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1. Introduction

In the research of the distribution of quadratic forms, the problem that a quadratic form is
distributed as a difference of two independent chi-squire random variables and its generalization
have been investigated by many scholars. Usually, the equivalent algebraic conditions are expected
to characterize the property that a quadratic form is distributed as a difference of two independent
chi-squire random variables.
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Luther [9] established the equivalence between the distribution of a quadratic form as the unique
difference of two stochastically independent chi-square distributions and the tripotency of its un-
derlying matrix. Later, Baldessari [2] developed necessary and sufficient conditions under which a
quadratic form, in normal random variables, is distributed as a given linear combination of independent
chi-square random variables, generalizing Luther’s result. Tan [22] extended Baldessari’s results to a
quadratic form in possibly singular normal random variables. Khatri [8] further extended Baldessari’s
result to the singular covariance matrix, to quadratic forms and to quadratic expressions.

Moreover, Tan [21] extended the problem from the univariate case to the multivariate case and
obtained some extensions of Cochran’s theorem concerning differences of independent noncentral
Wishart random matrices, where the covariance of normal random matrix Y is the structure of
Kronecker product A ® . Wong and Wang [24] extended Tan’s results to the case of a general covari-
ance matrix, meaning that the collection of all np elements in Y has an arbitrary np x np covariance
matrix. Masaro and Wong [11] derived a set of necessary and sufficient conditions for Laplace-Wishart
distribution associated with matrix quadratic forms when Y follows a multivariate normal distribution
with zero mean and Laplace-Wishart distribution has a diagonal covariance. Brief summaries of the
related development are available in Anderson and Styan [1] and Hu [6].

Other scholars who also worked on chi-square difference and their generalizations, in distribution
function approach, include Pearson et al. [15], Gurland [5], Shah [20], Robinson [19], Press [16] and
Provost [17]. The similar research also appeared for gamma difference, see Mathai [13]. Cochran’s
theorem was proposed in Cochran [3]. A summary of the extensions of Cochran’s theorem concern-
ing chi-squareness or Wishartness and independence is given in Hu [6,7], and recently Masaro and
Wong [12].

This article will extend Tan’s results to the general covariance Xy of Y as did in Wong and Wang
[24]. The new results obtained in this article, based on Masaro and Wong’s work [11] greatly improve
Wong and Wang's works as well as extend Masaro and Wong's work.

In this article, Y denotes an n x p multivariate normal random matrix with general covariance Xy
and W denotes a symmetric matrix. The property that a matrix quadratic form Y'WY is distributed
as a difference of two independent (noncentral) Wishart random matrices is called the (noncentral)
generalized Laplacianness (GL). The terminology is quoted from Mathai [13]. The organization of this
article is as follows.

In Section 2, some necessary preliminaries are summarized. Conditions for the GL of a matrix
quadratic form are established in Section 3 and a general extension of Cochran’s theorem concerning
the GL and independence of a family of matrix quadratic forms is developed in Section 4. The parallel
results to, respectively, the noncentral GL of a matrix quadratic form and an extension of Cochran’s
theorem concerning the noncentral GL and independence of a family of matrix quadratic forms are
established in Sections 5 and 6. The concluding remarks is briefly stated in Section 7. The related
lemmas are presented in Appendix.

2. Preliminaries

In this paper, M, denotes the set of n X p matrices over the real set i. The trace inner product
(,) equipped in My is defined as (A, B) = tr(AB’) for all A, B € Myxp, Where B’ is the transpose of
B. ||.|| denotes the trace norm in Mpyxp and |A| denotes the determinant of A. S, denotes the set of
symmetric matrices of order p over the real set :i. A, denotes the set of nonnegative definite matrices
of order p over the real set 1. I, denotes the identity matrix of order m.

We use e;; to denote the matrix whose ijth entry is 1 and all other entries 0 and E;; the symmetric
matrix of order p whose ijth entry and jith entry both are 1 and all other entries 0. Write 8, = {Ej; :
1<i<j<p}, called the basic base of the set S,.

For a nonnegative definite matrix X' of order p, there exists an orthogonal matrix H such that
H' XH = diag[o1, 03, . .., 0p] with o7 >0. Write H, = {HE;H' : 1<i<j<p, Ej € By}, called the
similar base, associated with X, of the set S,.

We use AT to denote the Moore-Penrose inverse of matrix A and Sr(A) the spectral radius of square
matrix A. A square matrix A is said to be tripotent if A> = A.
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Forann x pmatrix Y, Y iswrittenintoY = [y, V2, ...,Vnl.yi € NP, where RP is the p dimensional
real space, and vec(Y) denotes np dimensional vector [y}, y5, . . ., y;]’ .Here the vec operator transforms
a matrix into a vector by stacking the rows of the matrix one underneath the other. The Kronecker
product A ® B of matrices A and B is defined to be A ® B = [a;;B]. And (A ® B)vec(C) = vec(ACB).

The commutation matrix Ky is defined by Knpvec(Y') = vec(Y), Y € Mpxp.And Ty = K,’lp 2y Ky,
see Magnus and Neudecker [10].

The following lemma, see Rao [18, Chapter 1], is useful for our subsequent discussion.

Lemma 2.1. For matrices A, B and C, AB'B = CB'B is equivalent to AB' = CB'. Similarly, B'BA = B'BC is
equivalent to BA = BC.

Define
G(s,52,W,3) = Zy(WRs)Zy(W® X)) Zy(W ®8)Zy, fors,s e S,
and
s S,WL=Ls@WLLET@WILLER W)L, forss e s,.

Using the commutation matrix, the properties of the Kronecker product and Lemma 2.1, the following
lemma is easily proved.

Lemma 2.2. Let Xy € Ny, X € Npand W € Sy. Then fors, s € Sp,
Sy[W® (sXs+5Xs)| Xy =G(s,8, X, W, Xy) + G55, X, W, Xy)
is equivalent to
L[(sZ5+8Xs) @ WIL = I'(s,§5, X, W,L) + I'(s,8, X, W,L),
where Zyy = L'LL = [L1,Ly,...,Lp], g = rank(Zy) and L; € Mgxpn, i =1,2,...,p.

When we decompose Yy as Xy = L'L, L = [L1, Ly, .. Lplwithl € Mgxn (i=1,2,...,p) and
r(Xy) < q < np, we assume q = np without loss of the generality in our discussion. If g < np, we just
replace L' by [L', 0] € Mupxnp.

Suppose that o1, 03, . .., oy are positive real numbers. Let B;j = (L,-WLJf + LjWLf)/ZW, Lj<r.
Assume that LWL} # 0, i.e. B # 0, (i <r) also without loss of generality.

For convenience, the following conditions (A1)-(A5) are called A-conditions.

(A1) L{(tAT+tA) Q WL = I'(t, £, A, W,L) + 't t, A, W, L);
(A2) LAT @ WLt Q@ W)L = Lt @ W)L'L(AT @ W)L';

(A3) {t : Lt Q@ W)L = 0} = {t: AtA = 0};

(A4) tr(L(AT @ WIL'L(t ® W)L') + tr(L(t ® W)L') = 2mtr(At); and
(A5) tr(L(AT @ WL'L(t @ W)L') — tr(L(t @ W)L') = 2mytr(At).
The following conditions (C1)-(C6) are called C-conditions.

C1) LWL; + LWL = 0foriorj > r;

C2) Bi3i = Bj;, tr(B,‘,") =my — my, tI‘(Bizi) = mq + my;

C3) BiiBjj =0,i 75];

C4) 4B} = B} + B}, i # j;

C5) B;iBjj = BjjBjj, i # j; and

C6) 2(Bii + Bjj) (BikBjk + BjkBix) = Bjj for all distinct i, j, k.

—~ o~ o~ o~ o~ —~

If A= XX, where X ~ Npxp(pt, Imn ® X) with X € A}, then A is said to have the noncentral
Wishart distribution with m degrees of freedom, covariance matrix X~ and noncentrality matrix
A= p'p. Write A ~ Wp(m, X, A). When p = 0, A is said to have the Wishart distribution with m de-
grees of freedom and covariance matrix X, denoted by A~ W,(m, X). See Muirhead
[14, Chapter 3].
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For a symmetric matrix W, YWY is called the matrix quadratic form in a normal random matrix
Y. YWY ~ Wy(my, X, A1) — Wy(mg, X, A;) means that YWY is distributed as a difference of two
independent noncentral Wishart random matrices (with acommon covariance X ), implying that Y/ WY
has the noncentral generalized Laplacianness. Similarly, YWY ~ W,(my, £) — W,(mg, £) means
that YWY is distributed as a difference of two independent Wishart random matrices (with acommon
covariance X)), implying that YWY has the generalized Laplacianness.

The moment generating function M(s) of YWY is defined as M(s) = E(e<5'YlWY>), s € Sp. The
following lemma is due to Wong et al. [23].

Lemma 2.3. Let Y ~ Ny, (u, Xy) and Wy’s be symmetric. Then the joint moment generating function
M(s) of Y'W;Y’s is given by
1/2

M(s) = [lyp — 25| 7 2exp {(s, 4) +2 (", 2y Iy — 22*)‘12;/2;4*)},

where S=8, xSy x---xS, (I times) s=(s)es I*= 2}1,/2[Z§=1 W ® s,-)]Z;/z,

u= Z£=1 vec(Wipsy), i = f'Wip € Sp, A = (4) € Sand Sr(Z*) < 1/2.

LetY ~ Nuxp(i, Im ® X), then M(s) of Y'Y, i.e. the moment generating function of the noncentral
Wishart distribution W, (m, X, 4), is equal to

M(s) = |I, — 22| "™ exp((s, 4) + 2(4 sZV2(l, — 25,) "' £1/%s)} (2.1)

for all s € S, such that Sr(Zy) < 1/2 with 4 = p'p, where ¥, = /25212 And if YWY ~
Wy(my, X, A1) — Wp(my, X, A2), the moment generating function M(s) of YWY can be expressed as

M(s) = I, — 25, ™72l + 25, "™ %exp{(s, i — Jp) + 21 + 20} (22)

for all s € S, such that Sr(Xy) < 1/2, where &; = (11,521/2(113 —2X)7 122 and @, = (4,
sZV2(1, +25,) 71 51/%).

We can extend (2.2) so that the case m; = 0ormy = 0 or X' = 0 is included.

The following result is useful for us to discuss the independence of random matrices, see Hu [6,7].

Lemma 2.4. Let Y ~ Ny p(u, Xy), and Wy's be a family of symmetric matrices in S,. Then a family of
matrix quadratic form Y'W;Y’s is independent if and only if for any distincti,j € {1,2,...,1} and any t, t
in the basic base Bp,

1) Zy(W; @) Zy(W; @ ) Zy = 0;
(2) Zy(W; ® t) Zy(W; ® tyvec(p) = 0; and
(3) vec(p) (W; ® t) Ty (W; @ t)vec(u) = 0.

3. Algebraic conditions for the GL of a matrix quadratic form

In this section as well as next section, Y isann x p multivariate normal random matrix with mean 0
and general covariance Xy.

Our investigation begins with the following main theorem. We shall establish a class of sufficient and
necessary algebraic conditions to characterize the GL of a matrix quadratic form, i.e. a matrix quadratic
form YWY being distributed as the difference of two independent Wishart random matrices. The two
Wishart distribution have a common covariance X.

Firstlet us consider the special case which the common covariance is a diagonal nonnegative definite
matrix, written A.

Theorem 3.1. Let Y ~ Nyxp(0, Xy) with Xy € Nyp and W be symmetric. Then YWY ~ Wp(my, A) —
Wp(my, A) withmy, my € {0,1,2,...} and A = diag[o1, 03, ..., 0, 0] € N, if and only if there exist
positive real numbers o1, 03, . . ., oy (r <p) such that, for any elements t, t in the basic base Bp,
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Iy[W ® (AT + A Zy = G(tLt, A, W, Zy) + G(E t, A, W, Zy) (3.1)
such that

YW AT Zy(WRHZy = Zy(W Q) Zy(W ® A7) Xy, (3.2)

{t: Sy (Wt Ty =0} = {t: AtA =0}, (3.3)

tr(Zy(W ® A1) Zy(W @ 1) + tr(Zy(W @ 1) = 2mtr(At) (34)
and

tr(Zy(W ® AT Zy(W @ t)) — tr(Zy(W ® t)) = 2mytr(At). (3.5)

Proof. Exactly as in the proof of Lemma 2.2, we easily derive the equivalence between A-conditions
and (3.1)-(3.5). Then by Lemma 7.3, see Appendix, we only show that A-conditions are equivalent to
C-conditions.

Suppose that C-conditions hold. We shall show that A-conditions hold.

Let B = >I_; B;i. Use (ij,i’j') to represent combination (t, t) from the basic base Bp. Then by
(C1) we only consider these combinations (ij,i'j’), 1<i<j<r,1<i <j <r. Write 2 = {(ij,ij) :
1<i<j<r 1<i <j <r}. Divide the index set £2 into the following seven index subsets:

Dy = {(ii,ii) : 1<i<r};
Dy ={(i,j) : 1<i<j<rk
Ds = {(i,jj) : 1<ij<rii#jh
D4 = {(ii, ij) U (ij,ii) : 1<i<j<r);
Ds = {(ik,jk) : 1<i,j < k<r; ijdistinct};
De = {(ii,’j") U (i'f,ii) : 1<ii,j’<r;ii,j distinct,i’ < j'}; and
Dy = {(ij,ij) : 1<i<j<r1<i <j <ryiji,j distinct}.
Note that by (C3), (C4) and Lemma 2.1,
BjjBkk = 0 for distinct i, j, k. (3.6)

For (ij,'j’) € D1, (A1) reduces to 0;0j(Bj; + Bjj) = 0/*B;iBBj;, which follows from (C2) and (C3).
For (ij,1’j') € D,,(A1)reduces to 0i0j(Bji + Bjj) = 40i0;B;iBBjj, which is derived from (C5) and (3.6).
For (ij,'j') € D3, (A1) reduces to o0j(B;iBBjj + B;iBB;;) = 0, which is obtained from (C3).

For (ij,1j') € D4, (A1) reduces to 2, /5i0j0iBjj = 2, /00;0i(BiiBBjj + B;iBB;;), which follows from
(C5), (C6) and (3.6).

For (ij, i'j') € Ds,(A1)reducesto2,/0;0;0B;j = 4,/5i0j0k(BikBBjx + BjkBBjk), which is gotten from
(C5), (C6) and (3.6).

For (ij,1'j') € Dg U Dy, (A1) reduces to 4, /070,070y (B;jBByj + ByyBBjj) = 0, which follows from
(3.6). So (A1) holds.

For (ij, ') € 2, (A2) or BB;j = Bj;B follows from (3.6) and (C5).

(C1) tells us the fact that {t : AtA =0} = {t; € B, :i>rorj>r} C {t:L(t® W)L = 0}.For
tj € By, 1<i<j<r, Lt @ W)L’ = /0i0jBjj # 0from(C2),(C4)and Lemma2.1.50 {t : AtA =0} =
{t: Lt® W)L =0} = {tj € B, : i > rorj > r}, which proves (A3).

Finally, for E; € By, i = 1,2, ..., r, with simple calculation, (A4) and (A5) hold by (C2) and (C3).
For Bjj i,j > r, it is a trivial thing. For B;j i # j, i,j <r, the right side values of (A4) and (A5) always are
zero. We only need to calculate the left side values (LSVs) of both (A4) and (A5). By (A.1) and (A.2) in
Lemma 7.2, we have
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LSVs = tr(L(A* @ W)L'L(B;j ® W)L') £ tr(L(B; ® W)L)
= 2, /0i0j[tr(BBy) =+ tr(By)] = 2,/0i05tr ((Bii + Bjj = I)By;)
= Joiojtr[(ei ® Aii + e ® Ajj £ 1) (e ® Ajj + €ji ® Aji)] =0,
which proves (A4) and (A5). Hence A-conditions hold.
Conversely, suppose A-conditions hold. We must prove that C-conditions hold.
(C1) follows from (A3), i.e. L(Bj ® W)L’ =0, foriorj > 0.Fixing (1<i <j<r) and taking t =
t = E; in (A1) and (A2), we have
Bji = B;iBBjj, B;jB = BB;; (3.7)
and
tr(Bij) = mqy — my, tr(BBj) = my + my. (3.8)
Taking t = E; and t = Ejj in (A1) gives
BiiBBj; + BjjBB;; = 0. (3.9)
By (3.7) and (3.9), we get ||B;iB;; = BjjBii“z =0, i.e. B;iBjj = 0, which proves (C3). Further, we have
B3 = B, then Bl-3,- = Bj; and tr(B,-zi) = tr(B;iB;iBBj;) = tr(B?iB) = tr(B;jB) = my + my, which, with (3.8),
proves (C2).

Taking t = E;; and t = Bjj in (A1) gives B;j = B;iBB;j + B;jBB;;. Taking t = B;j and t = Ej; in (A1) and
(A2) gives

Bj = B;jBBj; + B;iBBjj, BBjj = BjB. (3.10)
So B,‘,’B,‘j = Bi,‘BijBBjj and B,‘ijj = BiiBBiijj, which proves (CS).
Taking t = t = Bj; in (A1) gives
4B;iBBjj = Bj; + Bj;. (3.11)

From (C3), (C5) and (3.10)-(3.11), we obtain 4B = B} + B7, which proves (C4).

From (3.10), (C3) and (C5), we obtain, for distinct i, j, k,
BjjBik = 0. (3.12)
Taking t = Ej and t = Ejy, for distinct i, j, k in (A1) gives
Bjj = 2ByBBj + 2B;iBBi. (3.13)

So from (3.13), (3.12) and (C5), we get B;j = 2(B;; + Bjj) (BiBjx + 2BjiBik), which proves (C6). Thus the
desired result is proved. [

In Theorem 3.1, condition (3.1) reveals the most important inherent property for the GL of a matrix
quadratic form. Condition (3.2) tells us that matrix E;/ 2(W ® A+)Z;/ ? is commutative with any
matrix Z\],/Z(W Rt 23/2 for any t in the basic base 5,. Condition (3.3) says that two different linear
transformations Xy (W ® t) Xy and AtA have the same kernel or null space. Conditions (3.4) and
(3.5), respectively, determines the degrees m, m; of freedom of two Wishart random matrices.

Next we shall extend Theorem 3.1 to the general case which the common covariance is a general
nonnegative definite matrix X. A set of the corresponding sufficient and necessary algebraic conditions
is summarized in the following theorem.

Theorem 3.2. Suppose that Y ~ Npxp(0, Xy) with Xy € Ny and W is symmetric. Then YWY ~
Wp(my, X) — Wy(mp, X) withmy, mp € {0,1,2,...} and ¥ € N, if and only if there exists some X &

Np such that, for any elements h, h in the similar base Hp associated with X,

y[W ® (hZh+hZh)]Zy = G(h h, 2, W, Zy) + G(h, h, Z, W, Zy) (3.14)
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such that
SYWRENHIyWehy =Zy(WhZy(We £1)Zy, (3.15)
(h: ZyWQ®h)Xy =0} = {h: ShX = 0}, (3.16)
tr(Zy(W ® £ Zy(W ® h)) + tr(Zy(W ® h)) = 2m;tr(Zh) (3.17)
and
tr(Zy(W ® ) Zy (W @ h)) — tr(Zy(W ® h)) = 2mytr(Zh). (3.18)

Proof. If X' € N, there is an orthogonal matrix H of order p such that
H'XH = diag[o1,02,...,0,,0] = A, 1=1(X), 0;>0, i=12...,1 (319)

and YH ~ Nnxp(o, ZYH) where Jyy = (I ® H/)Ey(l ® H).
Assume that there exists X' € A, suchthat(3.14)-(3.18) hold. Lett = H'hH, thenfunctiont = H'hH
is a1 — 1 map from the similar base 7, associated with X' onto the basic base 5,. By replacing h,

hand =, respectively, with HtH’, HtH’ and HAH' in (3.14)-(3.18), with necessary Kronecker product
operations, (3.14)—(3.18) are equivalent to the following equations, for t, t € 5,

ZyH [W ® (tAt+ EA)] Zyy =Gt Tt AW, Zyy) + G(E t, A, W, Zyy),

(W @ AT)Syp(W @ ) Ty = Zy(W @ ©) Zyy(W @ A™T) Sy,
{t: Zyy(WQt)Xyy =0} = {t: AtA =0},
tr(Zyy(W @ AT) Zyp(W @ 1)) + tr(Zyp(W @ t)) = 2mytr(At)

and
tr(Z(W @ A7) (W @ 1) — tr(Zyy(W @ 1)) = 2mtr(At),
where A is determined by (3.19).
By Theorem 3.1, H'Y'WYH ~ W, (my, A) — Wp(my, A). Hence YWY ~ W,(my, £) — W,(my, X)
by Theorem 3.2.4 of Muirhead (1982). The converse can be shown by following the above steps
backwards. [

Conditions (3.14)-(3.18) are same as the conditions (3.1)-(3.5) except for using the similar base
associated with X' to replace the basic base B, of Sp,.
Whenever YWY ~ Wp(myq, £) — W, (my, ), then the degrees my, m, of freedom are determined by

my = [tr(Zy(W ® 21))? + tr(Zy(W ® ¥1))]/2r(¥) and
my = [tr(Zy(W ® 21))? — tr(Zy(W @ ¥1))]/2r(X),

where r(A) denotes the rank of matrix A.
InTheorem 3.2, ify isann x 1random normal vector with mean vector 0 and covariance C of order
n, the conditions (3.14)-(3.18) reduce to the familiar algebraic conditions.

(3.20)

Corollary 3.3. Let y ~ N,(0, C) with C € Ny, and W be a symmetric matrix of order n. Then yWy ~
x2(my) — x%(my), a difference of two independent chi-square random variables, with mq, m, €
{0,1,2,...}ifand only if

(1) CWC = CWCWCWC # 0; and
(2) tr(CW)? 4 tr(CW) = 2my, tr(CW)? — tr(CW) = 2m;.

If C = I in Corollary 3.3, statement (1) of Corollary 3.3 reduces to the well-known tripotent con-
dition, W3 = W, which is the necessary and sufficient condition to a quadratic form y'Wy being
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distributed as a difference of two independent chi-squared random variables, see Luther [9] and
Graybill [4].

4. Algebraic conditions for the GL and independence of a family of matrix quadratic forms

Based on Theorem 3.1 and (1) of Lemma 2.4, we shall establish the following result on the GL and
independence of a family of matrix quadratic forms. In other words, we shall provide an extension of
Cochran’s theorem concerning the GL and independence of a family of matrix quadratic forms.

Similar to the discussion in Section 3, first let us consider the simplest case where the common
covariance A of independent Wishart random matrices is diagonal.

Theorem 4.1. Suppose thatY ~ Nyx,(0, Xy) with Xy € Nyp and Wy's are symmetric matrices of order n.
Then YW1Y,Y'W,Y, ..., YWY are independent and, for any i € {1,2,..., 1}, YW;Y ~ Wy(my;, A) —
Wp(my;, A) withmy;, my; € {0,1,2,...} and A = diag[o1, 03, . .., 07, 0] € N, if and only if there exist
positive real numbers o1, 0, . . ., 0y (r < p) such that, for any distincti,j € {1,2,...,1} and any t, tin the
basic base By,

@) Zy[W; ® (tAt + tAY)]Zy = G(t,t, A, W;, Zy) + Gt t, A, W;, Zy);

() Zy(W; @ AN Zy(W; @ t) Ty = Zy(W; @ ) Ty (W; @ A1) Zy;

©{t: Zy(W; ®@t) Xy =0} = {t: AtA = 0};

(d) tr(Zy(W; @ AT) Zy(W; @ 1)) + tr(Zy(W; @ t)) = 2mytr(At),
tr(Zy(W; @ AT Zy(W; @ t)) — tr(Zy(W; ® t)) = 2myitr(At); and

(&) Zy(W; @ AT)Zy(Wj® AT)Zy =0.

Proof. Let {Y’W,-Y}i»=l be an independent family of random matrices and Y'W;Y ~ Wy(my;, A) —
Wy (myi, A) with my;, mp; € {0,1,2,...} and A = diag[o1,03,...,0,0] € Np, i=1,2,...,1. Then
(a)-(e) follow from Theorem 3.1 and (1) of Lemma 2.4.

Conversely, suppose that there exist positive real numbers o1, 09, . . ., o (r <p) such that (a)-(e)
hold. For each i, from Theorem 3.1, YW;Y ~ W,(my;, A) — Wy(mai, A) with my;, my; € {0,1,2,.. .}
and A = diag[oy, 03, . . ., 01, 0] € N).To prove the independence of a family of matrix quadratic forms,
by Lemma 2.4, it suffices to show (a) of Lemma 2.4, or equivalently,

Zy(Wi ®s)Xy(W; ®@s)) Xy =0, fors;s; €S, (4.1)

from conditions (a)-(e).
Exactly as in the proof of Lemma 2.2, (4.1) is equivalent to

L(si @ W)L'L(sj ® W)L’ =0, wherel'L = Xy, s, s € Sp (4.2)
and condition (e) amounts to
L(AT @ WL'L(AT @ W)L’ = 0. (43)

Then we only need to obtain (4.2) from statements (a)-(e).
For matrix s; in set Sp, s; can be written as

a
s; = [* *] wherea € S;.
pXp

Write

s = a o0 wherea € S;.
i 0 Opxp

By (c), forany s;, s; € Sp,
L(si ® W)L'L(s; ® Wy)L' = L(sf ® Wy)L'L(s} ® Wj)L'. (4.4)
Since, by (a) and (b),
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2L(sf @ W)L’ = LI(AT Asf +sfAAT) @ WL
= [L(AT @ W)L'PPL(sf @ WL + L(sf @ W)L'[L(AT @ W)L']*  (45)
= 2L(s} @ W)L'[L(AT @ W))L']%,
similarly,
L(sF @ WL’ = [L(AT @ W)L'T’L(s} ® W)L, (4.6)
we obtain (4.2) from (4.3)-(4.6). So, we have completed the proof. []

In Theorem 4.1, condition (e) tells us that one equation can be used to reveal the independence of
a set of matrix quadratic forms if these matrix quadratic forms have the GL.

Next, we will consider the general case where the common covariance X of these Wishart random
matrices is nonnegative definite. Exactly as in the proof of Theorem 3.2, we can easily derive the
following theorem, an extension of Cochran’s theorem concerning the GL and independence of a set
of matrix quadratic forms, from Theorem 4.1 and (1) of Lemma 2.4 with an appropriate modification
by replacing H,, with B,. See Hu [6, Chapter 4].

Theorem 4.2. Suppose that Y ~ Nyx,(0, Xy) with Xy € Nyp and W;'s are symmetric matrix of order n.
Then Y'W1Y, Y'W,Y, ..., YWY are independent and, forany i € {1,2,...,1}, YW;Y ~ Wy(my;, ) —
Wp(my;, X) withmy;, mpy; € {0,1,2,.. .} ancz X € N, ifand only if there exists some X € N, such that,
for any distincti,j € {1,2,...,1} and any h, hin the similar base H,, associated with X,

(@) Zy[W; ® (hZh + hZh)]Zy = G(h h, T, W, Xy) + G(h, h, T, W;, y);

(b) Zy(W; ® ZHZW; @ h)Zy = Zy(W; @ h) Zy(W; ® ) Zy;

@ h:Zy(Wi®h)Xy =0} ={h: XhX = 0};

(d) tr(Zy(W; ® TT) Zy(W; ® h)) + tr(Zy(W; ® h)) = 2my;tr(Zh),
tr(Zy(W; ® X)Xy (W; ® h)) — tr(Zy (W; ® h)) = 2my;tr(Zh); and

e Zy(W;® ZT)Zy(W; ® X)Xy = 0.

In Theorem 4.2, if we replace covariance Xy of Y with the sum of special Kronecker products, we
have the following corollary, an application of Theorem 4.2 on a special case. See Hu [6, Chapter 4].

Corollary 4.3. Let Y ~ Nyxp(0, Zy) with By = 31 _1 Aq ® Eqa, T <P, Aq € Ny, and W's are symmet-
ric matrices of order n. Then YYW1Y, YYW,Y, ..., Y'W)Y are independent and, for any i € {1,2,...,1},
YWY ~ Wy(my;, £) — Wy(ngi, ) with mq;, my; € {0,1,2,...} and X = Y} _, opEpp if and only if
there exist positive real numbers o1, 03, ...,0r (r <p) such that, for all a,b,c € {1,2,...,r} and any
distincti,j € {1,2,...,1},

(1) AdWAWAWiAp = 02AWiAp # 0;

(2) opAWiAWiAp = 0qAWiApWiAp;

(3) AaWiAa‘/VjAa =0;

(4) tr(AqWi)? /o2 + tr(AgW;) /o2 = 2my;; and
(5) tr(AgWi)? /o2 — tr(AgW;) /o2 = 2my;.

5. Conditions for the noncentral GL of a matrix quadratic form

In this section and next section, Y is an n x p multivariate normal random matrix with nonzero
mean g and general covariance Xy.

We shall use the moment generating function M(s) of YWY to extend Theorem 3.2 to the case of Y
having nonzero mean. The following theorem summarizes a set of sufficient and necessary algebraic
conditions for the noncentral GL of a matrix quadratic form.
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Theorem 5.1. Suppose Y ~ Nuxp(#, Zy) with Zy € Npp and W is a symmetric matrix. Then YWY ~
Wp(my, 2, A1) — Wp(my, X, Ay) withmy, my € {0,1,2,...}, ¥ € Npand Ay, Ay € Mpyp ifand only if
there exists some X' € N, such that, in addition to (3.14)-(3.18), for any s in a neighborhood Ny of 0in S,
andk=1,2,...,

tr((A1 4 A2)s(Zs)* 1) = tr(AW @ s)[Zy (W ® 5)1* 1) (5.1)
and

tr((h — Ap)s(29)*) = tr(A(W @ 5)[Zy (W ® 5)1*) (52)
with

=y =pWn (53)

where A = vec(u)vec(p)'.

Proof. By Lemma 2.3, the moment generating function M(s) of YWY is expressed as

—1/2
M) = |1 — 2502w @ 9512 expl(s, W W) + 2], (5.4)

where &g = (A, (W ® s)ZJ}],/2 [r— 22,1,/2(W ® 5)2}1,/2]_12\1,/2(W ® s)) and the spectral radius
of square matrix E;/Z(W ® s)Z,';,/2 is less than 1/2. So, YWY ~ W,(my, X, A1) — Wp(my, X, 43)
is equivalent to YWY = D; — D, where Dy, D, are independent and Dy ~ Wy(my, X, A1), D2 ~
Wp(my, X, A2). By (2.1), M1 (s) of D; and M, (s) of —D; are given, respectively, by

Mi(s) = |l — 22, "™ 2exp{(s, 41) + 21} (5.5)
and
My (s) = |1 + 22| ™ 2exp{(—s, A3) + 285}, (5.6)

where X, = ¥1/2s31/2 fors € S, such that Sr(%,) < 1/2 and &;’s are defined in (2.2).

The independence of D; and D, and (5.4)-(5.6) imply that there exists a neighborhood Ny of 0 in
Sp such that M(s) = M1 (s)M(s) for s € Np. Using (5.4)-(5.6) and comparing the same items in both
sides of M(s) = M; (s)M;(s), we obtain the following conditions:

() 11— 252 (W @ )53/ 712 = | — 25, |7™/2|1 4 25, |7/,

(i) for any s € Ny, @9 = @1 + P;; and
(iii) 41 — 42 = w'Wp,

which proves (5.3) as required.

By Lemma 7.1, the condition (i) is equivalent to (Y — ) W(Y — u) ~ Wp(my, X) — Wy(my, ).
Thus (3.14)-(3.18) follow from Theorem 3.2.

For any symmetric matrix s € Ny, we have

@1 = tr ([sZs + 25(Ts)” + 2%s(5s)° + -+ 1), (5.7)

@y =tr (lz[sZ’s —25(Zs)? + 2%s(Zs)® — - .]) (5.8)
and

@ = tr (A[W ® )T +2(W ® )T + 22 (W @)1 + - ]), (5.9)

where " = Xy (W ® s). Putting (5.7)—(5.9) into the equation @y = &1 4+ &, and then comparing its
both sides, with the arbitrariness of s close to 0, we obtain (5.1) and (5.2). Thus we have completed the
proof of the desired result. []



806 J. Hu / Linear Algebra and its Applications 433 (2010) 796-809

The nonzero mean of Y results in conditions (5.1) and (5.2). In fact, we have obtained the following
relation between YWY and (Y — u) W(Y — u) in the proof of Theorem 5.1.

Corollary 5.2. LetY ~ Nyxp(p, Xy) with Xy € Ny and W be symmetric. Then YWY ~ Wp(my, X, A1)
—Wy(my, X, Ay) withmy,my € {0,1,2,...}, ¥ € Npand Ay, &y € Myxpifand only if there exists some
X € Npsuch that,

@ (Y — w/'W( — p) ~ Wp(my, £) — Wy(my, ¥); and
(b) for any s in a neighborhood Ny of 0 € S, andk = 1,2,.. .,
tr ((h + )s(Z9% ) = r (AW @ 9)[Zy(W @ )1*),
tr (s — A)s(29)%) = tr (AW @ 9)[ Sy (W ® 5)1)
with Ay — Ay = WWp.

6. Conditions for the noncentral GL and independence of a family of matrix quadratic forms

In this section, we shall use the moment generating function M(s) of YWY to extend Theorem 4.2
to the nonzero mean case of Y.

Based on Theorem 5.1, we obtain the following extension of Cochran’s theorem concerning the non-
central GL and independence of a family of matrix quadratic forms by putting Theorem 4.2, Theorem
5.1 and Lemma 2.4 together with an appropriate modification.

Theorem 6.1. Let Y ~ Ny, (p, Xy) with Xy € Nyp and Wy’s be symmetric matrices of order n. Then
YWY ~ Wp(m1,-, X, i) — Wp(mzl', X, Ayp) withmy;, my; €{0,1,2,...}, X € Np and Aqj, Ayi € Mpxp
if and only if there exists some X € N, such that, in addition to conditions (a)-(e) of Theorem 4.2, the
following statements (f) and (g) also hold.

(f) For any distincti,j € {1,2,...,I}and t,t € By,
Zy(W; @ t) Ty (W; ® t)vec(u) = 0 and
vec(p) (W; ® t) Ty (W; @ t)vec(u) = 0; and
(g) for any s in a neighborhood Ny of 0in Sy, i =1,2,...,landk =1,2,...,

tr <(11i + lzf)S(Es)Zk_l) =tr (A(W,- ®9)[Zy(W; ® s)]Zk—]) and
tr ((l“ - }'21')5(25)2]() =t (A(Wi Qs)[Zy(W; ® s)]2’<)
with Ayj — Ji = p'Wip.

Finally, let us look at a special case Xy = A ® X of Theorem 6.1 investigated by Tan [21].

Corollary 6.2. In Theorem 6.1, suppose that Xy = A® X for some A € Ny, and ¥ € N,. Then YWY,
Y'WLY, ..., YWY are independent and, for each i, YW;Y ~ Wy(myj, X, A1j) — Wp(mai, X, Azi) with
my;, myi € {0,1,2,...}, ¥ € N and Ay, Az € Mpxp if and only if for any distinct i, j € {1,2,...,1},

(1) AW,AW,AW,A = AWA + 0;

(2) tr(AW))? + tr(AW;) = 2my;, tr(AW;)? — tr(AW;) = 2my;;

(3) i+ Aoi = W WiAWiu = W WAWAWAW p, Ayi — Aoi = o' Wi = @/ WiAW,AW p;
(4) AW,AWA = 0;

(5) AW;AW;u = 0; and

(6) W' WiAW;u = 0.
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7. Concluding remarks

In this article, we obtain a set of the sufficient and necessary conditions under which a matrix
quadratic form YWY with a symmetric W and a general Xy is distributed as a difference of two
independent (noncentral) Wishart random matrices, namely, having the (noncentral) GL. Based on the
results, we then establish some general extensions of Cochran’s theorem concerning the (noncentral)
GL and independence of a set of matrix quadratic forms.

It should be noted that it is challenging research for us to obtain a set of sufficient and neces-
sary conditions under which a matrix quadratic form Y'WY with symmetric matrix W and a gen-
eral covariance Xy of Y is distributed as a linear combination of independent Wishart random
matrices.
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Appendix
Lemma 7.1. Let Y ~ Npxp(0, Xy) and X' € N,. Then the following statements are equivalent.

(b) foranys € Sp,
p — 257 W @) 5y%| = [, — 252512 |1, + 25125 212
() EJ/Z(W ®s) Z‘;/z and diag[ln, ® x12g51/2, —In, ® >1/2551/2 0] have the same character-
istic polynomial for all s € S; and
(d) for any positive integer k and any s € Sp,

tr(Zy(W @ s))k = (m1 + (—1)km2> tr(Zs)k.

Proof. Let ¥, = ¥'/2sx1/2 From Lemma 2.3 and (2.2) with 4; = 4, = 0, (a) is equivalent to (a’) for
any's € S, such that Sr(Z,) < 1/2 and Sr(Zy/*(W ® ) 2y/%) < 1/2,

/2 _ _
= I, — 23, "™l + 23, 7™/

1/2 1/2|~1
Ip — 2502 (W @ s) 5}/ \

It’s obvious that (a") follows from (b). And (b) is obtained from (a’) by analytic continuation. Thus (a)
and (b) are equivalent.

Replace s with s/2 (nonzero A € N) in (b) and multiplying both sides of (b) by A™. Then (b)
amounts to

1/2 1/2] _ my my (n—my—my)
Mg — 2y (W ® )23/ = |uly — Zo™ My + Zu|™ 0y — 0] .

So(c)is equivalent to (b).(c) amounts to that matrix E;/ 2 W®s) E;/ % and diagonal matrix diag[l;,, ®
2y —Im, ® Xy, 0]in Spy have the same spectrum {2 };'il. Equivalently, for any positive integer k and
any s € Sp, we have

k
()W @ 9)5y?) = tr (diaglim, ® £y, —In, ® ., 0],

which proves the equivalence between (c) and (d) via appropriate Kronecker operations. So the proof
is complete. [
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Lemma 7.2. Assume that C-conditions holds. Then there exists an orthogonal matrix H, not depending on
i, such that

Bii = H(e;i ® Aij)H’, (A1)
where A;; = diag[Uj;, Vii, 0] € Muxy, and Uy = Iy, Vii = —Im, and
Bjj = H(e,~j R Aj+€; ® Aﬁ)H//Z, (A.2)

where Aij = diag[U,-j, V,‘j, 0] € Muxn, Uij € Mmyxmy» V,‘j € Mmyxm, and Al/'j = Aj,‘, UijI'/j = Imp
VijVi;' = In,.

Proof. It follows from condition (C2) that

Bé“l =B, tr (B»z-kH) =m; —my fr (Bizik) =m+m k=12 ... (A.3)

n

By (A.3) and (C3) we may choose an orthogonal matrix H, not depending on i, such that (A.1) holds.
Thus using (C3), (C4) and (A.3) it is easily shown that for i # j, ||Bjj — 4B,-3j| |> = 0and so

Bj =4B}, i#]. (A4)

Combining (C4) with (A.4) we obtain, for i # j, (Bﬁ + szj)B,-j = 4Bi2jB,-j = Bjj. The symmetry of Bj
then yields

Bj = (B + B})Byj(B + B}), i#]. (A5)

For i # j, using e;; ® Aj;, ejj ® Ajj and H’Bin to replace Bj;, Bjj and Bj;, we get (A.2) from (A.5), which
completes the proof. [

The following lemma is due to Masaro and Wong [11] and its proofis also found in Hu [6], Appendix.

Lemma 7.3. LetY ~ Nyxp(0, Xy) with Xy € Npp and W be asymmetric matrix of order n. Then YWY ~
Wp(mq, A) — Wy(my, A)withmy,my € {0,1,...}and A = diag[oy, .. ., 0, 0] € Nyifandonlyifthere
exist positive real numbers o1, 0, . . ., o+(r < p) such that C-conditions hold.
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