisfy the physical
state conditions and then the bracket operators are physical. In this case, we have only one state
at each level.

In general, the number of physical states of a given bracket operator is restricted by the num-
bers of physical states of the seed and deformer operators and is not much larger than the product
of these two numbers.” However, as seen from construction, in order to generate a bracket opera-
tor at a given level, there are infinitely many possible choices of seed and deformer operators with
q - k suitably chosen. Therefore, missing physical states from a choice of seed and deformer op-
erators will be obtained from another choice. These two different choices are in general involved

2 When necessary conditions agree with sufficient ones, the product gives an upper bound. If not, there can be some
extra physical states, but the number of them does not seem so large. See Appendix A.
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in different sets of exact relations. Through a possible overlap of states, scattering amplitudes are
related to one another in a complicated way and then are highly constrained.

We have observed that Moore’s relation is quite powerful to relate infinitely many scattering
amplitudes in a very nontrivial way, and these relations hopefully provide some trails of stringy
symmetries. As stated in the introduction, we will carry out a first concrete analysis by use of a
couple of specific cases. When we come to the consideration in massive inter-level relations, there
appear another complication in the choice of momenta and also physical polarizations. In the
following sections, we consider the simplest choice of the physical bracket operators and physical
states; namely, the ones from physical seed and deformer operators, and the corresponding states.
The more systematic analysis will be reserved for future study.

4. Kinematics of the four-point amplitudes
4.1. Kinematic configuration

In this section, we shall give explicit solutions of the kinematic configuration both in the rest
frame (of the first particle) and the center-of-momentum frame. All components of seed/bracket
momenta can be expressed as functions of the Mandelstam variables s and ¢, and this will help
us in constructing various polarization vectors needed for higher-spin amplitudes.

We start with the kinematic configuration of the scattering processes in the rest frame of the
first massive particle (nﬁ% # 0). For the sake of convenience, we take o’ = 1/2 in the following
discussion. The following setup is the most economical ansatz which is compatible with the
momentum conservation.

q=(co,c1,¢2,¢3,0), @.1)
ki =ki +¢ = (k9,0,0,0,0), “.2)
ko = (K9, k3,0,0,0), (4.3)
ks = (k3. k3. 43.0,0), 4.4)
ka = (k§, k1, k3,0,0) = —k; — ko — k3. 4.5)

In this rest-frame configuration, we can embed the seed and bracket momenta into a (1 +
3)-dimensional space—time, while the relevant physical momentum(l%l, ko ~ k4) are confined
within the (1 + 2)-dimensional scattering plane. Aside from the fourth momentum k4 which is
fixed by momentum conservation, we have ten unknown components to be solved from the five
on-shell conditions (l;% = —nﬁ%, ki = —mi2 (i=2,3,4),and qz = m(zl) and the three level number
constraints (71; = 121 -q=n| — mé, ny =ky - q, and n3 = k3 - ¢ (n4 condition is trivial due to
the consistency condition (2.8) when momentum conservation is satisfied)). Hence it is natural
to expect that we can solve all momenta in terms of two Mandelstam variables, s = —(k1 + k2)?
and t = —(121 + k3)%. We also define § = 121 -kyand f = 121 - k3 for convenience.
Through some algebraic manipulations, we find

k) =y, (4.6)
§ sivK
K=" k= vEis) 4.7)
2m 2m
o I L 81K, 1) 2 8 [Ki()Ka(®) — [K3(s, D]
ky = >—, 3T 3= 5 , (4.8)
2my 2mi+/ K1 (s) 2m K1(s)
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Where We have defined K;(s) = §% — 43 m2, K>(t) = —4m? mg, and K3(s,t) = 2m2(s +i+
m + m2 + m3 — m4) + 57 to make the equations brlef. 8 ==1 (i =1,2,3) are introduced for
the sign ambiguity. On the other hand, the components of the bracket momenta ¢ are:

~ ~2 ~ o~
ni anml —Ssni
co=——, c1=26 T E— 49)
0= T VK ) (
oo (E_zKl (s)@2m3ns — fiiy) — 2nom? — §ii1) K3(s, 1) “.10)
1 VEI$[K1()Ka2 (1) — (K3(s,1))2]
s =8/-m2+ -3 - @.11)

Note that if we demand that all physical momenta have real components, then the items inside
the square root should be positive. Hence, we have the following inequalities,

Ki(s) >0, Kl(s)Kz(t)z(IQ(s,t))z, (2)>m +c1 —l—cz 4.12)

Having obtained the expressions of various momenta in the rest frame we can derive the
kinematic configuration in the center-of-momentum (CM) frame, k} +k!" = 0, by boosting along
x! direction with velocity 8 = K(s)/(5 + 2n~1%). For 61 2,3 = 1 choice, we find (assuming s > 0)

1
KM — 2f( —m3, —/Ki(5),0,0,0), (4.13)
1
KW 2\/_(s_ml+m2,w/1(1(s ), 0,0,0), (4.14)
(M) S+mi+mi+mi—mi om0 =
KM = (- M k20,0, (4.15)
2Js
~ S _2 2~ 2"2 N
q(CM):(_”l"‘”Z’ 5(ny —na) —2msn; + m1”2,627c3’0> (4.16)
NG VKL
where
K = s Kl(s [ 4 257 + 5(30] + m3 + m3 — m3) + 27 (] + m3)
+2m1(m1 ~|—m% —}—m% —mi)], (“.17)

and k%, c2, and c3 are the same as the rest frame configuration, (4.8), (4.10) and (4.11).

Our main interest is to examine the relations between high-energy symmetry a la Gross and the
exact identities as derived from bracket algebra. In the case of fixed-angle high-energy scattering,
we take s, — 00, and keep 7 /s fixed, and consequently,

F=s5s4+00), f=t+0(1)=—%(1—cosem)+0(1), (4.18)

where 6¢y, is the scattering angle in the CM frame. The leading-order expressions are given by
(with the sign factors §; restored)

B = £(1 —51,0,0,0), kéCM)=§<1,al,o,o,6>, (4.19)

KW = ‘/;(—1, 81cosOcu, 82v/1 — cos2 6, 0, 0), (4.20)
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(n2 —n1)(1 —cosbcpy) + 2n3 + 2n1
V1 —cos26cy
— 835 —mg,()). 4.21)

One can see that §; and 8 are responsible for covering all the kinematic range by use of this
parametrization, while §3 has no physical importance. Note that the third spatial component of
the momentum g becomes pure imaginary in this limit, when mé > 0. However, all physical
momenta are real.

—1
M — (i) +n2, 813 —n2), —
q ﬁ( 1 +n2,81(n —na),

4.2. Complex momenta and Lorentz transformations

As seen in (4.19)—(4.21), in the high-energy limit s — oo, the momenta 121, ko, k3, and k4
posses real components for generic choices of masses and g - k;, while ¢ will develop a complex
component when it corresponds to a massive state. One uses 121, ko, k3, and k4 as the momenta for
external particles to calculate a scattering amplitudes, and the amplitude is regarded as a physical
scattering process in a high energy regime. In the calculation of scattering amplitudes, g appears
only through polarization tensors for bracket states.

Moore’s prescription relates a set of scattering amplitudes in which different operators are
deformed, and each amplitude carries different sets of momenta. For examples discussed in the
paper, one of them has 121 = k1 + q, ko = ko, k3, and k4 and the other ki, 122 =ky + ¢, k3, and
k4. Thus, ki and k> may become complex in the high-energy limit. In view of Moore’s relation
as an identity among analytic functions of momenta and polarization invariants, it is not a prob-
lem. However, one may be worried about whether the relation is understood as a relation among
physical amplitudes, at least in an asymptotic regime of our main interest. The latter momentum
set is characterized by the masses m, ma, m3, mg, my and the integers ny, n12, n3, n4. Since the
general formulas (4.13)—(4.16) defines real external momenta for the given set of the parameters,
we may work with these momenta to compute physical scattering amplitudes. Since the ampli-
tude is a function of Lorentz invariants, such as k; - k; or ¢ - k;, it defines an equivalent amplitude
if the invariants are the same. This condition is satisfied if there is a “Lorentz transformation”
SO(1, 25; C) (or SO(1, 3; C) in practice) that relates these two configurations. For the kinematic
configuration in the case of .A[3000] = A[1200], we have shown it by explicitly constructing the
transformation matrix, and we conclude that the exact symmetry identities indeed relate various
physical scattering amplitudes with real momenta.

4.3. Scattering and q-orthonormal helicity bases for polarizations

We first present a general discussion of constructing a new orthonormal basis which is suitable
for the study of Moore’s relation, based on the helicity representation with respect to the first
particle. Assume that k; is a momentum for a massive state Let e, el, eT, ¢!, and e’ be the
helicity vectors W1th respect to ki in the CM frame. Here, e” o &y is the momentum direction of
the first particle. e is the longitudinal vector, namely a unit vector parallel to k1 on the scattering
plane. e” is the transverse vector lying on the scattering plane. ¢’ is one of the other transverse
vectors which has an overlap with g. elii=1,--, 22) are the rest of the transverse vectors,
chosen so that they are orthogonal to all the momenta in question. The completely transverse
vectors e’i are not relevant for the discussion here, and we neglect them for the time being.
Since these vectors serve a natural basis for polarization tensors when we discuss scattering

amplitudes in the CM frame, we call them the scattering helicity basis. They are also convenient
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basis to analyze the physical state conditions for the massive first particle [21]. However, when
the first particle corresponds to a bracket operator as for our examples, the physical state condi-
tions are more neatly written down by use of a basis regarding the deformation momentum ¢ as
we shall see. k; and ¢ have the following expression on the scattering helicity basis,

1;1 =,/n~1%ep,

where cp is determined by the condition ¢q - 121 =nj as cp = —Nnj /,/nﬁ%, while the other co-

q= cPeP + cLeL + cTeT + C1€I, 4.22)

efficients depend on the choice of k», k3, and k4, as we have just seen. We are now going to
define a new set of orthonormal basis vectors with which ¢ takes the following simple form,
g=cpel + chQ, with e being a unit vector defined simply by chQ =cret +crel +cje!

and C2Q = 1/c% + c% + c% = c%, - mfl. In the subspace spanned by e’, e” and e/, we define

another two unit vectors orthogonal to ¢Z; we choose e’ to be purely spatial and e’ is the
orthogonal complement to ¢ and e’¢ in this subspace. The sign ambiguity has no physical im-
portance. e’e, e’s, and 2, together with e’ form a new orthonormal basis which we call the
g-orthonormal basis. On this basis, k| and g are represented as

k= (,/nﬁ% — cP)eP — chQ,

and then the physical state conditions for the seed operator V (k1, z) and the deformer J (g, z)
are written down by use of “longitudinal-like” ¢ and “transverse” unit vectors e’s and e’ (and
also completely transverse vectors e”i). In this basis, e? is not the momentum direction of ¢ and
then ¢ is not really longitudinal. However, it turns out to be convenient to keep ¢’ dependence
explicitly, since e is directly related to decoupling states from bracket operators.

In summary, we have defined a new set of the unit orthogonal vectors

g=cpel +cpe?, (4.23)

e = > cA e, (4.24)
a'=L,T,I
where A’ = 1y, I, O and the explicit form of the transformation matrix C ;‘,/ is
cli; =0, Ccliy = Cil’ cla; = l, (4.25)
,/c%+c% ,/c%—i—c%
/2 2
cr + ¢y _ _
clo, =Y 1 Cly= —LT Cloy= — L (4.26)
€0 cQ C% + c% CQ,/CZT + c%
c c c
c ="t =L o)=L 4.27)
Y o cQ

Since the both (e, eT, ') and (e, ', ¢2) are orthonormal with the positive metric, the trans-

formation matrix is orthogonal, namely

’ / '’
Z cA P, =s4F

a'=L.,T,I A'=1,,T;,Q

’ /
>ty =ba.

(4.28)

where A’, B'=1,,T,, Qanda’,b' = L, T, I.In later sections we shall see the advantage of this
new basis to represent usual scattering amplitudes in the CM frame and also DDF amplitudes.
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4.4. Kinematics for case studies

Based on the general discussion so far, we write down the explicit kinematic configurations
for the examine we examine in this paper, for reference.

4.4.1. Case study I: A[2000] = A[1100] )
In this case, the scattering helicity basis with respect to k| (nﬁ% =2) is given by

el = L (s +4,—Vs2+16,0,0), (4.29)

24/2s
ro_ 1 /e 16, —(s +4),0,0 4.30
e—zm(s+ (s +4),0,0), (4.30)
=(0,0,1,0), e =(0,0,0,1). (4.31)

The momenta in A[QOOO] side are obtained by the general formulas (4.13)—(4.16) and the auxil-
iary vector ¢q is represented in this basis as

g lp_ T4 HtuAd o VRGO,
f AT RTIeAGD VR

where fi(s,t) =32 —st(s 4+t +4) and fo(s,t) = —4 —t(s + ¢t +4). The basis vectors of the
g-orthonormal basis are obtained from the transformation formulas (4.24)—(4.27) in the previous
subsection.
For the right hand side (RHS), A[1 100], we need to prepare another scattering helicity basis
with respect to k; and kz =ky+gq. Let eP1 eP2 eTr ¢!r and e’i be basis vectors in question.
e? and e"2 are momentum polarization with respect to ki and k respectively. Since they are
null, there are no L-directions. e’® is on the RHS scattering plane (now spanned by kl and k3)
and orthogonal to k;. e’ is a unit vector perpendicular to the RHS scattering plane. The purely
transverse directions e’i are common on both hands sides, and we use the same basis vectors. By

use of g-orthonormal basis, they are represented as

(4.32)

1 1 s+2 -2
Py P 0 Py _ oP o2 I
e —e — —e~, e + — \/sea, 4.33)
V2 2 22" Tl
ek = ¢la, et = \/_ f e? 4 els (4.34)

BV

It is straightforward to check that e’# is orthogonal to e/ and 2.

4.4.2. Case study II: A[3000] = A[1200]
The momenta for Ehe case are obtained from the general formulas (4.13)—(4.16). The helicity
basis with respect to k; is

1 -
eP:—rh%kl 4f(s+6 —V/ F3(s),0,0), (4.35)
el = 4«/_(‘/F3(s) —(5+6),0,0), (4.36)

=(0,0,1,0), e’ =(0,0,0,1), (4.37)
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and the coefficients of ¢ in this basis are obtained by c4 = j:eﬁq” for A= P,L, T, I (the
negative sign is for e’). Through c4 one can generate g-orthonormal basis easily. The helicity
basis with respect to ki for .A[1200] side is constructed in a similar way to the previous example,
in the g-orthonormal basis, as

e = ngz = —ﬁ(s +4)eP — 32 - 4)eQ + Fa(s) ela
V2 8 8 2
o —V2(s2 425 — 16) V2(3s? — 18s + 32) o VRO 4,
8(s —2) 8(s —2) 2 ’
e~ =D +2+2) p Fe(s, 1) 0 Fes.0)

2 —DVEG.D 2 -DVEGD.  IROBGD.
, _—ReOVAGD .
FG OVRORG.D.
oIk V(s 1) (ep_eQ)+ Fe(s, 1) oTi 4+ F7(s, )/ Fi(s,1) ol
2WEG.D RO, Fe0VIRE® G0

where ¢! = k; = 2e” — g. e2 is the longitudinal unit vector for k>, and

Fi(s,t) = 25%t — s> — 125t 4 25t 4+ 165 — 96 — 161 — 321,

Fr(s) = —s% + 10s — 20, F3(s) = s> — 4s + 36,

Fa(s,t) =72 —st(s +1+2), Fs5(s,t)=—st(s+1t+2)—8s+8,
Fo(s, 1) = s> —2s + 25t — 8 — 8¢,

Fi(s,t) = $3t 4+ 5212 — 2517 — dst — 725 + 144,

5. Exact identities in various bases

In this section, we discuss the relation of physical bracket states with standard positive
norm/DDF states. As seen in Section 3.1, a bracket operator is physical when a deformer and
a seed operators on which the bracket operator is based are physical, and physical state condi-
tions for the deformer and seed operators are simply solved by use of the g-orthonormal basis
introduced in Section 4. As we will see, Moore’s relation takes a simple form when it is rep-
resented in terms of amplitudes with g-orthonormal polarizations. Especially, the coefficients in
the relations are found to be ¢-independent. However, the g-orthonormal basis is constructed with
respect to a deformation momentum g which does not show up in physical momenta for scat-
tering amplitudes and then it does not respect certain physical symmetries. We therefore want to
represent exact relations in a physical basis — usual helicity basis with respect to a momentum
for an external particle. Further transformation to a DDF basis is advantageous when we discuss
high-energy symmetries as explained in Section 6.1.

The translation involves energy dependent transformation coefficients connecting different
bases and the expressions of the coefficients are fixed by bracket operation and the choice of ¢.
As we will see, the high-energy expansions of these coefficients provide proportional constants
of high-energy linear relations.
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5.1. Exact identities for Case study 1

In this subsection, we discuss the bracket states that appear in A[QOOO] = A[l TOO] relation
and their decompositions into scattering helicity bases.

Since we are interested in scattering amplitudes for physical processes, we need to impose
physical state conditions on bracket states. As discussed in Section 3, the bracket operator is
automatically physical for a physical choice of the seed polarization ¢ and the deformer polar-
ization ¢,. Physical conditions for the deformer and the seed operators are met easily by use of
g-orthonormal basis introduced in Section 4 as

n=et, =¥ AB=T, 1, 5.1

By plugging (5.1) into (2.16), (2.17), and (2.18), the polarization tensors of the bracket states are
written as

2 A B SAB 2 SAB
f;iv)(flqu)ze(uev)+T(f]uqy’ §ﬁ)(§1,§q)=Tqu,
{RM({q)zeg +k§qM- (5.2)

The two polarization tensors on the first line are for the level 2 bracket operator that appears in
A[2000] calculation, while the last one is for the level 1 bracket operator on A[1100] side. We

may write the bracket operators of these choices of the polarization tensors as V(bzr)AB (k1,x) and
V(tir)B (kz, 1). We are interested in the four-point amplitudes with these operators inserted,
1
7;?[12;0001 = /dxw(gr)AB(’;lvx)V(O)(kZa 0) Vio) (k3, 1) V(0 (ka, 00)), (5.3)
0
1
bf['ﬁ 001 = / dx(VE (ky, x)VEE (ka, 1) Vi) (ks, 1) Vio) (k. 00)), (5.4)
0

where the vertical line in the superscript of the second amplitude denotes the separation of the
first and the second particles. In terms of these “bracket amplitudes,” Moore’s relation trivially
reads

AB  _ +AIB
7I>r[5000] - 7I)r[1100]' (5.5)

Since the bracket operators are vertex operators with specific forms of the polarization tensors,
we may write Moore’s relation in terms of the amplitudes associated with conventional scattering
amplitudes such as

1
/ dx{Viy (1. x: £)Vioy (k. 0) Vioy (k. D Vo) (ks 00))
0

= Fot[ &0 Tia0001 + &1 Tpa0001 - (5.6)
where
(—as' — DT (=t — 1)
Fs—t =
T(au+2)

: (5.7)
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is “Veneziano-like” part which is responsible for the soft behavior in the high-energy regime. We
take out this factor from scattering amplitudes as a common factor, and then ’T[%OO] and ’T[gooo]

are the rest of “polynomial” part. In the same manner we define 7{’1‘ 1'30], and Moore’s relation is
written in the following form,

AB

AlB Al
3 (30001 + T20001) = Tirio0; + k2 7-11801’ (5.8)

1)
7'20001 +—
where 7}?0%0] = 62‘357?2%)00]’ 7?21000] = quﬁgooor and so on. Since ¢ = % (ef +e2), the second

terms of the both sides contain e” components. The amplitudes with this component are related

to vanishing amplitudes due to the decoupling of zero norm states. After dropping such trivial
part, we can write the both hands sides in terms of the g-transverse polarizations as

(SAB I
7d2()00] 20 ( 47d200()] + 7EZ((I)OqO] [2000] + Z 7E2000]

i=1
AlB 2k% Ally . /5rAl0
= Ti11001 T S 2(*/57}1100] + 2T 1007) (5.9)

where A, B=T,, 1,, J;. This equality is exact and holds for arbitrary s and . The coefficients
in the equality are almost just constants and even non-constant coefficients are simple functions

of s, since k, la _ = —./s, kQ m and k = k2le = 0. Especially, the coefficients are ¢ (therefore
the scattering angle) independent. There appear five independent relations with respect to the
choice of A and B. This is first our observation; the exact identity relation takes a particularly
simple form with projection onto g-orthonormal basis. Hence, the deformation momentum g
also provides a natural frame to describe the exact identity.

However, when we look at the relation as a relation among physical scattering amplitudes,
q does not explicitly appear as a momentum of external particles but is implicitly encoded in a
specific form of deformed polarization tensors. Therefore transverse projections with respect to g
does not have manifest physical significance. We thus rewrite the relation in terms of amplitudes
in scattering helicity basis which is standard basis to describe scattering amplitudes in the CM
frame.

5.1.1. Level 2 bracket state in A[2000] amplitude
We first write bracket states in terms of scattering helicity states, with zero norm states
dropped. The level 2 bracket state corresponding to Vg) (ky, z; ¢ @) is rewritten as’

. 84B .
|§1 =eA’ queB;kl) |:05A{3+T(Olq_ql+0lq_2)i||0; ki)
(SAB (SAB
= [(C(Aacl”b - TC%C%)a“f’l + 2<c<’*acB>L + TC%C%)aiﬁ

A B SAB 0] [0 LL
+ CLCL+TCLCL(¥

3 |0; I;] ) is the tachyon state with momentum 121 .
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J2cQ 818 V202, 848
LT (o, ) + 2T (1 )
(SA
+2—0(5a P4 52af )}|0 ki), (5.10)
where A, B = Tq, I;,Jiand a,b=T,1I, J;. We summarize a product of oscillators of the same

level as a“bl =« 10:1’ 1» and a’il =q-a_1. CA, is the transformation matrix defined in (4.24).

In the second from the last line, these two specific linear combinations are proportional to zero
norm states of this level. The explicit forms of zero norm states are summarized in Appendix B.2.
In the last line, we consider the difference with one of the zero norm state as

(5a”f +5v2a%,)10: k1) = ( £f+za““1)|o;/2]>+|zzv1;/21).
a

By dropping all the zero norm state parts, we find that the bracket state (5.10) can be written in
terms of positive norm states, up to zero norm states, as

(5]0):(2(;14/5 a’b/+GABZ aa>|0 k]) (5.11)

/b/

where a’,b' = L, T, I, J;, namely the longitudinal direction and the transverse directions. The
coefficients are
SAB

(SAB
GA% =(cAcB + —c2c? , GAB=_—_. (5.12)
4 (a/b/) 20

(CACB)(arbr) is the symmetrization, (CACB)(a/b/) = % (Cﬁ, +Cj, CB)

5.1.2. Level 1 bracket state in .A[IIOO] amplitude
We now move on to the m2 0 bracket state. The state is fairly simple,

ltg =i ka),, = () + k3’ )10; k2). (5.13)

Note that e? is transverse to g but not to k. We have chosen the polarization tensor of the de-
former ¢, so that the polarization tensor associated with this bracket state satisfies the transver-

sality condition with respect to k»,

7 B B B

kr-¢r =0, {Ru(nge ):eu—l—kzqu. (5.14)
Therefore, this bracket states can be rewritten as a linear combination of the momentum and the
transverse oscillators,

(5.13):( ﬁa”21+Zé§a&1)|o; k2), (5.15)
a
where a = Tg, IR, J;, the transverse directions with respect to k| and 122, and the coefficients are
determined to be
G} =—e" g, GE=e . ¢p. (5.16)

Here, we put the tilde for coefficients on the right-hand side (namely A[liOO]) states for distinc-
tion. For the first particle associated with the undeformed seed operator V, ) H (k1), we simply apply

the transformation matrix C4; to rotate g-orthonormal directions to k; transverse directions.
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5.1.3. Exact identity in terms of standard scattering amplitudes
We can now write down Moore’s identity (5.5) in terms of the amplitudes in the scattering
helicity basis as

AB 4d'b/ A_AB
ZGa’b/ﬂgoooﬁ‘G Z 2000] ZC iG] 7411100 (5.17)

a' b’

where a’,b' = L, T, 1, J; and a,b = Tg, Ig, J;. On the left hand side, the amplitudes with a
completely transverse polarization (e! or e’i) are trivially zero, while on the right hand side,
completely transverse directions should appear in a pairwise way for the amplitude to be non-
vanishing. Therefore, the summation can be made explicit as

AB | ~AB\4TT AB\ALL
(G177 +G*") Tra000) + 2G¢ Tzooo (Gt +G ) Ti20001
A ~AB ATRIT, A Ixll A AB il
=C TRGTRT[J(‘)O]R‘FC IRGIRTllf(‘)OR+§ :C 5#GY  T(1100)- (5.18)

In this expression, the coefficients G, C, and G have nontrivial s and ¢ dependence to make the
equality hold. As we shall see in Section 6, the high-energy expansion of these coefficients gives
proportional constants of linear relations in the fixed-angle high-energy limit.

5.1.4. The exact identity in terms of DDF amplitudes
As explained in B.2, the bracket state (5.10) can further be transformed into the sum of the
DDF states, up to zero norm states, as

(5.10)= ZDab |ab; k) DDF+ZD la; kl)DDF+DABZ|aa k1)ppF,
a,b

where a,b=T, I, J;, the transverse directions, and | - - -; 121 ypDF are the DDF states given by the

action of DDF raising operators A%, on a tachyonic vacuum. The coefficients are given as

1
=G4E,  DAB=_V2G8, DAB=Z(fo+5GAB). (5.19)

For the massless bracket state Since there is no distinction between positive norm states and DDF
states for massless states, in A[1100] side we use (5.12) to write down Moore’s relation in terms
of DDF amplitudes,

AB AB
Z Dyf DF[ZOOO] + Z D; " Toprpooo) + D Z DDF[2000]
a

= ZCA GETS - (5.20)

where a,b=T, I, J; and 7'])“61:[2000] is defined as an amplitude with one DDF state |ab; k1)DDF
and three tachyons. The others are understood in the same manner. One can again use the non-
vanishing conditions for the choice of completely transverse directions, to make summation
explicit as

T
TTDDF 2000] T D11 TDDF 20001 T Z DJ Ji DDF[ZOOO] + D7 T 7BDF[2000]

i

AB TT 11 JJ
+ D**(Toprr000) + Toper000; + 22T50E20007)
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A AB 4 TRIT, A AB IRl A AB Uil
=76, Titool + € 1xGT Tifoo + 2 €15 G Titooy- (5-2)
i
where, for the third term in the second line, all J; (i =1, - - -, 22) gives the same result, and then

we can take J as a representative of J; and multiply 22.
5.2. Exact identities for Case study Il

Here we discuss the bracket states that appear in the discussion of A[éOOO] = A[liOO] re-
lation, presented in Section 2. As in the previous case, we will decompose the relevant bracket
states in terms of standard positive norm states as well as DDF states. The discussion is parallel
to the previous subsection, and the readers who do not need the details can skip to Section 6.

We again need to prepare polarization tensors of the seed and the deformer operators to make
the corresponding bracket states physical. We set both seed and deformer operators to be physi-
cal. For the seed operator, we impose

§1M=el€, eceeT",el‘f,eJ". (5.22)

The polarization tensors of the deformer operator that satisfy the physical state conditions are

AB
(I) : gquv = eéfi) - 52_4E,u\)1
) : L= 2\/56611:;, (Ep.v = Z 356’5) (5.23)

LyL D=T,,14,J;

(M) Lgpw =24e,y " — Epy,
where A, B=1T,, I, J; and Eqﬂ = 0 for all the cases. eLs = (eP + 3eQ)/2«/§ is the longitudinal
polarization with respect to ¢; namely, e*s = q//2, e*4, e’4, e's, and e’ form a helicity basis
with respect to ¢. In this case, the bracket state polarization tensors depend on different numbers
of g-transverse directions, and we will call these three cases Choice (I), (II), and (IIT) respectively.
By plugging these in (2.20)—(2.24), one obtains the polarization tensors for the bracket operators
(the explicit forms are given later), and by using them the exact bracket relations for a given set
of A, B, C are simply written as

ABC _ |AB

7;»[3000] ~ "br[12001

AC _ |A

7;»[3000] ~ "br[12001

c _~C

7I)r[§()00] - 7;r[1§00]’ (5.24)

for Choice (I), (Il), and (III), respectively. As in the previous example, these relations can be
represented as a relation among scattering amplitudes in g-orthonormal basis, and one can check
that again the coefficients are very simple 7-independent ones. We do not spell out them here and
directly move on to scattering helicity basis expressions.

5.2.1. Level 3 bracket state in A[§OOO] amplitude
We start with Choice (I). With this choice, the polarization tensors for the bracket states are

1 SAB
3 ABC AC B | §BC A c c
Siop = €uup) T 290 (37Ce” +65Ce") | = = [Equnep) +auaves) ], (5.25)
1 §AB
3
gzi:?z = (84Ce? + BBCeA)MqU + Eqﬂ((SACeB +55Cet) — E[Zegqv +queS], (5.26)
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25AB

w24

) (57CB 4 §BCA) B

C

- (5.27)
The state corresponding to V(%r) (k1,z; £ is rewritten in terms of scattering helicity basis as
before,

AB

Is =eAB——E,Z' =0,§1=ec;];1>
4 24 4 br

1 1
= |: ABC + (SAC <EaquB + 05620521 + 5“32“61 + (¥§3> + (A< B)
(ZaDDC a4 2007, 4o+ 205 ) |s k)

[ 3 GABCatY + 3 GAECA ']|0 k1) + (zero norm states), (5.28)
/ b/ / / b/

where a’,b' = L, T, I, J;, namely the longitudinal and the transverse directions with respect
to k1. The coefficients are

5AC
GABC, = [CACBCC + E(ZCQCQCB - ZCDCDCB) + (A< B)
D
SAB Qr~0~C D ~D ~C
2c2cCc +112c cPc , (5.29)
288 @D

sAC 548
G.{}Jiﬂ_ 2 2B r A B+ —C2C . (5.30)
4 48 [@'b]

CA, =e” - ¢ is the transformation matrix from g-basis to k;-basis as before.
For Choice (I) and (III), we can repeat the same procedure and just display the results here.
For Choice (II), the polarization tensors are

SAC
3 _ (P—Q)AC PPQ PQQ 000
Svp = —2e €(vp) + T(9e + 6e +e )(Wp), (5.31)
¢ = —2e{, S — 2ef},e5 +264C (3¢l €S — el 8 + e2e2), (5.32)
884¢
5;3)_ 3 eg’ (5.33)

and the bracket state is decomposed in the same way as (5.28) with GA,E,C, and Gf}fb, replaced
with

28AC 8AC
GAS . = <2CACCCQ+—CQCQCQ——ZCDCDCQ> : (5.34)
9 9 D (a/blc/)
Gy =—2C" 0 C ). (5.35)
For Choice (III), the polarization tensors are
1
3 PP P c oDDC
¢® = 7 ([15¢"" —138¢ € +41e91eC) =D elns, (5.36)
D
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1
3
;;l -3 L9P+67Q) c_, e‘()3P+Q), (5.37)
P =26, (5.38)
and the decomposition is carried out with
G6S,. = > (26c2c2cC cPcPce G =20 cC. (539
ave =15 > o G =75 Gy G39)
D

5.2.2. Level 2 bracket state in A[IQOO] anzplitude
We move on to the bracket state in A[1200] side. We first investigate the Choice (I) case. The
polarization tensors are

kyky
é‘RﬂV e(w,) +Q(M(k2 e +k ) + ) q”qu
5AB ( D)2
—~ uu+2Zq(Me Wy 2ot audv | (5.40)
24 2
kAkB 6AB kD 2
SR = (k3'e” +k5e)  + 22 [ Z enky + ZD(—) ,L}. (5.41)

The state corresponding to V(gr) (k) is

AB
AB

- HE’ &g = 0:kaly,

|§q:e

k5k®
= I:aAf + (k?af? +k aBz + (A < B)) 22 ( qjl +aiz)

SAB DD D D D ZD( 2D)2 7

_H<Za1 +2) kP (2] +aP) + (@2 + o )>}|0; k).
D D

(5.42)

We decompose this state by use of the helicity states with respect to ki, introduced in Sec-
tion 4.4,% as

(5.42) = |:Z G~,b/ ¢ + G Z(x :||0 k2 ) + (zero norm states), (5.43)
~’,b/

where a’, b = Ly, Tg, IR, J;, namely the longitudinal and the transverse directions with respect
to k1. The coefficients are

GAB — CACB—g cPcP) 42 k“‘c‘”—g KPP
ap = 24 2 Tk 24 2 KCP e
D D

Py L

4 In the k1 helicity basis, there exist another null vector, may be called eLl, which satisfies e I =1 and is

transverse to the other basis vectors. In the discussion of the physical amplitudes, L1 turns out to be irrelevant to our
analysis.
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-i-l k/i‘kB—(SA—BZ(kD)2 cc (5.44)
2\ g ~ 2 . :

@)
GAB = — (kfkB —gZ(kD)2 . (5.45)
20\ 2 24 & 2

Here, C4 4 is deﬁned by 4 -¢? and we do not list up the explicit components here. The lower
case ¢y is the ¢“ component of g.
For Choice (I), the polarization tensors are

I qu kA
CRuv = 2‘/_< € T k2 q(uev) + k2 q(ne,) y + 22 2 %f]v)a (5.46)
L
I I k qkA
LRy = Ni(kzqe;‘ +kfle, ! + 22 24, ), (5.47)
and the corresponding bracket state is decomposed as in (5.43) with
A Ly A Lg ~A AL k?kz
G~/b/—2\/§(C 1CA 4k, CAc+ k4 C qc+—cc> , (5.48)
%
L 22Kk
GA=""22 5.49
20 (5.49)
For Choice (III), the polarization tensors are
L L
CRuv = 246(;1,1)) — Equv) +48ky " q(ue,)
L
24(k")? = Y p(ky)?
D D 2 DK
- ZXD:kz que,) + 3 quqv, (5.50)
Lq\2 Dy2
— Lq L D _D 24(k2q) _ZD(kz)
TRy =48ky e, —2> kPel + 5 p (5.51)
and the coefficients for the decomposition of the bracket state are
Gy = (24chch — 3" cPcP 148k, Clic -2 kPcPe
D D
L
24(ky")? = 3 p(kD)?
+ k)"~ 2. pk) cc) , (5.52)
2 (&/5/)
L
- 240k =Y p(kD)?
6= 20D = 2pky) (5.53)

20

5.2.3. The exact identity in terms of the standard scattering amplitudes

Now we can write down the exact identity relation in terms of 7{‘3‘6’50], 7%‘650]: and 7?3‘000]
amplitudes which are “polynomial pieces” of the scattering amplitudes with V(3)(k1, x; ¢) and
three tachyons insertion. For right hand side, the amplitude pieces are denoted as 7}1200] and

7{1200], which come from a V(1y(ky, x; ¢), V(2 (kz, 0; ¢) and two tachyons amplitude. Like the
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previous example, the vertical line in the superscript separates an index from the first particle
from ones of the second. With these pieces of the amplitudes, the exact identity is given as

ABC 4d'b'¢ ABC 1 ';b']
Z Gape Ti3000 + ZG[a’b’ Ti30001
a' b, a’ b’
Cc AB ~-¢la'h AB cla'a
=Y C<Z Gy Trizoo) + G Zﬁzom)’
¢ a b a’
for Choice (I), where the indices are a’,b’,¢’ = L, T, 1, J;, @' ,b' = Lo, Tg, Ig, J;, and ¢ =
Tr, Ig, J;. Here, [a; b] represents the anti-symmetrization of the indices and the symmetrized
ones are missing since they appear only as a part of decoupling amplitudes. There are also sim-
ilar relations for Choice (II) and (IIT), where G coefficients are replaced with the ones in (5.35),
(5.48) and (5.48), (5.53) respectively. By dropping trivially vanishing amplitudes summation is
made explicit as, for Choice (I), (B and AB indices will be missing for Choice (II) and (IIT)
respectively)
ABCTTT ABC LTT ABCLLT | ~ABCTTTT ABC IT;L]
G771 Tooo; 3G r Tizo001 3G Lt Tizo0o + Grrr Tzooo + 26(r 7—3000
c AB AB\TRITRT, AB  4TRrIL2T, AB AB\~TRIL>2L
= Cor((GTgr + G ) Tdoor " + 26177, Tisooj © +(Giar, + GA%) Tiseor )

IR\TRIR IR|L2 1R
+C IR(GTRIRTIZOO] LZIRTIZOO )

c T\ TR JilLaJ;
"‘ZC 5622, Th00 + G2, Thaoo) - (5.54)

5.2.4. The exact identity in terms of DDF amplitudes
As before, we rewrite the level 3 and 2 bracket states for Choice (I) in terms of DDF ampli-
tudes as, up to zero norm states,

(53()) = Z D;‘b[icmbc DDF + Z Dég) |(a b)>DDF+ D[ab] ’[a; b])DDF)

a,b,c a,b
Z DPCayppr + Y D3 labb)ppr + D*PC Y |b; b)ppr,
a,b b

(5.43) = ZD |ab) DDF+ZD a)ppr + D* Zlaa )DDF

where a,b,c=T,1,J; and a, b = Tg, Ig, J;. The coefficients are determined by general con-
sideration in B.2 as

DUEC= GBS, DA = 3G,
DL =Gl D= —SGHIE.
DB = LOGHS +26H5).  DLPC = S(3GHES —2G{1S). (559
and
Dif =G, Dif=—Vv2GiL, DY = (GL2L2+SGAB), (5.56)
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For Choice (IT) and (III), we simply replace G coefficients in the D coefficients with the corre-
sponding ones.

By use of the DDF amplitudes that correspond to these states, the exact identities are ex-
pressed, after taking the trivially vanishing amplitudes into account, as

ABC ABC TTT ABC ABC TI11
(DTTT )7I)DF 3000] (3DTII )IEDDF[’%OOO]

ABC | paBC T3,
+ Z 3Dz, )TDDF[3000]
i=1

pABC ABC\(T:;T) pABC ABC\~+I;1)
+ ( (T 7 + D) Topksoon T (P + PP Topegsooo
ABC ABC\~7Ui;Ji) ABC~T
+ Z(D Gy DY) Tostisooo; + P77 Toprrzoo0)
i=1
_ AB\~TRrITRTR AB\~TRIIRIR
=c* <(DTRTR + D) Topkitaon + (Do +D ) TobE1 2007

AB\~-TrJi Ji TRIT,
+ Z D35 +D ) Tobr1200) + Dy, T1§OO]R>
i=1

c IRITRI IRl
+C" (2DTR1R7I)]§F[1;260] 7{1[5001;)
Cc NAB —1Ji|TrJ; ~NAB~JilJi

+ZC Ji (2DTRJ,-7I)DFFIZOO] + Dj. T[lzoo])‘ (5.57)

i=1
6. High-energy stringy symmetry v.s. exact identities from bracket algebra

In this section, we consider the high-energy expansion of bracket relations and examine how
these relations constrain the asymptotic forms of scattering amplitudes.
The relations are, for example in the case of .A[2000] = .A[1100],

'y AB A G zlb
ZG % 3000] +G ZTgOGOO] ZC 1100

ab

for standard scattering amplitudes. We expand the transformation matrices, G and C, as well as
the amplitudes under the s — oo with f= t/s fixed limit. At each order of s, there will be rela-
tions among asymptotic amplitudes. We will explore how these relations “bootstrap” asymptotic
amplitudes, and whether or not they reproduce known high-energy relations.

In this program, the transformation matrices C A | (therefore, G and D) are regarded as inputs,
since they are determined once we specify the momenta k; and g. On the other hand, the ampli-
tudes are considered to be unknowns which are to be determined. However, we need to supply
information on the leading power of each amplitude,’ such as 7E2TO{)0] = O(s?). For both types
of amplitudes, a “power counting rule” has been established [13,16,17] and it tells the relative
power of a given amplitude with respect to the leading order power. Though it turns out that it

5 As mentioned in Sections 2 and 5.1, we consider amplitudes up to a common exponential part (Fy—; in (5.7)), and
mean the leading power by the leading power of the rest of “polynomial” parts.
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is actually sufficient to know the relative powers to carry out the program, to make expressions
concrete we employ our empirical knowledge on the orders of scattering amplitudes. We also
need to use triviality of amplitudes, like completely transverse directions J; must appear in a
pairwise way for an amplitude to be non-vanishing. This fact reduces the number of independent
unknowns. We have already taken this fact into account, for example, in (5.18) and (5.21).

6.1. High-energy linear relations from the decoupling of high-energy zero-norm states and
saddle-point calculation

We are about to investigate how Moore’s relations restrict amplitudes under the fixed-angle
high-energy limit. In order to have a view on what kinds of relations we expect to see, we briefly
review an approach based on the decoupling of (high-energy) zero-norm states and collect some
known linear relations from [9,12,13]. We will also mention a couple of relations which are
obtained by saddle-point calculation. In the following subsections, we examine which of these
relations are extracted from exact relations by a high-energy expansion.

To illustrate the analysis, we take four point amplitudes with one level 2 state and three
tachyons, 7{‘2‘6}00], as an example. For simplicity, the helicity basis with respect to the momentum
for the level 2 state is denoted as e, eL, and e in this subsection. The completely transverse di-
rections are irrelevant here. From the oscillator expressions of zero norm states, (B.9) and (B.10),
one can immediately see that the amplitudes obey the following relations,

LL TT P PL P
5Tio00) + Tooo + Traooor + 5v2T 3000, =0, V2T 50 + Tisoo0) = 0- 6.1

In the high-energy limit, the masses are negligible and e” approximates to e’ (as explicitly seen
from (4.29) and (4.30)). By taking a linear combination, one finds that in a linear combination
TZOOO] T 2000] the leading order part vanishes, since this combination approximates a zero-
norm state 1n the high-energy limit. One thus obtains a linear relation in the high-energy limit,

TT LL
7{2000] = 47{2000]~ (6.2)

Actually, in order to come to this conclusion, one need to be sure that these two are indeed of
leading order. As mentioned in the previous subsection, a “power counting rule” of [9,13] tells
the relative power of an amplitude with a set of helicity projections compared to the leading order
power, and the amplitudes in (6.2) are indeed the leading order ones. Thus this is a high-energy
linear relation of this amplitude. The same argument leads to a linear relation for T3000] [12],

TTT . 4LLT . 4(L:T) . 4IL;T]
7—3000 7—3000]'77[3000 713000] =8:1:-1:-1, (6.3)

where 7@000] and T3000 are symmetrlc and anti-symmetric combinations of the indices in an

amplitude that corresponds to afzafl .

Such high-energy linear relations based on the decoupling of zero-norm states should hold
in very general circumstances. The same relations should hold for other choices of extra vertex
operators (three tachyons in the current examples) and also for all orders in perturbation theory.
We thus take these relations as symmetry identities in the high-energy limit. On the other hand,
this argument is on a state-level analysis and is confined in a set of states at a fixed level. The
decoupling of high-energy zero-norm states does not give any inter-level relation, but we expect
that there appear several inter-level relations as well, as all the mass levels are degenerate in the
high-energy limit. Among many possible inter-level linear relations, we may be interested in the
following relations among all T-polarized amplitudes,
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TT _ 4TIT TTT TITT
Tr2000) = 7{1100]’ Tr3000) = [1200] ° (6.4)
at the leading order. Here, all the states are generated only by the level 1 oscillator O‘Zl with
T -polarization (with respect to the momentum of the state on which it acts) and the total level
on the both hands sides are the same. As long as these two conditions are met, at the leading

order, the same kind of relations hold in general; for example, Tfq0," = 7E3T lf)g]‘T = [2T 1T1|0€|T =
FTITITIT

(1111]  and so on. These relations can be derived through direct calculation by use of the
saddle-point approximation [9]. We will come back to this partonic behavior of scattering ampli-
tudes in Section 7, but in this section, we check if this kind of relation is also obtained through
Moore’s relations.

In general, the appearance of such leading order relations implies that it is possible to choose
another basis of physical states such that there exists a unique state in the basis at the leading or-
der and all the other states are of subleading. Such basis has been found and discussed in [13,16]
and called DDF gauge, where positive norm physical states are spanned by DDF operators. The
corresponding amplitudes are DDF amplitudes, such as ’E)TDTFEOOO]' In this gauge, the leading
energy dependence of an amplitude is determined by the number of T indices. For example, at
level 3, ’EDTDTFEOOO] generated by (Azl)3 starts with the highest power in s. 7;3T15£[3000] is at the

next-to-leading order, and 7BTDF[3000] and 7313115[3000] are further sub-leading. Therefore, in this
gauge, leading order linear relations become trivial, and we can concentrate on inter-level rela-
tions like (6.4) as well as subleading relations among DDF amplitudes. Actually, we can develop
a systematic high-energy expansion [17], and observe several interesting relations connecting
amplitudes of different leading energy dependence. Among amplitudes generated only by Azl

and Ail, it is found

Ty w2y (=2 0
TopF000] = TDDF[000] (m 1 +0(s°) )- (6.5)

Namely, up to subleading corrections, the following relations obey:

TT 11 TTTT TTII 19801
ToprF2000] = —25 TobER2000) TopF4000] = —25 TopF4000) = 7BDF[4000] (6.6)

Since Moore’s relation is exact, we should be able to obtain such inter-level and inter-energy-
level relations from it. As a preliminary trial, we shall derive a first few nontrivial relations among
DDF amplitudes in the following subsections.

6.2. High-energy expansions of the scattering amplitudes: A[2000] = A[1100]

As explained in the beginning of this section, we take the large-s expansions of the amplitudes
and the coefficients of the exact relation (5.18), with 7 = ¢ /s fixed, as

TT TT 3 TT 2

T20001 = Tr200013)5” + T00012)8 ™+ (6.7)
T,T, T,T, Ty -

Grr' =Grroy T Grri_ns +, (6.8)

and so on. Here, on the right hand side, factors like 7{;0{)0] ) denote coefficients of s” and are in

general functions of f, for example, ’T[QTO{)O] 3 = %.(’

6 Explicit expressions of amplitudes are found in the preprint version (v2) of the manuscript. You may obtain all the
other coefficients by use of them.
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In the bracket relation (5.18), by collecting the terms at the same order in s, we can find
several relations among these expansion coefficients. For example, for (A, B) = (T}, T) choice,
the coefficient of s> reads

T, T, T, T, T, T,
0=(G7'r{o) + G(O) VT3 + (Gl + G 6 ) Taoons)
TRIT,
-C qTR(O)GTR(O)IEIi?OO]RkS)' (6.9)

After evaluating C and G coefficients by use of their asymptotic forms, it leads to asymptotic
relations among the leading order part of scattering amplitudes. ~
Before going further, we point out that the coefficient function for the right hand side, C4; G g

is constant and almost diagonal. The amplitudes 7{?'1%0] are non-zero only for (a, b) = (Tg, Tr),

(TR, 1:2), (IR, IR), and (J;, J;). Here ei2 is one of the basis vector for 122 helicity basis, k3 -
eL2 = 1. For these a, 15, non-vanishing coefficients are

CloyGp=—1,  Clig G =1,  C%,Gf =1 (nosumfori),

and the unphysical projection onto /2 does not appear. Therefore, on the right hand side, the co-
efficients can be regarded as constants and the asymptotic expansion only involves the expansion
of the amplitudes.

To first two orders with (A, B) = (1, 1), (I, 1y), (J, J), and (T}, I;), the relations are

1
3y . LL TRIT,
O(s”) : 7'20001(3) §7f20001(3) = Ti11001G3)° (6.10)
LL
0= 7-2000 13) — 471200013 (6.11)
O(s) : T —oThE 4= T — 7 IRITR (6.12)
: [2000](2) [2000](3) (200012) — 71110012)° .
Irll
0= Tzooo ot 6T 30001 Ona 7—2000](2) + TnooR(z)’ (6.13)
LL LL I\
Tzooo 12— 2T200013) §7f2000](2) — Th10012)° (6.14)
0= (2£+ DT3000i) + v =28 + DT 3000152 (6.15)

O(s):  0=—2(41* + 6 + 1)T[2TO7(;0](3) + (287 + 37 + 1)7[270{)0](2)

+/ =20+ DA+ DT 3060132 - (6.16)

From (6.10) and (6.11), it is easy to obtain the following linear relations

TT LL TrI|T,
T1200013) = 4T1200013) 7—2000](3) = 7-1100R(3) (6.17)

The first one is the linear relation (6.2) derived from the decoupling of zero-norm states, while
the second one is an inter-level relation (6.4).

On A[1 100] side, Ir and J; have the same geometrical meaning; namely, both represent com-
pletely transverse directions to the scattering plane. Therefore, replacing (J;, J;) with (Ig, Ig)
does not change the amplitudes. More explicitly, 7{{%{)’; = lelléo holds for all orders in s. By
use of this rotational symmetry for (6.12), (6.13), and (6.14), we ﬁnd further relations,

LL IR|1 _ TT TRIT, IR\l
47{2000](3) + 7{1?00?(2) =0, 7I2000](2) - 7{1 fooﬁz) + TllfooR(z) =0. (6.18)
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The rest of the relations (6.15) and (6.16) provide some angle-dependent relations. As already
mentioned, we have used the explicit s dependence of each amplitudes. The power counting
rule [13] provides the information on relative power of each amplitudes. Since the relation is
homogeneous, these relative powers of the amplitudes suffice to determine high-energy linear
relations; some of them have been derived by use of the decoupling of high-energy zero norm
states [12,13], and we also find extra subleading relations and inter-level relations.

6.3. High-energy expansions of the DDF amplitudes: A[2000] = A[1100]

We move on to exact relations among DDF amplitudes (5.21). Again, we expand all the ele-
ments that appear in (5.21) with respect to its s dependence, 7]3TDTF[2000] = DTD7;:[2000] (3)s3 +-,

D;’}Iq = D;q,[go) + D;"II‘(C])S_I +---, and so on. We then organize the exact relations with respect
to its s dependence as before, with D coefficients evaluated, as’
3y. TT _ 4 TRIT
O(s): ToDFR2000] 3) = 7}1fooﬁ3)v (6.19)
1
2. TT TT _ 4 TRIT
O(s%): ToDFR2000] (2) ~ E%DF[zooO] 3 =Tl @ (6.20)
1
JJ TT J\J
7BDF[2000] 2 — E%DF[zooO] 3 = T[1100] Q) (6.21)
T 37~TT — 7Rl 6.2
DDF[2000] (2) 5 /DDF[2000] (3) = ~ /[1100] (2)’ (6.22)
4+2  __rr

T
mfr]mmoom 3) — 2TopER000] 5/2) = 0, (6.23)
where J represents one of 22 J;, and the O(s3) relation is for (A, B) = (Ty, T;) while at O(s?)
the relations are for (A, B) = (1, T,), (J, J), (4, 1) and (T3, I,) in order. By using the fact

JIJ IrlIg

that 7}{1)]1:[2000] = TDI]éF[zooo] and 7E 11001 = Ti1100)5 which follows from the rotational symmetry

in the directions transverse to the scattering plane, one can further derive

11 IRl
27BDF[2000] Q= 7{1700'; )" (6.24)

The leading order relation (6.19) is a DDF-amplitude counter part of the relation (6.4). (6.22),
combined with (6.24), gives a known DDF amplitude relation (6.6).

At order O(s), the relations involve 7, then the scattering angle. For example, for A = B = 1,
one finds (we omit the subscript DDF[2000] and [1100] for simplicity)

28+ DT =127 + DVi+ 1V T ) — 87 + D>TET
+EE+1)(=9T) +2T4) +373) +66755)).

By taking some linear combinations of four relations at this order, we can derive some
f-independent relations, for example,

TRIT, IRl I —~TT 11 77
Tay F=Tay F 270 =Tay +T4) +274) - (6.25)

Again, by employing an obvious symmetry, /g — J and J — I on both hands sides, we have

7 Recall that the right hand side, A[1 TOO] side, is the same as the previous case.
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TrIT, IR |1 11
Toy "+ Ty =T + 374 (626

In summary, by using the power counting rule of the DDF amplitudes, the bracket relation
provides some of the known asymptotic relations, such as (6.19), and also several subleading
relations.

6.4. High-energy expansions of the scattering amplitudes: A[3000] = A[1200]

As in the case of A[QOOO] = A[liOO] relation, we expand the amplitudes and the G matrices
in the bracket relation (5.54) to derive the high-energy relations. In this case, there are many
relations for each Choice (I), (II), and (IIT) with various choices of A, B, and C.

In the case of Choice (I), for (A, B, C) = (T, T, T;), the first two leading order relations
read

1372\ . _ T ~TyT, TRITRTR I,T, TR|L2 L
O(S / ) : 0=C qT(O)(GT;;R(z)leoo 1(9/2) + Gququ(2)7E]200](9/2))’
1172\ . AT ~TyTy TRITRL: T, TRITRTR
O(S / ) : 0=C qTR(O)GTRL2(3/2)T12OO 1(4) +C TR(O)GTRTR(2)T1200](7/2)
T, ~Tq Ty TRIL2Ly TRIL2Ly
+Cr 06502 T2 T Cligy(- 1)GL2L2(2)T1200](9/2)

T, T,T, T, TRI|TRT,
+(CTrry Gy + Cligy Gty + Ty G Trisonok-
Interestingly, unlike the previous case, some of G coefficients on the right hand side have positive
power in s, while the left hand side cpefﬁcients do not. Thus, first few leading order relations in
s only involve amplitudes from .A[1200]. We now write down the leading order relations, with
C, G and G coefficients evaluated, for various choices of (A, B, C) as
_ TR|L2 L2 TR|TRTr
0= 47{1200](9/2) - 7{1200](9/2)’ (6.27)

A TrITRT,
21 + D7 [120010)2)

0= /27 RITRL2 _ ’ (6.28)
[1200](4) \/—_f\/l,‘\-i——l
—37it 4+ — T L8 T + zﬁ(zf+ D Tfofs
3000 9/2 3000 9/2 S
[3000](9/2) 109/2) 1(9/2) /—t /t+1
A~ TrITr TR
Qf + 127,k
IR|TRI [1200](9/2)
+ 4?1500?(7@2) +2 t+ Df (6.29)
[L;T] TTT TLL
0= 18T300019/2) ~ T300019/2) + 2673000192 (630)
1V2020 + 1)7E1T§(‘)(€R(§)2 Ir|TrIg
27E3000](9/2) + 6T3OOO](9/2) + = ) ,—_t ;—t 1 + 7{1200](7/2)
~ 27 TRITRTR
L L D Taoiop 6.31)
2 fE+1) ’ '
~ TTT
Q@+ DTG P, T” ; TL L 1@+ DT 00
= [3000](4 [3000](4 X /=
V=iVi+1 1@ Ol V=ivi+1
o J|TgJ
Qf + DT TLL (Zt + D7,
37 [3000](9/2) 4\/_7-{2%54%3) [1200](7/2) (6.32)

NaNa NEV T
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& TLL
Tgo{)é]m) T§ (%6](4) 120+ 1)7-3000 10/ 80 21+ DT 300019/2)
9 Jiit1 ERNE N
A J\TrJ
VAT L (2t+1)7f120(1§](7/2)
+ 27{1200](3) - = 7 ) (6.33)
V—ivi+1
where J stands for one of J;.
From (6.27)-(6.28), we find
TTRITRTR g TrILaLy V2V _g1pL, 6.34
[12001(9/2) = T 7[12001(9/2) = %ol [1200](4) * (6.34)

The first equality is the linear relation at level 2 we have seen before, (6.2). Using this relation,
(6.29)-(6.31) lead to

TTT [L;T] _ IR|TRI
7-3000](9/2) - 8T3OOO](9/2) - 87—3000](9/2) - _7E1§OOI]?(7R/2)' (6.35)

The first three relations are indeed the linear relation (6.3) obtained by use of the decoupling
of zero-norm states. Since a'5a”) |0; k1) i tates, 751 is missing i

- . “5a”10; k1) appears in zero-norm states, 7 3yo; is missing in our
computation here.

So far, one can see that the leading order amplitudes, 7{;0{)& ©/2) and ﬁf%gﬁgﬁ), can be re-

garded as basic ones to represent the rest of amplitudes. The final two relations, (6.32) and (6.33),
give a single relation

JIJL
0= 7-2000](4) 267—3000 1@t 6\/_7-1200 2(3)’ (6.36)
after using the rotational try. Taonl = Tiisok ®. It involves other leading ord li
g the rotational symmetry, 77500, = 7[1200] involves other leading order ampli-
tudes. By direct computation, one can check that these three coefficients are proportional to
£(f 4+ 1)(2f + 1), and then they are actually proportional to one another.
The next-to-leading order relations are very complicated in general. Among those, the highest
order one at O(s'1/2) is found to provide a simple relation

. TRITRT, TR|TRT, TrILy Ly
0=1071200119/2) — T112001(7/2) + 47120017 /2)- (6.37)
Explicit evaluation shows that these three are not proportional to one another, as a function of
f, unlike the previous example. Other relations are more involved and contain other subleading
order amplitudes. We do not present explicit forms of them here.
The leading order relations (6.34) and (6.35) reproduce some of the leading order relations
observed in [12,13]. The relation between all T-polarized amplitudes, 7'3000](9 2) = T{%g’gﬁz),

is not obtained from Moore’s relations, up to this order. If we supply it, the leading order relations
up to (9(59/2), (6.34) and (6.35), are written by one of them.

6.5. High-energy expansions of the DDF amplitudes: A[3000] = A[1200]

Finally, we consider asymptotic relations among DDF amplitudes, (5.57). As before, we ex-
pand the DDF amplitudes and the D matrices, We list the leading order ones from Choice (1),
(1), and (III), with the same structure ones collected, as
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_ 502451+ 1 __1p\7aTs n 2i+1 TTRITk
T (=f)(1 + ) ~DPDFLI200109/2) —Ha+1) DDF[1200](4)
TrlIrl
- 27;)151:[?260](7/2)’ (6.38)
0= Qf+ DG +5F + 1) TrITRTR (27 4+ 1)2 Tr|TR
T T Ch)2(1 +7)3/2 | DDEL20010/2) T (71 1 7) | DDFI1200)4)
22i+1) Ir|TR1 Trllrl Il
- /(7_;)(1 i ;)( DSF[lfzgom/z) +7BDRF[T2§O](7/2)) - 27})I§F[R1200](3)’ (6.39)
2i+1 Tr|TRT, TRIT,
- (—H) (1 + f)ﬁDDRF[fZO%]@/z) +7BDRF[f200](4)’ (6.40)
0 = —27DpF300019/2) T+ —(ZH_ D®_riney + —ZH_ ! TrITk
(300010/2) * 7y (7 1 7) ' DDFLI20019/2) ERGEN) DDF[1200](4)
Ir|TR1
- 27;)1151:[1;250](7/2)’ (6.41)
T, 7,07 TTT
0= (D, " + D7) TopF300019/2) (6.42)
2i +1 TTT JTJ;
0=- hHa +;)( DDF300019/2) T TODR(12001(7/2))
T:T Ji | Ji
+ 2750r300014) ~ TODF120013)" (6.43)

For (6.42), the coefficient vanishes once the explicit expression is plugged in. So this relation
does not give any constraint on the amplitudes. The other relations impose nontrivial relations
among DDF amplitudes of a fixed order of s. So far, there appear nine amplitudes and there are
five relations. The first four relations are simplified as

2t + 1
TrIT, _ TR|TxT,
7B]§F[f200](4) == —Ha+5) %Sp[fzo%]w/z)’ (6.44)
—2Qf+1)
Il _ IR|Tr1
ToDF{120013) = ChHha+h DDF(12001(7/2)" (6.45)
1
TrIIR1 Tr|TxT, IR|Tr1 _ TTT
7?)]§F[$2§0](7/2) = __7BDRF[f20%](9/2)’ 7?)1%1?[?260](7/2) - _RDF[3000](9/2)' (6.46)
2

The relations in the last line are the ones mentioned in Section 6.1. Together with the last relation
involving J; index, one can see that the subleading amplitudes are related to the higher order part
of the amplitudes. By use of the rotational symmetry, Ir — J, one further finds

IRl A TT
%SF[RI 20013) = 2T DDF[30001(4)- (6.47)

Thus, these amplitudes are represented by two of the leading order parts, say 75%5{?2{)%] ©9/2) and

ToB83000] (9/2)- The next order relations involve new leading order part (like TODE3000] (7/2)) OF

subleading parts of the amplitudes. In this way, the exact bracket relations provide constraints
on the high-energy expansions of the DDF amplitudes, and relate them in a complicated manner.
The relation between the leading order parts of the amplitudes of T-projection,

TTT - TRITRT,
7BDF[3000](9/2) = 7BDRF[f201§)](9/2)’ (6.48)
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is not obtained also in this case. If we assume this relation, one can see that the higher order
amplitudes can be written in terms of one of the leading order parts.

7. Summary and conclusion

In this paper, through a detailed study of bracket state spectrum and a new definition of
g-orthonormal helicity basis, we re-examine the exact symmetry identities in bosonic open string
theory as first derived by G.W. Moore. Based on two illustrative case studies, we are able to spell
out the concrete kinematic contents of the symmetry relations among tree-level four-point am-
plitudes of low-lying stringy excitations. These relations are also recast into identities among
conventional and DDF amplitudes, where the participant states in the scattering amplitudes in
each basis are more familiar and form well-defined representations of other symmetry groups. In
so doing, we can also connect and compare with other well-known symmetry patterns of scat-
tering amplitudes in string theory, in particular, the high-energy symmetry as advocated by D.J.
Gross. We show that, under certain presumptions, part of high-energy symmetry (especially the
linear relations as derived from decoupling of the high-energy zero-norm states) can be extracted
from a high-energy expansion of Moore’s symmetry relations. Furthermore, we can detect some
of the energy hierarchy of the DDF amplitudes and give new inter-level and subleading relations
from a high-energy expansion point of view.

To summarize, our findings in this paper are:

(1) While Moore’s exact symmetry identities lead to infinitely many strong constrains among
inter-level amplitudes, their high-energy limits do not have complete overlap with the high-
energy linear relations as derived from decoupling of high-energy zero-norm states [9,12]. To
make connections and comparisons with the high-energy symmetry of Gross, we need to make
high-energy expansions of both transformation matrices and the relevant scattering amplitudes.
Only if we obtain a closed set of linear equations among leading components of scattering
amplitudes with various physical polarizations, we can derive some constraints among lead-
ing amplitudes at the same mass level. Given that the transformation matrices among stringy
state bases are energy-dependent, the mixing of different components (organized by powers
of s) of various stringy scattering amplitudes is unavoidable and the existence of closed re-
lations is definitely non-trivial. For instance, (6.36) as derived from the order s* relations in
A[3000] = A[1200], is a constraint among amplitudes, 7&%6] @y 7E§0L06] (> and 7{{%&%3), but it
is not strong enough to give the linear relation as shown in [9,12]. It is, however, not a problem
of Moore’s relation. As we have seen, there are infinitely many different ways to realize bracket
operators at a given level, and they are related to different sets of amplitudes through Moore’s
relation. Therefore, the missing link observed here should be connected if we include further sets
of relations. The failure here means that our simple example is not a sufficient set to obtain all
the known relations. Note that the successful case of .A[§OOO] = A[liOO], (6.35), where the lin-
ear relation among T300010/2): (3000102 21d 7{58(’)&](9 /) can be derived from the high-energy
expansions of Moore’s exact identities, in our opinion, should be taken as an accident.

(2) In our previous studies of the symmetry patterns of stringy scattering amplitudes [17],
we have observed a special feature of the all-transversely-polarized (with respect to each own
momentum) scattering amplitudes. The high-energy limits of this class of stringy scattering am-
plitudes demonstrate some partonic behaviors which we call string bit pictures. For instance,
(6.48) provides one simple example, where as long as the total level numbers and total spins
of scattering states are the same (3 + 0+ 04+ 0=1+4 2+ 0+ 0 in this case), the scattering
amplitudes are always equal (up to sign). For A[iOOO] = A[IQOO] example, such an inter-level
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symmetry pattern was only observed by explicit evaluations of stringy scattering amplitudes.
While this inter-level symmetry pattern is derived by Moore’s exact symmetry in the case of
A[QOOO] = A[lIOO], due to the small number of the amplitudes, it is unlikely deducible for
higher level amplitudes. The use of such a sting bit picture helps in simplifying high-energy rela-
tion in Moore’s exact symmetry identities. Together with the rotational invariance (trading / (or
IR) polarizations into J direction), we are able to represent all leading-components (up to order
57/2) of stringy scattering amplitudes in the A[3000] = .A[1200] relation by a single amplitude
733%{3000 109/2)"

(3) In our study, it is clear that due to the energy dependence of the transformation matrices,
the sub-leading components of different energy orders in various stringy scattering amplitudes
will get mixed in the high-energy relations from Moore’s identities. In order to make a system-
atic expansion and compare various components we need to choose a set of reference kinematic
variables, which are s and f = ¢ /s in our two case studies. The fact that we have chosen special
scattering processes such that, in each case, both sides of the Moore’s exact identity share the
same Mandelstam variables, is simply for the sake of convenience. In general, it is not clear that
if there are many sets of Mandelstam variables {(s,, ta)i= 1}, how to choose the best reference
kinematic variables. In addition, since each amplitude defines its own scattering plane and gener-
ally we have to compare scattering processes at different scattering angles. One has to be careful
in making conclusions about the sub-leading patterns of the high-energy relations in Moore’s
exact identities. We give a brief illustration of subtleties about the choice of reference kinematic
variables in Appendix C.

Aside from these symmetry relations and the connections among different approaches which
are realized by scattering amplitudes as functions of kinematic variables, there are other issues
worth further exploration:

e The algebra of bracket commutator and the origin of symmetry breakdown in string theory.
This is a question of fundamental importance in string theory. One can easily imagine the
bracket algebra relating different stringy excitation should be some kind of residue symmetry
after spontaneous breakdown of certain (presumably infinite-dimensional) symmetry. See
discussion in [18]. One of the original motivations studying the high-energy symmetry is to
make an analogy of equivalence theorem in electroweak theory. It is not clear if we can view
these exact relations (which apparently look kinematic dependent) as a non-linear realization
of the broken symmetry.

e Similarity between constructions of DDF states and that of bracket states, especially in the
g-orthonormal base, is of interest. As demonstrated in [19], the algebraic structure among
bracket states may be understood as a kind of Kac—Moody algebra, at least partially.

e Following the previous line of thought, one might wish to prove other kinematic limits these
symmetry relations e.g. Regge limits ([14]) to see if we can obtain other useful patterns or
connect with different approaches.

e We can make further generalizations by choosing different space—time backgrounds, adding
supersymmetry, or studying string theory at finite temperature. The study of loop amplitudes
may require special efforts.

e Similar structure and patterns can be captured in the exactly solvable string theory [20]. In
either minimal string models or matrix models one may be able to give more mathematical
insight to this ultimate question.
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Appendix A. More on bracket states and the physical state conditions

In this subsection, we present an interesting example in which a deformer operator that does
not satisfy physical state conditions generates physical bracket operators, by using bracket op-
erators in A[3000] = .A[1200] relation. In this appendix, we take a’ = 1/2 for simplicity. The
physical state conditions for the level 2 bracket operator V(gr) (k2, z) are reduced to the conditions
on the deformer polarization tensors as

0=1¢-q+Zlu+quka- 18 - q + 4], (A1)
0= g™ +284 - q +6ka-[54 - q + 4], (A2)

with q2 =—2and k -q = —1.From q - k; = —1, we have a solution of (A.1),

gq;qu + Equ =cqu, CE€ C. (A.3)

It is easy to see that {; 409" + Eq 1 does not have a component transverse to g, and this is a general
solution with one parameter c¢. Plugging this into (A.2), we find

Lquv (n’“’ - Zq"q") =10c. (A4)

When ¢ =0, ¢,y and g:q u satisfy the physical state conditions for J2)(g, w). Thus, ¢ measures
a failure of those conditions. We are interested in whether the conditions (A.3) and (A.4) allow
a solution with ¢ # 0. To solve these conditions, we introduce a helicity basis with respect to g;

efe = q/ /2 and transverse orthonormal vectors e’ (i=1,---,25). When ¢ # 0, solutions are
1 T ~ V2 p . .
CZE: Cquv=€£’ 5’, Cq;;:We,ﬁ (i=1,---,25,n0 sum for i), (A.5)

1 Py Py = 1 p q
=—=: = , =—1e¢,". A.6
c 5 Cquv =€y €y o ﬁeu (A.6)
The second choice leads to Vgr = 0 identically, while for ¢ = 1/10 one can check that it indeed
gives nonvanishing bracket operators. Together with the solutions with ¢ = 0, these complete the

conditions for the level 2 bracket operator to be physical. y
We consider the physical state condition of the level 3 bracket operator V(%r) (k1,z). In this

case, three polarization tensors provide three physical state conditions for &1y, {4y, g:q u- These
conditions turn out to be too complicated to find a general solution. However, curiously, if we
take V(gr) case solution (A.3) and the physical state condition for the seed operator ¢ -k; = 0 as an
ansatz, the physical state conditions lead to a solution which is exactly the same as (A.5) (with
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the same ¢ = 1/10). It should not be accidental since these two operators are related through
Moore’s relation and they would define physical amplitudes for the same choice of J(y). It is not
a complete analysis, and there might be other physical choices for Vg), but we do not pursue it
further and stop here.

Thus, a lesson from these examples is that it is indeed possible to define physical bracket
operators by using unphysical deformer operators and physical seed operators. Since an extra
physical state in this example seems very special, in the main part, we concentrate on “standard”
physical choices where both seed and deformer operators are physical.

Appendix B. DDF states

In this appendix, we summarize the basic facts on Del Giudice, Di Vecchia, and Fubini (DDF)
operators [15] and corresponding states. Our treatment follows closely that of [1], and we will
spell out explicit formulas which are used in the analysis in the main part.

B.1. Construction

Let |0; po) be a tachyonic ground state of the bosonic open string theory with p(% =1/a'. We
introduce a null vector ko which satisfies k2 = 0 and po - ko =1/(2a’). Tt is straightforward to
see that p(vy = po — Nk satisfies the mass-shell condition of level N states, p%N) =(—-N)/o.
A convenient parametrization of these momenta are

1 1
® W
=—=(0,0,---, 1), ky = ——=(=1,0,---,1). (B.1)
Po Va! 0 2/’
The DDF operator is defined as
dz idx*
AL (nko) = 55 L0210 ka0, (B.2)
2mi 20/
where z = ¢'7, and £ refers to the transverse directions with respect to pg and ko, £ =1, ---,24.

DDF states are defined by the action of A¢ ,, on the tachyonic ground state |0; po). Since pg-ko =
1/(2a’), the action of a DDF operator on the tachyonic ground state |0; po) is well-defined. Ail
commutes with Virasoro operators L, and their commutation relation [A Ak 1= n56k8n+m is
the same as the standard transverse oscillators a® . Thus the DDF states generates the whole
positive norm physical states.

We are ready to write down DDF states in terms of standard oscillators . It is convenient
to use the helicity ba51s where the inner product with kg is proportional to L — P projection,

ko - o_p o (e —eP) ot (L P) [13]. For the first few levels, the result is
Level 1: |a; pay)ppr = AZ,10; po) =a®,10; p)), (B.3)
Level 2:  |ab; p2y)ppr = A A 110; po)
1 1
_ azib+8ab< NUSANEN NS P>>}|o Y B.4)

la; p2))ppE = A%,10; po) = (o —v2a¢ 1Ol )|0: P2) (B.5)
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Level 3:  |abc; pea))ppr = A% A% A% 10; po)

= [a‘ibf + (6% | + 80 + 5% )

1 1
x <_Za<g ”’+8 Pt P>>}|o P3)) (B.6)
|a; b; p3))ppF = A%, A” 110; po)
b L—P
=|: o0 o 10‘(1 )
a1 a-p 1 (L=P)o L=P) L (-pr)3
+8 3 _3 +2 — _] 6((1_] ) |Ov p(3)>7 (B7)
la; p3))ppE = A% 5105 po)
w3 (L-P) | a 3(LP>9(LP> .
= _3—501_2011 +aly(—get +8( ) 10; p3))- (B.8)

When it is obvious, the momenta may not be displayed and the states are expressed by its trans-
verse indices. It should be noted that the definition of ¢” and e’ depends on p(y) and they are
different for each level. At level 1, there is no distinction between DDF states and usual massless
states.

B.2. From positive norm states to DDF states
DDF states form a basis of physical states at a given level and then it is possible to rewrite a

given physical state by use of them up to zero-norm states.® We utilize such decomposition to
relate level 2 and 3 bracket states to DDF states.

B.2.1. Level 2
First, we list the zero-norm states at level 2,
IZN1)=<5aff+a 1+ Z a®® +5¢/2a” >|0 k), (B.9)
1ZN) = (V2a Pt +oz_2)|0; k>, (B.10)
1ZN$) = (V20 P4 + ) (0; k), (B.11)

where e” and e’ represent the momentum and the longitudinal helicity with respect to the mo-
mentum k. e* (a =1, ---,24) represents the transverse directions with respect to k. We now
consider a decomposition of the following level 2 physical positive norm state,

[ZG ot +GZ ““}|o k), (B.12)
a’ b’

where a’, b’ indices run over L, a, the transverse directions together with the longitudinal direc-
tions, and the physical state conditions imply » ", Gua + G 11 + 25G = 0. This state can indeed
be written in terms of the DDF states, up to zero norm states, as

8 The structure of zero-norm states in terms of the helicity basis is discussed in [21].
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(B.12) =) " Daplab; k) DDF+ZD la; k) DDF+DZ|aa k)DDE (B.13)
a,b
Dap=Gap,  Du=—2Gr,, D= Z(GLL+SG). (B.14)
B.2.2. Level 3

The zero-norm states of this level are
|ZN{) = (@9 — a2t +a et —alyat)(0; k), (B.15)
|ZNSY) = (@Y +a%a))I0:k) (' £0), (B.16)
|ZNg') = <9a””” okl 1y o by 180 o) +6a‘1’3>|o; k), (B.17)

b
|ZNg) < Lba +Z(x“ 1 9aP o] —30(“_/3)|0; k)., (B.18)

|ZN5>=(25aff’f’+75a£’2afl+50af3 +9Z (@ +ab ot ))|0 k),  (B.19)

where a,b,c =1, ---, 24 are transverse directions with respect to k and a’ = a, L. The indices
are not summed over otherwise explicitly displayed. As in the level 2 case, we consider a decom-
position of the following physical positive norm state in terms of DDF states,

[ Z G a'blc /a 1 —|— ZG a/b/]()l_za }|O k) (BZO)
a’ b/ / a’ b/

with the physical state conditions, Y, Gapp + Garr =0and D", Grpp + Gz = 0. After some
algebra, we find that (B.20) can be rewritten as

> Davclabe: kyopr + Y Diany|(@: b): K)ppe + > Dan|[a: bl: k)

a,b,c a,b a,b
+ ) Diala; K)ppE+ Y Dag Y labb; k)por + D Y _ 1b; b; k), (B.21)
a a b b
up to zero norm states, and
Dape = Gabes D@apy = —3G Lab, Diap) = Glap), D= _%GLLL
Dy = %(9GLLa +2Gra), Dyy = %(SGLLa —2GLq). (B.22)

Appendix C. High-energy expansion with a fixed scattering angle

In this paper, we focus on the high-energy limits (s — oo with 7 = ¢ /s fixed) of string scatter-
ing amplitudes. In the leading order, this limit corresponds to the fixed-angle high-energy limit
of the amplitudes, but when we consider relation among subleading part of the amplitudes, there
appears some difference. In this appendix, we discuss the high-energy asymptotic relation with
the fixed scattering angle by taking A[2000] = A[1100] as an example.
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Recall that Mandelstam variables s and ¢ are common on both hands sides in this example.
Due to the mass difference, ¢ takes different forms, in terms of s and the scattering angles, on
both hand sides as

\/2—
s+4+ (s +16)(s+8)C

!5000 = — > 25 0s6, (C.1)
s+4  /s(s+38)
f1i00) = — 5 + 5 cosf’, (C.2)

where 6 is the scattering angle for A[QOOO] and 6’ for A[1 TOO], and we have set o’ = 1/2. Since
actually "3000] = f1i00)® these two angles are related as cos@’ = cos@(1 + 8572 — 3254 4 ...).

7 and @ are related as f = — sin® ¢ + O(s™1) in the high-energy limit. At the leading order, the
expressions are the same for 6 and 0’, but subleading corrections take different forms for them.

This poses a question on the high-energy expansions of string scattering amplitudes. We need
to choose which angle to be fixed under the s — oo limit. In this sense, a fixed-angle high-energy
limit is ambiguous in the bracket relation. To proceed the analysis, we now choose 6 to be fixed
and expand the coefficients and the DDF amplitudes with 6 fixed,

1,, I I,

L,
=Dy 0+ Dot cys~ ++ (C.3)

TODE2000] = 752000 (3)s +- Dy

where each coefficient is now a function of 9; for example, 7;[2000] (3) = 16 sin? 6. It should

be emphasized that, apart from the leading ones like ’7'0[2000] @ or Dg 11 (0)’ the coefficients are

not simply obtained by identifying 7 = — s1n2 9 in the fixed-7 coefficients that appeared in Sec-

tion 6.3. At O(s?) and at O(s?) with (A, B) = (T, T,), (Ir, Ir). (J, J) the relations take the
same forms as (6.19)—(6.22). For (A, B) = (Ty, 1) at O(sz), we find

T T
2Tg1200013) = @060 Ty20001(5/2) - (C4)

This relation involves only in leading amplitudes of A[2000] side and reproduces a known
fixed-6 relation. At O(s), after simplifying by use of higher order relations and rotational sym-
metry, (A, B) = (T, T,), Uy, 1), (Ty, 1) and (J, J) choices lead to, in order,

TRI|T, T TT 11 TT
27?9[?103](1) = 8C0t97?9[2000](5/2) + 7—9[2000](2) + 197;[2000](2) - 27?9[2000](1)!

IRl T 11 11 TT

27, 1710’5 1y = 8¢0t0Tg1200015/2) — 37 Ta1200012) — 2Ta1200011) — 3T61200012)»
T T TT 11

0= tan6 (475[2000](5/2) + 72)[2000](3/2)) = 2T91200012) T 2T91200012)°

J|J T 104 11 TT
ZT 6[1100](1) — 800t97§[2000](5/2) - 197;)[2000](2) + 27;)[2000](1) - 7?9[2000](2)~

By solving them, one can find several relations among the amplitudes. However, for subleading

amplitudes on A[1100] side, such as T@{ﬂ og] ay this expansion is not of direct physical relevance
and it is not clear how useful these expressions are.
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