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1. Introduction

This paper deals with the existence of (weak) solutions of the semilinear elliptic problem
(P) —Au=g(x,u) inf2, u=0 onds2,

where £2 is a (smooth) bounded open subset of R" (n > 3 for simplicity), and g is a Carathéodory
function with subcritical growth, under so-called double resonance conditions. Namely, letting (A;) de-
note the nondecreasing sequence of (positive) eigenvalues of —A with 0-Dirichlet boundary condition,
we say that the above problem is strongly doubly resonant if for some i € N and almost every x € £2,
we have
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. X, S . X, S
Ai <liminf 8, s) < limsup 8, s) < Ait1,
|s|—o00 N |s|]—o00 S
and we call it weakly doubly resonant if the weaker condition
.. 2G(x,s . 2G(x, s
Ai < llmmf% < limsup % < Ait1s
|s|—o00 S |s|]— o0 N

where G(x,s) := fosg(x, t)dt, is satisfied. Such problems were first considered by Berestycki and
Figueiredo [1] through a degree theoretic approach. Here, we use a variational approach and, amidst
the vast literature on the subject, we parallel our study and the works (in decreasing order of gener-
ality) of Furtado and Silva [10], Costa and Magalhdes [7], and Costa and Oliveira [8], which appear as
key steps in this line (and to which we refer for further references). As well known, the functional f
associated with problem (P) is of class C! on Hé(.Q); accordingly, the results of the quoted papers
are based on critical point theory for C! functionals on Banach spaces. This leads to identify appro-
priate compactness conditions of (weak) Palais-Smale type satisfied by f, which are shown, in an
abstract part, to suffice in order to obtain a suitable deformation property, whence an existence of
critical point result.

The main purpose of this paper is to show how the main technical assumptions of the problem
(namely, variants of the so-called nonquadraticity at infinity conditions, introduced in [7] and refined
in [10]) can be used to define a metric d, equivalent to the norm metric, in such a way that, using
only a basic form of the deformation principle from critical point theory for continuous functions
on complete metric spaces [5,9], and a simple (new, however) linking principle, the functional f is
shown to possess a Palais-Smale type sequence in (H(l)(.Q),d) — which is ultimately shown to be
norm-bounded, and we are done. For the definition of the metric d, we use a particular case of the
general change-of-metric principle from [2], where the main motivation indeed was to unify various
abstract results of Schechter in smooth critical point theory (see [16]), thus avoiding the repetitive
construction of ad hoc deformations. We believe that our approach, in separating the specific technical
features of the abstract theory and of its applications to partial differential equations, provides a
clearer and more systematic view of the problems dealt with, what can thus be helpful for further
studies.

In Section 2, we provide the necessary background in nonsmooth critical point theory, as well as
the abstract results (Theorems 2.3 and 2.4) on existence of Palais-Smale type sequences in appro-
priately defined equivalent metrics, for continuous functions on Hilbert spaces. Though no min-max
procedure is involved, these results can be seen as variants of the saddle-point theorem of Rabi-
nowitz [15]. In Section 3, we introduce some nonquadraticity conditions (in the spirit of [10]), the
connection of which with one of the afore-mentioned metrics is established. These conditions are
used, together with Theorem 2.3, in Section 4, dealing with weak double resonance for problem (P),
to obtain refinements of the corresponding results in [10]; and in Section 5, dealing with strong dou-
ble resonance, in the case when the nonlinearity g has sublinear growth. Still in the sublinear case,
we consider another set of nonquadraticity conditions in Section 6, from which existence results for
problem (P) are deduced, under both weak and strong double resonance, as an application of Theo-
rem 2.4.

2. Abstract results

Let X be a metric space endowed with the metric d, and let f : X — R be continuous. If A is a
subset of X, a deformation of A (in X) is a continuous map 7: A x [0, 1] — X such that n(u,0) =u
for every u € A. For p > 0, we denote by

By(A) :={u e X: du, A) < p}
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the open p-neighborhood of A, where d(u, A) := inf{d(u, v): v € A}, with the convention d(u, ¥) =
+oo. If A:={u}, we simply write B, (u). If B is another subset of X, we set

d(A, B) :=inf{d(u,v): u€ A, v € B}
(with the convention d(A, B) = 400, if either A or B is empty). For a € R, we let
[f <al:={ueX: fu) <a}.
We recall the notion of weak slope from [9].

Definition 2.1. Let (X, d) be a metric space, and let f : X — R be continuous. For u € X, we denote by
|df|(u) the supremum of the set of nonnegative reals o such that there exist § > 0 and H: Bs(u) x
[0, 8] — X continuous with

d(H(v,t),v)<t,  f(H(v.D)< f(v)—ot
for every (v, t) € Bs(u) x [0, §]. The extended real number |df|(u) is called the weak slope of f at u.

Recall that if X is a C! Finsler manifold and if f is a C! function on X, then |df|(u) = || f'(u)| for
u € X, where f’(u) is the differential of f at u (see [9]).

The weak slope yields the following deformation theorem, which is a slight variant of [6, Theo-
rem 2.1] (itself a direct extension of [3, Theorem 2], these results relying on the basic deformation
theorem [5, Theorem (2.8)]).

Theorem 2.1. Let (X, d) be a metric space, let f : X — R be continuous, let C be a nonempty subset of X, and
letc eR, p >0, and o > 0. Assume that f~1([c, b]) is complete for every b € c, c + o p[ and that

|df |(u) > o foreveryu e B,(C)withc < f(u) <c+op.

Then, there exist a continuous function T : C N [f < c+op] — [0, +o0o[ and a deformation n of CN[f <
c+op] such that

(@) T(w) <max{(f(u) —c)/o,0} < p;
(b) d(n(u,t), u) < T(ut;

(©) f(nu,t) < f(w) —oT(t;

(

fa)y>c= fnu,1)=c

C
d

R BN A AN

Proof. Follow the arguments in the proof of [6, Theorem 2.1], replacing B, 1, (C), Epl (C), and p3
therein by B, (C), C, and p, respectively. O

Definition 2.2. Let (X, d) be a metric space, and let S1 C D1, Sy C D, be four subsets of X, with at
least three of them nonempty, and such that d(S{, D3) > 0 and d(S3, D) > 0. We say that the pair
(D1, S1) links the pair (D3, Sy) if for every deformation n of D, satisfying

d(n(u,t),u) <min{d(S1, D2),d(S2, D1)} (21)
for every (u,t) € D1 x [0, 1], we have

n(D1,1) N Dy # 0. (2.2)
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Clearly, if (D1, S1) links (D3, S») then D1 N Dy # @, so that for any function f: X — R we have
inf f <sup f.
DZ D]
Theorem 2.2. Let (X, d) be a complete metric space, let f : X — R be continuous, let (D1, S1), (D2, S2) be
two pairs in X such that (D1, S1) links (D3, S»), and set p := min{d(D>, S1),d(D1, S2)} > 0. Assume that f

is bounded from above on D1 and is bounded from below on D-. Then, for any reals 81, B2 with

B2 <inf f <sup f < By,
D> D¢

there exists u € B,(D1) such that

Br<fa)<p and |dfiw) <! ;ﬁz.

Proof. We argue by contradiction. Since A :={u € B,(D1): B2 < f(u) < B1} # @, we thus assume that

B1— B2

|df |(u) > T for every u € A.

Apply Theorem 2.1 with C := D1, ¢ := $,, the given p > 0, and o := ’S‘P%ﬁz. Noting that D1 N[f <
B1]1= Dy, we find a continuous function 7 : D1 — [0, p[ and a deformation n of D satisfying proper-
ties (a), (b) and (d) of Theorem 2.1. Using (a) and (b), we see that 1 is a deformation of D4 satisfying
(2.1), and that n(u,t) = u if f(u) < B. Taking also (d) into account, we thus have

fnw, 1)) < pa < i[1)1ff for every u € D1,
2

so that n(D1,1) N Dy = @, contrary to (2.2). This contradicts the fact that (D1, S1) links (D3, S»),
whence the conclusion. O

In the remainder of this section, X is a real Hilbert space, and we denote by |-|| the norm
associated with the scalar product of X. We consider a proper linear subspace X; of X with
0 < dim X1 < 400, and we let X, := (X1)*. Fori=1,2 and p > 0, we set

Dip:={ueXp ull<p},  Sip:={ueX: |ul=p}
The following proposition, asserting that the pair (D1 ,,S1,p,) “topologically links” the pair
(D2,p,,52,p,), is @ well-known fact (see, e.g., the proof of [12, Theorem (8.1)]). We sketch the proof
for completeness.
Proposition 2.1. Let p1, p2 > 0, and let 1 be a deformation of D1 p, in (X, ||-||) such that
n(S1,p, x[0,11) N D2 p, =@ and n(D1,p, x [0,1]) N Sz p, =¥.
Then, n(D1,p,, 1) N D2, p, # 0.

Proof. Denote by 7; the orthogonal projection on Xj, i =1,2, set Y :=[—1,1] x D1, and define
¢:Y x[0,1] > R x X by

72 (n(u, O)|

> +5, 71 (n(u,t))).

#((s.u).t) :=(
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Then, ¢ is continuous and ¢ ((s, u),0) = (s, u) for every (s,u) € Y. Moreover, ¢((s, u), t) # (0,0) for
every (s,u) on the boundary of Y and every t € [0, 1]. Indeed, let (u,t) € D1 p, x [0, 1] be such that
m1((u,t)) =0.If (s,u) € [-1,1] x S1,p,, then

[EIVIC g 772 (n(u, O)|| +s

1, sothat >0,
P2 P2
while if (s,u) € {—1,1} x D1 p,, then
St ,t
l7r2(n(u, )| 21, sothat T2 (n(u, )| S0,
02 P2

Thus, the Brouwer degree of ¢ (-, 1) with respect to (0, 0) is 1 (that of the identity of Y'), so that there
exists (s,u) € Y with ¢((s,u), 1) =(0,0), and it is easy to see that this means that n(u, 1) € D3 p,. O

The following proposition is a particular case of the change-of-metric principle [2, Theorem 4.1],
refined in [3,6]. In particular, the formula in (b), refining the corresponding one in [2], is in [6, Theo-
rem 2.2].

Proposition 2.2. Let 8 : [0, +oo[ — 10, +o0[ be continuous. For u, v € X, let I, v denote the set of (piece-
wise) C! paths y : [0, 1] — X with y (0) =u and y (1) = v, and set

1
d(u,v) :=inf{ fﬁ(”y(t) NIy ©]de: y e Fu.v}- (2.3)
0

Then, d is a metric on X which is topologically equivalent to the metric induced by the norm, and the following
properties hold.

(a) Iff(;roo B(s)ds = +oo, then (X, d) is complete.
(b) Forevery u € X we have

lull
d(u,0) = f B(s)ds.
0

(c) If f : X — R is continuous, then for every u € X we have

|df | ()

d = ,
47100 = )y

where |df| and |d f| denote the weak slope of f with respect to the norm metric and to the metric d,
respectively.

We describe in the following a general procedure in order to use the change-of-metric principle.

Proposition 2.3. Let 8 : [0, +o0o[ — 10, +oo[ be continuous and such that sf(s) — +oc as s — +oo, and let
d be the metric defined by (2.3) through the function 8. Fori, j =1, 2, i # j, we have

d(Sip, Djp) — +00 asp — +oo.
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Proof. Let i, j € {1,2} with i # j, let p >0, u € Sj3p, v € Dj2p, and let y € I, y. Define
ty :==sup{t€[0,1]: |y (s)| € [p.3p]foralls € [0,t]}.

Note that t, is well defined (since |y (0)|| = [lull =2p), and that ||y (t,) — ¥ (0)| > p (if t,, <1, then
either ||y (t))ll = p, or ||y (t,)|l =3p, while if t,, =1, then y(t,) = v). We have

1
[ #lvohly©las / sy Dl ©f d
0

>, min p®)[yty) ~r |

min (s
Pse[p 3p]ﬁ( )

—

> — min sB(s
3 selp.3p] Fs)-

Since y is arbitrary in Iy, and u, v are arbitrary in S; >, Dj 2p, respectively, we thus obtain that

~ 1
d(Si2p:Dj2p) = Z 3. H Sﬂ(S)

whence the conclusion. O
Combining the above propositions, the following is a corollary of Theorem 2.2.

Theorem 2.3. Let f : X — R be continuous, and let 8 : [0, +o0o[ — ]0, +oo[ be continuous with sg(s) —
+00 as s — +o00. Assume that

—oo <a:=inf f <sup f =:b < +o0. (2.4)
X2 X1

Then, there exist c € [a, b] and a sequence (uy) C X such that

|df | (up)
BlunlD

f@up) —c and —-0 ash— +oc0.

Proof. Recall that X is a Hilbert space with X = X; & X3, where 0 < dimX; < oo and dim X; > 0.
Let d be the metric defined by (2.3) through the function S. Because B(s) > % for large s, (X,d) is

complete according to Proposition 2.2(a). Since the topology of (X, d) agrees with the norm topology,
f is continuous on (X, d), while it follows from Proposition 2.1 that (Dq p, Sy ) links (D2, S2.p) in
(X,fi) for every h € N (recall Definition 2.2, and note that S;j, Dy are compact).

For each h € N, we may thus apply Theorem 2.2 in (X,d), to the function f, to the pairs
(D1, S1.1)» (Daps S2.n), and with Br=b+ 1, ;82 =a — 4. Taking Proposition 2.2(c) into account,
we find (up) C X such that a — 5 < f(up) < b+ 1 ; and

Ide(Uh) B1— B2
Blunl) min{a(sl,,,,Dzyh),a(sz,h,Dl,h)}

—0 ash— +oo,
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according to Proposition 2.3. Up to a subsequence, we further have that (f(up)) converges to some
cela,b]l. O

Remark 2.1. In critical point theory for continuous functions on metric spaces, the Palais-Smale condi-
tion for f: X — R at the level c € R (condition (PS)., for short) reads:

If (up) C X is a sequence such that f(up) — ¢ and |df|(uy) — O, then (uy) has a convergent
subsequence.

We thus see that if, in Theorem 2.3, we further assume that the function f satisfies condition (PS). for
every c € [a, b], in the metric space (X, d), then f has a critical point at level ¢ (for some c € [a, b]), that is,
there exists u € X with |df|(u) =0 and f(u) =c (using the fact that the weak slope is (clearly) lower
semicontinuous, and taking Proposition 2.2(c) into account). In [17], using the so-called strong Cerami-
Palais-Smale condition at level ¢ € R (denoted by (SCe).), Silva obtains a result of this type through a
classical approach in critical point theory for C! functionals, namely, by showing that condition (SCe),
allows to obtain a suitable deformation lemma for the function f. We believe it enlightening to rather
rely on a general, basic deformation principle (Theorem 2.1), and on an elementary consequence of it
(Theorem 2.2), while postponing, at the stage of the applications to variational problems, the choice
(through the function g) of the appropriate metric in which to apply the abstract principles — a choice
depending on the technical assumptions made in the problem.

As is well known, in applications to variational nonlinear elliptic problems, if the nonlinearity has
subcritical growth then a bounded Palais-Smale sequence for the associated functional has a conver-
gent subsequence. Arguing as above, and rather than verify a Palais—Smale condition in a generalized
sense, we shall thus directly show, in the applications given in Sections 4 and 5, that the sequence
(up) provided by Theorem 2.3 indeed is bounded.

A simple construction, to be used in applications, of a function 8 as in Theorem 2.3 is given below,
through another function w.

Proposition 2.4. Let w : 10, +o0o[ — R be nondecreasing, with w(s)— + co as s — +oo. Then there exists a
bounded, continuous function B, : [0, +oo[ — ]0, +o0o[ such that:

(@) 2B, (5)? < w(s) for large s;
(b) sBw(s) = 400 ass— +oo.

Proof. Let so > 0 be such that w(s) > 0 for all s > sg. Define, for s > sg:

172, /

(s) == inf{(w(®) + [t —s]|) "": t >so} = inf{(w(®) +5— t)] % t e [so, s]}.

Then, & : [so, +00[ — 10, +o0[ is continuous, with @(s)? < w(s) for s > so. Moreover, @ is nondecreas-
ing and @(s) — 400 as s — +oo. Then the function B, : [0, +00[ — 10, +oo[ defined by

Bw(s) :== min{l, @ ] where § := max{s, so},

has the desired properties. O

We now provide a variant of Theorem 2.3 for a specific function 8, but where we relax assump-
tion (2.4): in this case, there is no related Palais-Smale condition, while from the point of view of
applications (see Section 6), the approach is the same.
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Proposition 2.5. For . > 0, consider the metric

1

dy(u,v) = inf{ /(1 + ||y(t){|)/k] ly'@©]dt: y e My
0

(corresponding to the function B, (s) := (14 s)*~1in(2.3)). Fori, j=1,2,i % j, we have:

(@) if 1 > 1, then dyu (S p, Dj p) = 1 (1+ p)H;
(b) if0<u <1land p >1,thend, (Sip,Djp) > p*d;(Si1,Dj1).

Proof. (a) Let 7 denote the orthogonal projection on X, let u € X1, v € X3, and let y € I, . Then,
y1:=moy € Iy, and since s+— (1 + s)*~1 is nondecreasing, we have

1

1
[a+lvol ol [a+lnol ol dwo,
0

0

so that d (u, v) > dy (u, 0), from which we deduce, taking also Proposition 2.2(b) into account, that

1
d,(S1,p,D2,p) =du(S1,p,0) = ;(1 + )"

Similarly, through projecting ¥ on X, we obtain the other equality.
(b) Let u € S1,p, ve D3 p, and let y € I'y . Then, u/p € S1,1, v/p € D21, ¥/p € T'ujp,v/p, and we
have

1

1
Jas ol roldas [+ lyol) " lyold
0 0
1

= [+ |00 ey 0] d
0

> ptdyu/p,v/p) = ptdu(Si1, D2n),
so that d;(S1,p, D2,p) > p* d; (S1,1, D2,1). The other inequality is proved in a similar way. O

Theorem 2.4. Let f : X — R be continuous and bounded from below on the bounded subsets of X3, and let
W > 0. Assume that

1
lim — —inf f)=0.
i e (0 7= 1)

Then, there exists a sequence (up) C X such that

inf f <liminf f(up) <limsup f(up) <sup f
Xz h— o0 X1

h—o0
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and

dflun)
m ———————=
hoo (1 + lup AT

Proof. Let d;, be the metric defined in Proposition 2.5, so that, according to this result we have
hH
min{d, (S1n, D2.n).du(Son. D1p)} > — forallh eN,
’ o

where « := p if > 1, and « := (min{d;,(S1,1, D2,1),d;(S2,1, Dl,l)})_l if © < 1. Similarly as in the
proof of Theorem 2.3 (to which we refer for details), taking Proposition 2.2 into account, we may
apply Theorem 2.2 in (X,d,): we find a sequence (uj) C X such that

1 1
inf f——<f(up) <sup f+ —
nff = f <) <supf+7

and

|df |(up) Y (
(1+ [lupH*=1 = hr

2
sup f — inff+—>—>0 ash — +o0,
Dl,h D2,h h

according to the assumption made. O

Remark 2.2. Note that the case of the Cerami metric, namely, the metric dy corresponding to the
function Bo(s) :=1/(1 + s), is not covered by Theorems 2.3 and 2.4. Indeed, though (X, dg) is not
bounded — as is seen from Proposition 2.2(b) — we have that for i, j=1,2, i # j, do(Si,p, Dj,p)
is bounded with respect to p. Indeed, considering u € S; 5, v € Sjp, and y(t) := p(u + t(v —u))/
lu+t(v —u)|, t €[0,1], an easy computation shows that

ly' Ol
T+ 1y Ol

0

1
do(Si o, Di ) <do(Si p,Sip) < _
o i,p» j,p) o i,p j,p) / ,O-I-l

0

_7T
T2

Note also that the sequence (up) provided by Theorem 2.4 is not truly a Palais-Smale sequence (see
Remark 2.1), since (f(up)) may not be bounded. Theorem 2.4 is a variant of some (more involved)
results in [2], see also Schechter [16] in a smooth setting.

3. The semilinear elliptic problem and nonquadraticity conditions

Let £2 be a nonempty, bounded domain in R”, n > 3, with a smooth boundary 952. We consider
the Hilbert space Hs)(.Q) endowed with the scalar product

(u,v) ::/Vu(x)-Vv(x)dx,

2

and we denote by ||-|| its induced norm. For 1 < p < +o0, we denote by |-, the norm of LP(£2),
by p' = % the conjugate of p (for 1 < p < +00), and we let 2* = nZT"Z denote the critical Sobolev

exponent for the embedding of H(l)(.Q) in LP(£2).
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We consider the problem (P) of the existence of a weak solution u € H(l,(.Q) of the semilinear
equation

—Au=g(-,u) inD(R),

where (and throughout this section) g: £ x R — R is a Carathéodory function such that for almost
every x € £2 and all s e R,

(g) lg(x,9)| <a) +b|s|P7",
where a € [27(£2), b >0, and 1 < p < 2*.

Under this assumption, and letting G(x, s) := fosg(x, t)dt, the functional f defined by

f(u):%/|Vu(x)|2dx—/G(x,u(x))dx (3.1)
Q

ko)

is (well defined and) of class C! on (H}(£2), |I-II), with

f’(u)(v):/Vu-Vv—/g(x,u)v

2 2

(from now on, we drop the “dx”s) so that for every u € Hé(Q) we have |df|(u) = ||f/(u)||H71(9),
while

2f) — f'w) = /(g(x, wu —2G(x, u)).

2

As is well known, existence results for problem (P) heavily depend on the behavior of the integrand
in the latter equality. Accordingly, a basic condition we shall use here is the following:
There exists ag € L1(£2) such that for almost every x € 2 and all s € R,

(G.g)* +(g(x,5)s —2G(x,5)) > —ao(x).

This indeed contains two (dual) conditions: (G.g)* and (G.g)~, which imply that
Hi(x) :=liminf[£(g(x, s)s — 2G(x,5))| > —oc fora.e.x € £2. (3.2)
|s|—>o00

We set
2+ :={x€2: Hi(x) = 4o0}.

In the remainder of this section, we discuss some conditions on the “size” of the sets 24 and £2_,
that allow to make appropriate choices of a metric on Hg)(.Q), in order to apply the abstract results
of the previous section to obtain the existence of a weak solution for (P).

Let 0 < A1 <Ay <--- < Ap = +00 denote the eigenvalues of —A on H(‘)(.Q), counted according to
their multiplicity, and let (ej) jey denote corresponding eigenvectors forming a Hilbert basis of H(l)(.Q)
(eq1 >0 on ). For j €N, we denote by E; the (finite dimensional) A j-eigenspace.
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Let S denote the best constant for the embedding Hg)(.Q) C LZ' (), that is

2
S:_mf{ |:| ”” ueHO(Q) u;«éo}
2*

We set @1 :=0, and for jeN, j>2

S n/2
oji=2] - = >0,
J

where |-| denotes the Lebesgue measure. (Note that n/2 = (2*/2).)

Lemma 3.1. Let j € N, and let £29 C §2 with 29| > ;. There exists &; > 0 such that for every u € H},(.Q)
with |Jull < 1and A; ||u||2 1 —¢j, we have

[{x € 20: u(x) #0}| > 0.

Proof. Assume, for a contradiction, that there is a sequence (uy) in Hé(Q) such that for each h,
1
lupll <1, Aj ||uh||2 1-— b and up(x) =0 fora.e.xe £2p.

Up to a subsequence, we may assume that (up) converges to some function u, weakly in Hé(.Q),
strongly in L2(£2), and almost everywhere in £2, so that |ju]| <1, Aj||u||§ > 1, and u(x) = 0 for almost
every x € §29. If j =1, we thus have u € Eq \ {0}, so that u(x) ## 0 for every x € §2, which contradicts
the fact that |§£2¢] > 0. If j > 2, we have

N\ Ai
1< kj( / Jul? ) 12\ 20" < 12\ 202,
2\20
which contradicts the fact that [£2g] > ;. O
According to the previous lemma, for j € N we consider the two conditions:
(NQH* |24 > .

Lemma 3.2. Let j € N, and assume that conditions (G.g)* and (NQ;)* hold. Let £; > 0 be given by
Lemma 3.1, corresponding to 2o := £2.. Set

ES = {u e H)(2): ull <1, Ajlull3 >1—¢;},
and define a nondecreasing wj 4 :10, +oo[ — R by:

w;j +(s) :=inf: /( (x, pu)pu —2G(x, pu)): p =, u € E%
2

Then,

lim w;i 4 (s) =4o0.
s—>—+00 ]’+()
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Proof. Let (up) be a sequence in E® and 0 < p, — +oo. Up to a subsequence, (u;) converges to
some function u, weakly in H})(Q), strongly in L?(£2), and almost everywhere in £2. Thus, u € Ei

and, from (NQj)+ and Lemma 3.1 we find 2 C 24 with |2| > 0 such that u(x) #0 for every x € Q.
According to (G.g)" (recall (3.2)), we may apply Fatou’s lemma to obtain

hli)ﬂgo/(g(x, Prlp) Prlip — 2G(X, pplp)) = / Hy = +oo.
2 2
The conclusion follows from the arbitrariness of the sequences (uy) and (pp). O

Remark 3.1. In a dual way, if conditions (G.g)~ and (NQ;)~ hold, then the function
wj —:]0,4+00[ — R defined by:

wj ()= inf{ /(ZG(x, pu) — g(x, ,ou),ou): p>=s, uekE® }
Q

also satisfies w;j _(s) - 400 as s — 4-o0.

Lemma 3.3. Let j € N, and assume that |$24| > O (i.e, condition (NQ1)™ holds). There exists & > 0 such
that for every u € H} () with [lull < 1, Ajllull3 > 1 — ¢}, and d(u, E;) < &, we have

|{x € 24: ux #0}| > 0.

Proof. Assume, for a contradiction, that there is a sequence (up) in H})(Q) such that for each h:
lunll <1, 2jllupll3 > 1 — §, d(up, Ej) < #, and

[{xe 2y up(x) #0}| =0.
Then, up to a subsequence, (uy) converges weakly in Hé(.Q), strongly in L2(£2), and almost every-
where in £2, to some function u € E; with |lull =1, so that u(x) # 0 for almost every x € £2, and
[{x € 24 u(x) #0}| =0, so that |2, | =0, contradicting our assumption. 0O

Arguing in a similar way as in Lemma 3.2 yields the following.

Lemma 34. Let j € N, assume that conditions (G.g)* and (NQq)* hold, and let €; > 0 be given by
Lemma 3.3. Set

EY o= {ue Hy(2): lull <1, Ajlul3 >1—¢;, d, Ej) <ej},

and define a nondecreasing ®;j  :10, +-0o[ — R by
@Dj +(s) = inf{ /(g(x, pu)pu —2G(x, pu)): p =5, u€ Ejj }

Then,

lim &; 4 (s) =+oo.
s——+00 ]’+()
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Remark 3.2. (a) Set

H. (0 :=liminf[+(g(x, 5)s — 2G(x,9))].
Hi(x):= lSiLnJri&f[j:(g(x, $)s —2G(x,9))].

Arguing similarly as in Lemma 3.3 and in Lemma 3.4, it is easily seen that the latter holds under the
following condition, weaker than (NQ1)*:

(NQ YueEj\{0}: |{Hs=+o0, u>0}|+|{H, =+oo, u<0}|>0.

In a dual way, results similar to the two previous lemmas hold under conditions (G.g)~ and (NQ1)~,
or, more generally, under conditions (G.g)~ and

(NQj)y VueEj\{0}: |{H_=+oo, u>0}|+|{H_=+o0, u<0}|>0.

(b) The conditions (NQ j)i originate from the work of Furtado and Silva [10]. Precisely, conditions
(NQ)+ in [10] read: “|2+| > 0 and (G.g)* holds”; while the assumption that |24 | > aj is delayed
there until the verification of the compactness condition for the functional f mentioned in Remark 2.1
— which points up the difference of approach evoked in that remark. Also, our singling out conditions
(G.g)* is justified by the specific role these are to play in the coming section. The stronger conditions

(H)* lim [+(g(x,s)s —2G(x,s))] = +oo uniformly for a.e.x € £2

|s|—>o00

(implying £2+ = £2, and (G.g)*, due to uniformity) were considered by Costa and Magalhies [7], who
introduced such nonquadraticity conditions. See Remark 4.3 below for further comments.

4. A weakly doubly resonant problem

In the remainder of the paper, f : HE)(.Q) — R is the functional defined by (3.1). In this section,
g: 2 x R— R is a Carathéodory function satisfying (g). Using standard notations, for x € £2 we let

2G 2G
*5) , K+ (x) :=limsup *5)
52 s>doo S

)

L+ (x) :=liminf
s—+o0
and set L:=min{Ly, L_}, K := max{K, K_}. We first point out the following consequence of condi-
tions (G.g)*, building on a technical device from [7, Lemma 4].
Lemma 4.1.
(a) Assume (G.g)T. Then,
2G(x,5) < K(x)s2 +ag(x) fora.e xe $2 and foralls € R.

(b) Assume (G.g)~. Then,

2G(x,5) = L(x)s® — ap(x) fora.e. x e §2 and forall s e R.

Proof. We show (a), the proof of (b) is similar. For almost every x € £2 and every s # 0 we have

ds s2

s3i<G(X, S)> =g(x,5)s —2G(x,5) = —ag(x),
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so that for every t with ts > 0 and |t| > |s| we obtain

G(x,s)  Gx,t) apx) (1 1
< — __ 41
52 t2 + 2 \s2 2 (4.1)
which, taking the upper limits on the right-hand side as t — o0, and the definition of K into ac-
count, yields the result. O

Remark 4.1. Observe that, taking the lower limits on the right-hand side of (4.1), as t — +o00, then
the upper limits on the left-hand side, as s — £o00, we indeed obtain Ky =L; and K_ =L_. That is,
under condition (G.g)™ (or under condition (G.g)~ as well), there exist

= i =

26 26
*9  ind _@):= lim 2%
2 s>—o0  §2

(and, of course, L =min{¢,, ¢_}, K =max{fy,£_}).
For j e N, we set
- Ty e —
Xj :=spanfeq,...,e;} and Xj :=spanfej,eji1,...},
so that

ull? < Ajllulls forueX; and ull? = ajllull3 foru e X}, (4.2)

and we consider the following one-sided growth conditions on G:
There exists §; € L1(£2) such that for almost every x € £2 and all s e R,

(Gj* +2G(x,5) < £Ajs? +8(X).
Taking (4.2) into account, we see that (G j)i (respectively) imply
+2f ) =+|ull®>F / 2G(x,u) = —||8j|l1 foreveryu e Xf. (4.3)
Q

We now consider the following conditions, weaker than (G]-)i:
There exist a; € L1(£2) and b € L"/2(£2) such that for almost every x € £2 and all s € R,

©)* +£2G(x, ) <a1(x) + b1 (X)s*.
Notation. For a function u defined on £2, we set as usual: u™ := max{u, 0}, u~ := max{—u, 0}. More-

over, equalities or large inequalities between functions defined on §2 are hereafter meant to hold in
almost everywhere sense.

Lemma 4.2. Let (i) be a sequence in H})(SZ) with ||Qiy|| = 1 for every h, and weakly convergent to a func-
tion u, let 0 < py — +00, and let j € N. We have:

(a) If (G)T holds, then

limsup/ 260 oritn) /(1<+(u+)2 +K_(u)?). (4.4)
h— o0 Py o
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If, moreover, K < Aj, u € XJJF, and

lim inf £ P10 "2”") <

0, (4.5)
h—o0 ,Oh

thenu e E;\ {0} and (Aj — Ky )u™ + (Aj — K_)u™ = 0 (whence K = 1;).
(b) If (G)~ holds, then

liminf/ 200 outtn) >/(L+(u+)2 +L_w))).
h—o00 'Oh ps

If, moreover, L > 4, (iiy) converges strongly to u € Xj_, and

lim sup f('oihzuh) >

h—o0 Ph

07

thenu € E; \ {0} and (L — )\j)u+ + (L —Aj)u” =0(whence L =A;).

Proof. (a) Up to a subsequence, we may assume that i, — u almost everywhere in £2. Then, accord-
ing to (G)T,

2G(-, ppli a . .
2GC. Pnitn) < — +b1fi2 — biu® strongly in L'(£2),

Pi Pi
while
lim sup M <K ()’ + K- ()’
h—oo H

for almost every x € £2, and (4.4) follows from Fatou’s lemma. If (4.5) holds, we thus have

2 U 2G(x, ppll
0> liminfM =1- limsup/ M >1-— /(I<+(u+)2 + K_(u_)z),
h— o0 ,Oh h— o0 Ph o

so that, if K <Aj,ifue Xj+, and taking (4.2) into account, we have

2 \2
lul* <1< f(1<+(u+) + K- (u7)7) < agllull < ful.
2

It follows that u € E; with [lul| =1, and that [,((%j — Kp)@™)? + (Aj — K-)™)?) =0, so that
(rj— Ky)u™ + (Aj — K_)u~™ =0. Since u(x) # 0 for almost every x € £2, we obtain in particular that
K =Aj.

(b) The first conclusion is obtained similarly as in (a). Using it, under the further assumptions
made, and taking (4.2) into account, we obtain

Ajllull3 </(L+(u+)2+L(u*)2) <1=[lull® <Ajlul.
2

It follows that u € Ej, and then, that (L4 —Aput + (- —Aj))u"=0. O
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Corollary 4.1. Let j € N.

(@) If(G)* holds, if K < Aj, and if (A j — K )u™ + (A j — K_)u~ #0 forevery u € E\ {0}, then f(u) - +o0
as ||ul| - oo, u e X;-r,

(b) If (G)~ holds, if L > Aj, and if (L4 — Aj)u™ 4+ (L_ — Aj)u~ #0 forevery u € E; \ {0}, then f(u) > —o0
as ||ul| - oo, u e Xj’.

Proof. Assume, for a contradiction, that there is a sequence (up) in X;T (resp., in Xj_) with 0 <
on = |lup|l = oo and sup(f(up)) < +oo (resp., inf(f(up)) > —o0). Setting il := ;')—';, so that, up to a
subsequence, (ii) converges weakly in X]‘.L (resp., strongly in (the finite dimensional) X].‘ ), Lemma 4.2
yields a contradiction. O

Remark 4.2. Lemma 4.2 and Corollary 4.1 are adaptations of classical arguments, see, e.g., [14,
Lemma 1].

In view of the previous result and of Remark 4.1, we are led to consider the following condition,
for jeN:

(Ej) (Aj—LuT+(j—€_)u” #0 foreveryueE;\ {0}.

(Note that (Eq) just reads: €4 7# A1 #£_.)
The following is the main result of this section.

Theorem 4.1. Assume (g) with p < 2*. Let further i € N, assume that
(WR)i i1 A < L<K < Ay,

and that conditions (G.g)™, (NQ;y1)™, and either (G;)~ or (E;) and (G)~, hold. Then, problem (P) has a
weak solution.

Proof. Considering the decomposition

H§(2)=X1® Xz with Xy :=X; and Xz := X{ (=X;,). (4.6)

we first show that

—oo < inf f < sup f < +o0. (4.7)
X2 X1

Indeed, K < Aix1 and (G.g)* imply that (G;j+1)T holds (with 8;11 := ap), according to Lemma 4.1(a),
so that f is bounded below on X, according to (4.3). Likewise, (4.3) yields that f is bounded above
on X if (G;)~ holds. Finally, if (E;) and (G)™ hold, and since L > A;, f is anticoercive on X7 according
to Corollary 4.1(b), so that again supy, f < +oo.

Thanks to (G.g)* and (NQ;+1)™, letting E®*+1 and w;y1,+ =: w be defined as in Lemma 3.2, con-
sider B, : [0, +o00[ — ]0, +o0[ given by Proposition 2.4. Applying Theorem 2.3, we obtain a sequence
(up) C H}(£2) such that

I
. u
(f(up)) isbounded and EACN -0 (4.8)
Bo(lunl)
We show that (up) is bounded. Arguing by contradiction, assume that, up to a subsequence, 0 < pp, :=
llup|l = oo and i, := “& strongly converges in L%(£2). Since (Gi4+1)* holds (as already said), we have

Ph
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2 2G(x, pyll N
1= lim (l - f(gh)) = lim fw < Aigr lim |dip)3, (4.9)
h— o0 ph h— o0 ph h— o0

so that i, € E®+1 for large h. Thus, from the definition of w and from Proposition 2.4(a), we obtain
2f (up)—f"(up) (up) = /(g(x, Pnitin) il —2G (X, prilp)) = (o) = i Bew(Pn)*
Q

for large h. Taking Proposition 2.4(b) into account, this yields

2f(up) — f'(up)(up)
PnBo(Pn)

2 PnBo(pn) = +00,

while, on the other hand, (4.8) yields

2fup) — f'(up)(up) N
PhBw(Pn)

0,

which is the desired contradiction.

Thus, (up) is a bounded sequence with f’(uy) — 0, so that, since p < 2*, we conclude in a standard
way (see, e.g., [15, Proposition B.35]) that (up) has a strongly convergent subsequence, the limit of
which is a weak solution of (P). O

In a (an essentially) symmetric way, we have the following result.
Theorem 4.2. Assume (g) with p < 2*. Let further i € N, assume that
A <LK < Ajy,

and that conditions (G.g)~, (NQ;y1)~, and either (G;y1)™ or (Ei1+1) and (G)™, hold. Then, problem (P) has
a weak solution.

Proof. If condition (G;;1)* holds, the proof is quite similar to that of Theorem 4.1, observing that
L > i and (G.g)~ imply (G;)~, and using the function w;y; — of Remark 3.1 in place of wjyq 4. If
conditions (Eiy1) and (G)T hold, we further have to observe, first, that f, which is coercive on X
according to Corollary 4.1(a), is bounded on bounded subsets of Hg)(.Q), so that infy, f > —oo; then,
in order to obtain the estimate (4.9), we now use (4.4) together with K < xjy1. O

The following is an immediate corollary of both Theorems 4.1 and 4.2.
Corollary 4.2. Assume (g) with p < 2*. Assume further that for some i € N we have
L=K = A,
and that one of the following sets of conditions is satisfied:

() i>2(G.g)" (NQ)¥, and (6)7;
(i) (G.&)~, (NQi+1)~, and (G)™.

Then, problem (P) has a weak solution.
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(Indeed, in case (i) we may assume that A;_1 < A, so that (Ej_q) holds, while in case (ii) we may
assume that A; < Xj41, so that (E;;+1) holds.)

Remark 4.3. (a) Theorems 4.1 and 4.2 extend the results of Furtado and Silva [10, Theorems 1.3,
4.1] where, using our notations, it is assumed that (G;)~ (resp., (Gi+1)™) holds whenever L = A;
(resp., K = Aj41), while the two-sided version of (G)* (that is, (G)* and (G)~) is assumed, the latter
being combined with the fact that g is assumed continuous on §£2 x R in order to get, in a rather
involved way, the conclusions of Corollary 4.1. On the other hand, we note that Furtado and Silva
were mainly concerned with the existence of a nontrivial solution, see [10, Theorem 1.2] (involving
further assumptions on g), which is obtained using a Morse theoretic approach in the spirit of [11].
This type of result can probably also be revisited in the light of nonsmooth Morse theory — in that
respect, see [4]. After this remark, we conclude the section with a refinement of [10, Theorem 1.4],
concerning the existence of a nontrivial solution in the case i =1 (resonance at the first eigenvalue).

(b) Theorems 4.1 and 4.2 also extend Costa and Magalhdes’ [7, Theorem 2], where (WR); ;41 holds
uniformly for almost every x € £ (which implies (G)* and (G)~), and either L # ; and (H)* holds,
or K # Xix1 and (H)~ holds (recall Remark 3.2(b)). It is indeed shown in [7] — using also the uni-
formity in (WR); ;11 — that under condition (H)* (resp., (H)™), the functional f is coercive on X,
(resp., anticoercive on X1), and satisfies the Palais-Smale condition (recall Remark 2.1) in (H}](.Q), do),
where dj is the Cerami metric (recall Remark 2.2). Thus, a solution of problem (P) can be obtained
by applying the saddle point theorem of Rabinowitz [15, Theorem 4.6] in (Ha(.Q), do) (see [5, The-
orem 3.7] for a general, metric version of the latter). We also note that an example of a function g
which is not sublinear, but with a subquadratic potential G is given in [7].

Theorem 4.3. Assume (g) with p < 2%, and that K < Aq. Assume further that one of the following sets of
conditions is satisfied:

(i) (G.g)" and (NQ1™;
(ii) (G.g)~, (NQ1)~, and either (G1)* or (E1) and (G)™.

Then, problem (P) has a weak solution.

Proof. In both cases, arguing as in the proofs of Theorem 4.1 and 4.2, we see that the functional f
is bounded below (Hg)(Q) = X;L). Still arguing as in the proof of Theorem 4.1 (boundedness of the
sequence (up)), we see that f indeed satisfies the (PS). condition at any level ¢ in the (complete)
metric space (H(l)(Q),d), where d is the metric of Proposition 2.2 corresponding to the function S,
in Proposition 2.4, with @ := wq 4+ given by Lemma 3.2 in case (i), and with w := w1 _ given by
Remark 3.1 in case (ii).

Thus, the functional f attains its global minimum at some u € H(l)(.Q), which is a weak solution of
problem (P). O

Slightly refining the arguments in [10, Theorem 1.4], it is possible to obtain a nontrivial solution
in the previous result, through additional assumptions on the behavior of G(x, s) for s > 0 and small.
Namely, set

2G(x,S)
sz 7

Lo(x) :=liminf
s—0t

and consider the local conditions:
For almost every x € £2 and for all s > 0 and small,

(G1)° 2G(x,5) > Ais%;
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There exists bg € L1(£2) such that for almost every x € £2 and for all s > 0 and small,
(G)° 2G(x, 5) > —bo(x)s°.

Lemma 4.3. Let 0 < s, — 0. If (G)° holds, then

2G
liminf/M Q/Loef.

h—o0 sh

If, moreover, Lo > A1 and limsupy,_, o, % >0, then Lo = A1.
h

Proof. The first conclusion follows from Fatou’s lemma. Under the further assumptions made, we thus
obtain

2G(x, speq)

2 E ’ 2 2 2

leill >l;lmmf/ ———— 2 | Loeyt = Mllerllz = lleqll”,
—00 Sh

sothat Lo=XA1. O
In the following result, Lo 2 A1 means that Lo > A1 and Lo # X1.

Corollary 4.3. Under the assumptions of Theorem 4.3, assume further that either (G1)° holds, or Ly % A1 and
(G)Y holds. Then, problem (P) has a nontrivial weak solution.

Proof. If (G1)° holds, since e; is a bounded, positive function on £2, we have

2f(seq) = /()mze% —2G(x,se1)) <0

Q

for s > 0 and small enough. In the other case, it follows from Lemma 4.3 that f(se;) < 0 for all
s > 0 and small enough. Thus, the functional f attains its minimun at a nonzero u € H(l)(.Q) (since
f(0)=0). O
Remark 4.4. In [10, Theorem 1.4], it is assumed that (G)° holds with bg := 0, while only case (i) of
Theorem 4.3 is considered, under the additional (explicit) assumption that (G)* holds. As a matter of
fact, (G.g)" and K < Ay imply (Gq)™ (with 81 :=ap), which is stronger than (G)*.

5. A strongly doubly resonant problem

In this section, g: 2 x R — R is a Carathéodory function such that for almost every x € £2 and all
seR,

63) |g(x,9)| <ax) +b®)s],

where a € L' (£2) and b € L"(£2), with r; >2*" and rp, > (2*/2)’. Set

: 2%y
r:=min{r, )

2¥ 419
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. 2y _ 1 1y-1 1 1 N1 _ 9%/ !
Since 2*+r2_(2_*+6) 2(2—*4-(2*/2),) =2* we have r > 2*, and

/

r>2" < r>2"andr, > (2%/2)
We shall use the standard notations [ := min{l,[_}, k := max{ky, k_}, where

I+ (x) := liminf g s) , ke (x) := lim sup g(x,s) '
sk s s—>=o00 N

It is easy to see that I+ <Ly < Kt <ki (L: and K4 as defined in the previous section). Arguing
as in the proof of Lemma 4.2, but using condition (g) in place of condition (G)*, readily yields the
following.

Lemma 5.1. Let (i) be a sequence in Hé (£2), weakly convergent to a function u, and let 0 < pp — +o0.
Then:

(a) Forevery v € L% (£2) with v > 0, we have

limsup/ 8&, puttn)V g/(k+u+—l_u_)v,

h— o0 Ph
2
liminf/ B Prl)V /(l+u+ —k_u”)v;
h—o0 Ph
2 2

(b) We have:

limsup/ w < /(K+(u+)2+K_(u_)2),
h—o00 Py

liminf/ 260 onitn) /(L+(u+)2 +L_(u)?).
h— o0 'Oh ps

The following lemma builds on some well-known facts (see, e.g., [1,13]).

Lemma 5.2. Let i € N, let (i) be a sequence in H(l)(.Q) with |Gy || = 1 for every h, and weakly convergent to
a function u, and let 0 < pp, — +00. Assume that

f(onilp)
P — ﬁ
Ph

0.

Then:

(@) u##0, and if Aj <1<k < Aiypq then, either u € E; and (I, — A)ut + (I — Aj)u™ =0 (whence [ = A;),
oru e Eiq and (Aiygq — ko )ut + (Ajp1 —k_)u™ =0 (whencek = Aj1q).
(b) Ifr > 2%, {i, — u strongly in H})(Q). Moreover, if 1; <1<k < Aj4q and if

f(ontip)
LI

0,
or
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then, either u € E; and (L, — A)u™ + (L — A )u” =0 (whence L = A;), or u € Eiyq and (Aiyq —
Kout + (Ajr1 — K_)u™ =0 (whence K = Aj11).

Proof. (a) Since

|g(-, pnilp)ilp] < alily|
<

+ b2 — bu? strongly in L'(£2),
Ph Ph

assuming that u = 0 yields the contradiction

. "(optip) (U X, Pplp)l
1= lig)? = f'Contin) (tip) +/ 8X, ppitp)Un 0.
Ph
2
Moreover, we have
g(-, prlip) llall A
H L. htih) < —— +Clbllr, lfipll2- < C
ph T p"l
(for some constants C > 0), so that, up to a subsequence,
-, ppll .
8C, Puttn) — z weaklyin L' (£) (5.1)
Pn
(for some function z). It follows that for every v € H(l)(Q):
/Vu-Vv: lim | Vi, - Vv
h—o0
Q Q
"(pptip) (v X, Oplip)V
:lim[f(’oh n)( )+fg( Pnip) ]
h—o00 Ph Lh
- / 2v
Q
while, according to Lemma 5.1(a), we have
Lut —k_u” <z<kjut —Il_u". (5.2)

If A; <I<k< Ajy1, we thus have z=mu for some (measurable) function m such that x; <m < Aj41,
so that

—Au=mu inD'(£2). (5.3)
It follows that either m = A;, or m = A;;1 — for, otherwise, denoting by A j(m) the eigenvalues of the
weighted eigenvalue problem (5.3), the monotonicity property of these eigenvalues with respect to m

yields

Ai(m) < ki) =1=hig1(hig1) < Aip1(m),
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contradicting the fact that u is an eigenfunction of (5.3). Thus, (5.3) reads u € E; U E;;q, and the
fact that (I — Apu™ + (- —A)u™ =0, or (Ajyq —ky)u™ + (Ajr1 —k_)u™ =0 (depending on which
eigenspace u belongs to) follows from (5.2) again.

(b) If r > 2*/, up to a subsequence we have il — u strongly in L'/(.Q) and we obtain from (5.1)

and the fact that % — 0, that

lul>= lim | Vi, - Vu
h—o0
2

_ lim g(x, ppup)u
h—o0 Ph
Q
_ lim g(x, ppp)ip
h—o0 Ph

2
= lim |[Gy)I> (=1
im |lupl© (=1,
h—o0
so that @iy — u strongly in H}(£2).

If A; <I<k<Aiy1, we know from part (a) that u € E; U Ej4q, and the alternative follows as in
Lemma 4.2, thanks to Lemma 5.1(b). O

Remark 5.1. The conclusion of Lemma 5.2(b) also holds in the case r =2* provided I =k. Indeed, if
m:=1=k, we have

g(-, ppilp)
Ph

—mu strongly in L2 (£2),

which yields ||ii,|| — |lu|| as in the above proof, so that again i, — u in H}J(Q). Observe that if [ =k,
the alternative in part (b) of Lemma 5.2 is the same as in part (a).

Theorem 5.1. Assume (&) with r > 2*' and (G.g)™. Let further i € N, assume that
(SR)iit1 Ai ISk < Aig,
and that one of the following sets of conditions is satisfied:

(i) (NQ1)™, and (G~
(ii) (NQi41)g and (Ej).

Then, problem (P) has a weak solution.

Proof. Consider the decomposition (4.6). Arguing as in the proof of Theorem 4.1 (note that in case (ii),
the second inequality in Lemma 5.1(b) yields the conclusion of Corollary 4.1(b)), we have (4.7) again.

In case (i), let, for j:=i,i+1, E? and ®; 1 be the set and function defined in Lemma 3.4, set
® := min{®;j 4+, ®it+1,+}, and let B, be given by Proposition 2.4. Applying Theorem 2.3, we find a
sequence (up) C H})(Q) such that

f'(up)
—_—

(f(up)) is bounded and D

0, (5.4)
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and we show that (up) is bounded. Arguing by contradiction, assume that, up to a subsequence,

0 < pp := |lup|l = oo and i := “—: converges weakly in H})(Q) to some function u. Recalling that B,

P
is bounded, (5.4) yields

f(oniln) 0 and f(pniin) N

0,
,O,f Ph

so that, according to Lemma 5.2(b), (i) strongly converges to u and u € E;UE 1. Thus, |lul| =1, and
either A,~||u||§ =1, or Ajqq ||u||% =1, so that i € Ef" u Efr]l for large h. We conclude similarly as in
the proof of Theorem 4.1.

In case (ii), taking Remark 3.2 into account, we proceed as above, but with @ := &;1+1 4 only, since
condition (E;) excludes the possibility that u € E; (recall also Remark 4.1). O

In a dual way, we have the following result.
Theorem 5.2. Assume (g) withr > 2* and (G.g)~. Let further i € N, assume that
A ISk < Aiga,
and that one of the following sets of conditions is satisfied:

(i) (NQD ™, and (Git1)™;
(i) (NQi)qg and (Eitq).

Then, problem (P) has a weak solution.

Remark 5.2. In view of Remark 5.1, if [ = k, Theorems 5.1 and 5.2 hold also with r =2*'. In particular,
we have the following, which complements Corollary 4.2 and Theorem 4.3.

Corollary 5.1. Assume (g). Assume further that for some i € N we have
[=k=Aj,
and that one of the following sets of conditions is satisfied:

(i) i>2,(G.g)T, and (NQy){;
(i) (G.g)~ and (NQj), .

Then, problem (P) has a weak solution.

Remark 5.3. In the classical case A; <I<k < Ajy1 with L # X; and K # Aj4+1, the problem (Py,) of the
existence of a weak solution u € Hg)(.Q) of the semilinear equation

—Au=g(,u)+w inD(2), (5.5)

can be studied for any w € H~1(£2). Precisely, assuming (&) and (SR); i1, and one of the following
sets of conditions:

(i) r>2%, (Ly —Aput+(L_—x)u~ #0 for every u € E;\ {0}, and (Aip1 — K )ut+ A1 —K_)u=#£0
for every u € Ej11 \ {0};

(ii) (y —Aput + (- — Apu~ #0 for every u € E; \ {0}, and (Ajp1 — kp)ut + (hiy1 —k_)u™ #0 for
every u € Ej41 \ {0},
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then, for any w € H~1(£2) problem (P,) has a weak solution. Indeed, according to Corollary 4.1 (but
using (&) instead of (g) and (G)¥), the functional f is coercive on X, and anticoercive on X, while
according to Lemma 5.2, f satisfies the Palais-Smale condition in (H(l)(.Q), [I-]) (the “usual” Palais—
Smale condition); whence it is clear that for every w € H~1(£2), the functional f — w also satisfies
these properties. Thus, the saddle point theorem of Rabinowitz provides a solution to problem (Py,):
see, e.g., Costa and Oliveira [8, Theorem 1] (where it is assumed that (SR); j+1 holds uniformly with
respect to x).

6. Aresult of mixed type
In this section as in the previous one, the Carathéodory function g: £ x R — R satisfies (g). Let

0 < u < 2. We consider the conditions:
There exist a,, € L' (£2) and b, € LZ"/W'(£2) such that for almost every x € 2 and all s € R,

(G.9)% +(g(x, 5)s —2G(x,5)) = —a, (x) — by (x)]s|*.
For x € 2, we define

+(g(x,5)s —2G(x,S))

By 0= i

)

Nl
— . (8, 8)s — 2G(x, 5))
H =1 f ,
nxX) PR |s|H
and we consider the conditions
(NQ)E Hy +(x) :==min{H, +(x), ﬂu’i(x)} >0 forae.xef.

Lemma 6.1. Let 0 < u < 2, let (@) be a sequence in H},(.Q), weakly convergent to a function u, and let
0 < pn — +00.If (G.g)}; holds, then

N N N . = _
timinf 2 f (&(x, pnitn) puiin—2G (X, piln)) > / (Hpur (W) +H,, (7))
T P g 2

Proof. Argue as in the proof of (4.4) (just note that b, |ip|* — b, |u|* strongly in L'(2)). o
For j € N, we further consider the conditions:

¢ There exist &MEL] (£2) and BMeL(z*/“)’(.Q) such that for almost every x € £2 and
for all s € R,

G £2G(x,5) < 2Ajs? + by (X)[s|* + 8, (X);

+(2G(x,s) — Ajs?)
Nl

e limsup <0 forae.xe 2.

|s|—o00

(NQ ) /(ﬁu,i(uﬂ“ +ﬂu,i(u_)“) >0 foreveryueE;\ {0}
2

Remark 6.1. (a) If i < 2, arguing as in Lemma 4.1 and in Remark 4.1 shows again that conditions
(G.g)ﬁ imply K; =L, and K_ = L_. Moreover, the first properties in (Gj)ﬁ respectively imply
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K <Xj, L > xj. On the other hand, for every 0 < u < 2, the second properties in (G; )i do (re-
spectively) imply K <Aj, L > A; — while the converse is true only when u =2. A condltlon which is
stronger than (Gj)ﬁ is the following:

For every ¢ > 0, there exists a, . € L1(£2) such that for almost every x € £2 and for all s € R,
+2G(x,5) < j:kjsz +elsi* + a6 (x).

(b) Conditions (NQ)ﬁ are (respectively) stronger than conditions (NQ J)i, indeed, intermediate prop-
erties are:

Hy+>0 and |{xe€: Hy+(x)>0}|>0.

Lemma 6.2. Let 0 < u < 2, let j € N, let (i) C Hé (£2) be a weakly convergent sequence, and let 0 < pp, —
+o0. If(Gj):; holds, then

o1
llhril)glfﬁ/(/\jphuh 2G(x, ppip)) > (6.1)
so that
liminf L inf f]>0 (6.2)
h—oo \ h®* D, - ’

where D, , denotes the closed ball in XT, centered at the origin and of radius h.

Proof. Once again, arguing as in the proof of (4.4) yields (6.1); using it with i, := ”T“ and pp :=h,

where up € Dy is such that f(up) <infp,, f+ % and taking (4.2) into account, we obtain

fup)

> 11m inf

/ )

. 1 . .
211m1nf<h—M inf f)_llmmf

h—o0 Dy p h— o0

/ Aju — ZG(x up)
Q

establishing (6.2) (where indeed, the lower limit is a limit). O

Before stating the main result of this section, we introduce a last condition, for j € N:

(Ep~ L>Aj, and (Ly—iput+(L_—xrju”#0 foreveryu e E;\ {0}.

Theorem 6.1. Let 0 < < 2 and i € N. Assume that conditions (g), (G. g) (Gi+1);, and either (G;)~ or
(E{)~, hold, as well as one of the following:

i (NQ):
(i) (SR)ii+1, (NQi)j;, and (NQit1)};.

Then, problem (P) has a weak solution.
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Proof. Consider again the decomposition (4.6). As in the proof of Theorem 4.1, using either (G;)~ or
(E;)~ we have that f is bounded above on Xj. On the other hand, from (Gi“); we have (6.2) (with

j:=1i+1). Thus, applying Theorem 2.4, we obtain a sequence (up) C H(l,(.Q) such that

f/(up)

—_— 6.3
(T + flup -1 (63)

limsup f(up) <sup f
X1

h—o0

We show that (up,) is bounded. Arguing by contradiction, assume that, up to a subsequence, 0 < pp, :=

llupll = oo and iy, := ;’)—: converges weakly in Hcl)(.Q) to some function u. Since u < 2, we see from
(6.3) that
f'(pntin)
—— =0,
Ph

so that, according to Lemma 5.2(a), u #0, and u € E; U Ej;1 if A; <I <k < Xit1. On the other hand,
from (6.3) and Lemma 6.1 we have

2f (up) — f' 1
0> timinf 2L O = LU _yirine L (o upyuy — 26.0x,up)
h—o0 ||Uh||M h—o0 'Oh
> [ (e () by (), (64)
2

which contradicts (NQ)z in case (i), (NQi)); and (NQi41)); in case (ii). O

Remark 6.2. As in the previous sections, we obtain results dual to Lemmas 6.1 and 6.2, and to Theo-
rem 6.1, by appropriately inverting the “minus” and the “plus” conditions. Theorem 6.2 below, dealing
with weak resonance at the first eigenvalue, features such dual conditions. Several variants of our
results can also be stated: for example, we can replace condition (N Q,-)IJ; in (ii) of Theorem 6.1 by

(g —aput+(d_—2xpu~ #£0 foreveryu € E; \ {0}
(recall Lemma 5.2(a)), in which case (E;)~ is also automatically satisfied.

For 0 < u < 2, we consider the condition

* There exist ﬁMELl (£2) and BMeL(Z*/“)/(Q) such that for almost every x € £2 and

forall s € R,
Gy 12G(x, 5) — A15%| < b (®)Is|* + . (x);
2G — 82
. lim M:O fora.e.x e £2.
|s|—o0 [s|*

Of course, (G1),, is equivalent to (61)7; and (G1)y-

Lemma 6.3. Let 0 < < 2, and assume that (G]); holds. Then,

minf fw >
lull—oo [[u]|#*
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Proof. Taking (4.2) into account, for u € Hé(.Q), u # 0, we have

2 f(u) 1 / 2
> 26(x u) — A1),
Jul ||u|w9( (1) = Ju)

while, arguing as in Lemma 6.2, (Gl);; implies

limsup /ZG(x, u)—)qu2 <0. O
flull =00 ||Ll||"Q ( )

Theorem 6.2. Let 0 < u < 2, and assume that conditions (&), (G.8), (G)p, and (NQ), hold. We have:

(a) Problem (P) has a weak solution;
(b) If1 < ju < 2, then for every w € H=1(82), problem (P,) (recall (5.5)) has a weak solution.

Proof. Considering the decomposition H}(2) = X; @ X, , we obtain from (G7),, that

1 1
liminf| — inf >0 and limsup|( — su <0.
h—o0 <h“ Dah f) haoop<hﬂ Dl,l:f>

Indeed, the first inequality follows from (GZ)Z (see Lemma 6.2), which is of course weaker than
(G1);, and the second one similarly follows from (G1),- Note that if 1 < u < 2, these inequalities

also hold replacing f by f — w, for arbitrary w € H~1(£2). In that case, applying Theorem 2.4 to the
functional f — w, we obtain a sequence (up) C Ha(.Q) such that

fup) —w

_ 6.5
(1 + [lup - (62)

We need to show that (uy) is bounded. Assume, for a contradiction, and up to a subsequence, that
0 < pp := ||up|| — oo, and that iy, := % converges weakly in H(l)(.Q) to some function u. As in the

proof of Theorem 6.1, we have u 0 and we deduce from (6.5), Lemma 6.3, and 6.2, that

0> liminf f'(up)(up) — 2 f (up) (656)
h—o0 llup [I#

1
=1iminf7/(26(x, up) — g(X, up)up)
h—o0 Py, ps

> [ (e () 41, ()",

which contradicts (NQ),. In the case 0 < i < 1, we have (6.5) for w =0, and the rest of the proof
is the same. O
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