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Abstract

Contiguous relations are a fundamental concept within the theory of hypergeometric series and orthogonal
polynomials. Their study goes back to Gauss who gave alist of 15 “fundamental” relations for the , | hypergeometric
series. In this paper we will prove some consequences of contiguous relations of , F; .
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The series
|4z a@ Db+ 2 ala+ D@+ DbO+DG+2) 2 )
c 1! clc+1) 2! clc+1D(c+2) 3!
is called the Gauss series or the ordinary hypergeometric series, where it is assumed that ¢ # 0, —1, —2,
—3, ... so that no zero factors appear in the denominators of the terms of the series. This series con-

verges absolutely for |z| < 1. It is usually represented by the symbol , F [a, b; c; z] and customary to use
Fla, b; c; z]. The variable is z, and a, b and c are called the parameters of the function. If either of the
quantities a or b is a negative integer —n, the series has only a finite number of terms and becomes in
fact a polynomial , F[a, b; c; z].

* Corresponding author. Tel.: +968 9964 0521; fax: +968 2441 5490.

E-mail addresses: medhat@squ.edu.om (M.A. Rakha), akibrahim @link.net (A.K. Ibrahim).

! Present address: Department of Mathematics and Statistics, College of Science, Sultan Qaboos University, P.O. Box 36,
Alkhod 123, Muscat, Oman.

0377-0427/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2005.05.016


https://core.ac.uk/display/82732344?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.elsevier.com/locate/cam
mailto:medhat@squ.edu.om
mailto:akibrahim@link.net

M.A. Rakha, A.K. Ibrahim / Journal of Computational and Applied Mathematics 192 (2006) 396—410 397

Two hypergeometric functions with the same argument z are contiguous if their parameters a, b and
c differ by integers. For example, Fla, b; c; z] and Fla 4+ 10, b — 7; ¢ 4 3; z] are contiguous. For any
three contiguous , F'; functions there is a contiguous relation, which is a linear relation, with coefficients
being rational functions in the parameters a.b, ¢ and the argument z [1]. For example

a(z—1DFla+1,b;¢;z1+ 2a —c—az+ bz)Fla, b; c; 7]

+(c—a)Fla—1,b;¢c;z] =0, ()
aFla+1,b;c;z] — (c—1DFla,b;c—1;z14+ (c—a—1)Fla, b; c; z] =0, 3)
aFla+1,b;c;z]—bFla,b+ 1;¢;z]+ (b —a)Fla, b; c; z] =0. 4)

In these relations two hypergeometric series differ just in one parameter from the third hypergeometric
series, and the difference is 1. The relations of this kind were found by Gauss, there are 15 of them. A
contiguous relation between any three contiguous hypergeometric functions can be found by combining
linearly a sequence of Gauss contiguous relations.

Applications of contiguous relations range from the evaluation of hypergeometric series to the derivation
of summation and transformation formulas for such series, they can be used to evaluate a hypergeomet-
ric function which is contiguous to a hypergeometric series which can be satisfactorily evaluated. For
example, Kummer’s identity [1, Corollary 3.1.2]

Irl+a—-b)r(d+a/2)

zFl[a,b;1+a—”;_”:r(1+a)r(1+(a/2>—b) N

can be generalized to
o I'a—b)Ir'((a+1)/2) I'(a—b)I'(a/2)
ehilatn bra=bi=I=P0 @ ni2-b 2 w2 - b ©

Here n is an integer, the factors P(n) and Q(n) can be expressed for n >0 as

P) 1 F n n+1 a b 1 al 7
n)=_—- -, — y ~ — by =, =3 s
1372 ) 2 72 2’2
n+1 n—1 n a+1 3 a+1
Q(”):Wng[—T,—E, > —b,i, > ,1j|, (8)

and similarly for n <0 [10]. In fact, formula (6) is a contiguous relation between , F,[a + n, b;a —
b; —1],,Fla—1,b;a —b; —1]and , F|[a, b; 1 +a — b; —1], where the last two terms are evaluated in
terms of I'-function using Kummer’s identity (5), and the coefficients are expressed as terminating 5 F, (1)
series.

Contiguous relations are also used to make a correspondence between Lie algebras and special func-
tions. The correspondence yields formulas of special functions [5]. For more details about hypergeometric
series and their contiguous relations, see [1,3,6,10,11].

In this paper, we will prove some new formulas which are consequences of contiguous relations of the
basic hypergeometric functions , F';. Such new formulas will be of great help in the derivations of several
contiguous relations of , F.

The new formulas express arbitrary shifted , F'| functions in terms of a “diagonally” shifted , F'; function.
Diagonally shifted functions are proportional to the derivatives of , F; functions [8]. In [8], an algorithm to
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obtain contiguous relations of hypergeometric functions of several variable was presented. The algorithm
based on Buchberger’s algorithm [2] for Grobner basis and it expresses arbitrary shifts of , F; basic
hypergeometric functions in terms of a fixed , F; function and its derivative.

More information about using the arbitrary shifts in contiguous relations of , F; basic hypergeometric
functions can be found in [4,7,9].

The paper is organized as follows. In Section 2, we use well-known forms of the Gauss function to
introduce our computations to prove some simple identities relating shifted , F; functions together with
their derivatives. In Section 3, we combine these identities to obtain more general ones; we give their
proofs and we present our main theorem to generalize our main results.

We will always denote the hypergeometric series , F[a, b; c; z] by Fla, b; c; z], and we will use the
well-known binomial identities

X (x—l)
x\ _Jx—y\ vy )’
(y>_ x—y+l( x ) ©)
y y=1)
2. Initial computations

Let us start with

ab  al@a+ Dbb+1) 22
F(z) =14 — z
@ + c ot c(c+1) 2!

from which we can rewrite (1) in the form

a+k—1\(b+k—1
k k .
(10)

oo
Fla,b;c;zl=) o
—~ <c+k——1>

k

Now, replacing a, b and ¢ by a + «, b + f and ¢ + y, respectively, we can rewrite (10) as

<a+a+k—l)<b+ﬂ+k—l>
> k k
Fla+ob+fictpzl=) 2. (11)

= <c+y+k—1>
k

Using (9), we can rewrite (11) as follows:

gt ygh b (a o +k— 1) (b+ﬁ1 +k— 1)
k

k k
F[a+oc,b+[3;c—|—y;z]=z

Z
k=0 Y/Zl,y—l <C+V12-k—1)

(12)
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where

o—1

. a-+k+1
g 1=1-[< Hi-) (13)

i=o
and

Now, we are going to deduce a recurrence relation between Fla + n, b; c; z] and Fla +n — 1, b; ¢; z],
therefore, put o =n, o1 =n — 1,§=p; =y =7, =01in (12), we get

WZ—],n—llpg,—l (a +n —]i—k — 2) (b—l—i - 1)
z~.

o0
Fla+n,b;c;z] = 14
[ z] g 0’_1<C+k_1> (14)
= 2
k
From (13), we have
'P"_l’"_l=’ﬁ a+k+i\ _atk+n—1
“ o a-+i a+n—1
while
0,—1 -1 _
po =90l =
then (14), can be rewritten as
(a+n+k—2)<b+k—l>
o0
k k k
Fla+n,b;c;z]= 1+ z
[ ] /;[ a+n—1] c+k—1
k
that mean
(a+n+k—2)<b+k—l>
s k k X
Fla+n,b;c;z] =
[ =2 (c+k—1) ¢
k=0
k
<a+n+k—2>(b+k—1>
s k k
NI Ny 1
a+n—1 & (c+k—1>
k
or
Fla+n.bic;zl=Fla+n—1,bicizl+ ——— F'la+n—1,b; c; 2], (15)
a+n—1
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where
, d
F'la,b;c; z]=— Fla, b; c; z].
dz
As a special case let n = 2, we get
Fla+2,b;c;z] = Fla + 1,b;c;z]+%F/[a—|— 1, b;c; 7],
a
but at n = 1 and using (15), we obtain
Fla+1,b;¢: 2] = Fla, b ¢; 2] + = F'la, b: ¢; 7]
a
combining (16) and (17), we will have
Fw+1had=Fm&ad+EF%JWJHHETFM+Lhad.
a a

Moreover, differentiating (17) with respect to z, we get

1
FM+L&ad=Cﬁ;)Fm&ad+£FMﬁwm]
a a

from which (18), can be rewritten as

ZZ

o~ F// , b, ’
a@rn [ labiadl

2
Fla+2,b; ¢ z) = Fla, b ¢; 2] + — F'la, b; ¢; z] +
a

that means
2

2
F[a+2,b;c;z]=F[a,b;c;z]—|——ZF'[a,b;c;z]+Z—F”[a+l,b;c;z].
a a

(a+1)

Example 1. Using the above relations one can easily show that

372

———— F"[a, b; c;
a@ D la, b; c; 7]

3
Fla+3.b;c;z] = Fla, b ¢; 2] + — F'la, by c; z] +
a

Z3

F/// , b; : .
T @t Dago [ lebiadl

Now, let us have the following theorem:

Theorem 2. The hypergeometric series F|a, b; c; z] satisfies the following recurrence relation:

Fla+n,b;c;zl=

i=0 <a+’:_1>
l

7
= FOla, b; c; 7]
il

(16)

A7)

(18)

(19)

(20)
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or
<n>
- i ' )
. e _ _ 1 1 . e
Fla+n,b;c;z]1= (a 1)!?_0 (a+i_1)!zF la, b; c; z]. (21)

Note that, Theorem 2 can be also extended for b (but not for c), that is, also we can have the following
recurrence relation:
n .
i

.

Fla,b+n;c;z]= S Sva— Ol P 22
[ ] ;:0 bti_1\ i [ ] (22)
i

or

<n)

n ; 4 .

Fla,b+n;c;z]=(b—1)! E —~ 7 A FDg b:c: 7] (23)
P b+i—1)!

Proof. The proof of the theorem can easily obtained by induction. [
Clearly, One can easily solve the last example by the use of Theorem 2, by replacing n by 3 in (20),

that is
3 .
i

Fla+3,bicizl= Y ———2—
i=0 <a+’__l>
l

3 3 z2
= Fla,b; ¢; 2] + = zF'[a, b; ¢; 2] + ——— = F"[a, b; ¢;
[a cz]—i-az [a cz]+a(a+1) o la, b; c; z]

22F"[a, b; ¢; 7).

Zi i
5 F(’)[a,b; C, Z]
l!

+ ala+ 1)(a+2)

Our next theorem gives an important relation between F Ola,b:c;z]and Fla +i,b+i;c +i; z] for
i=0,1,2,...,n

Theorem 3.

i—1

l—[ (a+m)(b+m)
(c+m)

F(i)[a,b;c;z]=< )F[a+i,b+i;c+i;z].

m=0
Proof. In order to prove the theorem, let us first prove the following identity:

b —1
F/[a+n—1,b;c;z]=%F[am,bﬂ;c“;ﬂ. (24)
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Recall that

d
F’[a+n—l,b;c;z]:d—(F[a+n—l,b;c;z])
Z
<a+n+k—2)(b+k—1>
d | & k k
= Z Z*
N <c+k—1)
k
(a+n—|—k—2)<b+k—1>
o
Y% k k et
P (c+k—1)
k
Using (9), then (25), can be rewritten as
a+n+k—2 b+k—1
(a+n—Db & k—1 k—1 1

Z 26
c " c+k—1 (26)
k—1
setting [ =k — 1, we get

(a+n+l—1><b+l>
— Db — ! !
Flla+n—1,b;c;z) = S22 D0 5 l

/ Z
c =0 (c—li— )

— Db
F/[a+n—l,b;c;z]zWF[a—I—n,b%—l;c—i-l;z].

(25)

F'la+n—-1,b,c,2)=

x~
Il

which implies that

Now, setting n = 1 in (24) and differentiate (i — 1) times with manipulation, we get

i—1

l_[ (a+m)(b+m)
(c+m)

m=0

Corollary 4.

n i—1
F[a—i—n,b;c;Z]:Z(’;)Zi (l_[ <ZZ_-:::Z>) Fla+i,b+i;c+1i;z]. (28)

i=0 m=0

Proof. This result obtained directly by straight forward substitution using formula (21) of Theorem 2
and formula (27) of Theorem 3. [
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Also, we can use (24) and (15) obtained before to have the following interesting contiguous relation:
b
Fla+n,b;c;zl=Fla+n—1,b;c;z]1+ —zFla+n,b+1;¢c+ 1; z]. (29)
C

Example 5. Applying Corollary 4, for n = 3, we get

3 i—1
. b
Fla+3.biciz]= G)i(ﬂ(CIZ»FM+LMHw+uﬂ

i=0

simplifying, we obtain

b
F[a+3,b;c;z]=F[a,b;C;z]+3—zF[a+1,b+1;c+1;z]

3Zi+ng[+2b+2c+2d
bb+1)b+2
% P Fla+3,b+3;¢+3;zl.
To make our next computations easier, let us have the following notations:

Fypyi=Fla+a, b+ pic+y, 2],

Fiji=Fla+i,b+i;c+i,z]:=F, (30)
that is

Fo35=Fla+2,b+3;¢c+5;z],

while

Fla,b;c;z] :=Fy, Fla+1,b+1;c+1;z]:=F,Fla+2,b+2;c+2;z] .= F2, ... .
Remark 6. As a special case of (27), ati = 1, we have
, ab
Fla,b;c;zl=—Fla+1,b+1;c+1; 7]
c

from which and using the previous parameter shift notations, we can easily have the very well-known
relation

, _a+0)b+p)

By = +7) a1, p4+1,p+1- 31

Now, let us have the following theorem.
Theorem 7.

B i—1 j—1 :

o I b+p+m a+i+n
F = : . _ — | Fj+
WO Z<l)<l><n c+m ) l_[c+i+n I

n=0
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or
= atatm L hti+n
= _— —— | Fiy ;.
Fapo= ZZ( )() [1 c+m (1_[ c+i+n> i
Jj=0 i=0 m=0 n=0
Proof. From (28), we have

o " ,‘ i—1 b+m
Fx,o,o=z<i>z 1‘[<C+m> Fi (32)
i=0 m=

=0

also, using the symmetry of Fla, b; c; z] with respect to a and b (i.e. Fla, b; c; z] = F[b, a; c; z]), then
we will have

A B\ = tm
Fo,/1,0=2(j)zj H<C+m) Fj (33)

j=0 m=0

replacing b by b 4 f in (32), we will have
- = (b+B+m
_ AW . . ;.
FM;,O—Z<i>z (]_[ <C+—m>> Fla+i,b+p+iic+i;z]
i=0 m=0
which by using (33), and replacing a, b and c by a 4 i, b +i and ¢ + i, respectively, we will have
- b+ p+m — (a+i+m
— oy i .
Fx,ﬁ,o—Z(i>Z (]_[( e ))Z( ) ]_[<c+l+m> Fitj, (34)
i=0 m=0 j=0 m=0
that is

B _
_ o BY itj b+p+m a+i+m o
Fuh0 = Z(J(},)w(]‘[( ctm )) H(c+z+m> Freg o O9

=0

Similarly, if we start with (33), by replacing a by a 4 o and using (32), we can easily get the similar
formula

p j—1 o i—1 .
: ot ; b+ j+
rao=Y (1) (TT(E52) ) 2 (7)) (l_[<c+j'—+:11>>Fi+j’ (36)
i=0

j=0 m=0 m=0

that is

o o T [ (1 (o) PO

j=0 i=0

Note that formula (28) is a special case of both formulas (35) and (37) where o = n and = 0.
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We can easily check that both formulas (35) and (37) are equivalent. For example, when o« = 1 and
f = 1 both formulas gives

b+1 Db +1
Fiio:= F[a—}—l,b—l—l;c;z]:Fo—l—ng @+ Hoé+1) 2E
c

c(c+1)
Also, when oo =2 and = 1, formulas (35) and (37) gives

a-+2b+2 b+1)R2a+b+4
FBio=F+|——|zF1 + ( X ) 2P
c clc+1)

((a +2)(b+ (b + 2)) AF
clc+1D(c+2)

In addition, for « = 2, § = 2 both formulas (35) and (37) gives
a+b+2 a+b)ya+b+9)+2ab+ 14
Foo=F+2(——)z2F1+ ( ) ) F
c clc+1)

+<ﬂa+@®+bw+b+®)f&'
clc+1D(c+2)

Finally, and in addition to the previous recurrence relations, it is necessary to obtain a more general one.

Since
a+k—1 b+k—1
s k k X

Foi= Fla,b;c;z]=)

Z
—~ (c+k——1)
k

a+oa+k—1\[(b+p+k—1
k k L

c+y+k—1
k

ato+k—1\[(b+p+k—1
k k .

c+y+k—1
k

then we will have

Z

- (
Fopy= Z
k=0

z.

Using (9), we will have

<a+a+k—1>(b+ﬁ+k—l)
Fupy=1 (a+a)(b+p) i(c+y+k) k—1 k—1 '

<
Ctntr+h =\ & (c+y—|—k)
k—1
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from which by differentiating both sides with respect to z, we get

(a+a)(b+p)
By = +9)F, §
= G et 4 D) (¢ + V) Fot1,p+1.942
(a+oc+k—l><b+ﬂ+k—l)
> k—1 k—1
+ kzk! (38)
k=1

ct+y+k
k—1
replacing k — 1 by k in the second term of (38), we get

(a+ )b+ p) Z
/ _ s /
Fop,= et Furtprigr2 + 7 I Foripr1g+2 | (39)

but from (31), we have

/ (a+a+DB++1)
o1 1,42 = ct712) Fyi2,p12,943

using the above expression together with (39), we get

+(a+oc+1)(b—|—ﬁ+1)z
(c+y+Dc+y+2)

Fot1.p+1.941 = For1,p+1,942 Fot2,p12,9+3 (40)

or

(c+y—Dlc+y 1
F = —[Fy—1 8-1v-1—Fy_1 -1+ 41
%, B4 1 @ta-Db1p-1) Z[ a—1,f—1,9—1 a—1,5—1,7] (41)

Example 8. When « =2, f =3 and y =4, formula (41) gives,

e+ +d

= — F .
2@t Db12) [F123 1,2,4]

F35

3. Conclusion and main theorem
We start with two important remarks

(1) The hypergeometric series is symmetric with respect to the parameters a and b, i.e. Fla, b; c; z] =
F[b, a; c; z]. Therefore, we can rewrite any contiguous relation by changing the location of the first
and second parameters in F, s, and replacing (a, o; b, ) by (b, B; a, o), for example, identity (29)
can be written as

a
Fo.p.0 = Fo,p—1,0 + p zF14,1. (42)
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(2) The notation
Fypy:=Fla+oa, b+ p;c+y;z]

enable us to obtain additional formulas from ours that means any formula gives F, o o can be modified
to obtain a general one for F, s, by replacing b and c in the original formula by b + f and ¢ + y in
the new one, i.e. formula (29) can be written in a general form as

b+p
F“?ﬁav = F _Lﬁ’y + (C+’y

while, if we use our first note with (43), we will have

a—+ o
Fopy=Fop-1,y+ (C—ﬂ> Z2F o1,8941 (44)

) ZF oy pt1,9+1 (43)

and so on.
Now, we are ready to establish our main theorem.

Theorem 9. Let
at@a+1bb+1) ,
clc+1).1.2

denotes the Gauss’ hypergeometric function with argument z and parameters a, b and c, and F, g, is
defined as in (30), then

Flabe=14
a, b c; = 7
217 Z el

b
F,p,=F, n—f-iﬁzF“ 1+l (45)
’ﬂa/ ’ﬂ’) C+'y ’ﬂ—l— ~I+
a-—+ o
=Fyp-1,+ P ; 2F5t1, 8941 (46)
(a+ )b+ p)
= ,, —|— ZF ) 47
B+l T et +D a1, f+1,7+2 (47)
(c+y—=2)(c+y—1) 1
—[Fo1p-1,9—2 — Fa1,p—1,9-1] (48)

T @toa—Db+p-1)z

o i—1
. b+p+m

_ o i crpTm : o
. (z‘)Z (1_[ c+v+m)F”ﬁ+”"’+’ “49)

i=0 m=0

B () — atoatm P 550 (50)
=> Ligtis @ B=0.

c+/+m o+i,0, 941

:1

l=0 m:
B i—1 i—1 )
SEO0) (L) (T
iz =0 l J m=oc—|—y+m m=oc—|—v+z—|—m

X Figjivji+j+p o B20. G
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Proof. The proof is straightforward from Theorems 2 and 3 and Corollary 4 coupled with the above
two notes. U

Example 10. To find Fj ; ; using the formulas of Theorem 9 above, then: formulas (45), (49) gives

Fii1=F + bt F
11,1 = 10,11 1 2011,2,2,

formulas (46), (50) gives

Fiii=Fo+ (1) F
1,1,1 = 1'1,0,1 C+l 1212,

formula (47) gives

(a+ DB+

F =F —Z s
11,1 1,1,2 e+ De+2) 2,2,3
formula (48) gives
clce=1)1
Fi1,1=————[F0,0,-1 — F0,0,0
ab z

while formula (51) gives

a+b+1 (a+1D@+1)
Fi,1,1=Foo,0+ (—) ZF1 1 —  F

Z
ct1 2T Cr e+

As shown in Example (10), formulas (45), (46) gives the same representations for F 1 1 as formulas
(49), (50). The situation will be different in case of « > 1 for formulas (45), (49) and in case of > 1 for
the formulas (46), (50).

Example 11. Formula (45) gives

b
F200="F1,00+ - 2F211

while formula (49) gives

2b bb+1)
Fr00=Foo0+ —zF111+ ———2*F202.
c clc+1)

If we reused formula (45) to find F> 1,1 and Fj 9,0 we can easily see that the above two identities
are identical.

It is very important to notice that our formulas can generate many other contiguous relations, for
example replacing « by o+ 1 in (45), and «, f and y by «+ 1, f+ 1 and y + 1, respectively, in (48), we get

b+ p
Foc-i—l,ﬁ,y = Foc,ﬁ,y + <C

) ZF o1 pr1+1 (52)

N
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and

c+pc+y—1D1
@tobtp oo ot Pl

Fot1 pr1941 =

eliminating F, 11 gy1,y+1 from (52) and (53), we get

c+y—1
sz+l,ﬁ,y = Fa,/ﬁ,y + a—_i_a[Fa,[)’,yfl - sz,[f,y]
c+y—1 c+y—1
=|l———| F — F, 5.1,
[ a—+o }xﬂ”+ a—+oa wf=1

that is
(a+a)Furrpy=[a+a)—(c+p) +UFypy+(+y—1)Fpy1
or
(a+a)Fo1py—(c+y—=DF,py—1+(c+y) —(@+o) —1]1F,p,=0,

which by replacing «, f5, y by zeros is exactly the same as (3).
Moreover, replacing o by « + 1 in (45) and by 4+ 1 in (46), we get

b+ p
For1,8y=Fypy+ < ) 2F i1 g1 941

c+y
and

a—+ o
Fypri,y=Fypy+ . ZF i1 g1+

again, if we eliminate F, 1 g41,y41 from (55) and (56), we will have

[(a+ao)— D+ B)]Fot,ﬁ,y = (a + O‘)Fa+l,ﬁ,y —(b+ ﬂ)Fot,ﬁ-f—l,ya

that is
@+ D) Fyet gy — b+ P Fupety + (b + ) — (@ + D] Fyp, =0,

which again, by replacing «, 3, y by zeros is exactly the same as (4).
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