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This paper presents some results on the existence and uniqueness of solutions
for the boundary value problems on the half-line with impulses and infinite delay.
Moreover, an existence theorem of multiple solutions is obtained also. The problems
may be singular at the boundary. © 2001 Academic Press
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1. INTRODUCTION

Boundary value problems on the half-line arise quite naturally in the
study of radially symmetric solutions of nonlinear elliptic equations and
there are many results in this area; see [1-5] for examples. On the other
hand, the theory of impulsive differential equations has been emerging
as an important area of investigations in recent years (see [14, 15]). Very
recently, some authors considered the delay equation x'(¢) = f(¢, x,)
together with impulses and established some existence and uniqueness
results with initial value(see [16-21]). However, no results are available for
the boundary value problems on the half-line with impulses and infinite
delay. As a result the goal of this paper is to fill the gap in this area. We
obtain some results on the existence and uniqueness of solutions and on
the existence of multiple solutions. Moreover, the problems may be suplin-
ear and singular. A more direct condition than that in [16-19] is obtained
and our theorems improve some results in [8, 11]. Our main techniques
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are the Leray-Schauder theorem and fixed point index theory (see [9]).
Finally, we give some examples in Section 5.

2. PRELIMINARIES

First we give a lemma.

LEmMA 2.1.  Assume that x : [a,b] — R is a bounded and measur-
able function. Then g(t) = sup{|x(s)|,s € [a, t]} is a measurable function
on [a, b].

Proof. Given a > 0,E = {t € [a,b], g(t) = a}. If t € E, then for all
t' > t,g(t") > a. So E is an interval. Thus E is measurable. Consequently,

g(¢t) is a measurable function. The proof is complete. |

Assume that & : (—o00,0] — R is a continuous function with [ =
[° h(t)dt < 00, h(t) > 0,1 € [0, +-00), and for a > 0, define

BM([—a,0]),R) = {¢ : [-a,0] > R|y(¢) is a bounded

and measurable function on [—a, 0]}

with norm [|¢f[|[_, o) = SUPye[_4, 07 [*(s)[- By Lemma 2.1 and the definition
of BM, we can define

BM,((—00,0],R) = {w : (—o0, 0] — R| for any

c>0, l!f|[_c’0] € BM([—c, 0], R) and

0
./_Oo ol ‘ﬁ“[r, o]dl < +o<>}

with norm

0
[l = [ Rl o < +o,
and

PC/([0, +00), R) = {i : [0, +00) — R|y(1) is continuous at each
t # t, left continuous at ¢ = f,, ¥(t;) exists

(k=1,2,...,m) and Jim x(t) exists}
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with norm

lxll; = sup |x(2)],
te[0, +00)
PC([0, 400), R) = {4 : [0, +00) — R|i(¢) is continuous at each
t # 1, left continuous at ¢ = ., (1)
exists (k =1,2,...,m)}.
It is easy to see that BM,,((—o0, 0], R) and PC;(]0, +00), R) are Banach

spaces.
Specifically, consider the problem

(Lx)(t) + f(t> xt) =0, tF# b
Ax|,—y, = Li(x,), k=1,2,...,m
Ax(0) = Blim g p(1)x'(1) = a; 2.1)

y(00) + 8lim,__., p(1)x'(1) = b;
x(t) is bounded on [0, +00),

where ® € BM,((—o0, 0], R) and x, is defined by

x,(s) = { xi+s), 1214520, 2.2)

P(t+5s), —oco<t+s<0,

and f : (0,+0c0) x BM;,((—o0,0],R) — R, I, : BM,((—00,0],R) —
R,k =1,2,...,m. Denote (Lx)(t) = ﬁ(p(t)x’(t))/,p e C([0, +00),
R)N CY(0, +0), p(t) > 0 for ¢ € (0, 00),

Ax|, = glir{)l+[x(tk + &) — x(t — &)].

Let A,B,v,86 > 0 with By + A6+ Ay > 0, and a,b > 0. The following
conditions will be assumed throughout:

+00 dl
/0 PO 2.3)

Denote TO(t) — f()t ﬁd‘g, Too(t) = /‘[00 ﬁds, p2 =By+ A+ Ay f()oo ﬁdt;
and p > 0. Define

u(t) = %[8 + ¥7.0(1)], v(t) = %[B + A7y(1)]. (2.4)

Then yv + Au = p. Let

_ Ju@u(s)p(s), 0=s=t<
Gt 5) = { ol olsy, 0<1<s <00 (2:5)
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Then
lim G(t,s) = u(+o0)v(s)p(s), s € [0, +00). (2.6)

t——400
We denote G(s) = u(+o00)v(s)p(s), s € [0, +00). Let
1 1
e(t) = ?[b/\fro(t) + ayt ()] + ?(aS + bB). 2.7)
From (2.4), (2.5), and (2.7), there exist f,, < a* < b* < +oo and 1 > ¢* =
c¢*(a*, b*) > 0 such that
G(t,5) > c*G(u,s) forVt e [a*, b"],
u € [0, 4+00),s € [0, +00), (2.8)
e(t) > c*e(s) for Vt € [a*, b*],s € [0, +00), (2.9)
8+ ¥Too(t) = [0 4 y750(s)] for ¥t € [a*, b*], s € [0, +00). (2.10)

Write QO = {x € PC/([0, +00), R), x(¢) > 0 with x(¢) > c*x(s) for Vt €
[a*, b*], s € [0, +00)}.
Now we give following lemma.

LeEMMA 2.2. Suppose x € PC)([0, +00), R)(a > 0) and x, is defined by
(2.2). Then for t € [0, +00), x, € BM},((—0o0, 0], R). Moreover,
Il = 21x(2)l,

where
0

[ = /_oo h(s)ds.

Proof. For any ¢t € [0, a], it is easy to see that for any a > 0, x, is
bounded and measurable on [—a, 0] and

0
[ ) lxlods
—t 0
= [ _h®)lxilods+ [ 5l opds
<[ _rymax{xoleso: 1l ot lds+ | Rlxlpqds

0 0
<[ hO)xollsods+2 [ h(s)ds sup [+(9)
—00 —0o0 sel0,t

=Ilxoll +27 sup [x(s)|

s€[0,1]

<||®||,+3! sup |x(s)|. (2.11)

s€(0,¢]
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Since ® € BM,((—o0, 0], R), then x, € BM,((—00, 0], R). Moreover,

0 0
il = [ h@lxilyods = [ A)dslx(o)] = (o).

The proof is complete. |

Remark 2.1. Generally, for x € PC/([0, +00), R), x, is not continuous
at t € [0, +00). For example, let

0, [0,4],
x(1) = {1, (112 +00).

Assume that ¢/, ¢ € (#;, +00) and ¢ > ¢'. Then for any s < —t,sup,, ¢
|x(t 4+r)— x(¢ +r)| > 1. Then

0
e =xelly = | Al = el opds

—t
> [ )l = %l 0ds
o0

> /_ " n(s)ds,

which implies that lim,_,, ||x, — x| > f:;; h(s)ds. Consequently, x, is not
continuous at #. Since ¢ is arbitrary in (¢, +00), x, is not continuous
everywhere on (#;, +00). Then it is possible that f(¢, x,) is not continu-
ous everywhere even if f(f, &) is continuous at each (¢, ¥) € (0, +00) x
BM,,((—o0, 0], R). In order to assure the integrality of f(z, x,), it is neces-
sary to advance a suitable condition.

DEerINITION 2.1. A function G : BM,((—00,0],R) — R is said to
be weakly continuous at ¢, € BM,((—o0,0], R) if for any {¢,} <
BM,,((—o00, 0], R) with lim,_, ,  ¢,(s) = ¢y(s), a.e. s € (—o0, 0], then

lim_G(6,) = G(d0).
G is said to be weakly continuous on BM,,((—o0, 0], R) if G is weakly
continuous at ¢ for any ¢ € BM,((—o0, 0], R).

Remark 2.2. This condition is more direct than that in [16], which
requires that f(¢, x,) be measurable. The definition includes the condi-
tions in [17-21], where it is required that f(¢, ) be continuous at each
¢ € LY([—-r, 0], R") for all ¢ € (0, +00).

DEFINITION 2.2. A function g : (0,+00) x BM;, — R is a L=
Carathéodary function if the following conditions hold:

(a) the map ¢t — g(¢, ) is measurable for all y € BM,;
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(b) the map ¢ — g(¢, ) is weakly continuous for almost all ¢ €
(0, +00);

(c) for any r > 0, there exists a u, € L((0, +00), R") such that for
all [yl < r,

18 (s, Y| < p,(s)
with

sup / G(t, s)p,(s)ds < +o0
€0, +oo)

and
+oo __
/ G(s)u,(s)ds < +o0.
0

LeEMMA 2.3.  Assume that D € PC)([0, +00), R) is bounded. Then there
exists an r > 0 such that

lxl, <r forall x € D and all t € [0, +00).

Proof. Since D is bounded, there exists a d > 0 such that ||x||; < d for
all x € D. By Lemma 2.2, for all ¢ € [0, +00),

1l < 1Pl + 37 SEP]IX(S)I < [®f, +30d.
se t

Let r = ||, + 3/d. Then r is what we need. The proof is complete. |

LEMMA 2.4. Assume that a function g : (0,400) x BM;, — R is a
L—~Carathéodary function and x € PC([0,+00), R). Then g(t,x,) is
measurable.

Proof.  We can define x(¢) = ®(¢) for all ¢t € (—o0, 0). Then there exists
a continuous sequence {x,} such that

lir_P x, (1) = x(1), for all ¢ € (—o0, +00).

By Lemma 4 in [22], x,, is continuous at ¢ € [0, +00). Since g : (0, +-00) x
BM,, — R is a L---Carathéodary function, then g(¢, x,,,) is measurable on
[0, +00). Since lim,,_, , , x, (5) = x,(s), for all s € (—o0, 0], then

lim g(¢, x,,) = g(t x,), for all ¢ € [0, +00).

n—+00
So g(t, x,) is measurable on [0, +c0). 1

By Lemma 2.4 and normal method as in [7, 8], we have following lemma.
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LEMMA 2.5. Suppose f is a L-=Carathéodary function. If x satisfies
equation

x(t) = e(t) + (Ax)(t) + (Bx)(1), (2.12)

then x is a solution of Eq. (2.1), where
~+00
(A = [ Gt )f(s, x,)ds,
0

_ . Ik(xtk)
B0 =1+ y70) ¥ ST

The following theorems are needed in this paper.

THEOREM 2.1 (Nonlinear Alternative). Let C be a convex subset of a
normed linear space E, and U be an open subset of C, with p* € U. Then
every compact, continuous map N : U — C has at least one of the following
two properties:

(a) N has a fixed point;
(b) thereis an x € JU, with x = (1 — X) p* + ANx for some 0 < A < 1.

THEOREM 2.2. Let M C PCi([0, +0), R). Then M is compact in PC,
x ([0, 400), R) if the following conditions hold:

(a) M is bounded in PCy;

(b) the functions belonging to M are piecewise equicontinuous on any
interval of [0, +00);

(c) the functions from M are equiconvergent, that is, given ¢ > 0, there
corresponds T (&) > 0 such that |f(t) — f(+00)| < & for any t > T(&) and
feM.

This theorem is a simple improvement of the Corduneanu Theorem
in [10].

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS

In this section, we list the following conditions for convenience:

(H,) f is a L*~Carathéodary function;
(H,) I, e C(BM,,R)isbounded, k =1,2,...,m.

From the proof of Lemma 2.4, for x € PC;([0, +00), R"), we can define
(Jx)(t) = e(t) + (Ax)(t) + (Bx)(¢1), t € [0, +00). (3.1
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LEMMA 3.1. Assume that (H;) and (H,) hold. Then J : PC([0, +
00), R) = PC/([0, +00), R) is completely continuous.

Proof. First we need to prove that for all x € PC/([0, +00), R), Jx €
PCi([0, +00), R). By x € PC,([0, +00), R) and Lemma 2.3, there exists an
r> 0 such |f(¢, x,)| < u,(¢). For any ¢’ € [0, +o0) and ¢ < ¢/,

(X)) = )0
= [e(1) = e(t) + (AX)(1) = (AR)(1) + (B)(1) = (BO)(O)
<le() = e+ [ 1G(5) = G ) Fs, x)lds + yrar)

13 (x,,)] i (x,)]
— YToo(1)] ——— + 8 + y7.(1)] —
o0 0§<t S+ Y750 (t;) o lS%iﬂ &+ y7oo(tr)

< Je(t) = e) + [ 16(5) = G s (5)ds + [yrar)
1) , 1,
- mi(t)| 05([ 6 + ')’Too(tk) + |8 + yToo(t )| tSthit, 8 + ’)/Too(tk)‘

By virtue of (c) of Definition 2.2, one has

/0+ 1G(t, 5) — G(Z, 8)|m,(s)ds <2 sup / G(t, s),(5)ds.

t€[0, +00) Y0

Then by the Lebesgue Dominated Convergence Theorem, we get
lim (Jx)(¢) = (Jx)(¥') for ¢ € [0, +00). 32)
t—t'—

By a similar proof, it is easy to see that

1im+(Jx)(t) =(x)(¢) forallbutt #¢,k=1,2,...,¢,,
t—>t

and (Jx)(t;) exists, k = 1,2, ..., m. Now we will prove
Jim ()1 = e(roo) + [ G (s x)ds + Z #@2%)
For ¢t > ¢, one has
U0~ e(roo)+ [ G x)ds+5 Z ﬁ

< le(t) — e(+o0) + [ 1G(t:5) = GO If (5 x,)ds

1 (x)

+v[750(1)] Z S ()’
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By virtue of (c) of Definition 2.2, we get
+00
|16 5) = Gl 1f(s.x)lds < sup / G(t, ), (s)ds

t€[0, +00) Y0

+ fo G(s)p,(s)ds.

Then by the Lebesgue Dominated Convergence Theorem, one has
+0oo __
((x)(1) = e(+o0) + [ G(s)f(s. x,)ds

P i Ik(xtk)
o+ yToo(tk)

Therefore, Jx € PCl([O, +oo), R).

Next we show that J : PC)([0, +00), R) — PC([0, +00), R) is con-
tinuous. Let y™ — y©@ in PCy([0, +00), R). Then we must show that
Jy™ — JyO in PC/([0, +00), R). Since y™ — y© in PC,([0, +00), R),
{yO,y®  ym Y is bounded in PC)([0, +o0), R). By Lemma 2.3,
there exists an r > 0 such that

i < I < 7
for all n > 1 and all # > 0. Then condition (H;) implies that there exists a
w1 (0, +00) such that |f(¢, ¢)| < w,(¢) for all |||, <r and

sup / G(t, s)p,(s)ds < oo,

1€[0, +00) ¥ 0

| — 0, t — +oo0.

and
[ GOl < +oo.
First we note that
Uy (o0) = 400 = [ GOIFG ) = Fs. 5 "ds

4o 50 10 = LGOI
k=1 o+ yToo(tk)
Since y — y© in PC,([0, +0), R), by the proof of Lemma 2.2, for any
t € [0, +00), one has

0 0
Jlim [y =57 = hm/ h(s) " = vl ds

0
< lim h(s)ds sup [y (s) — yO(s)|

n—+o00 se[0, 1]
< |ly™ — y<0>||,
=0.
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The Lebesgue Dominated Covergence Theorem guarantees that

. too — (n) ONY
lim G()If(s,ys ") — f(s,ys )lds = 0.

n—-+o0Jg
Since I, : BM;, — R is continuous, k = 1,2, ..., m, we get
(n) (0)
uay -1
lim SZ | k()’tk ) k()’tk )] -0

n—>+00 k=1 0 + yToo(tk)

So
Jim [(7y)(+00) — (Jy@)(+00)| = 0.
Then for any ¢ > 0, there exists an N, > 1 such that for all n > N,
€

Iy (+00) = () (+00)| < 3 (3.3)

Also note that for ¢ > ¢,
|(Iy")(1) = (Iy")(+00)]
+00 _ ()
< le(?) — e(+00)| +f0 1G(t,5) = G(S)|1f (5, y5)Ids

(n)
LG
(o) 3o O L

L 5yt

< [e(t) — e(+00)| + /;Oo G(t,5) = G(5) |, (5)ds

m L))

YT ) ———~
<012 57 o
— 0, as t — 4o0.

Similarly, we get
|(IyO(t) = (YD) (+o0)| = 0, as t — +oo0.
Therefore there exists 7, > ¢,, such that for all ¢ > T
O= o) < 5, IO =) (+o0) <5 (3:4)

for all n > 1. Combining (3.3) and (3.4) yields an Ny > 1 and T}, > ¢, such
that for all n > N,

@Y () = Ty (@) < & (3.5)
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for all t > Ty. Let I} = [0,4], I, = (41, 6), .., Ly = (bt b Ty =
(t,, Ty) For t € I,
[(IY)(@) = (YD) ()| < Je(r') — e(r")]
+ fom |G(7',5) = G(t", 5)|m,(s)ds.  (3.6)

So {Jy\™} is equicontinuous on I;. By a similiar proof, we know that {Jy"}
is equicontinuous on I;,k = 1,2,...,m+ 1. On the other hand, by the
Lebesgue Dominated Convergence Theorem, for any ¢ € [0, Tj]

DO =D = [ G| = 15" s

(n) 0)
n |Ik(yt )_Ik(yt
+ |84+ 77o0 (1) ; :
LARASOID D s A

as n— 400. 3.7

)|—>0,

Combining (3.6) and (3.7), and using the compactness of [0, 7], yield an
N, such that for all n > Ny,

Iy (@) = Iy )] < &
for all ¢ € [0, T]. Let N = max{N,, N,}. Then for n > N, we get

(Y () = Iy (@) < & (3.8)
for all ¢ € [0, +00), which implies that
ly™ = Iy, < e.

So Jy™ — Jy as n — +oo.

Finally, we show that J : PC,([0, +o0), R) — PC/([0, +0), R) is com-
pletely continuous. Assume that € PC)([0, +00), R) is bounded. By
Lemma 2.3, there exists an r > 0 such that for all x € Q,¢ € [0, +00),
|lx,]| < r. From condition (H;), there exists an u, € L such that
|f(t, )| < u,(¢) for all |||, <rt € (0,400). Then for x € Q,

o [1e(x,)|
)OIl + [ Gl s HotyD] 2 500

+00
<leli+ sup [ Gts)u(s)ds+ sup (Bx)(1)=M.

te[0,+00) te[0,+00)

We can prove (b) and (c) of Theorem 2.2 in exactly the same way that
we prove (3.6) and (3.3), respectively. Therefore, by Theorem 2.2, J : PC,
x ([0, +00), R) — PC/([0, +00), R) is completely continuous. The proof is
complete. 1
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THEOREM 3.1.  Suppose that (H,) and (H,) hold. In addition suppose
there exists an M > 0 such that for any A € (0, 1), if y is a solution of equation

(Lx)(t) + Af(t, x,) =0, t#
Ax't:tk :}\Ik(xzk)a k=1,2,...,m,
Ax(0) — Blim,_,o p()x'(£)(¢) = a; (L.1)x

yx(00) + 8lim,_, o p(1)x'(£)(1) = b
x(t) is bounded on [0, +00),

then ||y|; # M, where ® € BM,((—0o0, 0], R) and x, is defined by (2.2). Then
Eq. (2.1) has at least one solution.

Proof. For x € PC)([0, +00), R), the operator J : PC)([0, +00), R) —
PC/([0, +0), R) is defined by (3.1). By Lemma 3.1, J is completely
continuous.

Let Q = {x € PC,(]|0, +00), R), ||x|; < M}. We can now apply the Non-
liear Alternative with N = [0, +00) and C = PC([0, +00), R). Possibility
(b) of Theorem 2.1 cannot occur. Consequently, J has a fixed point in ),
that is, Eq. (2.1) has a solution. 1

By virtue of Theorem 3.1, we have the following theorem.

THEOREM 3.2.  Suppose that (H,) and (H,) hold. In addition suppose the
following conditions hold:

(a) there exists a continuous and nondecreasing function f; : [0, +
00) = [0, +00) with fi(u) > 0 for u > 0 and a q € L with g(t) > 0 for
a.e. t € [0,400) such that |f(t, )| < q(O)fi(ll¢ll,) for all ¢t € [0, +00),
€ BM);

(b) there exist continuous and nondicreasing functions Py : [0, +00) —
[0, 4+00),k =1,2,...,m such that

()l < Pe(lllln),  k=1,2,....m

for all y € BM,;
(c) let
sup < o > 1,
ce0.+0) llells + qofi (1P, + 31e) + [8 + ¥ ()] Ly (P (1Pl + 31¢)/(8 + y7o(10)))

where qy = SUP,(y 4o f0+°° G(t, s)q(s)ds < +oo.
Then Eq. (2.1) has at least one solution in PC;([0, +00), R).

Proof. Let M, > 0 satisfy
M, > 1
llell; + o i, + 31My) +[8 + y7. ()] 7L, (PPl + 3IMy)/(8 + v () —
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For Ay € (0, 1), suppose y is a solution of Eq. (3.9),, with |y[l; = M. Then
for ¢ € [0, +00)

YO < le()]+](Ay)(O)]+|(By)(D)]

<lel+ [ G A l)ds

Pr(llyi, 1n)
+[0+y7o0(1)] T~
> 0<§<t 6+7700(tk)

<leli+ [ Gt AAPl+31M,)ds

P (| ], +3IM,)
F[04y7o(1)]
0<§<t 5+7700(tk)

o P (||, +3IM,)
<llell;+qofi (| P, +3IM;)+[6+y75(0)] .
1T490/1 h 1 kZl 5+ y7 (1)

So

M, = sup |y(0)] < lell; + go (Pl + 3IM;)
tel0, +00)

P(|| @Il +3IM,)
+[8+yr oo(o)]kzl 8+ ¥7oo (1)

b

which implies that
Ml
lells & quf (1T, + 30M,) 1 [6 + ¥ (O] S, (B[], + 3IM) /(5 + y7 (1))

Then M, # M,, which yields that the condition of Theorem 3.1 is true. By
Theorem 3.1, Eq. (2.1) has at least one solution. 1

THEOREM 3.3. Suppose that (H,) and (H,) hold. In addition suppose
there exist ¢ € L and ¢, ..., c,, such that

f(& ) = f(t, §)| = a(D] Y — bl
and
() — L (P)| = clly — bll, k=1,2,....m
forall , ¢ € BM,, with

Cr
k = l(tE zufoo)f G(t,5)q(s)ds + [8 + y75,(0)] Z —8 " VToo(fk)> 1.

Then Eq. (2.1) has a unique solution.
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Proof. For x,y € PC/([0, +00), R), by the proof of Lemma 2.2, we get
+00
X, = yelln = /0 h($)x; = yills,opds = 1llx =yl
for all £ > 0. Then
|(Jx)(2) = (Jy)(0)]
+00
<[ GUsF(sx)—F(s3)lds

i (x, )= 1i(y,,)|
+[8+woo(t)]0§<t 5171 (1)

+00 cllxg, =Y lln
< G(t,9)q(s)]|xs—ys) || nds+[8+yTo (2 — k=
<[ G e —y)llnds+[5+yr O L 5 )

+00 legllxy, =y lln

< G(t, dsl||x— ) t —

<[} GEsadstlx—yli+1+ym0] 3 e
O<t <t

<klx—=yl;
Then

IJx = Jyl; = sup [(Jx)(2) = (U¥)(D)| < klx =yl
tel0, +00)
So J : PC)(]0, +00), R) — PCi([0, +00), R) is a contraction map and there
exists a unique fixed point in PC;([0, +00), R), that is, Eq. (2.1) has a
unique solution. 1§

4. THE EXISTENCE OF MULTIPLE SOLUTIONS

Let O, = {x € BM,,, x(t) > 0 for all + > (—o0, 0]}. By the fixed point
index theory in cone, we can obtain an results on the existence of multiple
solutions.

THEOREM 4.1. Suppose that the conditions (H, ) and (H,) hold in Section 3.
In addition suppose f : (0, +00) x Q; — [0, +00) and I}, : Q, — [0, +00)
and

(a) there exist two continuous and nondecreasing functions f|, f, :
[0, 4+00) — RT with fi(u) > 0, f,(u) > 0 for u > 0 and two nonneg-
ative q,q € L with g(t) > 0,4(t) > 0 for ae. t € [0,+00) such that

aOfH(1O0))) = f(1 ) < q(O) fi(l$l,) for all t € (0, +00), ¢ € BM),;
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(b) there exist continuous and nondecreasing functions P, : [0, +00) —
[0, 4+00),k=1,2,...,msuch that

L(¢) < Pe(ll¥lln)s k=1,2,....,m

forall € Qp;
(c) let
sup ¢ o > 1,
cc0.400) l€lls + qofiCIPl), + 3lc) + [8 + 7o ()] X, (P[P, + 31) /(8 + 7o ()

where gy = Sup,[y ) f0+°° G(t, s)q(s)ds < +o0;
(d) let

im 20 _ o, (4.1)

u—+oo U

Then Eq. (2.1) has at least two nonnegative solutions in PC,([0, +00), R).

Proof.  First we will prove that JO C Q. For x € Q, it is easy to see that
(Jx)(t) = 0 for all ¢ € [0, +00), and by virtue of (2.8), (2.9), and (2.10), for
t € [a*, b*]

X (i(xy)

(Jx)(t)=e(t)+/0+ooG(t,s)f(s,x(s))ds+[5+7700(t)]Z 5 yr(1)
k=1 o0

+00
> c* |:e(u)+/0 G(u,8)f(s,x(s))ds+[6+yToo(u)]
5 L) ()
el
=c"(Jx)(u)

for all u € [0, +00). Therefore JO < Q.
By condition (c), we choose an M, > 0 such that

M,
llelli+ao fi (D[], +3IMo)+H[8+yTo (0)] Xoiy < (P (1PN +3IMo) /(5+77o0 (1)) > 1 (4.2)

Condition (d) implies that there exists an M| > M, such that
fo(u) = N*u (4.3)

for all n > M, where

b -1
N* > (c* inf G(t, s)q(s)ds) .
tefa*, b*] Ja

Let M’ = max{M,, (2M,/c*)} and define
Q; = {x € PG([0, +00), R)| ||x[l; < Mo},
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and
O, = {x € PC)([0, 4+00), R)|||x||, < M’}.

If there exists a Ay € (0,1] and x € dQ; N Q with x = AyAx, then for
t €0, +00)

(O] < (0] + (AN + (B0
<lel+ [ G lds

Pk(“xtk ”h)
+[6+woo(f)]0§<t5+woo(fk)

<lel+ [ G191, +3M)ds

P (|| D], +3IM,)
+[6+y7o0(0)]
T )

o~ P (1P|, +3IMy)
<llell;+qofi(lIP|,+3IMy)+[6+v75(0)]
lell+ 01Dl +31My) o1 S

So

My = sup |x(1)] < [lell; + qofi(l| Pl + 3IM,)

tel0, +00)

o Pr (|l Phill,, + 3IM,)
+[6 + y1(0
[y 2 = )

>

which implies that
My <1
lell; + qofi (1P, + 3IMy) + [8 + y7o (O] 3L, (Pl + 3M) /(8 + y7o(4))) —
This contradicts (4.2). Then for any x € 9Q; N Q and any A € (0, 1], x #
Mx, which implies that

i(J,0NnQ,0)=1. (4.4)
Now for x € 9, N Q, if (Jx)(t) < x(¢), t € [0, +00), then for ¢ € [a*, b*]
x(1) = (Jx)(1)

+00
> / G(t, $)f (s, x,)ds
0

= | G4 5)3(5) fa(x(s))ds
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b* B
= [ Gt.9)a()fa(x(s))ds
-
> / G(t, $)q(s)N*x(s)ds
b* .
> [ Gt.9)a(s)dsN* e x|,
> [l
This is a contradiction. Then for any x € 9Q, N Q, Jx£x, which implies
i(J,2,NQ, Q) =0. (4.5)
So

i(,(Q,— Q)N O, Q) =—1. (4.6)

By (4.4) and (4.6), J has a fixed point x; € ; N Q and a fixed point x, €
(2, — Q)N Q. x; and x, are two nonnegative solutions of Eq. (2.1). 1

5. SOME EXAMPLES

In this section, we will give some examples to illustrate the theorems in
Section 4.

ExampLE 5.1. Consider the problem

x"(1) + iitl,x(t)+¢(t)(lﬂ(2+f e’lx,(s)|ds)

+x3(0) +x5(t = 1)) =0, t € (0, +o00) — {1}; 5.1)
Ax,_ =In(1+ 7 e|x,(s)|ds);
x(0) =0, lim,_, | (1 + £)x'(t) = 0;

where
1 .
(1) = 2Oot z t e (0,1];
W’ t € (1, +00),
1 < i, and

®(t) =t - sgn(cost), t € (—o0,0].

CONCLUSION.  Problem (5.1) has at least one solution.
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Proof. Let h(t) = ¢',t € (—00,0]. Then [/ = jf)oo e'dt =1 and we can
define BM,,-space and PC;-space. It is easy to see that p(¢f) =1+ ¢ and

1) = o) (in(2+ [ eluoiids) + w0 +ui )

0
) =tn(1+ [ o)

for t € (0, +00) x BM,,. If y € PC, is a solution of
(LD +Af(6x) =0, 141
Ax|_, = AL (xy); ]
x(0)=0,  lim,_  (1+)x'(r)=0; (5-D
x(t) is bounded on [0, +00),

then

b0l = [ 6o (n(z+ [ )ds

+y%<s>+y%<s—1>)+ S 1L(w)

O<l<t

+00 1 L 1
= [ 6 9)@ds(n@+ |0 + 31 + Iyl + e ;)

+ In(L+ @[, +3yl), ¢t €[0,+00),

which implies
too T
Ivli= sup [ G(e5)d(s)ds(In+ @]+ 3yl + Iyl +e5 vl
t€[0,+00)”0
+In(1+ @, +3]1y1))-

Thus there exists a ¢ > 0 such that ||y||; < ¢ for all y satisfies (5.1);. Now
by virtue of Theorem 3.1, Eq. (5.1) has at least one solution. 1

ExAMPLE 5.2. Consider the problem

(0 + 25X (0 + (1) (In(2+ [, ¢l (5)ds)
x(t) + x(t — 1)) =0, te (0, +00) — {1}; (5.2)

Ax,_, = %ln(l + /0 ezx|x1(s)\ds);

x(0) =0,lim,_,, (1 +#)x'(t) =0, +
where

1

4m2(2+e)?(1 4 11)?’
®(t) =t - sgn(cost), t € (—o0,0].

b(1) =

t € [0, +00),
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CONCLUSION.  Problem (5.2) has a unique solution in PC)([0, +00), R).

Proof. Let h(t) = ¢',t € (—00,0]. Then [ = f?oo e'dt = 1 and we can
define BM,-space and PC;-space. It is easy to see that p(t) = 1+ > and

1) = o) (in(2+ [_elwlds) + 900+ (=),
and
n) = 5m(1+ [ luoias)
for ¢t € (0, +00) x BM,, and
[£(t ) = f(6 9)] < d()2+ )y — ¢alln)s
and

10— W) = 5101~ bl

Then

k= sup [/0+°° G(1, s)¢>(s)ds] +% <1

te([0, +00)

So the conditions of Theorem 3.3 hold. Then Eq. (5.2) has a unique solution
in PC,([0, +0), R). 1

ExampLE 5.3. Consider the problem

(1) + 2o (0 + S (1n(2+ [ e, (s)lds)
F () + x5 (- 1)) =0, t € (0, +00) — {1}, (5.3)
Ax‘f:] = %x(l)’

x(0) =0, lim,_, (14 )x'(t) =0,

where
b(1) = .
~ 4m2(In6 4 64 4 41/5e1/5)(1 + 12)2
and
d(r) = |sint|, t € (—o0,0].

CONCLUSION.  Problem (5.3) has at least two nonnegative solutions.
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Proof. Let h(t) = ¢',t € (—00,0]. Then [/ = fooo e'dt =1 and we can

define BM-space and PC;-space. Q is defined in Section 2. It is easy to
see that p(t) =1+ > and

1) = o) (in(2+ [ _eluolds) +0°0)+ i -1),

1) = S0(0).
It is easy to see that
PO = £(10) = OC + [0+ 11 + e 1015),
L) = lvl,
for all ¢ € [0,+00) and ¢ € Q,. Then fi(x) = In(2 + x) + x> +

e'Px!P,q(t) = d(1), fo(x) = x,4(1) = ¢(¢). Now lim,_, , (fo(x)/x) =
400 and

c 1
sup

> > 1,
ce(0, +00) oS 1U[Pll5 +3¢) + Pi(| @[l +3¢) — qofi(4) + Pi(4)

where gy = sup,. 1) fom G(t,s) ¢(s)ds < %. So the conditions

of Theorem 4.1 hold. Thus Eq. (5.3) has at least two nonnegative
solutions. I
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