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Abstract 

Nuclear waste glasses must simultaneously meet a number of criteria related to their processability, product quality, and cost 
factors.  The properties that must be controlled in glass formulation and waste vitrification plant operation tend to vary smoothly 
with composition allowing for glass property-composition models to be developed and used.  Models have been fit to the key 
glass properties.  The properties are transformed so that simple functions of composition (e.g., linear, polynomial, or component 
ratios) can be used as model forms.  The model forms are fit to experimental data designed statistically to efficiently cover the 
composition space of interest. Examples of these models are found in literature.  The glass property-composition models, their 
uncertainty definitions, property constraints, and optimality criteria are combined to formulate optimal glass compositions, 
control composition in vitrification plants, and to qualify waste glasses for disposal. An overview of current glass property-
composition modeling techniques is summarized in this paper along with an example of how those models are applied to glass 
formulation and product qualification at the planned Hanford high-level waste vitrification plant. 
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1. Background 

A nuclear waste glass must simultaneously meet a number of property constraints aimed at ensuring the 
processability of the waste glass melt and the quality of the ultimate glassy waste form.  Glass compositions are 
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formulated to meet all of the property constraints for a given waste.  In the case of U.S. nuclear waste vitrification, 
variation in the composition of the waste make it is practically impossible to formulate an optimized waste glass for 
each waste composition on a purely experimental basis.  Mathematical, statistical, and optimization methods are 
extremely useful in developing glass compositions that simultaneously meet the all of the glass property constraints 
for the full range of expected waste composition.   An indispensable element of such a framework is a set of models 
to predict the melt and glass properties as functions of composition.  Luckily, most glass properties of interest vary 
smoothly with composition and, therefore, can be readily modeled.  For example, there is a roughly linear effect of 
alkali metal concentration on the logarithm of silicate melt viscosity as shown in Figure 1.   

 
 

Figure 1. Variation of Logarithm of Silicate Melt Viscosity with Alkali Mole Fraction (Fig. 31 in (Rawson 1980)). 
 

2. Property Model Equations 

2.1 General Equations 
 
Property-composition models are constitutive equations of the form: 

 
 f ( )p x  (1) 
 
where pα is the α-th property, x is the composition vector, and fα denotes the functional form of the model.  The 
composition is defined as x = (x1, x2, … , xN-1), where xi is the i-th component mass or mole fraction, and N is the 
number of components.  Only N-1 components are independent because the mass and mole fractions must sum to 1: 
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Typically, the functional form fα involves parameters or coefficients that are independent of state variables, such 

as x.  Values of these coefficients must be determined by measurement.  Models in which all coefficients are 
estimated from data are called empirical models.  Models in which some coefficients are derived from fundamental 
principles of physics and chemistry, while other coefficients are estimated from data, are called semi-empirical 
models.  Models that are developed from the fundamental laws of physics (e.g., quantum and statistical mechanics), 
without the use of any experimental data are called first-principle models.  First-principle models are currently not 



150   John D. Vienna  /  Procedia Materials Science   7  ( 2014 )  148 – 155 

applicable for predicting multi-component waste-glass properties because they have only been successfully applied 
to systems with a small number of components while it is known that many components impact the properties of 
typical waste glasses.  However, first-principle models may be useful in understanding fundamental relationships 
that guide model development. 

 
2.2 Polynomial Functions 

 
A simple but very useful property-composition model form is a first-order model (Cornell 2002): 
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where bαi is the i-th component coefficient for α-th property, and tα is the transform of property pα.  Note that the 
mathematical transformation, tα, could be the identity transformation (i.e., no transformation).  The most commonly 
applied transformation is the logarithm.  For example, in Figure 1, the logarithm of viscosity at a given temperature 
varies with alkali content.  
 

If individual components in waste glasses are confined to sufficiently narrow ranges of concentrations, non-
linear functions of composition may be approximated as linear with acceptable error.  As components vary over 
wider ranges, linear functions of composition may not adequately approximate the underlying nonlinear 
relationship.  In such cases, nonlinear approximating functions may be required.  In polynomial models (which can 
be thought of as polynomial expansions of the properties in composition), the second-order model form includes 
quadratic and cross-products terms, such as: 
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where bσii is the coefficient for the i-th component squared for α-th property, and bσij is the coefficient for the cross-
product of the i-th and j-th components for α-th property.  Piepel et al. (2002) discuss models of the form (4), 
referred to as partial quadratic mixture (PQM) models.  Scheffé quadradic mixture models do not allow the use of 
squared terms (bσii ) (Scheffe 1958).  However, it is permissible to use them as long as all cross-product terms are 
not used and has been found to be very useful in mixture model development (Darroch and Waller 1985; Piepel et 
al. 2002).  Squared terms have been used in a number of waste glass property models to great effect. 

 
In addition to polynomial functions, glass property models often take the form of ratios of different components.  

For example Li (1997) define the composition region susceptible to nepheline formation as: 

 2
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where ND stands for nepheline discriminator and gi is the mass fraction of i-th component. 

2.3. Property Models in Composition and Temperature 
 

Some glass properties, such as viscosity ( ) and electrical conductivity ( ), are functions of temperature (T) as 
well as composition.  For a given waste glass, the temperature dependence of a property, such as viscosity, is often 
approximated by the Vogel-Fulcher-Tammann (VFT) equation(†)  
 

 

 
(†) See H. Vogel, Phys. Z. 22, 645-646 (1921), G. S. Fulcher, J. Am. Ceram. Soc. 8, 339-366 (1925), G. S. Fulcher, J. Am. Ceram. Soc. 8, 789-
794 (1925), and G. Tammann and W. Hesse, Z. Anorg. Allg. Chem., 156, 245-257 (1926). 
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or, in a narrow temperature interval, by the Arrhenius equation 
 

 exp( )FE
T

 (7) 

where A, B, E, F, and T0 are temperature-independent coefficients. 
 

In any of these equations, the parameters A, B, T0, E, and F can be expressed as functions of composition to also 
capture the dependence of the property on composition.  Expanding the parameters in Equations (6) and (7) as linear 
functions of composition (i.e., linear mixture models), yields: 
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The E coefficient of the Arrhenius equation is only moderately composition dependent.  Hrma (2008) successfully 
modelled waste glass viscosity assuming E to be a composition-independent variable.  When fitting models of the 
forms (8) and (9) to data, care must be taken to use the correct regression methods. Vienna et al. (1996) found that 
regressing Equation (8) directly to data as functions of T and xi resulted in non-physically meaningful predictions of 
T0.  Much more reasonable results were obtained by first fit the parameters A, B, and T0 to each glass then fit those 
values to composition in a two-step process. 
 
Alternatively, the ln[η] (or ln[ε]) can be measured or estimated at fixed temperatures using Equation (6).  The ln[η] 
can be expanded in composition using Equations (3) or (4).  The viscosity (or conductivity) of the melt can then be 
estimated at any temperature by predicting the viscosities at the fixed temperatures and interpolating using Equation 
(6) or (7) (see for example (Vienna et al. 2009)).  Finally, the temperature at a fixed viscosity (or conductivity) value 
can be modelled as a function of composition (see for example (Vienna et al. 1996)). 

3. Model Fitting 

As waste glass models are empirical or semi-empirical (mechanistic), their parameters are fit to experimental 
data.  Because of the large number of independent compositional variables that are known to impact nuclear waste 
glass properties of interest, it is generally the case that statistical experimental design methods are used to minimize 
the number of glasses that need to be tested to sufficiently cover a composition space of interest.  These statistical 
design methods, for mixture experiments, are commonly described in literature and available in commercial 
software (see for example (Chick and Piepel 1983; Cooley and Piepel 2003a; Cooley and Piepel 2003b; Cornell 
2002; Hrma et al. 1994; Piepel et al. 1993; Piepel and Cornell 1994)).  The data are compiled and screened for 
outliers and used to fit the empirical parameters of the property model.  A data set or subset of the modelling data is 
used to independently validate the models and quantify the prediction uncertainties.  The “goodness” of models is at 
least partially judged by model fit and validation statistics.  The most commonly applied descriptive statistics are: R2 
(an estimate of the fraction of the variability in the property data accounted for by the fitted model), 2

AdjR  (adjusts 

R2 to the number of terms in the model and the number of data points used to fit the model), 2
Pr essR  (a measure of R2 

where each data point is left out of the fit in evaluating how well the model predicts that data point), 2
ValR  (the R2 
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calculated using a validation data set not used to fit the model), and RMSE (the model root-mean-square-error). 

 
Model fitting routines generally minimize the error (RMSE) and maximize the R2 values for the model fit data.  

The ability of models to predict data not used in their development is the primary measure of the value of the model 
and is judged by the 2

ValR  and RMSEVal.  A complete description of these parameters, how they are obtained, and 
their interpretation is published elsewhere (see for example (Cornell 2002; Hrma et al. 1994; Piepel et al. 2008; 
Piepel et al. 2007; Vienna et al. 2009)). 

4. Waste Glass Property Models 

Nuclear waste glass property models have been fit to a wide range of properties and a target waste glass 
composition regions.  Summarized here are only a few examples of property models that are used for nuclear waste 
vitrification in the U.S. The properties generally modeled include: 

 
 natural logarithm of melt viscosity as a function of temperature (η-T) and at fixed temperature(s) (ηT) 
 natural logarithm of melt electrical conductivity as a function of temperature (ε-T) and at fixed 

temperature(s) (εT) 
 liquidus temperature (TL) typically within only a single primary phase field (most commonly within the 

spinel, [Fe,Mn,Zn,Ni][Fe,Cr]2O4, primary phase field) 
 natural logarithm of product consistency test (PCT) method A, normalized silicon, boron, sodium, or 

lithium release (rSi, rB, rNa, rLi) 
 specific or molar volume (V) (used to estimate density) 
 glass transition temperature (Tg) 
 natural logarithm of vapor hydration test (VHT) response at 200°C  
 natural logarithm of toxicity characteristic leaching procedure (TCLP) 
 temperature at one volume percent crystal in equilibrium with the melt (T1%) 
 fraction of crystal phase at a temperature CT 

 
Table 1. Overview of Commonly Used U.S. Waste Glass Property Models 
Citation Wastes Targeted Modeled Properties  
Chick et al. (1984) West Valley  ηT, εT, CT, MCC-1, Soxhlet(a) 
Pegg et al. (1989) West Valley rSi, rB, ηT 
Jantzen (1991) Savannah River η-T, ε-T, TL, rSi 
Hrma et al. (1994) Hanford HLW η-T, ε-T, TL, Tg, rSi, rB, rNa, rLi, MCC-1, immiscibility 
Feng and Pegg (1994) West Valley rSi, rB, rNa, rLi 
Vienna et al. (1996c) Hanford HLW  η-T, ε-T, TL, rB, rNa, rLi 
Jantzen et al. (1995) Savannah River rSi, rB, rNa, rLi, immiscibility 
Vienna et al. (1996b) Hanford HLW rB, rNa, rLi 
Vienna et al. (1996a) Hanford HLW η-T, ε-T, TL, CT 
Li et al. (1997) Hanford HLW nepheline formation 
Vienna et al. (2002) Hanford HLW & LAW η-T, ε-T, TL, rB, rNa, rLi, TCLP 
Hrma and Vienna (2003) Hanford HLW CT, TL 
Jantzen and Brown (2007) Savannah River TL 
Piepel et al. (2007) Hanford LAW rB, rNa, VHT, η-T, ε-T 
Piepel et al. (2008) Hanford HLW rB, rNa, rLi, η-T, ε-T, T1%, TCLP 
Vienna et al. (2009) Hanford HLW  rB, rNa, rLi, η-T, ε-T, T1%, TL, TCLP 
Vienna et al. (2013) Hanford HLW & LAW rB, rNa, rLi, T1%, TL, sulfate solubility, nepheline formation 

(a) MCC-1 and Soxhlet are glass corrosion tests. 
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A number of additional models were developed by researchers outside of the U.S.; both for the properties listed 
above and additional properties and for composition regions of interest to the vitrification processes targeted by 
those researchers.  No attempt is made here to develop a comprehensive list of those models.  

 
A convenient way to visualize the effect of composition change on waste glass/melt properties as predicted by the 

models is using a so-called spider plot.  Figure 2 shows the impact of changing individual glass components on the 
ln[η1150°C, P].  This shows the predicted nearly linear effect of all components on viscosity generally expands the 
impacts of composition on logarithm viscosity shown for binary alkali-silicate glasses shown in Figure 1 to multi-
component waste glasses.  Alkali ion concentration impacts on the viscosity of binary silicate glasses were found to 
be independent of which alkali is added as shown in Figure 1.  For multicomponent waste glasses, different alkalis 
have a different impact on the viscosity (on either mole or mass fraction basis). 

 

 
Figure 2. Effect of Individual Component Concentration Change on the Ln[η1150°C, P] (from Piepel et al. (2008)) 

5. Application of Models to Glass Formulation and Process/Product Control 

Glass/melt property-composition models described above are applied to numerically optimize waste glass 
composition and for process and product control.  The process of formulating a glass based on glass property-
composition models is one of constrained numerical optimization.  For example, to maximize the waste loading in a 
glass (i.e., minimize the amount of glass per unit waste vitrified), the fractions of waste and each chemical additive 
are systematically varied until the waste fraction is the highest while simultaneously meeting all property constraints 
(Hrma  and Robertus 1993).  This process is simple in concept, but, quickly becomes complicated in practice when 
process and prediction uncertainties are accounted for and multi-attribute optimization is needed to define the 
optimal glass. 

 
Glass property models are applied to control the nuclear waste glass process and product in the U.S. (Drobot and 

Mahoney 1993; Edwards et al. 2006; Kim and Vienna 2012; Postles and Brown 1991; Vienna and Kim 2008).  In 
this application, the variation in estimated glass composition is along with uncertainties in product quality 
predictions are combined to ensure that the final glass will meet product quality related constraints with sufficient 
confidence.  The basic formats of the constraints are: 

 
L pred pred compL p U U  and U pred pred compL p U U     (10) 

 
where LL  and UL  and the lower and upper limits on property pα, 

predU  is the uncertainty in prediction of the 
property pα, and compU  is the expression of composition uncertainty expressed in units of pα. Prediction 
uncertainties typically take the form of a confidence interval that are functions of composition as described 
elsewhere (Kim and Vienna 2012; Vienna and Kim 2008). Composition uncertainties are handled differently 
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depending on the plant.  At the WTP, all uncertain values in the glass composition mass balance equation are 
assigned probability distributions.  A Monte Carlo calculation is then performed to calculate a number of glass 
composition estimates (or realizations).  For each estimate, the glass properties are estimated.  The resulting 
distribution of glass properties are then analyzed and the distribution half width associated with the desired 
confidence level is used as compU .  Other processes, such as the DWPF, have fewer sources of composition 
uncertainty and use a composition variance-covariance matrix to determine compU . 
 

Figure 3 shows a schematic diagram of the glass formulation method applied to Hanford HLW.  The ternary 
diagram on the left is meant to represent the multidimensional composition region made up by a particular waste 
batch at the top of the diagram; the concentrations of each of the ten potential glass forming additives are expressed 
across the bottom.  The property constraints (calculated using glass property models) limit the portion of 
composition region within which glass can be formulated as shown by the solid black lines for different properties.  
Model prediction uncertainties further narrow the composition space within which glass can be formulated as shown 
by the dotted black lines.  A glass can be formulated anywhere within the region defined by the property limits with 
associated uncertainties.  The composition of the glass isn’t precisely known.  So, various sources of composition 
uncertainties must be accounted for as shown by the tan circle.  The final glass formulation region is the region 
surrounded by the dotted lines (representing property limits with prediction uncertainty) that an uncertain 
composition (represented by the tan circle) can fit.  As shown in this simple diagram, there is most often a range of 
potential compositions that can be processed.  In other words, there are excess degrees of freedom in glass 
formulation.  A multi-attribute optimization routine is used to define an optimal glass within this region.  Nine 
optimality criteria are each considered.  The concentrations of B2O3, Na2O, Li2O, ZnO, and SiO2 are targeted close 
to the center of the WTP HLW compositional region.  Predicted T1% and rB are minimized, the η1150°C is targeted to 
50 P, and the waste loading is targeted to be in a position between the maximum possible and the minimum 
acceptable by the WTP Contract.  As the attribute values vary from their optimal point, a penalty is assigned.  A 
penalty function increases the penalty the further the value varies from its optimal point.  An optimization is 
performed to reduce the total penalty for a given glass composition.   
 

            
Figure 3. Schematic Representation of Hanford HLW Glass Formulation Envelope 

 
Applying glass property-composition models, uncertainty definitions, and a multi-attribute optimization routine, 

optimal glass compositions are formulated for Hanford HLW.  The details of this process are described in more 
detail by Vienna and Kim (2008). 
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