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Main objective of present analysis is to study the MHD mixed convection flow of nanofluid due to a
curved stretching sheet. Water based nanofluid comprising copper and silver as nanoparticles is used.
Heat transfer analysis is carried out in the presence of Joule heating and nonlinear thermal radiation.
Similarity transformations are used to obtain the system of nonlinear ordinary differential equations.
Convergent series solutions are obtained. Effects of different variables on velocity and temperature are
examined. Skin friction coefficient and Nusselt number are examined and analyzed for the influence of
different involved parameters.
� 2016 Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

Nanofluids are defined as addition of nanometer sized solid par-
ticles into the traditional heat transfer fluids that increase the ther-
mal conductivity of the base fluid. Size of nanomaterials is between
1 and 100 nm. Firstly Choi [1] introduced the term nanofluid. Com-
mon base fluids used in nanofluids are water, ethylene glycol and
oil. Nanofluids have many application in heat transfer including
microelectronic, fuel cells, engine cooling vehicle, domestic and
refrigerator. Nanofluid are significant in heat transfer rate to
enhance the thermal properties such as electronic cooling system,
radiators and heat exchanger. Nanofluids are used in automobiles
as coolant because it increases the heat transfer rate. Nanoparticles
have been made of different materials such as oxide ceramics,
nitride oxide, metals, semiconductor and carbon nanotubes. Mag-
netic nanofluid is a fluid with unique characteristics of both liquid
and magnetic field. Such fluids have been found to have several
fascinating applications such as magneto-optical wavelength filter,
optical modulators, nonlinear optical materials, tunable optical
fiber filter, optical grating, optical switches etc. Magneto nanoflu-
ids are useful to guide the particles up the blood stream to a tumor
with magnets because magnetic nanoparticles are more adhesive
to tumor cells than non-malignant cells. Such particles absorb
more power than microparticles in alternating current magnetic
fields tolerable in humans i.e. for cancer therapy. Numerous appli-
cations involving magnetic nanofluids include drug delivery, con-
trast enhancement in magnetic resonance imaging and magnetic
cell separation. Heat transfer augmentation in a two-sided lid-
driven differentially heated square cavity utilizing nanofluids is
examined by Tiwari and Das [2]. Turkyilmazoglu [3] discussed
nanofluid flow due to a rotating disk. Vajravelu et al. [4] studied
Ag-water and Cu-water nanofluids flow and convective heat trans-
fer over a stretching sheet. MHD nanofluid flow subject to second
order slip velocity and chemical reaction is investigated by Hayat
et al. [5]. Sheikholeslami et al. [6] examined effect of thermal radi-
ation on MHD nanofluid flow. Peristaltic transport of copper–water
nanofluid saturating porous medium is illustrated by Abbasi et al.
[7]. Hayat et al. [8] discussed effects of chemical reaction in flow of
ferrofluid by a rotating disk. Mansur and Ishak [9] investigated
unsteady nanofluid flow over a stretching sheet with a convective
boundary condition.

Magnetohydrodynamics concern the dynamics of magnetic
field in electrically conducting fluids. MHD are useful in many
applications like engineering, medicine, geophysics and trans-
portation. Physiological fluids, in sink float separation, blood pump
machines and blood plasma are the fields in which MHD plays a
great role. Effects of thermal radiation on MHD nanofluid flow over
a convective stretching surface are discussed by Makinde et al.
[10]. MHD nanofluid flow and heat transfer in a stretching channel
considering thermal radiation are investigated by Dogonchi and
Ganji [11]. Ibanez et al. [12] analyzed MHD nanofluid flow in
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porous microchannel with thermal radiation. Unsteady flow and
heat transfer of nanofluid under the effect of magnetic field are dis-
cussed by Sheikholeslami et al. [13]. Influence of magnetic field in
third grade fluid flow over a stretching surface has been examined
by Asghar et al. [14].

Thermal radiation has wide application in polymer technology,
food production, engineering and spinning of fibers and advanced
energy conversion system in heat transfer at high temperature.
Effect of thermal radiation is dominant when temperature differ-
ence becomes larger. Rashidi et al. [15] studied mixed convection
heat transfer for viscoelastic fluid flow over a porous wedge with
thermal radiation. Mukhopadhyay [16] presented slip effects on
MHD boundary layer flow over an exponentially stretching sheet
with suction/blowing and thermal radiation. Bhattacharyya et al.
[17] examined radiative flow of micropolar fluid over a porous
shrinking sheet. Second law analysis for variable viscosity hydro-
magnetic boundary layer flow with thermal radiation and Newto-
nian heating is investigated by Makinde [18]. Magyari [19]
indicated that linear radiation problem for flow past a flat plate
can be simply reduced to re-scaling of Prandtl number by a factor
involving radiation parameter. It means that effect of linear radia-
tion on flow and heat transfer characteristics is trivial both physi-
cally and computationally. Keeping this in view some researchers
recently proposed the idea of nonlinear radiative heat transfer. It
is seen that energy equation in the case of nonlinear radiation is
strongly nonlinear and contains an additional temperature param-
eter which is the ratio of wall and ambient temperatures. Hayat
et al. [20] discussed MHD flow of nanofluid in the presence of non-
linear thermal radiation. Impact of nonlinear thermal radiation on
three dimensional flow of nanofluid has been analyzed by Hayat
et al. [21]. Mustafa et al. [22] examined stagnation point flow of
power law fluid with nonlinear thermal radiation. Effect of nonlin-
ear thermal radiation in the flow of Jeffrey nanofluid is presented
by Shehzad et al. [23]. Nanofluid flow in the presence of nonlinear
thermal radiation has been illustrated by Mushtaq et al. [24]. Cor-
tell [25] discussed the nonlinear thermal radiation over a stretch-
ing sheet. Sakiadis flow with nonlinear thermal radiation has
been studied by Pantokratoras and Fang [26].

Present article investigates the effect of mixed convection and
nonlinear thermal radiation on nanofluid flow past a curved
stretching sheet. Effects of Joule heating are also taken into consid-
eration. Homotopy analysis method [27–34] is used to obtain the
convergent series solutions. Effects of different parameters on the
velocity, temperature, skin friction coefficient and Nusselt number
have been presented through graphs and analyzed.

Model development

Consider two-dimensional nanofluid flow by a curved unsteady
stretching sheet coiled in a circle of radius R. Stretching of sheet is
taken in the s-direction with the velocity u ¼ uw ¼ as. A magnetic
field of strength B0 is applied in the r-direction. Also the bottom
surface of sheet has temperature Tw while ambient fluid tempera-
ture is T1. Governing equations of present boundary layer flow
problem are
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where uðr; sÞ and vðr; sÞ are the velocity components, rthe electrical
conductivity, p the pressure, B0 the strength of magnetic field, g the
gravitational acceleration and T the temperature.

Effective dynamic viscosity lnf of the nanofluid [35] is defined
as:

lnf ¼
lf

ð1�uÞ2:5 ; ð5Þ

here u denotes the solid volume fraction of nanoparticles. Nano-
fluid effective heat capacitance ðqCpÞnf , thermal diffusivity anf , den-
sity qnf [2] and electrical conductivity rnf [36] are defined as:
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For spherical shaped nanoparticles the Maxwell model defines
thermal conductivity knf [37] as follows:

knf
kf

¼ ks þ 2kf � 2uðkf � ksÞ
ks þ 2kf þuðkf � ksÞ ; ð10Þ

where nf ; s and f in subscripts are for nanofluid, nano-solid particles
and base fluid respectively.

Boundary conditions for the present problem are

u ¼ as; v ¼ 0; T ¼ Tw at r ¼ 0;
u ! 0; @u

@r ! 0; T ! T1 as r ! 1:
ð11Þ

Radiative heat flux by using the Rosseland approximation is
defined as:

qr ¼ �4r�
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where r� the Stefan–Boltzmann constant and k� the mean absorp-
tion coefficient. Using Eq. (11), Eq. (4) implies that
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We introduce the following similarity transformations

u ¼ as f 0ðgÞ; v ¼ �R
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Using Eq. (14) continuity equation is satisfied automatically and
Eqs. (2), (3) and (13) take the form:

@p
@g

¼ f 02

u1ðgþ kÞ ; ð15Þ



906 T. Hayat et al. / Results in Physics 6 (2016) 904–910
2Au1

ðAþ gÞ PðgÞ ¼ b1 f 000 þ f 00

ðAþ gÞ �
f 0

ðAþ gÞ2
 !

� A
ðAþ gÞ f

02

þ A
ðAþ gÞ ff

00 þ A

ðAþ gÞ2
ff 0 �Mu1

rnf

rf
f 0 þ A1k1u1h;

ð16Þ

1
Pr

knf
kf
þ Rd

� �
ðAþ gÞh00 þ h0f g þ Rd

Pr ðhw � 1Þ3
h

ð3h2h02 þ h3h00Þ þ 3ðhw � 1Þ2ð2hh02 þ h2h00Þ
þ3ðhw � 1Þðh02 þ hh00Þ

i
þ EcM rnf

rf
f 02 þ Acfh0 ¼ 0;

ð17Þ

with boundary conditions

f ð0Þ ¼ 0; f 0ð0Þ ¼ 1; hð0Þ ¼ 1
f 0ð1Þ ¼ 0; f 00ð1Þ ¼ 0; hð1Þ ¼ 0;

ð18Þ
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Eliminating pressure from Eqs. (15) and (16), we have
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Skin friction coefficient and the local Nusselt number are
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in which srs and qw denotes surface shear stress and heat flux which
are defined as:
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In dimensionless form skin friction coefficient and Nusselt
number are
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where Res is the local Reynolds number.
Solution methodology

For HAM solutions we select initial guesses and linear operators
as follows
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N h ĥðg;HÞ; f̂ ðg;HÞ
h i

¼ 1
Pr

knf
kf
þRd

� �
ðAþgÞ@2 ĥðg;HÞ
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@2 ĥðg;HÞ
@g2

� �
þ3ðhw�1Þ
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f̂ 0ð0;HÞ ¼ 1; f̂ ð0;HÞ ¼ 0; f̂ 0ð1;HÞ ¼ 0; f̂ 00ð1;HÞ ¼ 0 ð31Þ

ĥð0;HÞ ¼ 1; ĥð1;HÞ ¼ 0; ð32Þ
The mth-order deformation equations are

Lf f mðgÞ � vmfm�1ðgÞ

 � ¼ �hfRf ;mðgÞ; ð33Þ

Lh hmðgÞ � vmhm�1ðgÞ

 � ¼ �hhRh;mðgÞ; ð34Þ

where

vm ¼ 0; m 6 1
1; m > 1

�
; ð35Þ

Rf ;m gð Þ ¼ ðAþ gÞ3f 0000
m�1 þ 2ðAþ gÞ2f 000m�1 þ f 0m�1 � ðAþ gÞf 00m�1

þb1A
Xm�1

k¼0

ðAþ gÞ2f m�1�kf
000
k

h
� ðAþ gÞ2f 0m�1�kf

00
k

�ðAþ gÞf 0m�1�kf
0
k þ ðAþ gÞf m�1�kf

00
k � f m�1�kf

0
k

i
�ð1�uÞ5=2M rnf

rf
ðAþ gÞ3f 00m�1 þ ðAþ gÞ2f 0m�1

� �
þð1�uÞ5=2A1k1 ðAþ gÞ3h0m�1 þ ðAþ gÞ2hm�1

� �
:

ð36Þ



Table 2
Convergence of obtained HAM solutions for Ag-water nanofluid for different order of
approximations when u ¼ 0:03;A ¼ 0:4;M ¼ 0:5;Rd ¼ 0:7; k1 ¼ 1:0; hw ¼ 1:1 and
Ec ¼ 0:4.

Order of approximations �f 00ð0Þ �h0ð0Þ
1 2:981 1:000
4 2:958 1:001
6 2:955 1:001
7 2:955 1:002
8 2:954 1:002
10 2:954 1:002
30 2:954 1:002
40 2:954 1:002
45 2:954 1:002

Fig. 1. �h-Curves for Cu nanoparticles when u ¼ 0:03; A ¼ M ¼ 0:4; Rd ¼ 0:3;
k1 ¼ 0:9; hw ¼ 1:1 and Ec ¼ 0:6.

Fig. 2. �h-curves for Ag nanoparticles when u ¼ 0:03;A ¼ 0:4, M ¼ 0:5;Rd ¼ 0:7;
k1 ¼ 1:0; hw ¼ 1:1 and Ec ¼ 0:4.

Table 1
Convergence of obtained HAM solutions for Cu-water nanofluid for different order of
approximations when u ¼ 0:03;A ¼ M ¼ 0:4;Rd ¼ 0:3; k1 ¼ 0:9; hw ¼ 1:1 and
Ec ¼ 0:6.

Order of approximations �f 00ð0Þ �h0ð0Þ
1 2:980 1:000
2 2:968 1:000
4 2:959 1:000
5 2:957 1:001
6 2:956 1:001
10 2:956 1:001
30 2:956 1:001
40 2:956 1:001
45 2:956 1:001
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f 0mð0Þ ¼ f mð0Þ ¼ f 0mð1Þ ¼ f 00mð1Þ ¼ hmð0Þ ¼ hmð1Þ ¼ 0: ð38Þ
The general solutions ðf m; hmÞ comprising the special solutions

ðf �m; h�mÞ are
f mðgÞ ¼ f �mðgÞ þ c1eg þ c2e�g þ c3e2g þ c4e�2g;

hmðgÞ ¼ h�mðgÞ þ c5eg þ c6e�g;
ð39Þ

where c1 � c6 are constants.

Convergence analysis

HAM is a method to solve nonlinear ordinary differential equa-
tions. It provides convenient way to select the basic functions of
the desired solution and the corresponding auxiliary linear opera-
tor. The auxiliary parameters �hf and �hh give freedom to provide
convergent series solutions. �1:5 6 �hf 6 �0:1 and
�0:8 6 �hh 6 0:1 are ranges of the auxiliary parameters for Cu
nanoparticles. The ranges of the auxiliary parameters for Ag
nanoparticles are �1 6 �hf 6 0:1, and �1:9 6 �hh 6 0:1. Also the
region of convergence for HAM solutions is 0 < g < 1when
�hf ¼ �0:8 and �hh ¼ �0:2 for Cu nanoparticles and for Ag nanopar-
ticles when �hf ¼ �0:9 and �hh ¼ �1 (Figs. 1 and 2) (Tables1–3).

Results and discussion

Dimensionless velocity profiles

Fig. 3 depicts the behavior of curvature parameter A on velocity
profile f 0ðgÞ. Larger values of curvature parameter enhance the
velocity profile. Because radius of sheet increases for higher values
of curvature parameter which enhances the motion of the fluid.
Fig. 4 shows the effect of Hartman numberM on f 0ðgÞ. Velocity pro-
file f 0ðgÞ decreases when Hartman number is increased. It is
because the Lorentz force produces for larger M which enhances
the resistance to the fluid flow. Fig. 5 shows the behavior of mixed
convection parameter k1 on velocity profile f 0ðgÞ. Here velocity pro-
file is increasing function of mixed convection parameter k1.

Dimensionless temperature profiles

Fig. 6 is plotted to show the behavior of curvature parameter A
on temperature profile hðgÞ. Here larger values of curvature param-
eter reduce the temperature profile hðgÞ. Temperature profiles are
plotted for different values of radiation parameter Rd (see Fig. 7).
Increasing radiation parameter enhances the radiative heat flux
which produces heat so increase in the temperature profile is
observed. Fig. 8 exhibits the variation of temperature parameter
hw on temperature profile hðgÞ. Larger values of temperature
parameter hw correspond to increase in the temperature profile
hðgÞ. Fig. 9 shows the impact of nanoparticles volume fraction



Table 3
Some thermophysical properties of base fluid and nanoparticles.

qðkg=m3Þ Cpðj=kgKÞ k(W=mKÞ b� 105ðK�1Þ rðXmÞ�1

Water (H2O) 997.1 4179 0.613 21 0.05
Copper (Cu) 8933 385 401 1.67 5.96 � 107

Silver (Ag) 10,500 235 429 1.89 6.3 � 107
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uon temperature profile hðgÞ. There is an enhancement in temper-
ature profile hðgÞ when nanoparticles volume fraction uis
Fig. 3. Behavior of A on f 0ðgÞ.

Fig. 4. Behavior of M on f 0ðgÞ.

Fig. 5. Behavior of k1 on f 0 ðgÞ.

Fig. 6. Behavior of A on hðgÞ.

Fig. 7. Behavior of Rd on hðgÞ.
increased. Because the thermal conductivity increases for larger
value of volume of nanoparticles. Fig. 10 depicts the behavior of
Eckert number Ec on temperature profile hðgÞ. When we increase
Fig. 8. Behavior of hw on hðgÞ.



Fig. 9. Behavior of u on hðgÞ.

Fig. 10. Behavior of Ec on hðgÞ.

Fig. 11. Behavior of A on Re1=2s Cf .

Fig. 12. Behavior of M on Re1=2s Cf .

Fig. 13. Behavior of M on Re1=2s Cf .

Fig. 14. Behavior of Econ Re1=2s Nus .
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the Eckert number Ec the temperature profile hðgÞ enhances. As
Eckert number is the ratio of kinetic energy to enthalpy. Kinetic
energy increases for higher values of Eckert number Ec hence tem-
perature profile hðgÞ increases.
Skin friction coefficient

Behavior of curvature parameter A on skin friction coefficient
Re1=2s Cf via Eckert number Ec is shown in Fig. 11. Here magnitude
of surface drag force decreases for increasing values of curvature
parameter A. Fig. 12 illustrates the effects of Hartman number M
via mixed convection parameter k1 on skin friction coefficient.
Increasing values of Hartman number enhance the skin friction
coefficient. Fig. 13 depicts the behavior of Hartman number M
against radiation parameter Rd on skin friction coefficient. Surface
drag force increases for larger values of Hartman number M.
Nusselt number

Fig. 14 illustrates the behavior of Eckert number Ec on Nusselt
number Re1=2s Nus against curvature parameter A. For higher values
of Eckert number surface heat transfer rate reduce. Fig. 15 illus-
trates the impact of radiation parameter Rd via curvature parame-
ter A. Nusselt number enhances for larger values of radiation
parameter. Effect of temperature parameter hw via radiation
parameter is displayed in Fig. 16. Surface heat transfer rate
increases for increasing values of temperature parameter.



Fig. 15. Behavior of Rd on Re1=2s Nus .

Fig. 16. Behavior of hw on Re1=2s Nus .
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Main results

MHD flow of nanofluid with nonlinear thermal radiation and
mixed convection over a curved stretching sheet is investigated
here. The main points are as follows:

� Opposite impact of curvature parameter and Hartman number
is seen on the velocity profile.

� Increasing values of radiation parameter enhance the tempera-
ture profile.

� Surface drag force is higher for silver-water nanofluid as com-
pared to copper–water nanofluid.

� Surface heat transfer rate is proportional to radiation and tem-
perature parameters.
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