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1. Introduction

The model considered here is a GMANOVA-MANOVA model which can be defined as
Y = XB:Z, + ByZ, + €, (1)

where Y is a ¢ x n observable random response matrix, X is a ¢ x p known constant matrix, Z; and Z, are the n x m and
n x s known design matrices, respectively, B; and B, are the p x m and q x s unknown regression coefficient matrices,
respectively, & is a ¢ x n unobservable random error matrix, and A’ denotes the transpose of matrix A. The model (1) was
first proposed by Chinchilli and Elswick [1], and was extensively applied to various fields including biology, medicine and
economics. The error matrix € is often assumed to be normal:

& Nqun(Ov L ®X), (2)
i.e.&,...,8, gt Ng(0, X)(6=(&1, ..., &)), where ¥ (> 0) is a ¢ x q unknown covariance matrix. Under the assumption

(2), a variety of investigations have been made to handle the statistical inferences with respect to the parameter matrices
B1, B; and X, a good summary for the related results can be found in Kollo and von Rosen [2], and the excessive published
papers will not be listed here for being irrelative to our subject. The available materials clearly show that most of the
published works relating to the model (1) and (2) focused their attention on the statistical inferences for B; and B,, and few
took X into account. In this paper, we study an inference with respect to X', which is referred to as sphericity hypothesis
and can be described as

H: ¥ =\, A(> 0)isunknown. (3)
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To the best of our knowledge, the likelihood ratio test for the above hypothesis in the model (1) under the assumption (2)
has not been done before. The remainder of this article is arranged as follows: Section 2 gives the likelihood ratio statistic A

for sphericity hypothesis (3). In Section 3, the exact null density function of A%/" is expressed by Meijer’s ngg function,
the asymptotic null distribution of —2log A is shown to be X;(qﬁ)/zq(as n — o), and —2plog A is indicated to be
asymptotically distributed as qu(q +1)/2-1 with order n=2 for an appropriate Bartlett adjustment factor —2p for log A under
null hypothesis.

2. Likelihood ratio statistic

In order to obtain the likelihood ratio test statistic for sphericity hypothesis (3), we need the following results. We follow
the symbols and notations in Muirhead [3] without specification.

Lemma 1 (Bai [4]). For the GMANOVA-MANOVA model (1) with normal error (2), the maximum likelihood estimates of By, B,
and X are given by (with probability one)

By = (X'STIX)"X'STYQ,,Z1(Z)Q,,Z1) ",
B, = (Y — XBiZ)Z,(Z,Z5) ™,

1 A N
Y= E(Y — XB1Z1)Qz, (Y — XB1Zy)',

respectively, where S = YQ;Y', Z = (Zy,Z,), P = A(AA)"A', Qu = I, — Py (Ais a p x q matrix) and A~ denotes an arbitrary
g-inverse of A such that AA"A = A.

Remark 1. The sufficient and necessary conditions for the random matrix S in Lemma 1 being positive definite with
probability one are n > rk(Z) + q (Okamato [5]), where rk(A) denotes the rank of matrix A. In addition, although the
expressions of both B; and B, contain the g-inverses, we have

5= %{s + 1l — XX'STX) XS TS, — $)lIg — X(X'ST'X) X'}, (4)

which and R(X") = R(X’S™!) show that 3 is unique, where S, = YQz, Y and R(A) denotes the linear subspace spanned by
the columns of matrix A.

Lemma 2. Let K(By, B, X'|Y) denote the likelihood function of (By, B;, X) based on Y in the model (1) and (2), i.e.

1
K(B1, By, Z;Y) = (Zn)_q"/ZIZI_"/Zetr{—Z(Y — XB,Z| — ByZ})

x XNY — XB1Z| — Bzzﬁ)}, By € R”™ B, e R, ¥ > 0, (5)

then

sup K(By, By, Mg; Y) = (2medr) ™2, (6)

By €RPX™M By €RI%S 350
where . = qintr(PxS + 0xSy).

Proof. It follows from (5) that

L(B1, By, 4;Y) = logK(B1, B2, Alg; Y)

qn 1 1 ! ! ! N/
- log(2mh) — ﬁtr{(y — XB1Z; — ByZ)) (Y — XB1Z; — B Z5)'},

By € R”™ B, € RT**, 1 > 0, (7)
which implies that

L(B1,B; Y) = supL(By, By, A; Y)
A>0

n -
- —% log{27€i(B1. By)). Br € R*™ B, € R, (8)
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where A(By, By) = qintr{(Y — XB1Z1 — B,Z3)(Y — XB1Z; — B,Z})'} and tr(A) denotes the trace of matrix A. Note that
(Y — XB1Z; — ByZy) (Y — XB1Z) — BoZ))
= (Y — XB1Z})Qz, (Y — XB1Z})' + (By — Ba(B1))Z)Zy(B; — Bo(By)), By € RV, By € RP*™,
where By(By) = (Y — XB1Z})Z3(Z}Z5)~, hence
tr{(Y — XB1Z, — B,Z,)(Y — XB1Z} — ByZy)'} > tr{(Y — XB1Z})Qz, (Y — XB:Z})'}, By € RP™, 9)
where the equality holds if B, = B»(B1), By € RP*™, Again note that
(Y — XB1Z})Qz, (Y — XB1Z}) = [Y — XB1oZ{ — X(By — B10)Z{1Qz,[Y — XB1oZ; — X(B1 — B10)Z;
= [Q«YPo,, z, — X(B1 — B10)Z{Qz,1[QxYPo, 7, — X(B1 — B10)Z{Qz,]' + S,
By € RP*™,
where By = (X'X)"X'YQ2,Z1(Z]Qz,Z1) ", thus
tr{(Y — XB1Z;)Qz, (Y — XB1Z})'}

tr(PxS + QxSz) + tr{X(B; — éw)Z{szZl (B1 — B1o)X'}
> tr(PxS + QxS2), (10)
where the equality holds if B; = I§w. From the definition of A(By, By), (9) and (10), we have

- ~ o 1
)\.(81, Bz) > A= 7”'(1))(5 + Qsz), B] € Rpxm, Bz € qus,
qn

where the equality holds if B, = B, (B1),B1 = E’lo. This and (8) show that
sup L(Bi,By,2;Y) =  sup  L(By,ByY)

By €RPXM By RI*S 1>0 By €RPXM B, cRI*S

n -
< — % log(2mel),

where the equality holds if B, = B, (B1), By = 310- Therefore, from (7), we obtain (6). O

From Lemmas 1 and 2, we immediately have

Corollary 1. For the model (1) and (2), the likelihood ratio statistic for testing the sphericity (3) is

A\ N/2
)

where 3 and X are given by Remark 1 and Lemma 2, respectively.

Proof. It follows from Lemma 1 and (5) that

sup K(Bi, By, X;Y) = 2e) "2 | 5|72,
B1€RPXM By eRIXS, ¥'>0

which and (6) mean that the likelihood ratio statistic for testing the sphericity (3) is given by (11). O
3. Null distribution

In this section, we will establish the exact null density function of A%/™ and the asymptotic null distributions of —2 log A.
The following theorem plays the key role for deriving the results mentioned above.

Theorem 1. The null distribution of likelihood ratio statistic A is determined by

Az/n i q |U||V|
[tr(U) +tr(V) + W]e’

(12)

where X 4 Y denotes that the random variables X and Y have the same distribution, U, V, W are mutually independent and

U ~ Wiy (n, L)),

V ~ Wy (N2, lg—rkex)) s (13)
P

W™ Xk -rkoo)
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wheren; =n —rk(Z) — q 4 rk(X) and n, = n — rk(Z,).

Proof. Let the singular value decomposition of X be

A 0\ .,
xzp(o O)Q, (14)

where P and Q are the ¢ x q and p x p orthogonal matrices, respectively, A is a rk(X) x rk(X) nonsingular diagonal
matrix, then

Ly 0 oy 0 0 ,
Py=P(" P, =P P 15
X ( 0 0 QX 0 qurk(X) ( )
Make the transformation
~ (T Tp2 ,
TZ = P'sp, 16
(T21 T22> (16)
where T is a rk(X) x rk(X) random matrix, then
-1 -1 —1
S'=Pr'P'=pP ( Tz TTialely ) P, (17)
_Tzz T21T11-2 22:1

where Ti12 =T11 — T12T2721 Ty1, Top.qy = Top — Tz]TﬁlTu, hence from (14) and (17), we have
=1y — n (ATHLA  0)
XsSTX=Q ( 0 0] <>
which means that

-1 -1
wsTxT=q (4 T4 ), (18)
G (&5

where Ci3, C21 and Gy, are arbitrary. Substitute (14), (16)-(18) into (4) to yield

A 1 0 T,T:! ~ 0 0
Y=-P|T+ 12722 ) p'(S; —S)P (.- P, 19
n [ (0 Ig—rkx) (52 =9 Tp'Tor oo (19)
where S, = £Qz, €', S = £Q&’. Furthermore, make the transformation

FoA T‘l'l le /e
T= (20 212) = p/S, —S)P, 20
<T21 Tn) (52 =9 (20)

where T is a rk(X) x rk(X) random matrix, then from (16) and (19), we obtain

5= lp (Tll + T12T2_2~1T22T2_21T21 I (Iq—rk(x) —I:T2_21T22)> P
n (Ig—rkeo) + Tzsz_zl)T21 Ty + T ’

which shows that (Theorem A5.3 in [3])

N 1 ~
| 2] =E|T“'2”TZZ+T22|' (21)

In addition, it follows from (15), (16) and (20) that

~ 1 -
A= —tr{S+ Qx(S2; — 5)}
qn
= qfn[fT(Tn-z) + tr(T12Ty, ' To1) + tr (T + )l (22)
When the sphericity hypothesis (3) holds, from (2), we have
&~ qun(O, Al ® Iq)» (23)
which implies that

(24)

S~ Wy(n —1k(Z), Mly),
S — S ~ Wy(rk(Z) — rk(Zy), My).
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Note that Qz(Qz, — Qz) = 0, hence from (23) and Theorem 10.24 in Schott [6], S = £Q;&’ and S$—S= €(Qz, — Qz)& are
mutually independent. Therefore, from (16), (20) and (24), we know that T and T are mutually independent and

I ~ Wy(n —1k(2), Aly),

T ~ Wy (rk(Z) — rk(Z,), Alyg),

which and Theorem 3.2.10 in Muirhead [3] indicate that

Ti12 ~ Wi (1, M),

T121T22 ~ Nixyx (q—rkx)) (0, ATz @ Likexy)s
IZZ ~ Wa—rkx) (n—rk(2), )\Iq—rk(X))a

Toz ~ Wy (tk(Z) — 1k(Z2), Mg—nx))-

and Ty;.; is independent of (Ty;, T»,). It follows from the independence between T and T that (T11.2, T12,~T22) and Ty, are
independent, hence from the independence between T;1., and (Ty3, T22), we know that Tyq.5, (Tq2, T22), T, are mutually
independent. Note that from the second equality in (25), we have

T12T5,' Toal Tz ~ Wigeo (@ — th(X), Mixex)),

(25)

which means that TQTZ’;TN and T,; are independent and

Ti2T5' Ta1 ~ Wikeo (@ — TR(X), Akex))- (26)

Thus from the independence among Tii.,, (Tq2, Tz) and T,;, we know that Ty, T12T2’21T21,T22,7~"22 are mutually
independent. Let

U= ]T
—%\ 1.2,
V= X(Tzz + Ty), (27)

1 _
W= Xfr(leTn]Tn),

then U, V, W are mutually independent, and from (25) and (26), we obtain (13). Finally, it follows from (21), (22) and (27)
that

N A\ A A
12| = (7> [UIIV], A= —[trU)+tr(V)+ W],
n an

which and Corollary 1 shows that (12) holds. O

In order to obtain the exact null density function of A*™ based on Theorem 1, we need the following definition and
lemma.

Definition 1. If the m x m nonnegative definite random matrix X has the density function
1

— x| ™D 2etr ( —— 3 x) (dx), x>0, (28)
2mi (@) | 2] 2

where Re(a) > %(m — 1), ¥ isam x m symmetric matrix such that Re(X') > 0, then X is said to have an m-variate gamma
n

distribution with parameter (a, X') and is denoted by X ~ I'y(a, ¥). When a = 3, n is an integer, I3,(a, X) is the Wishart
distribution Wy,,(n, X') (Muirhead [3]).

Lemma 3. If X ~ I',(a, X), then tr (X ~'X) ~ I'i(ma, 1).
Proof. Make the transformation
y2xyT12 =TT, (29)
where T = (Tjj)mxm is upper-triangular with positive diagonal elements, then (Theorem 2.1.9 in Muirhead [3])
m . m
(dX) = |Z|m D2 T et A dry,
i=1 i<j
which and (28) means that the joint density function of Tj;, 1 < i < j < m can be written as

ﬁ ;ex _i dt: lﬂ[ 1 (£2)0 D2 oy _ﬁ de2
@m2 “P\ T2 ) 20-G-D2[g — (i—1)/2] " P\72) %

i<j i=1
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which shows that T; ~ N(0, 1), 1 <i<j<m, Til? ~ I'(a— %(i— 1, D,i=1,...,mandT;, 1 <i <j < mare mutually
independent. Therefore, from (29) and additivity of gamma distribution [7], we have

m
tr(Z7'X) = tr(T'T) = Y T ~ I'(ma, 1). O
i<j

Theorem 2. Let A = A%/™ when the sphericity hypothesis (3) holds, we have
o Trkoo (M/2 + 2) Tyonexy(n2/2 +2)  I'(n3/2)

Lo (n1/2) TFy—rkeo(n2/2)  T'(n3/2+qz)’
where n3 = rk(X)(n — rk(Z)) + (q — rk(X))(n — 1k(Z>)).

E(A?) =¢q Re(z) > 0, (30)

Proof. When the sphericity hypothesis (3) holds, from Theorem 1, we know that
[UFIvr
[tr(U) +tr(V) + W]
I ny/24z) Iy— ny/2+4z 1
k() (M1/2 + 2) Tyixy (N2/2 + )E{ ~ ~ } Re(z) > 0.
Do (n1/2) Tyxy(n2/2) [tr(U) + tr(V) + W]

where U, V, W are mutually independent and

E(A%) = qqZE{

= (2% (31)

~ 1
U~ Ny (Enl +z, Irk(X)) ,
- 1 (32)
Vo~ Tykeo) (Enz +z, Iq—rk(X)) .
It follows from the additivity of gamma distribution [7], Lemma 3, (13) and (32) that
- - 1
tr(U) +tr(V)+ W ~ I <5n3 +qz, 1) R

which indicates that
1 r 2
E { _ _ } = Z’qzﬂ, Re(z) > 0.
[tr(U) + tr(V) + W]e I'(n3/2 +qz)
Substitute the above equality into (31) to get (30). O

Theorem 3. As the function of likelihood ratio statistic, the null density function of A = A2/™ can be expressed as
- (271)(‘1_1)/2 nlrk<X)<rk<X)—1)+(q—rk(X))(q—rk(X)—1)I/4p(n3/2)
fak) =
4 qns=1/2 Lo (n1/2) Ly—px) (n2/2)

GIOG Iy, 0<i<1, (33)

,,,,,

i<qb=slns+2(-Dl-11<i=<gq

Proof. It follows from Theorem 2 that the Mellin transform of null density of s
gi(2) = E(A"7)
_ g Doy /2+2 — 1) ooy (n2/2 +2 — 1) I"(n3/2)
Ty (n1/2) Ty—rxy(n2/2) I'ns/2+q@z -1

From Gauss’s multiplication formula for gamma function [8], we have

Re(z) > 1. (34)

q(na—l)/Z-HJ(Z—l) 9-1

1 .
WHF[Z(J(H3+21)+Z—1:|. (35)

1
r |:2Tl3 +q(z — 1):| =
On the other hand,

1 k(X) 1
T <5n1 +z— 1) = g OWO=DATT P [E(m —i—1)+ z} , (36)

i=1
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1 q—rk(X)
Ty (Enz tz— 1) — @k T p [z(nz —i— 1)+ z:| . (37)
i=1

Substitute (35)-(37) into (34) to get
2m) D72 kO =DH@-rkX))(G=—rkX)=DI/4 1 (5 /2)
qns=D/2 Lo (n1/2) Ty (n2/2)

rk(X) q—rk(X)
[[ i —i-1/2+2z] [[ I'lna—i—-1)/2+2z]

i=1 i=1

q—1
[1 I'l(ns +2i)/2q) +z — 1]
i=0

g;:(2) =

X

, Re(z) > 1.

Apply the definition of Meijer's G-function [9], the above equality and

- 1 oo | -
~(A) = — A %gs(2)dz, 0 < A 1,
oS, zﬂi/m g2z, 0<i <

we obtain (33). O

Remark 2. Davis [10] provided an effective algorithm for computing the quantile of distribution with the density expressed
by Meijer’s G5 function.

Furthermore, we have

Theorem 4. When the sphericity hypothesis (3) holds,
£
—2log A > x2o 11210 N 00, (38)

where 5 denotes convergence in distribution.
Proof. It follows from Theorem 2 that the characteristic function of —2 log A under hypothesis H is

(p—ZlogA(t) = E(Aizi[)
igne Trkoo (M1/2 —int) Ty_reexy) (n2/2 —int) — I"(n3/2)

t € (—o0, +00),

Dieo (11/2) Ty—roo(n2/2) T (n3/2 —ignt)’
which shows that
rk(X)
. 1 . 1
log¢_3105 4(t) = —igntlogq + Z {logF [Z(m —k+1) — mt:| —logI” |:2(n1 —k+ 1)“
k=1
q—rk(X) 1 1
+ logl'|=(ny, —k+1)—int|—logl|=-(ny, —k+1
;{g[z(z ) } g[z(z )]}
1 1 .
+ log I’ <5n3) —logrI’ (5n3 — 1qnt> , te(—o00,+4+00). (39)

Use the asymptotic formula for log(z + a) [3],
logI'(z+a) = (z +a-— %) logz —z + % log(27) +0(z™ 1)
it is a simple matter from (39) to show that
108 9 210340 > — [;q(q - 1} log(1 — 2it), 1 — o,

which indicates that (38) is true. O

In order to obtain and improve the order by approximating the null distribution of — log A with X;(q+1)/2_1 (asn — 00)
based on Theorem 4, it follows from Theorem 2 that, under the null hypothesis (3), we have

E(AZ) — E(AT]Z/Z)
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z g
o k];[]F[Xk(l +2) + &I

e , Re(z) =0,
11[ X I'lyi(1+2)+m]
k=1

where C is a constant determined by E(A%) = 1, x, = %, k=1,....q,y1 = % & = —%(rk(Z) +q—rkX)+k—1),

k=1,...,tk(X), Enposk = —3(k(Z) +k—1), k=1, ..., q—r1k(X),n1 = —3[k(X)rk(Z) + (q — k(X))rk(Z5)]. Therefore,
based on the discussions in pp. 304-307 of Muirhead [3] or Box [11], we immediately obtain

Theorem 5. When the sphericity hypothesis (3) holds,
P(—2 lOgA < U) = P(qu(EH»‘l)/Z*l < u) + O(n_l)v

and

P(—Z,O IOgA < U) = P(X;«H,])/z,] < u) + O(n_z)’
where

1
=1—-— (A —A
P [q(q+1)—2]n( 1—Az),
rk(X) 1
A = k(X) [(rka) g — k) IKE) + q + 1) + k() ( B+ 2)]
+@- rk(x))|:rk(zz)(rk(zz) +q = k(O + 1) + (g — k(X)) (%(q — k(X)) + ;)] -,

A, = é |:(rk(X)rk(Z) + (@ — rk(X))rk(Zy) + 1)?% — ;} .
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