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Abstract The mixing pattern of two parallel gas streams initially separated by a splitter plate is analyzed
in this study. A recently proposed, two-fluid model is utilized for simulation of the flow field. The model
provides separate balance equations for each component species of the system. As a consequence of
the strong resemblance of the two-fluid model to the Navier–Stokes equations, the same numerical
methods are applied to these new equations. The computations are undertaken for two-fluid systems;
one with particles of about equal masses and another with particles of quite distinct masses, and the
corresponding results are compared. This clarifies how the mass disparity of the constituents may affect
the establishment of the flow field. The influence of molecular interaction descriptions in the model
predictions is also examined by comparing the results of a hard-sphere model, the Maxwell repulsive
potential, and the Lennard-Jones 12-6 potential.

© 2013 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.
1. Introduction

Gas mixture flows appear in diverse applications. Examples
include pollutant dispersion, chemical processing, and combus-
tor mixing and reaction. In these flows, several new phenom-
ena can lead to somehow surprising behavior, compared with
a single-component case. As an example, diffusion can be ob-
served due to imposed pressure, temperature, and concentra-
tion gradients. Additionally, concentration gradients may lead
to the transfer of heat.

When analyzing gas mixture flows, mixing is a critical
issue; it controls the degree of pollutant dispersion. The
rate of chemical reaction in many practical systems is also
limited by the rate of mixing between the reactants. For these
reasons, attention needs to be paid to the simulation of mixing
processes.

Numerical models to predict gas mixture flows can be
classified into two categories. In the first category, the fluid
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dynamics of a mixture (e.g., a binary system) is described by
the Navier–Stokes equations for the mixture as a whole. An
additional equation is also solved describing the conservation
of mass for the first component species. This equation,
in conjunction with the continuity equation for the whole
mixture, implies the conservation of mass for the second
component as well [1].

Models in the second category are, however, based on the
gas kinetic theory.While several kinetic descriptions have been
proposed (e.g. [2–6]), nearly all of them carry several simplify-
ing assumptions in their constitutive relations, as well as their
description of collision frequencies. This prohibits their use in
practical problemswith complex geometries. Consequently, ap-
plication of these models has been restricted to simple mixture
problems like Couette flow or one-dimensional shock propaga-
tion.

Based on the two-fluid theory and with a procedure similar
to Goldman and Sirovich [2], but with some improvements
in constitutive relations and collision terms, Kamali et al. [7]
have recently derived a new set of balance equations for the
flow of binary gas mixtures. The proposed model consists of a
separate equation set for one component species of the system
and an equation set for average quantities of the mixture.
Thereby, it can automatically describe diffusion processes
excluding the use of any coefficients for ordinary, pressure,
and thermal diffusion, which are generally required during
the Navier–Stokes computation of gas mixture problems. The
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Nomenclature

d molecular diameter
E total energy per unit volume
Ẽ collision parameter
F external force vector
H distance between the plates
J Jacobian of transformation
k Boltzmann constant
Knoverall overall Knudsen number of the gas mixture
L characteristic length of the problem
m molecular mass
mαβ reduced mass of the gas mixture
M molar mass
Mαα transport coefficient associated with thermal-

diffusion effects
Mβα transport coefficient associated with thermal-

diffusion effects
n number density
p pressure
pe exit pressure
pt,i inlet stagnation pressure
P partial pressure tensor
q heat flux vector
R gas constant
r intermolecular separation
t time
T temperature
Tt,i inlet stagnation temperature
T̃ collision parameter
u, ν components of velocity vector
v velocity vector
ṽ collision parameter
W (i,j)

αβ non-dimensional Chapman–Cowling collision in-
tegrals

x, y Cartesian coordinates

Greek symbols

Γ Gamma function
γ ratio of the specific heats
δij Kronecker delta
εαβ maximum energy of attraction
η normal direction in the generalized curvilinear

coordinates
ηαα transport coefficient associated with viscous

effects
ηαβ transport coefficient associated with viscous

effects
ηβα transport coefficient associated with viscous

effects
ηββ transport coefficient associated with viscous

effects
καβ constant coefficient in the force law
λoverall overall mean-free-path of the gas mixture
λα mean-free-path of constituent α in the mixture
λβ mean-free-path of constituent β in the mixture
λαα transport coefficient associated with thermal

effects
λαβ transport coefficient associated with thermal

effects
λβα transport coefficient associated with thermal

effects
λββ transport coefficient associated with thermal
effects

ξ streamwise direction in the generalized curvilin-
ear coordinates

ρ mass density
σαβ distance at which the potential function of

interaction vanishes
τij viscous stress tensor
υαβ collision frequency for cross-collision between

species α and β molecules
υβα collision frequency for cross-collision between

species β and α molecules
φαβ interparticle potential function
�

(i,j)
αβ Chapman–Cowling collision integrals

Subscripts

α, β mixture constituents

model also computes transport coefficients from some kinetic
relations without the requirement of being input externally.
This removes uncertainties associated with (i) transport
coefficients of the constituents that are input and (ii) transport
coefficients of the mixture as a whole that must be estimated
in terms of properties of the constituents from some semi-
empirical correlations. Since the derivation of the two-fluid
model has been made without any limiting assumption
or approximation, the resulting equations are applicable to
arbitrary flowconditions. Consequently, it can be regarded as an
effective simulation method for the study of gas mixture flows
in engineering applications.

An alternative form of this two-fluid model has also
been developed by Kamali et al. [8]. In contrast to the
aforesaid description, this alternative formulation provides
separate equation sets for each component species of the
system. Consequently, the computational procedure utilized
for the original form of the model needs some modifications
before it becomes suitable for this formulation. This has been
accomplished during a recent analysis of Zahmatkesh et al. [9]
who presented viscous, as well as inviscid, solutions for some
gas mixture problems in the context of a converging-diverging
nozzle.

To continue these efforts, both forms of the developed two-
fluidmodel thatwere appliedwith hard-spheremolecules have
been extended to more realistic molecular interaction descrip-
tions (i.e., Maxwell repulsive potential and Lennard-Jones 12-
6 potential) [10]. Moreover, the contribution of external forces
has been incorporated in the model equations [10].

In a subsequent attempt, the original form of the proposed
two-fluid model has been employed for the simulation of
parallel mixing of two gas streams, initially separated by a
splitter plate [11]. The effect of temperature level on the degree
of gas mixing was also clarified during that investigation. It
was found that, as the temperature level of the inflowing gas
streams increases, molecular collisions become more frequent
and the gas mixing improves. Simulation results also led to the
conclusion that an increase in temperature level of the heavier
species produces more intense mixing, while, with an increase
in inlet temperature of the lighter species, the parallel mixing
diminishes.

In the present contribution, the alternative form of the
proposed two-fluid model, which has been extended to more
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realistic molecular interaction descriptions, is utilized for the
analysis of the parallel mixing problem. Attention is focused
here to clarify how mass disparity of the constituent may
influence the degree of gas mixing. Moreover, the effect of
molecular interaction descriptions in the prediction of the flow
field is examined by comparing the results of the hard-sphere
model, the Maxwell repulsive potential, and the Lennard-Jones
12-6 potential.

2. The two-fluid model

The alternative form of the two-fluid model leads to the
following balance equations for the component species α [10]:

∂

∂t
(nαmα) +

∂

∂x
· (nαmαvα) = 0, (1)

∂

∂t
(nαmαvα) +

∂

∂x
· (nαmαvαvα + Pα) = nαFα

+ nαmαυαβ


ṽα − vα


, (2)

∂

∂t
Eα +

∂

∂x
. (Eαvα + qα + Pα.vα) = nαFα.vα

+ υαβ


Ẽα − Eα


, (3)

as well as:

∂

∂t


nβmβ


+

∂

∂x
·

nβmβvβ


= 0, (4)

∂

∂t


nβmβvβ


+

∂

∂x
·

nβmβvβvβ + Pβ


= nβFβ

+ nβmβυβα


ṽβ − vβ


, (5)

∂

∂t
Eβ +

∂

∂x
·

Eβvβ + qβ + Pβ .vβ


= nβFβ .vβ

+ υβα


Ẽβ − Eβ


, (6)

for the component species β . Here, nα is the number density,
mα is the molecular mass, vα is the velocity vector, qα is the
heat flux vector, Pα is the pressure tensor, and Eα is the total
energy per unit volume, all for constituent α. Moreover, Fα and
Fβ are the external force vectors. Meanwhile, υαβ and υβα are
the frequencies of cross-collision between α and β , which are
calculated from;

υαβ =
16
3

nβ�
(1,1)
αβ , (7)

υβα =
16
3

nα�
(1,1)
βα . (8)

Here, �
(i,j)
αβ and �

(i,j)
βα denote the Chapman–Cowling collision

integrals [12] that depend on temperature and the law of
interaction between particles. The values of these integrals for
hard-sphere particles, Maxwellian particles, and for particles
that interact according to a Lennard-Jones 12-6 potential are
presented in Appendix A.

The collision parameters in Eqs. (2)–(6) are obtained from:

ṽα = ṽβ =
mαvα + mβvβ

mα + mβ

, (9)

Ẽα = ρα


Rα T̃α

γα − 1
+

ṽ2α
2


, (10)
Ẽβ = ρβ


Rβ T̃β

γβ − 1
+

ṽ2β
2


, (11)

T̃α = Tα + 2
mαmβ

(mα + mβ)2


(Tβ − Tα) +

mβ

6k
(vα − vβ)2


, (12)

T̃β = Tβ + 2
mαmβ

(mα + mβ)2


(Tα − Tβ) +

mα

6k
(vβ − vα)2


, (13)

with k being the Boltzmann constant and Rα = k/mα being the
gas constant.

The evolution equations are supplemented by the constitu-
tive relations for pressure tensor, as well as heat flux vector,
which are:

Pα
ij = nαkTαδij − τ α

ij , (14)

Pβ

ij = nβkTβδij − τ
β

ij , (15)

qα
i = −

2
γ=1

λαγ

∂Tγ

∂xi
− Mαα(να

i − ν
β

i ), (16)

qβ

i = −

2
γ=1

λβγ

∂Tγ

∂xi
− Mβα(να

i − ν
β

i ), (17)

where:

τ α
ij = 2

2
γ=1

ηαγ

∂ν
γ

<i

∂xj>
, (18)

τ
β

ij = 2
2

γ=1

ηβγ

∂ν
γ

<i

∂xj>
, (19)

with:

∂ν
γ

<i

∂xj>
=

1
2


∂ν

γ

i

∂xj
+

∂ν
γ

j

∂xi


−

1
3

∂ν
γ

k

∂xk
δij. (20)

These expressions represent a generalization of the laws of
Navier–Stokes and Fourier. Here, ηαγ , ηβγ , λαγ , λβγ ,Mαα and
Mβα are the transport coefficients associated with viscous,
thermal, and thermal-diffusion effects. These coefficients are
obtained from some kinetic relations that are presented in
Appendix B.

3. Solution procedure

In the absence of external forces, the balance equations in
a generalized curvilinear two-dimensional coordinate system
become:

∂Q̃α

∂t
+

∂ F̃α

∂ξ
+

∂G̃α

∂η
=

∂ F̃α
ν

∂ξ
+

∂G̃α
ν

∂η
+ H̃α, (21)

∂Q̃β

∂t
+

∂ F̃β

∂ξ
+

∂G̃β

∂η
=

∂ F̃β
ν

∂ξ
+

∂G̃β
ν

∂η
+ H̃β , (22)

where:

Qα =


Eα

ρα

ραuα

ρανα

 , Fα =


(Eα + pα)uα

ραuα

ραu2
α + pα

ραuανα

 ,
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Gα =


(Eα + pα)να

ρανα

ραuανα

ραν2
α + pα

 ,

Fα
ν =


uατα

xx + νατ α
xy − qα

x
0
τ α
xx

τ α
xy

 ,

Gα
ν =


uατ α

yx + νατ α
yy − qα

y
0
τ α
yx

τ α
yy

 ,

Hα =


υαβ(Ẽα − Eα)

0
ραυαβ(ũα − uα)
ραυαβ(ṽα − να)

 , (23)

Qβ =


Eβ

ρβ

ρβuβ

ρβνβ

 , Fβ =


(Eβ + pβ)uβ

ρβuβ

ρβu2
β + pβ

ρβuβνβ

 ,

Gβ =


(Eβ + pβ)νβ

ρβνβ

ρβuβνβ

ρβν2
β + pβ

 ,

Fβ
ν =


uβτ β

xx + νβτ β
xy − qβ

x
0
τ β
xx

τ β
xy

 ,

Gβ
ν =


uβτ β

yx + νβτ β
yy − qβ

y
0
τ β
yx

τ β
yy

 ,

Hβ =


υβα(Ẽβ − Eβ)

0
ρβυβα(ũβ − uβ)
ρβυβα(ṽβ − νβ)

 , (24)

and:

Q̃α =
1
J
Qα, F̃α =

1
J
(Fαξx + Gαξy),

G̃α =
1
J
(Fαηx + Gαηy),

F̃α
ν =

1
J
(Fα

ν ξx + Gα
ν ξy),

G̃α
ν =

1
J
(Fα

ν ηx + Gα
ν ηy), H̃α =

1
J
Hα, (25)

Q̃β =
1
J
Qβ , F̃β =

1
J
(Fβξx + Gβξy),

G̃β =
1
J
(Fβηx + Gβηy),

F̃β
ν =

1
J
(Fβ

ν ξx + Gβ
ν ξy),

G̃β
ν =

1
J
(Fβ

ν ηx + Gβ
ν ηy), H̃β =

1
J
Hβ , (26)

with J being the Jacobian of transformation.
Evidently, each set of balance equations bears a strong
resemblance to the Navier–Stokes equations for a single-
component flow. Consequently, the same numerical methods
are applicable to these new equations. In this regard, a first-
order explicit numerical procedure is utilized that leads to the
following semi-discrete forms:
Q̂α

j,k

n+1
−


Q̂α

j,k

n
∆τ

+


F̂α − F̂α

ν


j+1/2,k

− (F̂α − F̂α
ν )j−1/2,k

n

+


Ĝα − Ĝα

ν


j,k+1/2

−


Ĝα − Ĝα

ν


j,k−1/2

n

=


Ĥα

j,k

n
, (27)

and:
Q̂β

j,k

n+1
−


Q̂β

j,k

n
∆τ

+


F̂β − F̂β

ν


j+1/2,k

−


F̂β − F̂β

ν


j−1/2,k

n

+


Ĝβ − Ĝβ

ν


j,k+1/2

−


Ĝβ − Ĝβ

ν


j,k−1/2

n

=


Ĥβ

j,k

n
, (28)

with ∆ξ = ∆η = 1. Here, n is the time level and ∆τ is the
time-step. Moreover, the indices, j and k, are attached to the ξ

and η directions, respectively.
The equations can be expressed as:

Q̂α
j,k

n+1
=


Q̂α

j,k

n
− ∆τ


F̂α − F̂ν

α


j+1/2,k

−


F̂α − F̂ν

α


j−1/2,k

n

+


Ĝα − Ĝν

α


j,k+1/2

−


Ĝα − Ĝν

α


j,k−1/2

n

−


Ĥα

j,k

n
, (29)

and:
Q̂β

j,k

n+1
=


Q̂β

j,k

n
− ∆τ


F̂β − F̂ν

β


j+1/2,k

−


F̂β − F̂ν

β


j−1/2,k

n

+


Ĝβ − Ĝν

β


j,k+1/2

−


Ĝβ − Ĝν

β


j,k−1/2

n

−


Ĥβ

j,k

n
. (30)

Here, the viscous terms on the cell faces are calculated using
a central differencing. Moreover, Roe’s scheme [13] is applied
to the inviscid terms. Solution of these two coupled systems
of equations is straightforward since the procedure can be
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repeated until summation of errors decreases to less than a
desired value. The allowable time-step is calculated here based
on the CFL (Courant–Friedrichs–Lewy) condition.

As the two sets of balance equations are solved for the
constituents of the gas mixture, the mass density, velocity,
and temperature of the whole mixture are obtained from the
following kinetic relations:

ρ = ρα + ρβ , (31)

v =
ραvα + ρβvβ

ρα + ρβ

, (32)

T =
nαTα + nβTβ

nα + nβ

. (33)

4. Simulation results

Initially, a code validation study is undertaken. For this
purpose, a mixture flow of He–Xe between two parallel plates
is simulated. The lengths of the plates are 0.01 m, and the
plates are 0.001 m apart. They are also considered adiabatic.
The inlet stagnation pressure and temperature are 10 kPa and
300 K, respectively, and the inlet concentration (ρHe/ρHe +

ρXe) is 0.5. Moreover, the outlet pressure is 7.5 kPa. Since the
Knudsen numbers of the constituents, as well as the overall
Knudsen number of the whole mixture, remain below 0.001
over the entire flow field, the no-slip condition is still valid at
the plates. It is noteworthy that the overall Knudsen number
of a gas mixture is defined as Knoverall = λoverall/L, with λoverall
being the overall mean-free-path of the mixture and L being
the characteristic length of the problem. Recent kinetic analysis
of Zahmatkesh et al. [14] has demonstrated that the overall
mean-free-path in a binary system takes the form of λoverall =

(ραλα +ρβλβ)/(ρα +ρβ), with λα and λβ being themean-free-
paths of the constituents.

The problem is solved employing 1891 (61×31) nodes based
on a grid refinement study. In what concerns the midplane
distributions of pressure, temperature and Mach number, the
results of the current two-fluid model with the hard-sphere
molecular interaction description are compared with those of
the Navier–Stokes equations in Figures 1–3. Clearly, the two
approaches lead to almost the same simulation results. The
small discrepancies are not surprising since themethods for the
use of transport coefficients are completely distinct in these two
approaches. Indeed, during the Navier–Stokes computation, the
viscosity and thermal conductivity of the constituents are input
externally. Thereafter, properties of the mixture as a whole
are estimated in terms of these parameters from some semi-
empirical correlations. This may produce some errors in the
corresponding results. In contrast, the current two-fluid model
calculates transport coefficients from some kinetic relations,
which makes it more accurate.

The appearance of the excellent agreement between the
results of the two-fluid model and those of the Navier–Stokes
equations provides confidence in the developed mathematical
model, as well as the employed solution procedure, for further
studies. Consequently, in what follows, the same methodology
is used to analyze the gas mixing problem.

A schematic of the mixing flow system is depicted in
Figure 4. Here, parallel streams of two gases, which are initially
separated by a splitter plate, enter the mixing chamber. The
computations are undertaken for two-fluid systems, namely,
He–Xe and Ne–Ar. The molar masses of the constituents are
MHe = 4.0026,MNe = 20.183,MAr = 39.948 and MXe =
Figure 1: Midplane distribution of pressure.

Figure 2: Midplane distribution of temperature.

Figure 3: Midplane distribution of Mach number.

Figure 4: The mixing flow system.

131.30 in atomic units. Consequently, the study includes one
mixture with particles of about equal mass and another one
with particles of quite distinct mass. This will clarify how the
mass disparity of the constituents may affect the establishment
of the flow field. In both of the mixture problems, the lighter
species is regarded as the inflowing upper stream. The flow
properties of these two-fluid systems are maintained identical,
which are:
Problem geometry

Length of plates : L = 0.1 m,
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Figure 5: Mixing pattern for the He–Xe flow system.

Figure 6: Mixing pattern for the Ne–Ar flow system.

Distance between plates : H = 0.01 m.

Inlet conditions

Stagnation pressure : pt,i = 15 kPa,
Stagnation temperature : Tt,i = 300 K.

Exit condition

Pressure : pe = 7.5 kPa.

Moreover, the splitter plate and the walls of the mixing
chamber are considered adiabatic.

Under this circumstance, the Knudsen numbers of the
constituents, as well as the overall Knudsen number of the
Figure 7: Mach number contours for the He–Xe flow system.

Figure 8: Mach number contours for the Ne–Ar flow system.

whole mixture, remain below 0.001 over the entire flow field.
Consequently, the no-slip condition is still applicable to the
walls as well as the splitter plate.

The problems are solved using 7171 (101× 71) nodes based
on a grid refinement study. Results, in terms of the mixing
pattern of the two gas streams, are compared with those of
the Navier–Stokes equations in Figures 5 and 6. The presented
results correspond to the hard-sphere molecular interaction
model. Here and henceforth, the cross-streamwise direction is
stretched by a factor of 4 for better depiction. Comparing the
simulation results of the two-fluid systems indicates that while
Xe gas rapidly diffuses towards the He flow, mixing is intense
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Figure 9: Temperature contours for the He–Xe flow system.

in the Ne–Ar system. Concerning this, one may conclude that
as differences in the molecular mass of the two gas streams
decreases, the parallel mixing becomes more effective. Closer
scrutiny of Figures 5 and 6 reveals that the two-fluid model
is more diffusive since it predicts faster mixing. This is in
accord with previous observations of Zahmatkesh et al. [9] in
some nozzle flow problems. Here, the results of the two-fluid
model may be more accurate since they automatically describe
diffusion processes excluding the use of any coefficients for
ordinary, pressure, and thermal diffusion, which are generally
required during Navier–Stokes computation of gas mixture
flows.

The discrepancies that appear in the diffusion pattern of
the aforesaid approaches produce some differences in their
simulation results. This is obvious in Figures 7–10, where
contour plots of Mach number and temperature are provided.
Inspection of the figures indicates that for the Ne–Ar system,
the distributions of Mach number and temperature are more
symmetric about the splitter plate. The figures also demonstrate
that the Ne–Ar system provides higher flow acceleration. This
occurs since the corresponding cross-streamwise velocities
are much lower there. Such behavior allows one to conclude
that as the difference in the molecular mass of the two
gas streams decreases, the flow acceleration enhances, and
the distributions of Mach number and temperature become
more symmetric about the splitter plate. Closer scrutiny of
Figures 7–10 reveals that the predictions of the two-fluidmodel
and the Navier–Stokes equations for temperature and Mach
number are almost identical for the Ne–Ar system, but different
for the He–Xe system. Physical reasoning for such behavior
is the fact that the exchange of energy through molecular
collisions takes a longer time interval for disparate mass gas
mixtures than for similar mass gas mixtures. This indicates that
when the molecular masses of the two gas streams are quite
distinct, the two-fluid model is preferable to the Navier–Stokes
equations.

Finally, the effect of molecular interaction descriptions
on the prediction of the flow field is analyzed. For this
Figure 10: Temperature contours for the Ne–Ar flow system.

Figure 11: Effect of molecular interaction description on the two-fluid
prediction of mixing pattern for the He–Xe flow system.

purpose, the results of the hard-sphere model, the Maxwell
repulsive potential and the Lennard-Jones 12-6 potential, in



I. Zahmatkesh et al. / Scientia Iranica, Transactions B: Mechanical Engineering 20 (2013) 162–171 169
Figure 12: Effect of molecular interaction description on the two-fluid
prediction of Mach number for the He–Xe flow system.

terms of mixing pattern, as well as the distributions of Mach
number and temperature, are compared in Figures 11–13
which corresponds to the He–Xe flow system. Inspection of
the figures provides evidence that the choice of molecular
interaction model does not make a substantial difference in the
simulation results. Nevertheless, it is obvious that the Lennard-
Jones 12-6 potential is the most diffusive molecular model.
This is in accordancewith previous observations of Zahmatkesh
et al. [10] in nozzle flow fields.

5. Concluding remarks

A recently proposed two-fluid model was successfully
employed here to simulate the mixing pattern of two parallel
gas streams, initially separated by a splitter plate. Inspection of
the presented results indicated thatwhen themolecularmasses
of the two gas streams are quite distinct, the two-fluid model
is preferable to the Navier–Stokes equations. Moreover, it was
found that as differences in the molecular masses of the two
gas streams decrease: (i) the flow acceleration enhances, (ii) the
distributions of Mach number and temperature become more
symmetric about the splitter plate, and (iii) the parallel mixing
becomes more effective. Although the choice of molecular
interaction model did not make a substantial difference to the
Figure 13: Effect of molecular interaction description on the two-fluid
prediction of temperature for the He–Xe flow system.

simulation results, it was found that the Lennard-Jones 12-6
potential is the most diffusive molecular model.
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Appendix A

The values of the Chapman–Cowling collision integrals for
the employed molecular interaction models are as follows:

A.1. Hard-sphere model

In thismodel, the particles are pictured as rigid impenetrable
spheres with an interparticle potential function in the form of:

φαβ(r) =


∞ r < (dα + dβ)/2
0 r > (dα + dβ)/2 (A.1)

Here, dα and dβ are the molecular diameters and r is the
intermolecular separation. As can be observed, it works on the
simple premise that interaction occurs only when molecules
come into actual physical contact.
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Here, the Chapman–Cowling collision integrals can be
computed exactly, which take the following form [12]:

�
(i,j)
αβ =


dα + dβ

4

2 2πkT
mαβ

 1
2

×


1 −

1 + (−1)i

2(i + 1)


(j + 1)!, (A.2)

withmαβ = mαmβ/(mα + mβ) being the reduced mass.

A.2. Maxwell repulsive potential

In this molecular interaction description, the interparticle
potential function is approximated by:

φαβ(r) =
καβ

4
1
r4

, (A.3)

with καβ being a constant of proportionality in the force
law. This potential is also purely repulsive, but corrects the
exaggerated steepness of the hard-sphere model.

Here, the Chapman–Cowling collision integrals are ex-
pressed as [12]:

�
(i,j)
αβ =

1
2


2πkT
mαβ

 1
2  καβ

2kT

 1
2
Ai(5)Γ


j +

3
2


, (A.4)

with Ai(5) being tabulated pure numbers and Γ being the
gamma function.

A.3. Lennard-Jones 12-6 potential

In actual gases, intermolecular forces are repulsive at
small distances and weakly attractive at large distances. Such
behavior is most simply described by the Lennard-Jones 12-6
potential in the form of:

φαβ(r) = 4εαβ

σαβ

r

12
−

σαβ

r

6
, (A.5)

where εαβ is the maximum energy of attraction, σαβ is the
distance atwhich the potential function of interaction vanishes,
and r is the intermolecular separation.

Here, the Chapman–Cowling collision integrals become [12]:

�
(i,j)
αβ = σ 2

αβ


2πkT
mαβ

 1
2

W (i,j)
αβ . (A.6)

The values of the non-dimensional integrals, W (i,j)
αβ , depend

on the reduced temperature, kT/εαβ , and can be found
elsewhere [15].

Appendix B

In the current two-fluid model, the transport coefficients
that appear in the constitutive relations are calculated from the
following kinetic relations [16]:

ηαα =
xαkTA4

A1A4 − A2A3
, ηαβ =

xβkTA2

A1A4 − A2A3
, (B.1)

ηβα =
xαkTA3

A1A4 − A2A3
, ηββ =

xβkTA1

A1A4 − A2A3
, (B.2)

λαα =
5k
2mα

xαkTB4

B1B4 − B2B3
,

λαβ =
5k
2mβ

xβkTB2

B1B4 − B2B3
, (B.3)

λβα =
5k
2mα

xαkTB3

B1B4 − B2B3
,

λββ =
5k
2mβ

xβkTB1

B1B4 − B2B3
, (B.4)

Mαα =
pαxβC(z2αB2 − z2βB4)

B1B4 − B2B3
,

Mβα =
pβxαC(z2αB1 − z2βB3)

B1B4 − B2B3
. (B.5)

where:
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8
5
xα�(2,2)

αα +
16
5

xβzβ�
(1,1)
αβ


10
3

zα + zβ
�

(2,2)
αβ

�
(1,1)
αβ


, (B.6)

A2 =
16
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xαzαzβ�
(1,1)
αβ


10
3

−
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(2,2)
αβ
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(1,1)
αβ


, (B.7)
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16
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xβzαzβ�
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αβ


10
3
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αβ
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(1,1)
αβ


, (B.8)
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C =
40
3

�
(1,1)
αβ


1 −

2
5

�
(1,2)
αβ

�
(1,1)
αβ


, (B.14)

with xi = ni/(nα + nβ) and zi = mi/(mα + mβ). These
expressions clarify how the choice of molecular interaction
model may influence the transport properties through the
Chapman–Cowling collision integrals.
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