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1. Introduction

Let Fy be a finite field of g = p™ elements. For any integer n > 1 and a parameter a in a field Fy,
we recall that the n-th Dickson polynomial of the first kind D; (x, a) € F¢[x] is defined by

& i i n—2i
Drxay=3)  ——( )0
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i=0
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Similarly, the n-th Dickson polynomial of the second kind Ej(x, a) € Fg[x] is defined by

n2l o
En(x,a) = Z( ; )(—a)'x”_z’.

i=0

For a # 0, we write x =y +a/y with y # 0 an indeterminate. Then Dickson polynomials can often
be rewritten (also referred as functional expression) as

n

a a o a
Dp(x,a) =Dp|ly+ —,a)=y +
y y

and

Yl gty

a
En(x,a) = En<y+ f,a) =
y y—aly

for y #0, £4/a; For y = %+./a, we have E;(2+/a,a) = (n+1)(4/a)" and E;(—24/a,a) = (n+1)(—/a)".
It is well known that D,(x,a) =xD,_1(x,a) —aD,_»(x,a) and E,(x,a) =xE,_1(x,a) —aE,_>(x,a) for
any n > 2.

In the case a =1, we denote the n-th Dickson polynomials of the first kind and the second kind
by D,(x) and E,(x) respectively. It is well known that these Dickson polynomials are closely related
to Chebyshev polynomials by the connections D, (2x) = 2T,(x) and E,(2x) = U, (x), where T,(x) and
U, (x) are Chebyshev polynomials of degree n of the first kind and the second kind, respectively. More
information on Dickson polynomials can be found in [8]. In the context of complex functions, Dickson
polynomials of other kinds have already been introduced, see for example [6,9]. In the context of fi-
nite fields, some properties such as recursive relations remain the same but the emphases are rather
different. For example, permutation property over finite fields is one of properties which have attract
a lot of attention due to their applications in cryptography. In this paper, we study Dickson polyno-
mials of the higher kinds over finite fields. For any k < p and constant a € Fy, we define n-th Dickson
polynomials Dy k(x,a) of the (k + 1)-th kind and the n-th reversed Dickson polynomials Dy x(x, a)
of the (k + 1)-th kind in Section 2. Moreover, we give the relation between Dickson polynomials of
the (k + 1)-th kind and Dickson polynomials of the first two kinds, the recurrence relation of Dick-
son polynomials of the (k + 1)-th kind in terms of degrees for a fixed k and its generating function,
functional expressions, as well as differential recurrence relations. Some general results on functional
expression reduction and permutation behavior of D, y(x,a) are also obtained in Section 2. Then we
focus on Dickson polynomials of the third kind. In Section 3, we show the relation between Dickson
polynomials of the third kind and Dickson polynomials of the second kind and thus obtain the fac-
torization of these polynomials. Finally, we study the permutation behavior of Dickson polynomials of
the third kind Dy 2(x, 1) in Section 4. Our work is motivated by the study of Dickson polynomials of
the second kind given by Cipu and Cohen (separately and together) in [3-5], which aimed to address
conjectures of existence of nontrivial Dickson permutation polynomials of second kind other than sev-
eral interesting exceptions when the characteristics is 3 or 5. We obtain some necessary conditions
for D 2(x, 1) to be a permutation polynomial (PP) of any finite fields ;. We also completely describe
Dickson permutation polynomials of the third kind over any prime field following the strategy of
using Hermite’s criterion and Grobner basis over rings started in [3-5].
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2. Dickson polynomial of the (k + 1)-th kind

Definition 2.1. For a € Fy, and any positive integers n and k, we define the n-th Dickson polynomial of
the (k + 1)-th kind Dy, x(x, a) over Fg by

Lnmn—ki n—i : :
Dr(x.@) = —— ( ; )(—a)fx“*zl.

i=0

Definition 2.2. For a € Fy, and any positive integers n and k, we define the n-th reversed Dickson
polynomial of the (k 4 1)-th kind D, k(a, x) over Fyq by

W2l ki i . .
Dni(@x) =3, — ( ; )(—1)'0"’2’2(‘.

i=0

Remark 2.3. For n =0, we define Dpk(x,a) =2 — k = D, x(a,x). It is easy to see that D o(x,a) =
Dy(x,a) and Dy 1(x,a) = En(x,a). Moreover, we can have the following simple relation

Dy k(x,a) =kDpn1(x,a) — (k — 1)Dy 0(x,a) =kEn(x,a) — (k — 1)Dn(x, a). (2.1)

It is easy to see that if char(IFy) = 2, then Dy (x,a) = Dn(x,a) if k is even and D, (x,a) = Ep(x,a)
if k is odd. So we can assume char(IFg) is odd and we can also restrict k < p because Dy j4p(x,a) =
Dy k(x, a).

Remark 2.4. The fundamental functional equation is

y2n + kayZn—Z R kan—lyZ +at
y2n + a ka y2n _ an—ly
R

Dni(y+ay™ ', a)

2
, fory+#0,+4a,

where Dy ((£24/a,a) = (£/a)" (kn — k + 2).
Remark 2.5. For a fixed k and any n > 2, we have the following recursion:
Dy k(x,a) =xDp_1 k(x,a) —aDp_3 k(x, q),
where Do (x,a) =2 —k and D1 k(x,a) = x.
Using this recursion, we can obtain the generating function of these Dickson polynomials.

Lemma 2.6. The generating function of Dy, x(x, a) is

o
2—k+(k—1)xz
Dpr(x,0)" = ——————.
HX_(:) nk(X.@) 1—xz+ az?
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Proof.
o0
(1-xz+az?) Z Dpi(x, )"

n=0

[e.¢] o8] o0
=Y Dpk(® 02" =X Y Dy, 02" +a ) Dylx, a)2"?
n=0 n=0 n=0

oo
=2—k+xz—Q2-kxz+ Z(Dn”,k(x, a) — xDpi1 k(X, @) + aDp k(x, a)) 2"
n=0

=2—k+ (k—1)xz. O

Stoll [9] has studied these Dickson-type polynomials with coefficients over C. We note that in our
case all the coefficients of D, (x,a) are integers. Hence Lemma 17 in [9] can be modified to the
following.

Lemma 2.7. The Dickson polynomial D, ,(x, a) satisfies the following difference equation
(Asx* +aA2x* +a®Ag) D), (x,a) + (B3X’ + aB1x) D}, , (x, @) — (C2x* + aCo) Dy k(x, @) =0,

where A4, Ay, Ag, B3, B1, Ca, Co € Z satisfy

Ag=B3 = l’l(l — k),

Ay=—m—-1Q2-k?>=22n+1)2 —k) +4n,

Ao=4n—1)2 —k)? +82—k),

Bi=-3(n—1)2 —k)?>+2(4n —3)(2 — k) — 8n,

Cy=n3(1-k),

Co=—-—nn—1)(n-2)2— k)2 —2n(3n—4)(2 — k) — 8n.
In particular, fork =0, 1, 2, we have

(x* —4a) Dy, o(x, a) + XD}, o(x,a) —n*Dpo(x,a) =0,
(x* —4a) Dy, 1 (x,a) + 3xD}, ; (x,a) —n(n +2)Dp,1(x,a) =0,
X* (x> — 4a) 2 (X, a) + x(x* + 8a)Dy 5 (x, @) — (n®x* +8a) Dy 2(x, a) = 0.

Theorem 2.8. Suppose ab is a square in Fg*. Then D, i (x, a) is a PP of F if and only if Dy, x (x, b) is a PP of IFy.
Furthermore,

Dpi(a,a) = (v a/b)nDn,k((\/ b/a)e, b)-

Proof.
[n/2] . .
n — K _ . .
Vab"Dy(v/b/ac,b) = (Jaby Y S (”,. ’) (~b)' (v/b/acr)"?
i=0
[n/2]

i |
= Jajby Y (”,. ') (=b)'(v/b/acr)"

£ n—i
i=0
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[n/2]

o (” - i) (~) (@)™
£ n—i 1

= Dpk(,q). O

So we can focus on a = +1. When a =1, we denote by

n/2]

— ki s ) )
Dnﬁk(X): Z Tln_Cil <ni l> (_1)1Xn72l.

i=0

Indeed, Dp o(x) = Dn(x) and Dp 1(x) = E(x) are Dickson polynomial of the first kind and then
second kind when a =1 respectively.
Similarly, let x=y + y~!, we obtain the functional expression of Dy (X):

oy ky Tl kyr 1
= i
_y2n+1 k y2n_y2

— , 0, £1.
yn +yn y2_1 y¢

Dni(y+y7 1)

We remark that Dy x(£2) = (£1)"(kn —k + 2) and Dy x(—x) = (—1)"Djp x(x). For a fixed k and any
n > 2, we have the following recursion:

Dy () =XDp_1k(X) — Dp_3 1 (%),

where Dg k(x) =2 —k and D x(x) = x.
For o € F; there exists uqy € Fge with

o=y + —.
Uy

The following property is well known.
Proposition 2.9. For u € Fp> with u + 1 eFg we have ut=" =1 orut*! =1.

For positive integers n and r we use the notation (n); to denote n (mod r), the smallest positive
integer congruent to n modulo r. Let us also define Sq_1, Sq41, and S, by

Se1={aeFgul =1},  Sgu=|aeFgaul™ =1}, s,={+2).
Then we can reduce the function Dy k(x) into step functions with smaller degrees.
Theorem 2.10. As functions on Fq, we have
Dny,, k() ifa €Sy,

Dp (@) =1{ Dmy,_ k(@) ifo € Sqg1,
Dy, k(@) ifor € Sqi1.
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Proof. If o € Sp then Dy (o) = (£1)*(kn—k+2) = (£1)™2p (k(n)2p —k+2) = D (), k (00). IfaeSq

then u}, = ufxn)"’l. Similarly, if o € Sq11 then u}, =

expression of Dickson polynomials. O

ug' a1 . The rest of proof follows from the functional

Define c = @. By Proposition 2.9, we have ugf = 1. Therefore, using the functional expressions,
we have Dy x(a) = Dy, k(@) as functions over Fy. This means the sequence of Dickson polynomials
of the (k + 1)-th kind in terms of degrees modulo x? — x is a periodic function with period 2c. Here
we can obtain (1) in terms of (n)p, (M)g—1 and (M)g41.

2_ . L
Proposition 2.11. Let c = M. Ifn is a positive integer then we have

Mg-10°@+1)  (Mg+19°@—1)

M2c =—M)p(¢* — 1) + 5 5

Proof. If p is even, then both g+ 1 and g — 1 are odd and thus %, q+1, g—1 are pairwise relatively

prime. If p is odd, then both ¢+ 1 and q¢ — 1 are even. Hence p, q + 1, % are pairwise relatively

prime if ¢ =3 (mod 4) and p, %, q — 1 are pairwise relatively prime if g =1 (mod 4). The rest of
proof follows from Chinese Remainder Theorem. 0O

Let €4 = u{, € {£1}. Then we obtain the following.

Theorem 2.12. Let ¢ = uy + ﬁ where uq € Fp2 and o € Fy. Let €4 = u$, € {1} where c = @. As
functions on IFq we have

Deyn(t) = €4 Dp ().
Moreover, Dy, i (x) is a PP of Fq if and only if D¢yn k() is a PP of Fg.
Proof. For o = 42, we have u, = £1. Moreover, p | c. Hence
Deyn e (£2) = (=D (k(c +n) —k +2)

= (£DY(ED"(kn —k +2)
= €a Dnk(£2).

If o #+2, 0, we have u, =uy“ and thus

2 2
b @ w2 4 q ko ule™ g2
c+n, k(&) =
w2 -1
2c,,2n 2c,,2n 2
_uguy'+1 ko ufful' —ug
- cqn cqn 2
ugug ugul, ug —1

C442n —C € qy2n —Cy,2
Ugly' +Ug" |k ugug' —ugug

n n 2 _
uy, ug, ug —1
2n 2n 2
cfud+1  koult—ug
=lq n n 2
ug, ug ug —1

= ufan,k(a)-
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If q is even, then D¢ypk(x) = Dy (x). Hence we assume q is odd for the rest of the proof. If
Dpi(x) is a PP of Fy, then n must be odd because Dp(£2) = (£1)"(kn — k + 2) and Dp(2) #
Dy k(—=2). Therefore D, y(—a) = —Dp () for any a € Fy. Since c is even, ¢ +n is odd and
Deqn k(=) = —Deyn(@). Suppose Deyni(@1) = Deynk(crz) for some oq,ap € Fg. Then there are
€ay» €a, € {£1} such that €y, Dy k(1) = €q, Dy k(02). Therefore we either have Dy k(1) = Dy k(@2) or
Dy k(1) = =Dy k(or2). In the latter case, Dy g(—0o2) = —Dp k(0r2) = Dy k(crq) implies that a1 = —o.
Then Dcyp k(1) = Deynk(—0t2) = —Dcyp k(cr2), which contradicts to Deyp k(1) = Deipi(ez) and g
is odd. Hence Dy y(a1) = Dpr(az) and thus o = ap. Therefore D¢y, k(x) is also a PP of Fy. The
converse follows similarly. O

We remark that Dycin () = €2Dpk(e) = Dp () and thus Dy x(x) = Dy, k(*) (mod x4 — x).
This implies that the sequence of Dickson polynomials of the (k + 1)-th kind in terms of degrees is a
periodic function with period 2c.

Finally we give the following result which relates a Dickson polynomial of one kind to a Dickson
polynomial of another kind.

Theorem 2.13. Let ¢ = p™ be an odd prime power. For k # 1, let k' = % (mod p) and €, = uf, € {£1}

27 .
where ¢ = w. Forn < c, as functions on Fq we have

_601

De_p () = k—

—% Di(e0).

Moreover, Dy i (x) is a permutation polynomial of Fq if and only if D¢_, v (x) is a permutation polynomial
of Fy.

Proof. For @ = £2, we have u, = +1. Hence

Deonj(£2) = (ED"(K'(c —n) — K +2)

k(c —n) k 2(k—1)
=(EDED" —
EDX )<k—1 k-1 k-1
uC
ot "‘1 (D" (k(c —n) —k+2(k — 1))
C
— (L)' (kn —k +2)
k—1
—€
= ﬁnn,k(iz).
If  # £2, 0, then uf, =uy° and thus
SO PSRN G
T T w1
Cuduy? 41 k uZuz?n —u?
O uSug” (k—DuSug"  uZ—1
Cuug?t +uy© k uSug " —uyu?
g (k—Dug"  uf -1
B C(ugz"—i-l k u;z”—u‘%l)
= Uy —n —n 2
Uy (k—Dug" ug—1
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us ((/<—1)(u(;2"+l)Jr k u;”‘—ﬂi)

T k-1 uz" ug" uZ -1
_oug —1(ug?"+1) Lu;z’”z—l
T k-1 ug" ug" uz—1
g <—1(u;2”+1) Luo‘[z"—u;2>
k—1 ug" ug" 1—ug?
—uf,
= —Dpk(a).
k—1 n,k( )

The rest of proof is similar to that of Theorem 2.12. O
3. Dickson polynomial of the 3rd kind
First we recall
Dy k(x,a) =kDp 1(x,a) — (k — 1)Dy 0(x,a) =kE,(x,a) — (k — 1)Dn(x, a). (3.1)

It is easy to see that if char(Fq) =2, then Dy y(x,a) = Dp(x,a) if k is even and Dy, y(x, a) = Ex(x, a) if
k is odd. Hence it is more interesting to study Dy x(x) when char(Fq) > 2.

Theorem 3.1. For any n > 1, we have

Dy k(x,a) = Dpk—1(X, ) + aEp_2(x, a).
In particular,

Dy2(x,a) =XEn—1(x,0)

and

Dn3(x,a) =XEn—1(x,a) + aEy_2(x, ).
Proof. Indeed, we have

Dy x(x,a) =kEn(x,a) — (k —1)Dy(x, a)

= Dpk—1(X, @) + (En(x,@) — Dn(x, @))
= Dpk-1(x,a) +aEn—2(x, ),

where the last identity holds because E(x,a) —aE,_»(x,a) = Dy(x, a). In particular, when k = 2, then

Dp2(x,a) = Dp,1(X,a) + aEp—2(x, a)
=En(x,0) +aEn2(x,0)
=xEn_1(x,q). O
Since the factorization of E(x,a) over a finite field IFy is well known (see for example, [1] or [2]),

we can obtain the factorization of Dy11,2(x, a) = XE,(x, a) over Fy as well. Of course, it is enough to
give the result for the case that gcd(n+ 1, p) = 1. Indeed, if n+1=p"(t + 1) where gcd(t + 1, p) =1,
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then it is straightforward to obtain E,(x,a) = E;(x, a)Pr (%2 —4a)pz;] by using the functional expression
of E¢(x,a).

Corollary 3.2. Let IFy be a finite field with char(Fq) = p, gcd(n 41, p) =1, and ¢ be Euler’s totient function.
Leta # 0.

(i) If q is even, then Dyy12(x, a) is a product of irreducible polynomials in Fq[x] which occur in cliques
corresponding to the divisors d of n + 1. The irreducible factor corresponding to d =1 is x. To each such d > 1
there correspond ¢ (d)/2kq irreducible factors, each of which has the form

kq—1

[T6—va(e +¢,)).

i=0

where ¢4 is a primitive d-th root of unity and kg is the least positive integer such that gk¢ = +1 (mod d).

(ii) If q is odd, then Dy12(x,a) is a product of irreducible polynomials in Fq[x] which occur in cliques
corresponding to the divisors d of 4n + 2 with d > 2 and d = 1. The irreducible factor corresponding to d = 1
is x. To each such d > 2 there corresponds ¢ (d) /2Ny irreducible factors, each of which has the form

kq—1

[T (x=va (&7 + ).

i=0

where ¢4 is a primitive d-th root of unity, unless a is non-square in Fq and 4 1 d; in this exceptional case there
are ¢ (d)/Nq factors corresponding to each d = dg and d = 2dy, where dg > 1 is an odd divisor of k + 1, and
the factors corresponding to dg are identical to the factors corresponding to 2dy. Here kg is the least positive
integer such that ¢*¢ = +1 (mod d), and

kq/2 if/a ¢ Fqandd=0 (mod 2) and kg =2 (mod 4)
and gki/? = % +1 (mod d);

2kq if/a ¢ Fqand kq is odd;

ky otherwise.

Ng =

4. Permutation behavior of Dickson polynomials of the 3rd kind

Let fy(x) := Dp,2(x) =XEn—1(x). The functional expression of f,(x) is given as follows:

yn_y—n
fn(y+y*1)=(y+y*1)m for y # 0, +1, (4.1)

where f;(0) =0, fp(2) =2n, and f,(—2) = (—1)"2n. If q is even then Dy, (x) is the Dickson polyno-
mial of the first kind as explained earlier.

So we assume ¢ is odd in this section. Let & be a primitive (q — 1)-th root of unity and n be
a primitive (q + 1)-th root of unity in Fp.. Then Sq_1 = {x = gl4eie Fg: 1<i<(q—3)/2} and
Sqr1={x=n) +n77 €Fq: 1< j<(q—1)/2}. We note that —Sg_1 = Sq—1 and —Sg11 = Sq41. Using
the functional expression, one can also easily obtain the following sufficient conditions for f,(x) to
be a permutation polynomial of Fy.

Theorem 4.1. Let q be an odd prime power. Suppose n (mod p), n (mod (g — 1)/2) and n (mod (q + 1)/2)
are all equal to 1. Then fy(x) is a permutation polynomial of Fg.

Proof. Because one of (g — 1)/2 and (q + 1)/2 is even, both n =41 (mod (g —1)/2) and n = +1
(mod (q + 1)/2) imply that n must be odd. Therefore n=+1 (mod p) implies that n=+1 (mod 2p).
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The rest of proof follows directly from Theorem 2.10 and Eq. (4.1). Indeed, f,(x) permutes each subset
Sp, Sg—1 and Sg11 of Fg in the same way as linear polynomial £x (but f,(x) is not necessarily equal
to +x). O

We are interested in the necessary conditions when fy(x) is a PP of IFy.

Proposition 4.2. Let q be an odd prime power. If f;(x) is a permutation polynomial of Fg, then

i) nisodd.

(ii) p12n.
(ifi) ged(n, g —1)=1.
(iv) n= =1 (mod p).

Proof. (i) and (ii) are obvious because f,(0) =0, f,(2) =2n, f,(—=2) =(=1)"2n and f,(x) is a per-
mutation polynomial of Fy.

(iii) Because f;(x) is a permutation polynomial of Fyq and f,(0) =0, there does not exist xg #0 €
Sq—1U Sg41 such that fp(xg) =0. Let x=y + y~! where y &' for some 1<i<(q— 3)/2 or nJ for
some 1< j<(q—1)/2. Then either & + £ 1=0if i=4 T orpl+n7i=0 1f]— qzl

Because n is odd, we let gcd(n,q — 1) = ged(n, (@ — 1)/2) = d; and gecd(n,q + 1) = ged(n,
(q+1)/2) =d,. If either dy > 1 or d; > 1 then we have either

%—ﬂ(LI—U/dl - g—n(Q—l)/dl

(g—1)/dq —(@-1/d1) _ (£@—1/dy —(q—1)/dy _
fn(5 +§ )— (‘@E +§ ) g@-D/dr — g—@=-D/ds =0

or

@+1)/d2 _ p-n(@+1)/d
Fa(n @D/ 4 = @HD/d2) — (p@+D/dz +n—<q+1)/dz)’7"q [ -y narDid
. n@+D/d2 — p—@+)/d;

Because n is odd, di > 1 implies d; > 3 and d; > 1 implies d; > 3. Hence (g — 1)/d; < (q —-1)/2
and (q + 1)/dy < (q + 1)/2. However, that d; and d; are both odd implies that é' + &0 and
nd +1n~i 0, a contradiction. Hence d; =d, = 1 and thus gcd(n, g> — 1) = ged(n, (g% — 1)/4) = 1.

(iv) By Wilson’s theorem, we have

[T fio=-

x€Fq, x#0

Similar to the proof of Lemma 5 in [5], we expand the product on the left-hand side and obtain some
relations in terms of n.

We note that if g=1 (mod 4) then £@D/4 4 ¢-@-D/4 =0 ¢ Sq—1, and if g =3 (mod 4) then
n@tb/4 4 p=@+tb/A—p¢ Sg+1-

Let us consider g =1 (mod 4) first. So 0 € Sg_1. Then

[ fw=f@f2 [ H®

x€Fq,x#0 X€Sq-1USg+1
x#0
=f@f=2 [] fiw [] fx
Xe€Sq-1 XE€Sq+1

x#0
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q-3)/2 . . Sin _ Efin q-1)/2 . . n}n _ nfjn
— _ i —i J —J
= f@)f(-2) 1"! (6 G 1"! (' )
i@ 1)/4 =
@32 @=bvsz )
=fof2 [ E+&) [ @ +n7),
i=1 j=1
i#(@—1)/4 !
the last equation holds because gcd(n,q — 1) =1 and gcd(n,q + 1) = 1. Hence
[ fiw=f2f=2 [ =x
xelFg,x#0 X€Sq-1USq+1
x#0
By Wilson’s theorem again, we have
1
1_[ X = Z
X€Sq-1USq+1
x#0
Then we obtain
1
-1= [[ A®=f@fC25=CD"=—n"
xeFq, x#0
Therefore, n =41 (mod p).
Similarly, if g =3 (mod 4) then 0 € Sq1. Because gcd(n, q> —1)=1, we have
[] fAo=r@f=2 ] fH®
xelFq,x#0 X€Sq-1USq+1
x#0
=f@f2 [ o [ fx
X€Sq-1 XESq i1
x#0
(q-3)/2 (q-1)/2
. _ i;m S in 77]11 _ n ]11
=f@)f(=2) g W +n)———
E ( )sl ‘i: i j:1 ( ) T]]—T]_]
j#@+1)/4
@372 - @-Dy2 ‘ '
=f@f2 [] E+&7) H (' +n7)
i=1 =1
]#(Q+1)/4

=f@f2 [ =
XESq,1USq+1

x#0

Therefore we obtain n =41 (mod p) in this case as well. O
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Denote ny = (n)q—1 and ny = (n)q41. Because n is odd, ny and ny are odd. Then we can present
the permutation polynomial f,(x) of Fq as

2n ifx=2

—2n ifx=-2;
fn(0 = fu () ifxeSq_1;

fn, (%) ifx e Sqi1.

Let m be the unique integer such that 1 <m < (q —3)/4 and ny = £m (mod %). Then fy, (x) =
+fm(x) if x € Sq_1. Indeed, if ny < (g — 1)/2, then n; =m. If ny > (g — 1)/2, then y@ D/2+m _
y~(@=D/24m) — 4 (ym _ y=my and thus fo 4221 ®) = £ fn(0). Similarly, Let ¢ be unique integer such

2

that 1 <£<(q—1)/4 and ny = +¢ (mod %). Then fu, (%) = £fe(x) if x € Sq41.

Note that if f(x) is a PP then m # 0 and ¢ # 0. In the following we want to show that m=¢=1
when g = p by using the similar arguments as in [3-5].

Because n = +1 (mod p), using Hermite’s criterion, we now deduce the following result similar to
the key lemma in [4] or [5].

Lemma 4.3. Assume that f,(x) is a PP of Fq. Let m, £ be defined as above. Let & = {q_1 and 1) = g1, where
¢4 is a primitive d-th root of unity in F>. Then foreachr =1,...,(q — 3)/2,

q—2 q
S m(E + )+ D (Fe(n? +n77) " +222 = 2(@m) + 207). (4.2)
i=0 j=0
Proof.
D (fmE+E) = D (fE )T+ (fn@)7 + (fm(=2)"
= %G 1)/2
=2 3 (fm(E +£7)" +22m)>.
X€Sq-1
Similarly,

q
S (Fe(+n70) =2 3" (foln? +177)" +2207
j=0

XESg+1

Because n = =1 (mod p), Hermite’s criterion gives

S U+ + Y (feln? + 079 #2274 =0,

X€Sq-1 X€Sg41
and the result follows. O

Again we will apply Lemma 4.3 together with basic properties of roots of unity such as

q—2 q
is_ [0, (@—Dts; ,-S_{o, q@+1)ts; 43
gs _{—1, q@-11s; ]go” 11, @+1D]s. (43)
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Because f;(x) =xE,_1(x), using Eq. (2.5) in [4], we obtain
2r 2r(n—1)

i i\72r ; k—j — o
o & (F )T e
>

v=0 k=0

From Eqgs. (4.3) and (4.4) each identity (4.2) gives an equation in terms of m and ¢ over prime
field . As in [4,5], for r < 2, since m and £ are less than q/4, one needs evaluate only the constant
term in the expansion of fi,(§'+& 2" for i <q—2 and fe(n! +n~)?" for j < q. For r > 3, the ranges
have to be subdivided because in some cases the coefficients of u9*! may have to be considered.

Let h; := h;(m, £) = 0 be the series of polynomial identities obtained from Eq. (4.2) by setting
r=1,2,.... Without loss of generality, we can assume the coefficients are integers.

Lemmadd. (i) h; =2m2 +22+m—¢ —4.
(ii)hy =3m* + 304 +m3 -3 —m+¢—6.

Proof. (i) For r =1, the constant term of [ f;(u' + u~')]* happens when n =k + v where 0 < v < 2.
Hence k =n — v and the constant term is

2 2\ n—v—jn+1\ /2
DY =0 : =M+1-2)+2n+n—1)=4n—2.
v=0 j>0 J v
Plug r =1 into Eq. (4.2), we obtain
—(4m —2) + 40 — 2+ 16 = 2(4m* + 4¢2).
Hence hy =2m% + 202+ m — ¢ — 4.

(ii) For r = 2, the constant term of [f,(u! + u~)]* happens when 2n =k + v where 0 < v < 4.
Hence k =2n — v and the constant term is

4 .
Z Z(_l)j(4¥> <2n —v ; jn +3> <4>
v=0 j>0 J v
This expands to () —4("3°) +6) +4(("5?) —4("3°) +6(("5) —4("3) +4((3) —46) +
("5 —4("3") = (320> — 32m)/3 + 6.
Plug r =2 into Eq. (4.2), we obtain
—((32m® —32m)/3 +6) + (326> —32¢) /3 + 6+ 64 =2(16m" + 16¢*).

Hence hy =3m* +3¢4+m? — > —m+¢—-6. O

Let D:=m —¢ and P :=m¢. We have m? + ¢2 = D2 + 2P, m® — ¢3 = D3 + 3PD, and m* 4+ ¢4 =
D* 4 4PD? 4 2P2. Using h; we obtain P =1 — D/4 — D?/2. Plug it into hy, we obtain

3D* — 14D +71D? — 16D = 0.
Obviously D =0 is a solution. We need to whether there is a solution for

3D3 —14D? + 71D — 16 =0.
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As in [5], there are infinity prime numbers such that 3D3 — 14D2 + 71D — 16 = 0 has nonzero
solutions. Thus we need to take r =3 and we have to consider different cases.
Lemma 4.5. We have the following expressions for hs:

+1

o ifm< iz and£<" , then

h3 = h3q :=80(m® + £°) +22(m> — ¢°) — 20(m® — €3) +23(m — ¢) — 160;

w

.zf%g <q%and

-Q
O')

l<eg qT (hence g > 11), then

eimesfsno () ()

o if It <m< 92 and ¢ < T (hence g > 11), then

6 11
6\ /3m—v+ =
b2 ()07 )

o ifm < %t and T < ¢ < UL, then

6 9
) 6\[(3t—-v+3
h3 =hs3q := 16<h3a — SOVE_O (V)( 5 ))

Proof. Take r =3, we need to consider coefficients in Eq. (4.4) such that 3m —k—v =0 (mod q — 1)
and 3¢ —k — v =0 (mod q + 1). Then the result follows from a case analysis and a computer calcula-
tion. O

We observe that hsy(m, £) = h3c(—¢, —m). In the expanded form, we have hs, = 640(m® + ¢5) +
1472(m° — £°) +1080(m* +1*) + 1640(m> — I3) + 780(m2 +12) + 493 (m — ¢) — 1205 and h3. = 1280¢5 —
352¢° 432003 — 368¢ + 1280m° + 2944m> + 2160m* 4 3280m> + 1560m? + 986m — 2485.

For r =4 we define

8 15 8 15
4m— v+ 13\ /8 3m—v+ 13\ /8
CHAm=2<m f”)@) Cwam=2<m TV)Q)

v=0 v=0
S (at—v+ 128 S 3e—v+ 13\ 8
Cor1a() =) ; L) Cans@=3 ; L)
v=0 v=0

Then we obtain h4 similarly. We note that one can also get the symbolic expressions from Eq. (4.4)
and Lemma 4.3 using a computer package like MAGMA or SAGE.

Lemma 4.6. We have the following expressions for h4:

olfmS%andlgfg%then



828 Q. Wang, J.L. Yucas / Finite Fields and Their Applications 18 (2012) 814-831

8 8(m-1)

315 8\ /4m —v —tm+7\ /(8
h4a=2—s<2<2m>8+2<2€>8—21°+2 > Z(‘”t@( 7 ><V>

v=0 k=0 t>0

8 8(—1)

LRz 0)

v=0 k=0 (>0
=630(m® + %) + 151(m’ — ¢7) + 140(m’ + €°) + 154(m> — €3) + 165(m — £) — 1260;

oifmgq%and%<£<%then
8

2
hgp = 1260 m’ua —2Cq4+1,40) );

oifmg%and%<£<%then

28
hge = 1260<Eh4a —2Cq41,4(0) + 16Cq+1,3(z)>§

£=}
o+
LR

andlg@g%then

28
h4d = 1260(Eh4a + 2Cq71,4(m));

°

<

=)
oo| i
A

3

N

o
c:|t

and &t < ¢ < ZEL then

8

2
hae = 1260<Eh4a +2Cq-1,4(m) — 2Cq+1,4(£));

o if 152 <m < 9 and T < ¢ < L then
28
haf = ]260<Eh4a +2Cq-1,4(m) — 2Cq41,4(0) + 16Cq+1,3(€)>;
. if%<m<%and1<5<%then
28
h4g = 1260<mh4a + 2Cq—1,4(m) - ]ch_]j(m));
. if% <m<%and% <Z<%then
28
hgn = ]260<Eh4a + ch_1’4(m) — 16Cq_],3(m) — 2Cq+l,4(£)>;

q-3 q+1
d 6

N

< % then

28
hgi = ]260<Eh4a +2Cq-1,4(m) —16C4_1,3(m) — 2Cq41,4(€) + 16Cq+1,3(£)).



Q. Wang, J.L. Yucas / Finite Fields and Their Applications 18 (2012) 814-831 829

Table 1
The third and fourth generator of the ideal I.
m< 5 m< 12 m= 15" m< 7
< % h3gq, haq (case I) h3q, haq (case II) h3c, haq (case III) h3c, hag (case V)
< % h3q, hgp (case V) h3q, hge (case VI) h3¢, hse (case VII) h3c, hgp (case VIII)
{= % h3q, hgp (case IX) h3g, hge (case X) h3p, hge (case XI) h3p, hap (case XII)
< % h3q, hae (case XIII) h3q., hay (case XIV) h3p, hgy (case XV) h3p, hai (case XVI)
Table 2
Leading coefficients in bivariate Grobner bases over Z.
Case Leading coefficients > 1 Prime divisors
I 2,4,6,12 2,3
I, v 3, 315, 152073086445 3,5,7 19, 73, 157, 739
1L, 1v, VII, VIII, IX, X, XIII, XIV, 3,15, 315 3,57
VI 2, 3, 6, 9658530 2,3,5,7 15331
XI, XII, XV, XVI 3,15 3,5

Now we have the following 16 cases in Table 1. We number with Roman digits the 16 cases
described Table 1, starting from the upper-left corner and going right and down. Using MAGMA, the
idea I generated by hi, hy, hsg, hsgq in the polynomial ring Z[m, £] in Case I has Grébner basis as
follows:

m2+2*m+7>x<12—2*l—8,
mxl+2x«m+4%E +15%2 —6x1— 16,
3am+12x1% —3x1—12,
2%1*+16 x> — 18,
8*13—8*1,
24 % ? —24.

This means that in this case m=¢=1 for p > 5.

In each of Cases II-XVI the ideal I generated by hi, hy and corresponding h3 and hy4 contains a
constant polynomial. We collect all the leading coefficients of the polynomials in each basis in Table 2.

For each prime p > 5 appearing in the last column of Table 2 we computed a Grébner basis of the
image of the ideal I in the polynomial ring IFp[m, £] using MAGMA.

A synopsis of the output is given in Table 3. They all turn out to be special cases of m=4¢ =
+1 (mod p). Hence m = ¢ = 1. In the same way as in [3-5] we conclude with the following theorem.

Theorem 4.7. Let ¢ = p > 5. Then f;(x) is a permutation polynomial of Fq if and only if n = 1 (mod p),
n==1(mod (g —1)/2),andn==+1 (mod (q + 1)/2).

We expect the result works for ¢ = p2 as well, which involves further computation for r = 5, and
thus decide not to pursue it further.

5. Conclusions
In this paper we introduced the notion of n-th Dickson polynomials D k(x,a) of the (k + 1)-

th kind and n-th reversed Dickson polynomials D k(x,a) of the (k + 1)-th kind in Section 2. We
studied basic properties of Dickson polynomials of the (k + 1)-th kind and their relations to Dickson
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Table 3
Grobner bases over F, where p > 5.

Case Polynomials

I m={==+1 (mod p) where p=5,7
m=+{¢=1 (mod p) where p=19,739

={¢=—1 (mod p) where p=73,157

+1 (mod 5), n=¢=1 (mod 7)

+1 (mod p) where p=5,7

1 (mod p) where p =73,157

—1 (mod p) where p =19,739

+1 (mod p) where p =5,7,15331

+

+

111, 1V, VII, VIII
\

VI
IX, X, XIII, XIV
XI, XII, XV, XVI

J4
1 (mod 5), m=¢=—1 (mod 7)
1 (mod p) where p=5

=

3333333
1L 1 I

polynomials of the first two kinds, the recurrence relation of Dickson polynomials of the (k + 1)-
th kind in terms of degrees for a fixed k and its generating function, functional expressions and
their reductions, as well as differential recurrence relations. Finally we considered the factorization
and the permutation behavior of Dickson polynomials of the third kind. Here, we only completely
described the permutation behavior of the Dickson polynomial of the third kind over any prime field.
Similar result is expected to be true over F,,, however, it seems that it is necessary to invent more
tools to deal with arbitrary extension fields. For the reversed Dickson polynomials of the (k + 1)-th
kind, it would be more interesting to study further in a similar way as that of the reversed Dickson
polynomial of the first kind started in [7].
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Appendix A. Numeric expression for h3 and h4

h3a:=160 15 — 44 %> + 40 % 1> + 160 x m® + 44 x m> — 40 + m> — 46 x| + 46 + m — 320;

h3b := 640 %15 — 1472 % I° 4+ 1080 * I* — 1640  I> + 780 x [2 + 640 x m® + 1472 x m> + 1080 x m* +
1640 % m> + 780 « m2 — 493 x| + 493 x m — 1205;

h3c:=1280 %1% —352 %[> 4320 %13 + 1280 % m® + 2944 s m> + 2160 + m* + 3280 + m> + 1560 + m? —
368 [ + 986 « m — 2485;

h3d := 1280 %1% — 2944 % I> + 2160 % I* — 3280 % > 4+ 1560 % 1> + 1280 % m® + 352 + m> — 320 xm> —
986 | + 368 * m — 2485;

h4a:=630 %8 — 151 %17 + 140 %> — 154 % 3> + 630 *m8 + 151 xm’ — 140 xm°® + 154 x m> + 165 =
I —165xm — 1260;

h4b := 645120 % I3 — 2251776 % |7 + 1835008 I — 4214784 x I° + 2437120 = I* — 2010624 = I> +
546112 * 12 + 645120  m® + 154624 x m’ — 143360 % m> + 157696 % m3 + 37704 x| — 168960 % m —
1279215;

h4c := 645120 %8 — 12288 17 — 777728 %15 + 4058880 % > — 3731840 % [* + 4243008 x> — 1911392 «
I2 4+ 645120 x m® + 154624 + m’ — 143360 x m> + 157696 « m> + 825240 x| — 168960 x m — 1367415;

h4d := 645120%I8 — 154624 %17 +143360%I°> — 157696 %> + 645120 m8 42251776 xm’ + 1835008
mb® + 4214784 +m® + 2437120 + m* + 2010624« m> 4 546112 s m? + 168960 % | — 37704 sm — 1279215;

hde := 645120 * I8 — 2251776 17 + 1835008 * I8 — 4214784 x I° + 2437120 = I* — 2010624 = I3 +
546112 12 + 645120 % m8 4 2251776 xm’ + 1835008 5 m® + 4214784 x m> + 2437120 x m* + 2010624
m3 4 546112 x m2 + 37704 | — 37704 x m — 1268190;

haf := 645120 %18 — 12288 %17 — 777728 %16 + 4058880 x> — 3731840 % 1* +- 4243008 % 1> — 1911392 %
12 + 645120 + m® + 2251776 « m’ + 1835008 * m® + 4214784 « m° + 2437120 « m* + 2010624 « m> +
546112 * m? + 825240 x| — 37704 x m — 1356390;
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h4g := 645120 % — 154624 17 + 143360 % I° — 157696 * I> + 645120 x m8 + 12288 xm’ — 777728
m® — 4058880 +m> — 3731840 +m* — 4243008 +m> — 1911392 +m?2 + 168960 | — 825240 +m — 1367415;

h4h := 645120 * I8 — 2251776 x |7 + 1835008  [6 — 4214784 % I° + 2437120 % I* — 2010624 = > +
546112 * I2 + 645120 + m® + 12288 « m’ — 777728 + m® — 4058880 * m> — 3731840 = m* — 4243008 =
m3 — 1911392 x m2 + 37704 x| — 825240 * m — 1356390;

h4i := 64512018 — 12288 %17 — 777728 x5 + 4058880 I° — 3731840 x1* + 4243008 x> — 1911392 %
2+ 645120 +m® +12288xm’ — 777728 xm® — 4058880 m> — 3731840 m* — 4243008 xm> — 1911392 %
m? 4 825240 x | — 825240 x m — 1444590.
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