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Abstract

Waadeland, H., Boundary version of a twin region convergence theorem for continued fractions, Journal of
Computational and Applied Mathematics 36 (1991) 361-369.

The starting point of the present paper is a result by Thron (1959) on twin convergence regions, dealing with
continued fractions K(c2 /1), where |c,,,_1| <p <1 and |c,,, +i| > p. In the present paper these regions are
replaced by their boundaries, and the sets of continued fraction values are determined.
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For continued fractions
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Thron [3] proved the following theorem.

Theorem 1. If, in the continued fraction (1), the elements are subject to the conditions
— 2 .2
-1 C2n-1> Q20 = Cop> (2)
where
|02n—1|<p’ lc2nii|>pa P<1, (3)

then the continued fraction (1) converges, and its value is in the disk |w| < p. (See also [2,
Theorem 4.46].)

In the present paper we shall study what happens to the set of values when the conditions (3)
are replaced by

|c2n—1|=p’ |02n+i|=p, p<1 (4)
The same type of problem, but for simple regions, is discussed in [4,5].
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In the first lemma we shall study approximants
1+g4 C3 2+¢q C’ZI
K1) k(5 ®

of the continued fractions

2 2 2 2 2 2
G (.‘2! Cc, Cy C3 C,
’T‘+|l +...+ﬁj+ . and ﬁJ+’%+...+(TI+...,

respectively. Observe that for any m the sets of possible values of
2m—1+¢q 2 2m+gq 2
K (CT) and K (-cl—)
n=2m-1 n=2m

coincide with the ones of the approximants (5). The lemma is partly overlapped by results
coming out of Theorem 1, but is included here in the form given below, partly for completeness,
partly because it represents a convenient first step in establishing the main result.

Lemma 2. Let p be a positive number <1, and K(c2/1) a continued fraction where

|Com-1l=p and ey, +i| =0p, (6)
for all m > 1. Then

g+1 C2

n51(Tn) <p, forallg>0, (7)

and

2+¢q 02
K (T")+1 >p, forallgq>0. (8)

Proof. Since p* < p, the inequality (7) obviously holds for ¢ = 0. For ¢ =0 the left-hand side of
(8) is
|(—i+p ei"‘)2+1| =|—2piel*+p? e = |2+ pie*|p>p.
Thus (8) is established for g = 0.
Next, let g > 0 be such that (8) holds. We map the region |w+ 1| > p by
2 2 2ia
_ ¢ _pe
T l+w 14w ()

and take the union over all a €[0, 2m), from which follows || < p. This shows, that if g > 0 is
such that (8) holds, then (7) holds for ¢ + 1.
Assume now that g > 0 is such that (7) holds. We map the region |w| < p by

w

2 : ia)2
g (-i+pe™)
CETTw 1+w ’ (10)
and take the union over all a € [0, 2m). First observe that the mapping
1

W T
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maps the disk |w| < p onto the disk centered at the point

and with radius

p
1-p"

An arbitary ¢2 can be written as
. L o\2 a2
(—1+p e“’) = —(1 +p e'B) s

where we have replaced a + 37 by B. For a fixed B-value the image of the disk |w| < p by (10)
is the disk

(1+p ei’s)2
1-—p?

w+ P 11+p €2 (11)
—p

=

1

We need to find the union of these disks for 8 € [0, 27) and relate it to the point w = —1. The
distance from w = —1 to the center of (11) is

i8\2
-1+ a Ifzzﬁ) =1 fpz lp+2ef+pe?f| = 7 ipp2 (1+ p cos B). (12)
On the other hand, the radius of (11) is
1fp2|1+pe“’|2=lfp2(1+2pcos/3+p2). (13)
Hence the distance from the point w = —1 to the closest point on the disk (11) is
20 _(1+ B) — —F—(1+2p cos B +p*) = (14)
-7 p cos 1= p cos p p.

Hence, if g > 0 is such that (7) holds, then (8) holds for ¢ + 1, and Lemma 2 is thus proved by
induction. O

It follows immediately, that the value of
o 2
K 22
AP

n
must lie in |w| < p, and that the value of

o o2
K Zn
n=2 1
must lie in |w + 1] > p. The first of these statements is contained in Theorem 1. We can squeeze
more information out of the proof of Lemma 2.
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Lemma 3. Under the conditions of Lemma 2 we have

o ¢] 2 —_
K 250572 (15)
and
o o2
n52 T €4, (16)
where A is the union of the disks (11) for 0 < B < 2m. The circle
lw+1|=p (16a)
is part of the boundary of A. Another part is part of the curve
x=Re w= i—:—l—z(l — p cos v )(4p* cos’y — 2p cos ¥ + 1 — 3p?),
(16b)
y=Im w ps1npy(4p cos’y —6p cos y +3—p?), 0<y<2m.

1-—

Proof. The largest distance from w = —1 to a point on the disk (11) is (from (12) and (13))

2(1+pcos,3)+ p(1+2pcos,3+p) fp2(3+4pcos,3+p2),

1-
which takes its maximum for 8 = 0. This maximum is
(4 2 p(3+p)
——B3+4p+p’)=—=—"—.
el CR 0 bt
Hence
o 2
K%?+l<£$i£L
n=2 -p
from which follows that
b ¢ P —p (1-p)
o1 1|7 p(3+p)/(1-p) 3+p

and (15) is established.
It remains to describe the set 4. First some preliminary remarks. With

Q=w+1 (17)
and B replaced by 7 + y we can rewrite (11) in the following way:
2 2 ,
9—1 pz(l—pcosy)e _ppz(%(1+p2)—-pcosy). (11)

When vy varies, the center moves along the curve (in polar coordinates),

- s

where 7, =2p/(1 — p) and rp, =2p/(1 + p).
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The radius is

o PN
2p

1—p?

(3(1 +p*) — p cos v),

with maximal value p(1 + p)/(1 — p), and minimal value p(1 — p)/(1 + p). We have already
seen, in the proof of Lemma 2, that the circle || = p, i.e.,, |w + 1| = p, is part of the boundary
of A, and that no point inside of this circle is in A. The circle |§2| = p is part of the envelope of
the circles bounding the disks in (11”) , we shall here refer to it as the inner envelope of the family
of circles. We have also seen that A4 is contained in the disk

+1| < 3t
| w l\pl—p'

It remains to determine the rest of the envelope, here to be referred to as the outer envelope.
In the equations for the circles in (11") we introduce the new variable

U= 2 (1-0), (18)

with 4 and v as real and imaginary parts:

(u—(1—pcosy)cosy) +(v—(1—pcosy)siny) = (3(1+ p*) — p cos y)z.

In order to determine the envelope of this family of circles we have to eliminate between (19) and

LA L CALVEILPY aiill 2340 Lw LA w

its partial derivative with respect to the parameter y. See, for instance, [1, Theorem 1, p.53].
Partial differentiation of (19) and some rearrangement leads to

(—2p sin 2y +2sin y)u+ (2p cos 2y —2 cos y)v + p(1 — p?) sin y =0. (20)

We know that the pair (u, v), where

catiafiac F1TOY and (M gimunltananncely and intradnintian Af
ALIoLIVYD \l]} Arivl \LU} Dllllullall\tuubl], allu 1lillvudusviuivull vl
~ 1 2 ~ 1 2 :
i=u—3(1—p*)cosy, dF=v—34(1-p)siny (21)

leads to a simplification:
i+ 5> —20(3(1+p*) —pcosy) cos y—25(3(1 +p?) —p cos y) siny=0, (19")
(p cos2y—cos )= (p sin 2y — sin v) . (20)

In addition t

©

the alreadv known solution i = 7 = 0 we have the gsolution
the already known solution ¢ = p ={ we have the solution

ii=(p cos2y—cos y)(p cos y—1), (22)
5= (p sin2y—sin y)(p cos y—1). (23)
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From (22) and (23), together with

Rew=x=-1+ 12_pp2(ﬁ+%(1—p2)cos Y),
Imw=y= 12_pp2(5+%(1—p2) siny)

we get (16b). An elementary, but tedious discussion of how x and y vary with varying y leads to
the shape of the curve (16b). Crucial in the discussion is the p-value 3v3. For p < V3 the
equation y =0 has no solution for 0 <y <, for p=4y3 it has ome solution, y = Arccos
1V3 = la, for p > 1V3 it has the two solutions

3F 402 -3

v+ = Arccos ap

In the first two cases the whole curve (16b), 0 < y < 2, is part of the boundary of A4, the rest
being the circle |w + 1| = p. In the last case the “boundary part” of (16b) consists of two closed
curves, defined by the parameter intervals y_<y<2m—y_ and 0<y<vy,, 27— y,<y<2m

Two questions remain: the question of sharpness and the question of surjectivity. The question
of sharpness is essentially to ask whether or not in (16a) p can be replaced by a smaller number.
Since, however, the continued fraction

b

T e P

with coefficients satisfying the conditions (4), had the value —p, it follows that p cannot be
replaced by any smaller number. But more can be concluded. For continued fractions

® 2
K =,
n=1 1
where the elements satisfy the condition (4), the following property holds. If w = w, is a value,
taken by such a continued fraction, then all values on |w| = | w,| are taken. Hence, all values on

| w| = p are possible values of such continued fractions. This implies that all possible values of
continued fractions

o (o2
K2 ( T" ) , satisfying (4),

is the union of all circles bounding the disks in (11), and hence the union of all the disks (11), i.e.,
the set A4, and in turn that the set of all values of continued fractions

l=(2 4, satisfying (4),

is the set between
2
- p _,1-0
1ol = SGTe)/T—p) ~P3+0
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and

[

n

lo|===p. O

In conclusion we have the following result.

Theorem 4. For a fixed p, 0 <p <1, let 9?';(1) and 33;,(2) be the families of continued fractions

e c2\ : [ c2)
an -
n=lk1) n=2k1)’
O N gy ~1F .~ 1
wnere jor an n = 1
|c2n—1|=p’ |C2n+1|=P. (4)
Then the set of all possible values of continued fractions in .93;(1) is the annulus
l—p < (24)
w
p 3 + p = | | sP, ( )
mn tho cot nf nll noceihlo naluoc of continod fractinne in @-(2) 70 o cot nf all npinte on and botwoon
CATEA LIEC OV llj s tluuululb vssaLvy UJ LUk Jl (SAST AP A N I Y £ 4 |Ip [ZV N 2 4 2 S L =y 3 VJ “wis tlvl«'ll—u Uit WAIse Ui rvevrs
the circle
t T B (1)
jw+ 1] =p \1ba)
and the curve
-1
x=Re w= ﬁ(l — p cos v)(4p* cos’y — 2p cos y + 1 — 3p?),
- p S e\
sin (165)
y=Imw= %(4p2 cos’y — 6p cos y + 3 — p?),
1-p

.87

Fig. 1. Fig. 2.
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0<y<2m if 0<p<3V3, and the curves (16b), y_<y<2m—vy_and 0<y<y,, 27n—v,<Y
< 2w, where

Remark. If the conditions (4) are replaced by the ondltlons (3), then the annulus (24) is replaced
hv the disk lwl < p, and the set described by (16) is repnlaced bv the set b+ 11 >

......... QA8 I oL LLoLILV “p 1O% 4 | , |v

The illustrations show, in two cases, the set of values of continued fractions in f @ In Fig. 1
the p-value, p = 0.7, is smaller than zf whereas in Fig. 2 we have p =0.87 > }V3. Figure 3
shows, in enlarged form, a detail from the last case, a detail which cannot be seen in Fig. 2.
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