-

View metadata, citation and similar papers at core.ac.uk brought to you byﬁ CORE

provided by Elsevier - Publisher Connector

Available online at www.sciencedirect.com
LINEAR ALGEBRA
SCI!NCE@DIRECT@ AND'TS
APPLICATIONS

ELSEVIER  Linear Algebra and its Applications 378 (2004) 159-166
www.elsevier.com/locate/laa

A lower bound for the minimum eigenvalue
of the Hadamard product of matrices™

Shencan Chen

Department of Mathematics, Fuzhou University, Fuzhou, Fujian 350002, PR China
Received 5 December 2002; accepted 18 September 2003

Submitted by R.A. Horn

Abstract

Suppose both A and B are n x n nonsingular M-matrices. An estimate from below for the
smallest eigenvalue 7(A o B~ (in modulus) of the Hadamard product A o B! of A and
B~ is derived. As a special case, we obtain the inequality (A o Ail) > % (n>2).
© 2003 Elsevier Inc. All rights reserved.
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1. Introduction

For a positive integer n, N denotes the set {1, 2, ..., n} throughout.

For two real matrices A = (a;;) and B = (b;;) of the same size, the Hadamard
product of A and B is defined as the matrix A o B = (a;;b;;). We write A > B if
ajj > bijforalli, j € N.

We denote by Z, the class of all n x n real matrices all of whose off-diagonal
entries are nonpositive. An n x n matrix A is called an M-matrix if there exists an
n X n nonnegative matrix B and some nonnegative real number A such that A =
Al — B and A > p(B), where p(B) is the spectral radius of B, I is an identity ma-
trix; if A > p(B), we call A a nonsingular M-matrix, and denote it by A € M,; if
A = p(B), we call A asingular M-matrix.

N Supported by Foundation to the Educational Committee of Fujian, China (grant no. JB02084) and the
Science and Technical Development Foundation of Fuzhou University (2003-XQ-22).
E-mail address: shencan@public.fz.fj.cn (S. Chen).

0024-3795/$ - see front matter © 2003 Elsevier Inc. All rights reserved.
doi:10.1016/j.1aa.2003.09.011


https://core.ac.uk/display/82729185?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

160 S. Chen / Linear Algebra and its Applications 378 (2004) 159-166

Let A € Z,, and denote T(A) = min{R,(1): A € 6 (A)}, where o (A) is the set of
all eigenvalues of A. Basic for our purpose is the following simple facts (see Problem
16, 19 and 28 in Section (2.5) of [1]):

(1) T(A) € 0(A); t(A) is called the minimum eigenvalue of A.
(i) IfAe M,,Be M,and A > B, then t(A) > t(B).
(iii) If A € M,,, then ,o(A_l) is the Perron eigenvalue of the nonnegative matrix

A7l and T(A) = m is a positive real eigenvalue of A.

Let A be an irreducible nonsingular M-matrix. It is well known that there exist
positive vectors u and v such that Au = t(A)u, and vTA = t(A)T, u and v are
called right and left Perron eigenvectors of A respectively.

For A € M, n > 2, Fiedler and Markham [2] proved that 7(A o A_l) > % and
proposed the following conjecture:

L2
(Ao A ™y > 2.
n

Yong [3] and Song [4] have independently proved this conjecture affirmatively.

For two independent nonsingular M-matrices A, B € M,,, we exhibit lower bounds
for 7(A o B~!). These bounds are strong enough to yield, upon specialization, the
conjectured lower bound of % fort(Ao A7),

2. Main results
In this section, we state and prove our main results.

Lemma 2.1 [5]. If P is irreducible, and P € M,,, Pz > kz for a nonnegative non-
zero vector z, then k < T(P).

Lemma 2.2 [5]
(@) If A = (a;j) is an n x n strictly diagonally dominant matrix by row, that is,
|a,-i| > Z|aij| VieN
J#
then A= = (bij) exists, and
Dt lajil

1bji| <
lajjl

|bii| foralli # j.
(b) If A = (a;j) is an n x n strictly diagonally dominant matrix by column, that is,

|a,-i| > Z|aﬁ| Vi e N.
J#
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then A=! = b;:) exists, and
J

Zk#j |a; |

|bij| <
laj;l

|bii| foralli # j.

Theorem 2.3. IfA = (a,-j) eM,, B= (b,'j) eM,, B_l = (ﬂ,’j), then

2(AoB™") > 1(A)r(B) min {( gi_  bi —1)@}
= 1<i<n |\ 1(A)  ©(B) bii )

Proof. Itis quite evident that (1) holds with equality forn = 1.
Below we assume that n > 2, let us distinguish two cases:

161

(D

Case 1. Both A and B are irreducible. Since B — t(B)/ is a singular irreducible

M -matrix, Theorem 6.4.16 of [6] yields that
bij —t(B)>0 VieN.

Let u = (u;), v = (v;) and y = (y;) be the right Perron eigenvectors of B, BT

and A respectively.

Define C = DB, where D = diag(vy, v, ..., v,), then C~' = B~!D~ 1.

Since the matrix C is strictly diagonally dominant by column, by Lemma 2.2, for

all i # j, we have
@ < Zk;&j [vkDy; | & _ (bj; —t(B))v; &

~

vj vjbjj vi vjbjj vi
hence
(bj — T (B)Y; Bi
B < JJ : JPit
jjvi
Now let z be the vector (z;), where
= — 27 S0 VieN.

v; (bii — T(B))

We define P = A o B~!. Since B~ is positive by Theorem 6.2.7 of [6], then P

is irreducible as well, and for any i € N,

(P2)i = aiiBiizi — Z laij|Bijz;

J#i
(bjj —t(B)v;Bii yibjj

>aiiﬂiiZi—Z|aij|' = T JPI -b‘-j Ji =

J# Jivi vj(bjj —t(B))
= ajiBiizi — Pii Z laijyil

Vi

JF#

Bii

= a;ifiizi — — - (aii — T(A))yi

Vj
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1
= Biizi |:aii - ;(aii —1(A)(bi; — T(B)):|
ﬂu bii )
”’“”wﬂ(m mm_qa
) akk bk Bk
> 1(A)Tt(B) lglklgn {(r(A) + B 1) a}Zi

By Lemma 2.1, this shows that Theorem 2.3 is valid.

Case 2. One of A and B is reducible. It is well known that a matrix in Z, is a
nonsingular M-matrix if and only if all its leading principal minors are positive (see
condition (E17) of Theorem 6.2.3 of [6]). If we denote by T the n x n permuta-
tion matrix (#;;) withtjp = o3 = --- =t 1 4 = ty1 = 1, the remaining #;; zero, then
both A —¢T and B — ¢T are irreducible nonsingular M-matrices for any chosen
positive real number ¢, sufficiently small such that all the leading principal minors
of both A — ¢T and B — ¢T are positive. Now we substitute A — ¢T and B — €T for
A and B respectively in the previous case, and then letting ¢ — 0, the result follows
by continuity. [

Remark 2.4. Under the hypotheses of Theorem 2.3, in view of that

diag(air, ax, ..., an) = A

we have minj¢; <, a;; > T(A). Thus

( aij + b _ 1) Bii > Bii
T(A) 7(B) b T(B)

Therefore

(Ao B™Y) > 1(A)z(B) {(” i Qm1 (A)
(Ao > t(A)rT m1n T A) + ﬁ — Z >t Izllliln Bii-

I<i<n

This shows that Theorem 2.3 is better than Theorem 5.7.31 of [1].

Theorem 2.5. Let A = (a;j) € My, B = (bij) € M,,. Suppose B is irreducible, u =
(u;) and v = (v;) are right and left Perron eigenvectors of B respectively, such that
minj <<, {u;vi} = 1. Then

. b
(A aji 4+ i 1
(@ t(AoB™hH > (B) rl(f) 7(B) , o
T(B) 1<i<n | 4 (f('é) S ugv
2

Zk | UV



S. Chen / Linear Algebra and its Applications 378 (2004) 159-166 163

Proof. It is not difficult to verify that (2) holds with equality for n = 1. Now
we assume that B! = (Bij) and n > 2. The strategy is to estimate %, and thus
minj<i<y %, and then apply Theorem 2.3.

b1 B2
By B
Bu = t(B)u, and vT B = 7(B)vT, we have

Partition B as B = ( ), where B>y is a matrix of order n — 1. Since

biiut + Bia(ua, ..., un)" = u1t(B), “4)
Boiui + By(uz, ... un)" =t(B)(ua, ..., un)", (5)
biivy + (v2, ..., vy)Bay = T(B)vy, (6)
Biovy + (va, ..., v,) By = t(B)(v2, ..., vy). (7

From (5), we have

B3, Bajui + (ua, .., u)" = 1(B)By (ua, .., un)",

312352] Bojuy + Bia(uz, ..., un)' = T(B)Blzl?{z1 (2, ... un)T.

Using (4), we obtain

B12B5, Bouy + (t(B) — biuy = 1(B)B12B, (ua, ... un)",
(b11 — 31232_21321)14101 =1(B)[ujv — U131232_21(M2, cee un)T]- 3)

On the other hand, (7) implies that
viBiBy + (2, v) = T(B) (v, ..., vn) By

n
viBiaBy, (U, )+ Y wgvg = T(B)(va, . va) By ()T

k=2
By (8), we deduce that
(b1 — 3123521 Bap)ujvg
n
= r(B){Zukvk — 7(B)(va, ... vn) B3y (12, ”"””)T}' ©)
k=1
Let
—1 T T :
By, (ua, ..o up) = (Uay2, ..., upyn) , Yi= 22}(12'1 Vk-
Then

B (uaya, - unyn)' = (2, ..., )7,
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n n
u; = Zbijujyj < i Zbijuj = (t(B)u; — bj1u1)yi,
=2 =2
uiv; < [t(Bujv; — vibjjuly;

n
< |:t(B)ul~v,~ —ujp Zbklvk:| Vi

k=2
= [t(B)u;jvi + (b11 — T(B))uv ]y;.

Therefore
Ui v
i = )
T(B)ujv; + (b11 — t(B))uv;

Y

n n
-1 T
W2, o) By (g )T =) wveyk = i Y wew
k=2 k=2

. UiV D j_n UKVk
~ t(B)ujv; +ujvi (b — t(B))

According to (9), we infer that
(b1 — 31232_21321)141111

n

3 T(B)ujv; ) o UkVk
s LX:; " T By + v by — r(B))}

_uit(B) [t(B)ujvi + (b1 — T(B)) Yp_; upv]

B t(B)ujv; +uivi (b1 — 7(B))

T(B) [t(B)uivi + (b1 — T(B)) Y j_ ukvi]
T(B)ujv; +ujvi (b1 — t(B))

’

by — 31232}]321 <

)

det Bop 1
detB by — B12B,, B
T(B)ujv; +ujvi(byy — t(B))

> .
©(B) [t(B)uivi + (biy — T(B)) Y j_; urvk]

Taking into account that uzvy > 1 (Vk € N), we have

n

(uivi = 1) Zukvk +urvr —uiv;
k=1

n
= (uivi = 1)) _weve — (wivi — 1) + (v — 1)
k=1

= (ujv; — 1) (Zukvk - 1) + (v — 1) 2 0.

k=1
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which yields that

[t(B)uivi + uivi (b1 — t(B))] |:T(B) + (b1 — ©(B)) Z“kvk]

k=1

—[z(B) + (b11 — (B))] |:T(B)Mivi + (b11 — 7(B)) Z”kvk]

k=1

= 1(B)(b11 — 1(B)) [(uivi -1 Zukvk +ujvr — Mivi:|

k=1

+ (b — T(B) (v — 1) Y ugvi > 0.

k=1
This means that
T(B)u;v; +uvi(byy — t(B)) < b1y
T(B)u;jvi + (b11 — t(B) Y p_jukvk ~ T(B) + (b1 — ©(B)) Y j_ ukvi’

b11
T(B) [t(B) + (bi1 — T(B)) Y p_  ukve]

We can similarly prove
bii

Bii > m
T(B) [1(B) + (bii — T(B)) Y}y uvi]
B !
bii ~ t(B) [t(B) + (bii — T(B)) Yj_ uxvi]
Substitution into the inequality (1) of Theorem 2.3 yields the asserted inequality

().
Whenn >2,> ) uvr > 2. Foranyi € N, observe that

2b;; bi;_ _
r(B)_l _ 2(r() 1)+1 - 2

B
1+ (TIZ’;,) — 1) Y ke Uik (T?’l’;) - 1) Y ey wkvk + 1 2 j=1 Uk Uk
This means that (3) holds by (2). U

Bi1 =

VieN,

Corollary 2.6. Let B € M, n > 2. Then
—1 2

t(BoB ') > —.

n

Proof. By examining the known proof of Theorem 3 of [2] carefully, we may as-
sume that B is irreducible, and B~ ! is a doubly stochastic matrix, in this case, Cor-
ollary 2.6 follows immediately from Theorem 2.5(b), since both Perron eigenvectors
u = (u;) and v = (v;) can be chosen as e, the vector of all ones. [
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