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1 Introduction

Girard introduced his Geometry of Interaction (Gol) programme in the late
80’s in a series of fundamental papers [9,8,10]. Girard’s goal in the original
Gol was to analyze the dynamics of cut-elimination, using sophisticated math-
ematical models arising from functional analysis. In the original papers, Gi-
rard established a kind of feedback equation (known as the Ezecution Formula)
which gives an intrinsic measure of “information flow” in the cut-elimination
process. In his detailed modelling of proofs, Girard also established that for a
large class of types (for example, strong enough to represent System F), the
Execution formula is an invariant for cut-elimination.

The Gol interpretation was extended to untyped A-calculus by Danos in
[6]. In many subsequent works, Danos and Regnier and coauthors (e.g. [21,7])
further extended the Gol interpretation. They developed a theory of paths
in abstract nets (untyped or typed), with detailed comparisons with many
A-calculus notions of path.  After Girard’s original Gol papers appeared,
Joyal, Street, and Verity [19] introduced traced monoidal categories (TMC’s);
balanced monoidal categories with an abstract notion of “trace” or “feedback”.
These categories have proved useful in many areas ranging from topology and
knot theory to theoretical physics and computer science (see Section 2 below).
In Linear Logic, the theory of TMC’s led to an abstract formalisation of Gol
via the notion of Gol Situation, introduced by Abramsky in his Siena lecture
[2], based on earlier formalizations of Gol in [4], using domain theory. Gol
Situations give the essential categorical ingredients of Gol, at least for the
multiplicative and exponential (MELL) fragment. Abramsky’s programme
was sketched in [2] and completed in [11] and [3] (see also Section 2 below).

However two questions remained in [3]:

(i) How to compare the general algebraic framework of a Gol Situation with
the actual details of the functional-analytic models introduced by Girard
and studied by Danos & Regnier, et al?

(ii) How to compare Gol models with denotational models (of proofs)? In
the case of linear logic, this means we want to naturally connect up Gol
models with x-autonomous categories, with the additional structure to
model exponentials.

Re (1), in our first paper [14], we showed how the axiomatics of TMC’s in
Gol situations (see [3]), when restricted to Unique Decomposition Categories
(UDC’s) (see below and Section 3), allows us to categorically reconstruct
Girard’s first model. This model is based on the C*-algebra of bounded linear
operators on the space 2 of square summable sequences [9]. Our categorical
approach permits an elegant derivation of Girard’s original execution formula



E. Haghverdi, P. Scott / Electronic Notes in Theoretical Computer Science 122 (2005) 67—-87 69

in his model, explicates his notion of type, datum, and algorithm and clarifies
the role of the later theory of TMCs in Girard’s original proofs.

Re (2), traditional semantics models cut-elimination by static equalities.
This means that if II, II' are proofs of a sequent I' = A and if we have a
reduction IT = II'’ by cut-elimination, then in any categorical model their
interpretations [ —] denote equal morphisms, i.e. [II] = [TI'] : [T] — [A].
The goal of Gol is to provide a mathematical model of the dynamics of cut-
elimination, independent of the syntax.

In this paper, as in our paper [14], we restrict the abstract TMC’s to
a useful subclass: traced unique decomposition categories (Traced UDC’s)
with standard trace [11,12]. These are symmetric monoidal categories whose
homsets are enriched with certain infinitary partial sums, thus allowing us to
consider morphisms as matrices and the execution formula as an infinite sum.
Such categories are inspired from early categorical analyses of programming
languages by Elgot, Arbib and Manes, et al. ([20]).

We start with a UDC-Gol Situation and construct a denotational model for
MELL without units. It is a x-autonomous category without units, together
with an endofunctor satisfying certain axioms. We show this denotational
category may be fully and faithfully embedded in a double-gluing category
[11,18,24] built via the G construction of Abramsky (shown to be isomorphic
to JSV’s Int construction in [11].) This not only connects up our theory with
the known denotational models already studied in [3,11,12] but also connects
with fully complete MLL models arising from Gol [11,13].  The rest of the
paper is organized as follows: In Section 2 we recall the necessary definitions,
namely traced symmetric monoidal categories and Gol Situations, following
[11,3]. In Section 3 we recall the definition of a unique decomposition category
and give some examples. Section 4 briefly recalls the Gol interpretation for
MELL formulas and proofs taken directly from [14]. Section 5, is the main part
of the paper where we explain and detail the construction of a *-autonomous
category from a UDC-Gol Situation that we call the orthogonality construc-
tion. In Section 6 we relate this latter category to double-gluing categories
familiar from work in Full Completeness. Finally in section 7 we conclude by
discussing related and future work.

2 Traced Monoidal Categories and Gol Situation

Joyal, Street and Verity [19] introduced the notion of an abstract trace on a
balanced monoidal category (a monoidal category with braiding and twist.)
This trace can be interpreted in various contexts where it could be called



70 E. Haghverdi, P. Scott / Electronic Notes in Theoretical Computer Science 122 (2005) 67—-87

feedback, parametrized fixed-point, Markov trace or braid closure. These cat-
egories have their origins in the analysis of braided tensor categories and in
knot theory. However the special case of traced symmetric monoidal cate-
gories have been particularly useful in some areas of theoretical computer
science, for example in cyclic lambda calculi [15], semantics of asynchronous
networks [22], full completeness theorems for multiplicative linear logic via
Gol [11,13], analysis of finite state machines [17], relational dataflow [16], and
they independently arose in Stefanescu’s work in network algebra [23].
In what follows we only consider symmetric monoidal categories.

Definition 2.1 A traced symmetric monoidal category (TMC) is a symmetric
monoidal category (C, ®, I, s) with a family of functions TT%X C(XeUY®
U) — C(X,Y) called a trace, subject to the following axioms:

* Natural in X, 77§ (f)g = Tr% y (f(g®1y)) where f: X @U - Y @ U,
g: X'— X,

* Natural in Y, g7r$ (f) = Tr5 (g ® 1y) f) where f: X @U - Y @ U,
g:Y =Y

e Dinatural in U, Tr{  (1y ® 9) f) = Tr{ y (f(1x ®g)) where f: X @U —
YU, g:U —U,

* Vanishing (LII), TTg(,Y(f) = f and Tr%%v(g) = TTS](,Y(TT¥(®U,Y®U(9))
for f: X®I—=YR@Tandg: XURQV -Y UKV,

e Superposing,

Triy(f) @9 =TrSswyez((ly ® suz)(f © 9)(1x ® swp))

for f: X®@U -Y®Uandg: W — Z,
* Yanking, Trng(saU) =1y.

TMC’s admit a geometric diagram calculus that can be found in the references
(e.g. [11,3,19]).

Joyal, Street, and Verity [19] also introduced the Int construction on traced
symmetric monoidal categories C; Int(C) is a kind of “free compact closure”
of the category C. Int(C) is used in [19] to give a 2-categorical structure
theorem for TMC’s. Int(C) isolates the key properties of Girard’s Gol for
the multiplicative connectives; for example composition in Int(C) uses a ver-
sion of Girard’s Execution Formula applied to the Gol interpretation of the
cut rule. Abramsky [1] independently introduced the G construction which
associates a compact closed category to a traced symmetric monoidal one.
In [11] the two constructions are shown to yield isomorphic compact closed
categories starting with the same TMC. There are two problems: first, these
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(isomorphic) constructions only yield “degenerate” compact closed models for
MLL (so tensor = par). Second is the problem of how to extend this to the
exponential connectives.

Re the second problem, in the Abramsky program (see [3]) this is achieved
by adding certain additional structure to a traced symmetric monoidal cat-
egory. This structure involves a monoidal endofunctor T', a reflexive object
U, and appropriate monoidal retractions, as introduced below, to yield a Gol
situation. It was shown in [3] that Gol situations endow the monoid C(U,U)
with the structure of a linear combinatory algebra. Such combinatory algebras
capture the appropriate computational meaning of the exponentials in linear
logic and model a Hilbert-style presentation of MELL.

Re the first problem above, it is possible to construct a non-compact *-
autonomous category from a given compact closed one using the double glueing
construction of Hyland and Tan [24,18] on top of the compact closed category.
On the other hand, in this paper we start with a UDC-Gol Situation and
directly construct a x-autonomous category and an endofuctor ! on it to get
a denotational model for MELL. Here not only is the construction direct but
more importantly it exploits the structure of a Gol Situation. The Int (or G)
constructions do not take into account either the role of the reflexive object
U or the orthogonality relation defined on C(U, U) (see the definition below).
We believe that the latter two are among the most important and interesting
ingredients of the Gol interpretation.

Definition 2.2 A Gol Situation is a triple (C, T, U) where:

(i) Cis a traced symmetric monoidal category

(i) T : C — C is a traced symmetric monoidal functor with the following
retractions (note that the retraction pairs are monoidal natural transfor-
mations):

(a) TT QT (e,¢’) (Comultiplication)

(b) Id T (d,d") (Dereliction)

(c) T®T T (c,d) (Contraction)

(d) K< T (w,w") (Weakening). Here K; is the constant I functor.

(iii) U is an object of C, called a reflexive object, with the specified retractions:
() UU<U (3,k), (b) I QU (m,n), and (c¢) TU < U (u,v).
For examples of Gol Situations see Section 3. For our models of linear logic,

we will take the following definitions.

Definition 2.3 A symmetric monoidal category (C, ®, I, s) is a x-autonomous
category if there exists a full and faithful functor (—)* : C®? — C such that
there exists an isomorphism C(A® B,C+) — C(A, (B® C)*') natural in A, B
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and C.

The models of multiplicative linear logic (MLL) are x-autonomous categories.
For the multiplicative and exponential fragment (MELL), we assume:

Definition 2.4 A denotational model of MELL consists of the following data:
(i) A s-autonomous category (C,®,1I,s,(—)%),
(ii) A symmetric monoidal functor (!, ¢, ¢;) : C — C.

(iii) Monoidal natural transformations:
(a) der:! = Id
(b) §:! =
(c) weak :! = Ky where K is the constant I functor
(d) con ! =I®!
such that
e (!, der,d) is a comonad.
o for each object A, the triple (1A, weak 4, con4) is a commutative comonoid.
* for each object A, the maps weak, and con, are maps of coalgebras.
« for each object A, the map 4 is a map of commutative comonoids.

Finally, we remark that there are two “styles” of Gol Situations in the concrete
models studied in [3]: Sum style and Product style. These are determined by
the form of the tensor in the underlying TMC. Roughly, in sum style, the
tensor ® is given by a disjoint union on objects; in product style, it is more
like a cartesian product. We shall exclusively consider Sum style models here,
corresponding to Girard’s Gol 1. Sum style Gol admits a semantics based on
“particles flowing through a network” [3,11].

3 Unique Decomposition Categories

We consider monoidal categories whose homsets allow the formation of cer-
tain infinite sums. These are monoidal categories enriched in -monoids (see
below). In the case where the tensor is coproduct and Y-monoids satisfy
an additional condition, such categories include the partially additive and it-
erative categories used in the early categorical analyses of flow charts and
programming languages by Bainbridge, Elgot, Arbib and Manes, et. al. (e.g.
20)).

Definition 3.1 A YX-monoid consists of a pair (M, X)) where M is a nonempty
set and ¥ is a partial operation on the countable families in M (we say that
{xi}ier 1s summable if )., x; is defined), subject to the following axioms:

(i) Partition-Associativity Axiom. If {x;};cr is a countable family and if
{I;};es is a (countable) partition of I , then {z;};c; is summable if and
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only if {z;}icy, is summable for every j € J and )., ; is summable for
j € J. In that case, 3 ,c;mi =325, (3 e, %)

(ii) Unary Sum Aziom. Any family {z;},c; in which I is a singleton is
summable and ), x; = x; if I = {j}.

Y-monoids form a symmetric monoidal category (with product as tensor),
called XMon. A YMon-category C is a category enriched in ¥Mon; i.e. the
homsets are enriched with a partial infinitary sum compatible with composi-
tion. Note that such categories have non-empty homsets and automatically
have zero morphisms, namely Oxy : X — Y =3, f; for f; € C(X,Y). For
details see [20,11].

Definition 3.2 A wunique decomposition category (UDC) C is a symmetric
monoidal XMon-category which satisfies the following axiom:

(A) For all j € I there are morphisms called quasi injections: v; : X; — @;.X;,
and quasi projections: p; : ®1X; — Xj;, such that

L. prtj = 1x; if j = k and Ox;x, otherwise.

2. Y iertini = lgx,-

Proposition 3.3 (Matricial Representation) Given f: ®;X; — ®,Y; in
a UDC with |I| = m and |J| = n, there exists a unique family {fi;}icrjer
Xj =Y with [ =3 e jestifijps, namely, fij = pifi;.

Thus every morphism f : ®;X; — ®;Y; in a UDC can be represented by a
matrix; for example f above (with |/| = m and |J| = n) is represented by the
m x n matrix [f;;]. Composition of morphisms in a UDC then corresponds to
matrix multiplication.

Proposition 3.4 (Standard Trace Formula) Let C be a unique decompo-
sition category such that for every X,Y,U and f: X @ U — Y ® U, the sum
Ji1+ 2osy fiaf5 for exists, where fi; are the components of f*. Then, C is

traced and TrS y(f) = fu + Yoo frafspfor-

The trace formula above is called the standard trace, and a UDC with such
a trace is called a traced UDC with standard trace. Note that a UDC can be
traced with a trace different from the standard one. In this paper all traced
UDCs are the ones with the standard trace.

The following examples have standard trace, as above.

Examples 3.5 (Traced UDC’s) (For details see [3,11,13]).

Y Here X1 =X, Y1=Y,Xo=Yo=U.So fi1: X =Y, fia: U =Y, etc.
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(i) Any partially-additive category (see [20]). This includes:

Rel, (sets and relations). Here ® = W (disjoint union, which is a biprod-
uct). In Rel,, all countable families are summable, and > ., R; =
UiRi.

Pfn (sets and partial functions), with ® = @. Define a countable fam-
ily of partial functions {f;}ic; to be summable iff they have pairwise
disjoint domains. Then (}°..; fi)(z) = f;(x) iff 2 € Dom(f;), for some
j € I, otherwise undefined.

SRel, the category of stochastic relations. Here the objects are measur-
able spaces (X, Fx) and maps f : (X,Fx) — (Y, Fy) are stochastic
kernels, ie. f : X x Fy — [0,1] such that f(z,.) is a subproba-
bility measure and f(., B) is a bounded measurable function, for all
z € X and B € Fy. Composition gof(z,C) = [, g(y,C)[f(x,dy),
where f(z,.) is the measure for integration. This category has finite
and countable coproducts (which form the tensor). A family {f;};es is
summable iff ., fi(z,Y) < 1forall z € X.

(ii) PInj (sets and partial injective functions). Here ® = W; this is not a
coproduct, indeed PInj does not have coproducts. The UDC structure is
Xj L L‘ﬂie[Xi with Lj(x) = (l’,j), and H‘Jie[Xi L Xj with pj(ﬂi',]) =T
and p;(z,i) undefined for ¢ # j. Summable families are as in Pfn but
with disjoint domains & codomains.

il

(iii) Hilb,. Consider the category Hilb of Hilbert spaces and linear contrac-
tions (norm < 1). Barr [5] defined a contravariant faithful functor
{5 :PInj? —Hilb by: for a set X, ¢5(X) is the set of all complex valued
functions @ on X for which the (unordered) sum Y . |a(z)|® is finite.
(5(X) is a Hilbert space with norm given by |la]| = (3, .y |a(z)[*)"/?
and inner product given by < a,b >=Y" _. a(z)b(z) for a,b € lo(X).
Given f: X — Y in PInj, define lo(f) : l2(Y) — £o(X) by lo(f)(b)(z) =
b(f(z)) if x € Dom(f) and =0, otherwise.

This gives a correspondence between partial injective functions and

partial isometries on Hilbert spaces (see also [10,1].) Let Hilby = ¢5[PInj).
Its objects are £5(X) for a set X and morphisms u : £5(X) — (5(Y) are of
the form /() for some partial injective function Y’ S x. Hence, Hilb,
is a nonfull subcategory of Hilb. It forms a traced UDC with respect to
@, where l5(X) @ lo(Y) = (X WY) is a tensor product in Hilby (but
is a biproduct in Hilb) with the necessary structure induced by ¢5 from
Plnj.

The above examples yield Gol situations (C, T, U) with T" an additive functor

(3,11]):
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* (Rely,T\N), (Pfn, 7,N), and (PInj, 7, N) with 7' =N x —.

* (Hilby, T, ¢?) with T' = (> @ —, where (* = (5(N).

 (SRel, T,N"), where T'(X, Fx) = (Nx X, Frxx), where Fyx x is the o-field
generated by |Hy X.

4 The Gol Interpretation for MELL

We remind the reader of definitions and results pertaining to the Gol inter-
pretation of MELL that we shall be using in the sequel. These are crucial for
a proper understanding of the results in this paper. For more details see [9]
for the original definitions and our [14] for the categorical version. We follow
[14].

In the sequel C is a traced UDC with standard trace, T" an additive endo-
functor and U an object of C, such that (C,T,U) forms a Gol Situation. We
interpret proofs in the homset C(U, U) and formulas (= types) are interpreted
as certain subsets of C(U, U).

Convention: We write 11 instead of 1y», where |I'| = n and where U™ denotes
the n-fold tensor product of U with itself. The retraction pairs are fixed once
and for all using the names in Definition 2.2. ji,jo and ky, ko denote the
components of j and k respectively. If A and B are square matrices of size
n X n and m X m, resp., then A ® B denotes the n +m x n + m block matrix
with A and B on the “main diagonal” and the rest zeros.

Definition 4.1 Let f,g € C(U,U). We say that f is nilpotent if f* = 0 for
some k > 1. We say f is orthogonal to g, denoted f L ¢ if gf is nilpotent.

Orthogonality is a symmetric relation, well-defined since Oy exists. Also,
0L fforall feC(U,U).
Given a subset X of C(U,U), we define

Xt ={feCUU)NggeX = fLg)}

A type is any subset X of C(U,U) such that X = X**. Note that types are
inhabited, since Oy belongs to every type.

Definition 4.2 Consider a Gol Situation (C,7,U). Let A be an MELL for-
mula. We define the Gol interpretation of A, denoted A, inductively as
follows:

(i) If A=« that is A is an atom, then #A = X an arbitrary type.
(ii) If A=at, 0A = X+, where fa = X is given by assumption.
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(iii) F A=B®C, 0A =Y+t where Y = {jiak; + jabks|la € 0B,b € 0C}.

(iv) fA=B R C, 0A=Y" | where Y = {jiak; + jobks|a € (§B)*,b €
(6C)*}.

(v) f A=!B, A=Y+t | where Y = {uT(a)v|a € 6B}.

(vi) If A=?B, A=Y+ | where Y = {uT(a)v|a € (§B)*}.

It is an easy consequence of the definition that (fA)L = #A* for any formula
A.

Every MELL sequent will be of the form F [A],T" where I is a sequence of
formulas and A is a sequence of cut formulas that have already been made in
the proof of - T' (e.g. A, A+, B, BY). This is used to keep track of the cuts.
Suppose |I'| = n, |A| = 2m formulas. Then the Gol interpretation of a proof I1
of - [A], T is represented by a pair ([I1], ), where [II] € C(U™+?™ ynt2m)
and the morphism o : U*™ — U?™ which models the cuts A in - [A], T is
defined as 0 = s® - - - ® s (m-copies) where s is the symmetry map, the 2 x 2
antidiagonal matrix [a;;], where ajs = as1 = 1;a11 = ae = 0. In the case
where A is empty, the proof is cut-free, we define o : I — I to be 1; = 0y;.
Note that U® = I where I is the unit of the tensor in the category C. It is
much more convenient to work in C(U™"?™ U™?™) (matrices on C(U,U)),
although by the retractions we can equally work in C(U,U).

Let IT be a proof of - [A], I'. We define the Gol interpretation of II, denoted
by [I1], by induction on the length of the proof as follows. For lack of room,
we only give three cases and refer to [14] for details and the associated (block)
matrix representation. Pictorially picture IT as an I/O box, with n + 2m
wires (labelled by the formulas in ', A) coming in and out. The wires are the
interface.

(i) Il is an axiom = A, A* then m =0, n = 2 and [II] = s.
(i) II is obtained using the cut rule on IT" and I1” that is

H/ H//

AT, A F AT, AL T
- [A, A" A, AL, T, T

(cut)

Define [II] as follows: [II] = 7—*([TI'] @ [11”])7, where 7 is a permu-
tation “rearranging the interface” (pictorially, stack one I/O box on top
of the other; 7 permutes the wires to put all the cut formulas adjacent.)

A similar interpretation holds for the times and par rules.
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(iii) II is obtained from II" by the contraction rule, that is Il is of the form
H/

F[A]LTY, 74,24
FA] TV, 74

(contraction)

Then [II] = (Ip ® uey(v @ v) @ 1) [T ](Ap @ (u ® u)cv @ 14), where
TRT<T (c,c).

Definition 4.3 (Girard[9]) We are in a traced UDC-Gol situation. Let I' =
Aq, oo Ay A datum of type 01" is a morphism M : U™ — U" such that for
any 31 € 0(AL), -, B, € 0(AL), (B ®-+-®B,)M is nilpotent. An algorithm
of type OI' is a morphism M : U"2m — [U"+2™m for some non-negative integer
m such that for o : U*™ — U?™ defined in the usual way, EX (M, o) is a finite
sum and a datum of type 61", where

EX(M,0) = Tri. yu((1yn ® o) M)

is known as the Ezecution Formula for M.

Lemma 4.4 Let M : U — U™ and a : U — U. Define CUT(a, M) =
(a @ lyn—1)M : U™ — U™ Then M = [myj] is a datum of type 0(A,T") iff
for any a € OAL, amy, is nilpotent and the morphism ex(CUT(a, M)) =
TrA(s;}ACUT(a, M)sr 4) € O(T'). Here sp 4 is the symmetry morphism.

The following is due to Girard [9], and proved categorically in our [14]:

Theorem 4.5 (Girard) LetII be a proof of a sequent = [A], T in MELL with
|Al =2m and |T'| = n. Then
(i) [11] is an algorithm of type OT, in particular EX([11], ) is a finite sum.
(i) If 11 reduces to II' by any sequence of cut-eliminations and ”?” does not oc-
curin T, then EX([11],0) = EX([II'], 7). So EX([11], 0) is an invariant
of cut-elimination.
(i4i) If TI' is the normal form of I1 under cut-elimination, then EX([I1],0) =
[r].
(iv) In Hilby, EX([I1],0) = ((1-52) >0 [0 (a([T])"(1—=62))nxn. Here
(A)nxn denotes the n X n submatriz of the matriz A consisting of the first
n rows and the first n columns of A and & is the n 4+ 2m square matric
0, ® o, where 0,, is n X n zero matriz and o is the 2m X 2m square matric
associated with the cuts A.
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5 Orthogonality Construction

We explain the orthogonality construction which given a UDC-Gol Situation
yields a *-autonomous category without units and an endofunctor on it form-
ing a denotational model of MELL without units. In the sequel we have
omitted many of the routine and tedious verifications (these will appear in
the long version). However, in each and every case we explain the reasoning
behind the definition, so that the reader would not get the wrong impression
that the definitions are somehow arbitrary. The general intuition behind this
construction is to use the Gol interpretation for formulae to define the objects
and to use the Gol interpretation of a cut-free proof of = AL, B to define a
morphism f: A — B. In Girard’s terminology above, kfj is a datum of type
0(AL, B).

Given a UDC-Gol Situation (C,T,U), we define the category O(C) as
follows:

e Objects: An object A is a subset of C(U, U) such that At = A. Recall that
these are the types (Gol interpretation for formulae) defined in the previous
section.
e Arrows: An arrow f : A — B is a morphism f in C(U,U) such that for
every a € A, f-a =gy Trg,U(sU,U(a ® 1y)(kfj)suw) is in B.

Note that as we are working in a traced UDC, we have

fra=hafjo+ > kafir(aky fi1) aks fja.

n>0

The intuition is that we think of f : A — B as the interpretation of a cut-

free proof of = A+, B, or in other words we think of kfj as a datum of type
0(A*, B), see Definition 4.3 and Theorem 4.5 above. As a matter of fact for
those familiar with Girard’s work, this definition is exactly ex(CUT (a,kfj))
formulated in terms of categorical trace explained in [14] and cited in Lemma
4.4 in the previous Section.
e Identity: The identity morphism on A, denoted 14, is given by jsyuk €
C(U,U). Note that forany a € A, 14-a = Trg7U(sU7U(a®1U)(k;st,Ukj)saU) =
Trg’U(sU,U(a ® ly)suusvw) = a € A. The latter equality is known as gener-
alized yanking in TMC’s (see [11,12].) The intuition is that we use the Gol
interpretation of the cut-free proof of F A+, A.

e Composition: Composition is defined as follows: given f : A — B and
g:B— CinO(C),

9f = ]'Trggg,U@U((l ®1® 5)7'_1(ka ® kgj)T)k.
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where 7 = (1® 1 ® s)(1 ® s ® 1). The motivation comes from the Gol
interpretation as follows: we take the cut-free proofs of - A+, B and - B+, C
and apply the Gol interpretation for the cut rule to these two proofs, hence
we get a proof with cuts in it, namely we get a proof of - [B, B+], A+, C. But
we need a cut-free proof so we apply the execution formula to this latter proof
to get the Gol interpretation of a cut-free proof of - A+ C. Our definition
precisely reflects these operations.
Note that gf € C(U,U). As we are working in a traced UDC we have

Eifjn 0 kifja O
0 kegj 0 keogj
of = §Tr 2472 291 2
0 kigje 0 kign

_k2fj1 0 kafjo O

If @ € A then (gf)-a € C; this follows from the construction and Theorem
4.5 which implies that k(gf)j is a datum of type 0(AL,C). Hence gf is a
well-defined morphism in O(C).

Note that this is essentially the same as the formula for composition in
G(C) (called symmetric feedback in [1]), see [11,1], and of course this is no
surprise as the definition of composition in G(C) is also motivated by the
execution formula applied to the cut of two proofs. This is discussed further
in Section 6 below.

Proposition 5.1 Let (C,T,U) be a UDC-Gol Situation with the additional
requirement that U @ U = U (j, k). Then, O(C) is a category.

Proof. As mentioned above the composition and identity morphisms are
similar to those in G(C) and hence the associativity and unit equations hold
true. However just to illustrate, let’s look at 1zf = f for f: A — B.

kifii 0 kifja O
0O 0 0 1 kifi1 0 0 kifg

Lpf =i Tr k= ! n 1fJ2 k=t

0 1 0 0 0 0 kaofgr kafjo

| Fafi 0 kafa 0|

a

We next define the *-autonomous structure. Given A and B objects in O(C),

define:



80 E. Haghverdi, P. Scott / Electronic Notes in Theoretical Computer Science 122 (2005) 67—-87

e Tensor: A® B = {jiak; + jobksla € A,b € B}, Given f: A — B
and g : A’ — B’ we define

f@g=7(©j)10s@1)(kfj®kgj)(1®s@1)(kS k)k.

Notice that the tensor product used on the right hand side is the one in

C. Here is the proof that motivates this definition (ignoring the exchange rule
hereafter):

FALB  FAY B

AL At Be B

FAtR A+ Be B

e “Tensor Unit”: The candidate for the unit of tensor is given by I =

{1y }*++. Below we shall show that it falls short; instead we get A <1 A® [ for
every object A.

times

par

e Symmetry: The symmetry sy p: A® B — B ® A is defined as
sap=j(i®)E0191)10s01)(s®s)(10s21)(s®1®1)(k® k)k.

Here is the proof that motivates this definition:
FBY.B ,FAY A
FBY AL B®A
FALBYLB® A
FAt® Bt B A
e Duality: Given A define

times
exchange
par

At ={f e C(U,U)|f L g,forall g € A}.

Note that A = A+ by definition of objects in O(C).
e Par product: Given A and B objects of O(C) we define

AR B={jiak; + j:bkola € A", b€ B},

e “Par Unit” The candidate for unit of par is of course L= {1y},
however as pointed out above for the case of tensor, L fails to be the unit of
par.

Theorem 5.2 Let (C,T,U) be a UDC-Gol Situation with the additional re-
quirement that U @ U = U (j, k). Then O(C) is a x-autonomous category
without units.
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Proof. First we show that tensor is a bifunctor: note that 14 ® 1 =

0 1k + jok
R jsk = 1,4ep. This uses the fact that jk

Jik1 + ok 0
1y. It can also be shown that f'f ® ¢'g = (f' ® ¢')(f ® g), for f,g,f". ¢
appropriate types using similar matrix calculations.

We define the structure morphi&mb as follows: p4 : A®I — A is defined by
pa = (1 @k1)sk = jiko+ jok? and ply : A — AR T = j(k1 ®j1)sk = jikiks +
Jojik1. Aa i T @A — A= j(js®kg)sk,and Ny : A - IR A= j(ky ® j2)sk.
Finally aspc: A® (B®C) — (A® B) ® C is defined as

f

]

e =Jj@N)1®j@ ) (lrz®@s@1)(12®j@112)(10s@12)(s® s @ 5)

(1 ® s 1U3)(1U2 Rk ® 1U2)(1U2 ®Ss& 1)(1 Rk ® ]{J)(k} & 1)k’.
This is motivated by the proof below:
FAY A FBYB
FAL B (A®B) FC*HC
AL B CLH (A B)®C
FALBt® CL (A®B)®C
FALt % (Bt® CY),(A@B)®C
We shall show below that the maps p4 and p/; are indeed O(C) morphisms
and that they form a retraction pair (p/y,pa) : A << A® I. First note that
pa:U —U. Let m € A® I = {jiak;y + jobks |a € A, b € I}, one computes
pa-m = kymjy, now let p € AL, then j,pk; (jraky + jabks) = jipak; is nilpotent
and hence jipk; € (A®I)*, therefore m L jipk, which implies that kymgj, L p
and thus pa-m € A*+ = A. Similarly one gets that p/;, \a and X, are O(C)
morphisms. Finally one computes that p/ypa = jojik? + j2k1ka # 1agr, on the
other hand pap)y = jok1 + jika = 14.
We omit the details of the verification of the coherence axioms and the
naturality of ps and A4 in A.
Next we show that O(C) is symmetric and that the duality defined above
on objects can be made into a full and faithful functor on O(C). Indeed

0 Jiki + jako

after lengthy computations one gets sp 4545 = J
Jik1 + 2k 0
which is 14¢5, since jk = 1y.

Given f : A — B we define f+ : Bt — Al as f+ = js(kfj)sk.
(14)* = js(kjskj)sk = jsk = 1,41 and for f A— Bandg: B — C,
(gf)= = js(kgfi)sk = jsTr(1® 1® s)77 (kfj @ kgj)r)sk = jTr((1®
1 @ s)7 Y k(jskgjsk)j @ k(jskfjsk)j)T)k = f1gt showing that (=)' is a
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functor. Now let f,g € O(C)(A, B) such that fX = g' then js(kfj)sk =
js(kgj)sk which implies that s(kfj)s = s(kgj)s and hence f = g. Now let
g € O(C)(B*, AY), let f = js(kgj)sk, it is immediate that f+ = g. Hence
(—)* is full and faithful.

We define A 8 B = (At ® B+)! and need to show the required isomor-
phism. Let f € O(C)(A®B, C1). Define 8(f) = j(105)(k@1)(kf5)(j®1)(1&
k)k and 6'(g) = j(j®1)(1®k)(kgj)(1®4)(k®1)k for g € O(C)(A, B+ % C*).
Consider #(0()) = () & 1)(L@ k) (b (1@ 1)(k@ 1) (££1)(j & 1) (1 k)kj) (18
)k ® 1)k = f. Similarly 8(¢'(g)) = g and hence ' = 6~'. Thus O(C) is a
x-autonomous category. O

Note that in this way we have constructed a model of MLL without units
out of a UDC-Gol Situation. We now proceed to construct a model of MELL
without units.

Theorem 5.3 Let (C,T,U) be a UDC-Gol Situation with T = (T,v, ;) and
additional property that

e U®U=U(jk) and TU = U (u,v),

o (T,d,¢€) is a comonad,

e (TA, W'y, cy) is a commutative comonoid for each A € C,

* ¢4 is a map of commutative comonoids,

o w'y and ¢y are maps of coalgebras.

Then there is an endofunctor (1, ¢, ¢r) on O(C) such that (O(C),!) is a de-
notational model of MELL without units.

Proof.
11 O(C) — O(C) is defined as follows. !(A) = {uT(a)v|a € A} which
clearly is an object in O(C) and for f : A — B define

lf = juey @ W)™ T((dy @ 1)(kf5)(dy @ 1)1 (epv @ v)k

We show that ! is a functor: !(14) = jsk = 1,4 which can be shown using
a simple matrix calculation and the fact that eyT(dy) = 17y and T'(dy e, =
17y and that wv = 1. Similarly it can be shown that !(gf) =!g!f, using the
facts above, vu = 17y and properties of trace.

We next define the monoidal natural transformations:

e der ! = Id by ders 'A — A = j(udy ® 1)s(dyv ® 1)k. The definition is
motivated by:

AL A

F?AL A

dereliction



E. Haghverdi, P. Scott / Electronic Notes in Theoretical Computer Science 122 (2005) 67—-87 83

o 0:1=!lbyds A -NA = jluey @uey)y ' T((ey @ 1) T((dy ®1)s(d; @
1))Y(e; ® 1))¢(epv ® epv)k, motivated by the proof:

FAL A

F?AL A

F7AL 1A

F?AL 1A

dereliction
ofcourse

ofcourse

e weak ! — K; by weaky 1A — I = j(uwy @ m)(1; ® 17)(wyv @ n)k = Opy,
motivated by the proof
H1
F2AL 1
Here I <U (m,n), 1 is the unit of tensor in MELL and 1; = 0;7 as [ is the
zero object in C.

e con ! =®! by cony 1A SIARIA = jucy ®@ j)(1 ® s ® Dh®h)(l®
s ® 1)(cjv @ k)k where h = (eyy @ w) T ((dy ® 1)s(d; @ 1)) (e, @ v),
motivated by the proof

AL A AL A
m er ﬁ der
m ofcourse m ofcourse
F?AL 7AL 1ARQIA
F?AL 1ARIA
All the necessary conditions for ! follow from the conditions on 7. The well-

definedness of monoidal natural transformations above follows from Theorem
4.5. O

weakening

times

contraction

6 Double Glueing and Orthogonality

0.1 Gol Construction

In this section we recall Abramsky’s G construction [1]. This is related to
the Geometry of Interaction interpretation for MLL in that the composition
in the G(C) uses a version of Girard’s execution formula applied to the Gol
interpretation of the cut rule. We will describe this construction and then
remark that it is equivalent to the Int construction of Joyal, Street, and Verity.
However, it is more natural to relate O(C) to G(C).

Definition 6.1 (The Geometry of Interaction construction) Given a traced
symmetric monoidal category C we define a new category G(C), as follows:

* Objects: Pairs of objects from C, e.g. (A*, A7) where AT and A~ are
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objects of C.

* Arrows: An arrow (AT, A7) 7, (Bt,B7)ingG(C)is At@B~ L, A-@B*
in C. The identity is given by 14+ a-) = sS4+ a-.

e Composition: Composition is given by symmetric feedback. Given f :
(A", A7) = (BY,B7) and g : (BY,B7) — (C*,C7), gf : (AT, A7) —
(C*,C7) is given by gf = Trf;ggjﬁ_(gw (B(f ® g)a) where o and (3 are
permutations.

e Tensor: (AT, A7)®(B",B7)=(AT®@B", A~ ®B™) and for (A", A7) 7,

(B, B7) and (C*,C7) = (D*, D7), f®g = (la- ®sprc- @ 1pe)(f &
9)(1a+ ® sc+ p- @ 1p-) and the tensor unit is (7, I).

Proposition 6.2 Let C be a traced symmetric monoidal category. Then G(C)
defined as in Definition 6.1 is a compact closed category. Moreover, N : C —

G(C) with N(A) = (A, I) and N(f) = f is a full and faithful embedding.

Proposition 6.3 ([11]) Let C be a traced symmetric monoidal category, then
G(C) = Int(C).

6.2 Double Glueing

The double glueing construction we recall here is due to Tan and Hyland.
Given a compact closed category, this construction produces a *-autonomous
category which makes tensor and par distinct. The presentation here follows
[24] (see also [18]).

Let C = (C,®,1,s,(—)*) be a compact closed category. Let H denote the
covariant hom functor C(I,—) : C — Set and K denote the contravariant
functor C(—, 1) = C(1,(—)*) : C? — Set.

Define a new category GC, the double glueing category of C, whose objects
are triples A = (]A|, A, Ay) where |A| is an object of C, A, C H(|A]) =
C(I,A), is a set of points of A, and A, C K(JA|) = C(A,I) = C(I,A*) is a
set of copoints of A.

A morphism f : A — B in GC is a morphism f : |A] — |B] in C such
that Hf : A, > Bsand Kf : B, - A;. Given f : A - Bandg: B — Cin
GC, the composite gf : |A| — |C| is induced by the morphism ¢f in C. The
identity morphism on A is given by the identity morphism on |A| in C.

We will denote the underlying object of A by A, etc. Given objects A and
B we define the tensor product as follows: | AR B |= A® B, (A® B)s =
{o@T |0 € A,7 € By}, and (A ® B), = GC(A, B). where given A,
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At = (A" Ay, As). We define A — B = (A®B4)t and AR B = (A*@B*)*.

Proposition 6.4 (Tan) For any compact closed category C, GC is a *-
autonomous category with tensor @ as above and unit 1 = (I, {id;},C(I,1)).

Remark 6.5 Note that GC is a non-degenerate categorical model of MLL.
That is, the tensor and par products are always distinct. For example, (I, 0, 0)®
(1,0,0) = (1,0,C(I,I)) while (1,0,0) % (1,0,0) = (I,C(I,1),0).

In a logical setting one can think of an object A of GC as an object A in
C together with a collection of proofs of A (the collection A,) and a collection
of disproofs or refutations of A (the collection A;.)

Proposition 6.6 There is a fully faithful monoidal (—)*-preserving embed-
ding F : O(C) — G(GC).

Proof. Note that an object in G(GC) consists of a triple ((A, B), As, A;)
where A, B are objects in C, A, C C(B, A) and A; C C(A, B)

The functor F' is defined as follows: Given an object A € O(C), F(A) =
(U,U), A, At) and given a morphism f: A — B in O(C), F(f) = kfj. We
shall verify that kfj is indeed a morphism from ((U,U), A, A*) to ((U,U), B,
B1). Clearly kfj : U®U — U ®U. Now let g € A; then GC(I,kfj)g =
(kfj)g=Tr(1®g)s(kfj)s)=Tr(s(g®1)(kfj)s) = f-g, and we know that
frg € Basg e A Next, let g € B, GC(kfj,I)g = g(kfj) = Tr((1®
9)(kfi)) = Tr(s(g® 1)s(kfj)ss) = ft-g. Recall that f : A — B and hence
f+: Bt — At and so ft.g € AL, This verifies that F(f) is a G(GC)
morphism.

Next we shall verify that F' is indeed a functor, F(14) = F(jsk) =
k(jsk)j=s=1pa. Let f:A— Bandg:B— C, F(gf) = F(j Trienveu(
(1@ 1@ s)7H(kfj @ kgj)T)k) = Trigppen(1® 1@ s)77 (kf] © kgj)T) =
F(g)F(f). Heret=(1®1®s)(1®@s®1).

Clearly F is injective on objects. Let f,g: A — Band F(f) = F(g). Then
kfj = kgj and so f = g. Also given g : ((U,U), A, A+) — ((U,U), B, B*),
h = jgk : A — B is an O(C)-morphism and F(h) = g, hence F is a
full and faithful embedding. Observe that (FA)L = ((U,U), A, AH)t =
(U, U), A+, A) = F(A*+) and given f: A — B, and F(f*) = F(js(kfj)sk) =
kis(kfj)skj = s(kfj)s = (Ff)*. As for the monoidal structure define
Qr ((I, I),{l]},C(I, I)) — ((U, U),{lU}lL,{l[]}L) by Yr = lU. Note that
F(A® B) = (U,U),A® B,(A® B)') and F(A) ® F(B) = (U® U,U ®
U), As, A;) where A, = {a®@b|a € A,b € B} and A; = G(GC)(FA, (FB)1).
Define psp: F(A)@ F(B) > F(A® B) by pap=(1®s)(s®1)(j®k). O
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7 Conclusion and Future Work

In this paper we have used the UDC-Gol Situation to construct a denota-
tional model for MELL without units, thus relating the Gol Semantics to
denotational semantics in the case of MELL. While this is fine for “sum” or
“particle-style” Gol, the next natural step is to generalize to any Gol Situ-
ation: this work is currently in progress. The most important aspect of this
new work will be the axiomatization of the orthogonality relation (cf. [18])
that will include the nilpotency based definition of Girard as an example. In
this way one also hopes to include other categorical implementations of Gol,
including “product”-style, like the one by Abramsky and Jagadeesan [4], that
do not fit the UDC framework.

In [10], Girard extended the geometry of interaction to the full case, in-
cluding the additives and constants. He also proved a nilpotency theorem
for this semantics and its soundness with respect to a slight modification of
familiar sequent calculus in the case of exponential-free conclusions. This too
constitutes one of the main parts of our future work and thus construction of
denotational models for full LL.

One of the most intriguing questions is full-completeness. While we have
given precise connections with the fully complete double-gluing Gol models of
MLL in [11], the actual lifting of Hyland-Tan-style full completeness theorems
to our setting here appears to be not so straightforward, and is left for future
work.

Last but certainly not least, we believe that Gol could be further used in
its capacity as a new kind of semantics to analyze PCF and other fragments of
functional and imperative languages and be compared to usual denotational
and operational semantics through full abstraction theorems.
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