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ABSTRACT

The second order hypergeometric g-difference operator is studied for the value ¢ = —g. For certain
parameter regimes the corresponding recurrence relation can be related to a symmetric operator on
the Hilbert space £2(Z). The operator has deficiency indices (1, 1) and we describe as explicitly as
possible the spectral resolutions of the self-adjoint extensions. This gives rise to one-parameter or-
thogonality relations for sums of two yyp;-series. In particular, we find that the Ismail-Zhang g-
analogue of the exponential function satisfies certain orthogonality relations.

1. INTRODUCTION

As is well known, special functions arise in several contexts in mathematics.
One of the areas is the theory of self-adjoint operators on a Hilbert space, sece
e.g. Titchmarsh [18]. On the one hand, given an explicit self-adjoint operator,
we can try to use special functions in order to obtain the spectral decomposi-
tion of the self-adjoint operator. On the other hand, given a family of interest-
ing special functions, we can try to find a self~adjoint operator which has these
interesting special functions as eigenfunctions. If we can give the spectral de-
composition of the corresponding operator we can use this information to find
e.g. orthogonality relations or a corresponding integral transform for the spe-
cial function we have started with.
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In this paper we are in the second situation. The interesting special function
is

) ey = i (Edy g
g\= (qt27q2)00 _q% 3 ’

originally introduced by Ismail and Zhang [7, (1.22) witha =i, b = —ifluptoa
normalisation factor, and the expression used here can be found in Ismail and
Stanton [5, Corr. 4.3], [6, Corr. 2.5], see also Suslov [17] for more information.
Ismail and Zhang [7, (1.25)], see also [5], point out that formally

: . 1 Az
(1.2) lgrll Ey(z; EI) e e,
This function has been studied intensively recently because it is the appropriate
g-analogue of the exponential function well suited for the Askey-Wilson differ-
ence operator.

In the point of view of this paper, we study the function &,(z, ) as a function
of . The parameter z occurs as the spectral parameter. Because of the expres-
sion (1.1) £, is an eigenfunction of the second order hypergeometric g-differ-
ence operator. It is convenient to switch to ¢? in (1.1). This operator and its ei-
genfunctions have been studied in connection with representation theory of
non-compact quantum groups, in particular the quantum analogue of
SU(1,1), see [8], [11], and [12] for a more general scheme. The parameter re-
gimes for the basic hypergeometric function in these papers does not include
the case corresponding to £,, so we have to perform the spectral analysis again.
The crucial property is that the lower parameter ¢ = —gq.

It turns out that for specific values of the remaining parameters the second
order hypergeometric g-difference operator can be realised as an unbounded
symmetric operator on the Hilbert space £>(Z) of square integrable sequences.
In particular, this occurs for £,. However, it turns out that the corresponding
operator is not essentially self-adjoint, but it has deficiency indices (1,1). We
describe the self-adjoint extensions, which depend on one extra parameter, and
we study the corresponding spectral decompositions. There is always con-
tinuous spectrum on [~1, 1], and the point spectrum is an infinite set tending to
plus and/or minus infinity which is described as the zero set of some explicit
function. For the case of the function £ we establish that this set consists of
two g>-quadratic grids. The corresponding transforms do not give orthogo-
nality relations for £, but for a linear combination of two £..’s similar to the
relation 2 cos Ax = ¥ + e7™*, So we can think of the result as a g-analogue of
the Fourier-cosine transform instead of the Fourier transform. We perform the
spectral analysis in somewhat greater generality, and the main result is Theo-
rem 5.8 and its counterpart Theorem 6.3 for another parameter regime.

We also present the link with the recurrence relation for the big g-Jacobi
functions [13] or the associated dual g-Hahn polynomials [4], and this leads to a
quadratic transformation in which a ;¢;-series in base ¢ is given as a 3p,-series
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in base ¢°. In particular, this gives a new expression for &, as a sum of two 3¢;-
series in base g.

The plan of the paper is as follows. In §2 we recall the second order hy-
pergeometric g-difference equation, its solutions and their interrelations. In §3
we discuss for which parameter regimes the recurrence relation can be inter-
pretated as a symmetric operator on ¢2(Z). We recall the general theory of
doubly infinite Jacobi operators on £2(Z) in §4. In §§5, 6 we work out the spec-
tral decompositions of the self-adjoint extensions as explicitly as possible. In §5
we give detailed arguments, and we indicate the (similar) arguments in the
easier case of §6. Finally, in §7 we indicate the link with the big g-Jacobi func-
tions, and we derive the quadratic relation.

Notation. In this paper we follow the notation for basic hypergeometric se-
ries of Gasper and Rahman [3]. Our standing assumptionon gis 0 < ¢ < 1. The
series

Aly. .. pyd %0 (al,...,ar+1;q)k
1.3 10 gz) = T Tk gk
( ) 14)0( bl;--'abr 4 ) ;(b1,...7bhq;q)k

where (a;9), = [T (1 —ag)), k€ ZsU{oo}, and (a,...,arq) =1L,
(a;; q),. Generically the radius of convergence of the series in (1.3) is 1, but the
series has a unique analytic continuation to C\[l,o00). We also use 8(z) =
(z,9/2;9)., for the (renormalised) Jacobi theta-function, and 0(ay,...,a,) =
0(a1) - - - 6(a,). The identity

(14)  8(ag") = (—a) Fg#*V g(a)

is useful.

Dedication and acknowledgement. The paper is dedicated to Tom Koornwin-
der from whom I have learnt very much about special functions and rep-
resentation theory. In particular, his unpublished notes on spectral theory for
2¢p1-series have been very influential for this paper. I thank Mourad Ismail for
discussions about the g-analogue of the exponential function defined in (1.1)
that has triggered the research for this paper, for his kind hospitality during a
visit when these discussions took place, and for his comments on a previous
version of this paper.

2. THE DIFFERENCE EQUATION AND ITS SOLUTIONS

In this section we consider the second order hypergeometric g-difference op-
erator for which the »pg-series in the definition (1.1) is an eigenfunction. We
discuss other solutions and their connection coefficients.

The hypergeometric difference equation is

(2.1) (c —abz)f(gz) + (—(c+q) + (a+b)z) f(2) + (g — 2) f(z/9) =0,

see [3, Exerc. 1.13], having
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f(z) =201 (a;b;qu)

as a solution. We are particularly interested in the case ¢ = —g¢, cf. (1.1).

Lemma 2.1, The difference equation

-t

atgk-1

l+atqk1

22)  22fl(z) = fen@ - — T fa@),  kez

is solved by, where z = 1(y + y™),

(@ =20 (7 sa1d),
@) = (0 (P s,

_ ay,—ay qzvk
Fely) = (ay) km( 4

N 2 —N
qy 21 VEq

Here, and in the sequel, we always assume that ¢ # 0, ¢ # 0.
Proof. This is a straightforward verification using (2.1). [

In §7 we also give expressions for the solutions of (2.2) in terms of 3(p;-series
using a quadratic transformation.

Remark 2.2. Note that the difference equation (2.2) has two obvious symme-
tries. The first is a <+ —a, z « —z, leaving all solutions unchanged. The second
symmetry is a < —a, f; (—1)kfk, which interchanges the solutions uy < v
and leaves F; unchanged.

Remark 2.3, We are mainly interested in the case that the coefficients in (2.2) do
not vanish for k € Z, i.e. we assume #£q”, —ta’¢q”. In case one of the coeffi-
cients does vanish, we can assume without loss of generality that ¢ =g or
@’t = —q. In this case the recurrence can be split into two recurrence relations
labeled by N. So we have polynomial solutions, and the polynomials can be
given explicitly in terms of symmetric Al-Salam—Chihara polynomials in base g
for negative k and in base ¢! for positive k.

Since Lemma 2.1 describes four solutions (note that F,(y~!) is also a solu-
tion) to (2.1), whose solution space is two-dimensional, we find relations be-
tween the solutions.

Lemma 2.4. The solutions of Lemma 2.1 are related by, z = 3(y + y~'),
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ue(z) = c(y;a,0) Fe(y) + e a,0) Fe(y™h),
(2.3) vi(z) = c(v; —a, 0) Fe(y) + ¢y —a, 1) B (),
(aly,—q/ay,ayt,q/ayt; q)
(=¢:¥72,4,4/19) o

c(y;a,1) =

?

and

Fi(y) = d(y;a, ) w(2) + d(y; —a, t) ve(2),
(2.4) . (—ay,qy/a,—at/qy,—¢’y/at;q)
dria,1) = (—1,qy%, —a%t/q,—¢*/a®t; q),,

?

Proof. The second equation of (2.3) follows from the first using the symmetries
as in Remark 2.2. The first equation of (2.3) follows from [3, (4.3.2)]. The ex-
pansion (2.4) can be proved similarly, or by inverting (2.3). In the last case
the addition formula for Jacobi theta functions has to be used, see e.g. [3,
Exerc. 2.16], to find

c(y;a7 t) C(}’_l;a, t) —aty 9(_a2t: I—lay—zv _1)
det . = CR—
C(% —Cl,t) C(y ;—4a, t) <_q7 _qay 7y 7t7q/ta Z7q/t;q)oo
2a  9(—a*t
_ _la ( a ‘ |
yl—y 60

3. SYMMETRIC FORM OF THE DIFFERENCE EQUATION

Since we want to find a symmetric operator on the Hilbert space ¢*(Z) for
which the £ (z; tq¥) occur as eigenfunctions we need to find conditions on a
and ¢ such that we can rewrite (2.2) in a symmetric form. This is done in this
section.

Let fi(z) satisfy (2.2), then gx(z) = awfi(z), for non-zero constants oy, sat-
isfies

oy l+a21qk*1
o1 atg!

o 11— qult

gi+1(2) — E}:W gr-1(2).

(3.1) 2zg4(z) =
We need to determine if we can rewrite the recurrence in the symmetric form
(3.2) 2zgk(z) = ar gx+1(2) + ap-1 8r—1(2), a > 0.

From the coefficient of g,1(z) in equations (3.1) and (3.2) we find the first
equality
Gk_y | +a*tgF=? o 1 — gkt

ar  aigh! g1 atgk-l

where the second equality follows from the coefficient for gi.i(z) in (3.1) and

(3.2). Hence,
2 1—¢“ 't ai
1+ a%tgk—2 qai

1
e

(3.3)
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and we can make the appropriate choice for oy, precisely when the right hand
side of (3.3) is strictly positive. Note that the choice for oy is determined by (3.3)
and one initial value, say for oy, up to a phase factor. We can choose the phase
factor such that the value gy in (3.2) is indeed positive.

Lemma 3.1. In the following cases (3.1) can be written in the symmetric form
(3.2) withay > 0,Vk € Z:

(1) a= /g€, t = ire™™ withr € R\{0},

(2) t<0,a=iswiths € R\{0},

(3) t € Rug, a = is, s € R\ {0}, such that there exists ko € Z with tg"™! < 1 <
tgk and s*tgo < 1 < s*tgho1,

Note that there is overlap between cases (1) and (2), and (1) and (3). For the
remainder of the paper we stick to the cases (1) and (2), where in case (1) we
moreover assume that #R..¢ in order to have the ;-series in Lemma 2.1 weli-
defined as analytic functions on C\[1, o0).

We fix the corresponding values of the coefficients a; and oy as follows. In
case (1) we take

1+ ireg*
irgk

7

ar = r| g 7F/1 = 2rgF sing + 2% = l

(3.4)
. X 1
o = e’q”fq%k, b1 — dr = arg(l + ireVgk) — 5T sgn(r) mod 27,

and in case (2) we take

Lk
a = E?s_t] \/(1 — tgF)(1 — ts2g+1) = \/(1 —q7*/0(1 — g'7*/1s%),

(3.5) — -
, KIS q) s 5 1) o 0(5?
o =18 (?q“’{/ t;t q(io =4 Sgn(s))quk\/Equgl; q)(oo ;/(z;

using the f-product identity (1.4).
It follows from Lemma 2.4 that in all cases of Lemma 3.1 we have

(36)  ad= % (i —a,1).

4. GENERALITIES ON DOUBLY INFINITE JACOBI OPERATORS

In this section we recall some of the general theory for the spectral analysis of
doubly infinite Jacobi operators on the Hilbert space #2(Z) given by (4.1). In the
cases considered in this paper we have to deal with one-dimensional deficiency
spaces, and the self-adjoint extensions are described. The results of this section
can be found in [14], [9], [1, Ch. 7], [15] and for more generalities Dunford and
Schwartz [2] can be consulted.

We consider next the corresponding operator L on the Hilbert space ¢*(Z)
equipped with an orthonormal basis {ej},., defined by
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(4.1) 2L ey = apepy) + Qg1 €1

with a; > 0 asin (3.4) and (3.5).

The operator is initially defined on the dense domain D of finite linear com-
binations of the basis vectors e;. The operator (L, D) is a symmetric operator,
and, since a; € R, L commutes with conjugation. So the deficiency indices are
equal, and since the solution space of L{ = z£ is two-dimensional the defi-
ciency indices are (0,0), (1,1), or (2,2). In the cases (3.4) and (3.5) it follows
that ay is bounded for k — —oo. By Theorem 2.1 of Masson and Repka [14], see
also [9, (4.2.2)], we find that deficiency indices are (0,0) or (1,1). The adjoint
operator is (L*, D*) given by

L*( i &k ek) = i (st + ar—16x—1) ex,

k==—00 k=—00

D ={¢e(2) | L¢ e A},

In the cases considered in this paper the deficiency indices are (1,1).

Note that g(z) = > 777 gr(z) er is a solution to the eigenvalue equation
L*¢ = z ¢ precisely when g (z) satisfies the recurrence relation (3.2). We denote
by of(z) the solutions to the eigenvalue equation of the form of(z) =
> e o0 kS (2) e with fi(z) a solution to the recurrence of Lemma 2.1 and oy as
in (3.4) or (3.5).

Recall the Wronskian (or Casorati determinant),

1 o o0
(4.2) [u,v], = Eak (U1 Vie — Up Vi1 ) U= Z U ey, V= Z Vi €k.

k=—00 k=—00

If moreover u and v satisfy the eigenvalue equation L* £ = z ¢, then [u, V], is in-
dependent of k € Z. And u and v are linearly independent solutions of the ei-
genvalue equation if and only if the Wronskian {u, v] # 0. Note that we do not
impose u, v € £2(Z).

Since ay, is bounded as £k — —oo the space

o 0
SV(Z):{fz Z gnen|L*£:Z§7 Z ign‘2<00}

is one-dimensional for z e C\R. We assume it is spanned by ¥(z) =

> e o Ur(z) ex satisfying Wy (z) = Wi (Z). Note that this condition can be im-
posed since L commutes with complex conjugation. The similarly defined space

S+(Z) = {é-: i fy,enlL*é_:Z& i’gnf < OO}
n=0

n=-—00

is at most two-dimensional and at least one-dimensional for z € C\R. We show
later that in cases (1) and (2) of Lemma 3.1 the space S*(z) is two-dimensional,
so that the deficiency indices of (L,D) are (1,1). Indeed, dimker(L* i) =
dim ST (Fi) N S (Fi) = 1. The fact dim S7(z) =2, z € C\R, follows from the
fact that the asymptotic behaviour of ug(z) is the same as that of v(z) (up to a
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sign (—1)%) as k — oo, assuming we know that the solutions ur(z) and vi(z) are
linearly independent, see §§5, 6. So we have dimker(L* +i) =1, and ¥(i)
€ ker(L* ¥ 7). Then the self-adjoint extensions of (L, D) are given by (L*, Dy)
with

(43)  Dy={ceD| Jim [6 () + e W(~i)y = o}, 6e0,2m.

Pick 1(z) € S*(z) N Dy, then we can describe the resolvent for the self-adjoint
operator (L, Dy) in terms of the Green function

U (%@, k<l
4 Gz S — TN
4 e =) w(z)]{ B(®), <k,

and the resolvent R(z) = (z — L) ™! is given by

o0

RiE= Y (RE@E) e, (R(2)E) Z@GM = (£, G, (2))-

k=—o00 =0

Note that for &, € £2(Z)

4.5)  [#(2),%(3)] (R(2)&n) Z Ui (2) i (2) (& + &) (1 — —5k1)

k<l

The corresponding spectral measure E of the self-adjoint operator (L, Dy) can
be obtained from the resolvent by

1 Xz—(s
. = limlim~— —ie)é,m) — )6, n)
(46)  Eeq((x1,x)) = limlim > Ll+§ (R(x —ie)¢,m) — (R(x + ie)§, ) dx

for &, € £2(Z).

5. SPECTRAL DECOMPOSITION OF L IN THE FIRST CASE

In this section we calculate the spectral measure as explicitly as possible of the
self-adjoint extensions of (L, D) with L as in (4.1) with a; given by (3.4). This
depends on the parameter 6 of the self-adjoint extension (L*,Dy) of (L, D).
There is always continuous spectrum on the interval [—1,1], and an infinite
series of discrete mass points tending to plus or minus co. The location of the
discrete mass points depends on the choice of the self-adjoint extension. In this
section we always have a = gie¥ and 7 = ire ™ as in case (1) of Lemma 3.1, but
we keep the notation a and ¢ in order to keep the analogy with §5 in §6.
Using (3.4) we see that

; 1+ ireq"
1 Uperi—dp) — L "~ 4
(5.1) e P
Lemma 5.1. Thereisa~ € Rsuch that e oy Fi(¥) = e apFp(y).

Proof Now
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A i \—k ge ¥y, —ge¥y e
oFe () = (e ™y) ™ 21 4 1 q, —ie VI —
qy? r
(5.2) . ik (leg" ¥/ q)o
(—ieq' % /r;q),
_ k2o (ie g % /r;q),
(—ie"q' =% /r;q),

axFi(y)

o Fie(y)

where we use [3, (1.4.6)] in the second equation. From this calculation we only
find oy Fi(7) = CrouFr(y) with |Ci| = 1. It remains to show that Cj is in-
dependent of &, and this follows from

. it —k
Cie1 — 2i{de—dk1) p210 1 e lwq r

Cr 1 +ieg=*/r
o ok
= [ 1) 1—_+ irg“e’” ISRy B R N 1
irgk 1 — ire gk ax

by(S.)anda, € R. I

Remark 5.2. Note that the one-dimensional space $7(z), z € C\R, is spanned
by aF(y), |y| < 1, with z = Ly + y71), since |axFi(y)] = Oy ™) as k — —cc.
Since the coefficients gy are positive S™(z) is also spanned «F (), so we see that
aF(7) = CaF(y) for some constant C. In Lemma 5.1 we have shown moreover
that C is independent of z.

A straightforward corollary to Lemma 5.1 is
(5.3) e0() ayy (z) = 0(1)e" v (z)

using Lemma 2.4 and (3.6).

It follows from Lemma 5.1 that, in the notation of §4, we have ¥(z) =
eaF(y) = eVoF (y) withz =4(y + y~!) and |y| < 1.

As is clear from §4 we need to calculate various Wronskians in order to de-
termine the domain of the self-adjoint extensions and the corresponding spec-
tral measures. We state the results in the following lemma.

Lemma 5.3. We have the following Wronskians,

(0F (), aF G 1) = 507" ~ ),

lim [ou(w), aF ()l = — L d(y;a,1),

N—oo

lim [av(#), aF ()] = -d(y;—a,)

N—oo

Proof. We first calculate the Wronskian
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—__4 a S — S

[aF (), aF (771)], :?k(ak—J—IFkH( ) aFi(571) — aFr(v) s 1 Fen (5°1))
1 . _ L .
:Eqk+% (akel(¢k+1—¢k) Feot 0 F(0) — agel @) Fe0)Fen 1)

_ qk_ (1 + ire?q")

T g ) (¢hey) ey ) F (1 + 01

¢4 (1 — ire”qf)
2 —irgk

%(y‘1 -»(1+0(g™)

()™ (ger5) ™ 1+ 0lg™)

using (5.1) twice and the expression for F(y) in Lemma 2.1. Since the Wron-
skian is independent of &, we let k£ — —oo to find the first statement of the
lemma.

The next statement of the lemma follows from

lim [ou(w), aF ()] y

N—ooo
“A}lm —L]N+2 (a et ’¢N“HN+1(W){d(y§ a, yuy(z) + d(y; —a, t)vn(z) }

— aye Ty (W) {d(y; a, Dy (2)

+d(;—a, )vwn (2)})

1 vyl —ire ®gV
20 (g (L O (1 + 0(g)

+d(y; —a, (-1 (1 + 0(¢"))}

1 + ire®
—f:qe—"(uo N{d(;a,0(1+0(g"))

+d(ys—a,0)(=D)" (1 +0G")})

1
2

:_q d(yva [)

using (5.1) and Lemma 2.1. The last statement follows similarly. [

It follows from Lemma 5.3 that oF(y) and oF(y~!), and hence aF(y) and
aF(y~1), are linearly independent solutions to the eigenvalue equation L& = z¢
for 2 # 1. Now Lemma 2.4 implies that au(z) and av(z) are linearly in-
dependent solutions to L& = z & Since au(z), av(z) € S*(z) we see that the de-
ficiency indices of Lare (1, 1) in case (1) of Lemma 3.1. For 4)(z) in (4.4) we have
a choice ¥(z) = Aau(z) + Bav(z), where we have to choose 4, B € C such that
Aau(z) + Bav(Z) € Dy. In order to determine the possible choices for 4,B € C
we use Lemma 5.3.

Lemma 5.4. Let \g = 1 — /2, then(z) = Aou(z) + Bav(z) € Dy for
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A B E F e

B) \F E/\e?

E= (iAoq%eiwa —i)\oq%e_w, rq\%/)\Oa q%AO/ru q)ooa

F = (—idogie, idogpe ™, —rqg 3/ o, —gE o /1 Q) oo

Of course, 4 and B are determined only up to a common scalar. Note that
E,F € Rin Lemma 5.4, and hence 4 = B. In this case we have, using (5.3),

Ui(z) = Aagu(z) + darve(z) = dagu(z) - g%e'z”m
(5.4) “i’y 40
e—e(H (ei(7+argA)9(l)akuk(Z) + ey argA)H(l)akuk(E)).

Proof. Note that (i + (i)™ =i and |ido] < 1, so (i) = eMaF(iX) =
eNaF(~iXg) and ¥U(—~i) = e"aF(—iXy) = e7aF(i)), s0 we can now relate 4
and B to the self-adjoint extension (L*, Dy), see (4.3), by
0= lim [b(2), PP (i) + e 0T ()]
= lim [4 au(z) + Bav(z),eW (i) + e O (—i)]y

—00

(55) q%em - .
= (B{e’ed(i)\o; —a,t) + e Pd(—idg; —a, n}

- fl{eied(i/\o; a,t) + e %d(—ik; a, t)})

using Lemma 5.3. The condition of (5.5) determines 4 and B uniquely in terms
of ¢ up to a common scalar constant. Observe that all functions 4 in (5.5) have
a common denominator, so that we can take 4 and B as in the lemma. [

With 4 and B = 4 determined by Lemma 5.4 in terms of ¢? we can determine
the resolvent operator R(z) for the corresponding self-adjoint extension
(L*,Dy). For the Green kernel, see (4.4), we need the Wronskian, with

z=iy+y™, <L,

(56) .90 = AT a0 +AD T a5l

by Lemmas 2.4 and 5.3.

We use the parametrisation z = §(y + y71), [y| < 1, for C\R, and we want to
take z — x € R in order to use (4.6) to determine the spectral measure of the
self-adjoint extension (L*,Dy). Note that z € [-1,1] corresponds to y on the
unit circle and z € (—oo, —1], respectively [1,00) corresponds to y € [—1,0),
respectively in (0, 1]. Letting z tend to x = 1(yo + y5 ') € R\[-1,1], yo € (~1,1)
from the upper or lower half plane both correspond to y — yo. However, for
xe(—=1,1), put x=cosy with 0<x <, for £ |0, z=x—ie — x corre-
sponds to y — eX and z = x + i — x corresponds to y — ¢ X. So we consider
these cases separately. For the moment we assume &, 7 € D so that all summa-

—-)
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tions are actually finite, the general case £, 7 € £2(Z) follows by continuity of the
spectral projections E(B), B C R a Borel set.

Proposition 5.5. [—1, 1] is contained in the continuous spectrum of (L, Dy) and for
0 < x1 < x2 < 7 the spectral measure is determined by

_ 1 e (& (cos x))n, t(cos x))
(E([cos x2,cos x1])€, ) = ELI (e ) + Ace—a t)|2 dx

where A, B = A is determined by Lemma 5.4.
Proof. We first assume x € (—1,1), x =cosy, 0 < x < 7. Observe that for
£ 10, Ur(x —ie) — eTagFr(eX), Yr(x + ic) — "oy Fi(e7), and i (x £ ie) —

Wr(cosx), so by (4.5) and Lemma 5.3

leifloq(R(x —ig)¢,n) — (R(x +ie)€,n)

(57) T ) ) 1
=2 kzg; Ay % (Smk + 5k771) (1 — 56"’0

with

A= o Fi(eX) oFi(e ™)

(Ac(ex;a, 1) + Aclex; —a,t)) * (Acle;a,1) + A c(e™’x; —a, 1))
(Acle ™ a,6) + Acle;—a, 1)) apFr(e) + (A ceix;a, 1) + A c(e; —a, 1) )oxFi(e ™)
(Aele;a, ) + Ac(e; —a, 1)) (A cle™;a,1) + A cle X;—a, 1))
(A agve(cos x) + A g (cos x))
B (Ac(eix;a, 1) + A cle’x; —a, 1)) (A c(eX; —a, 1) + A c(e;a, 1))
. Yr(cos x)
B ’A c(ex;a,t) + A c(e™; —a, t) |2

using (3.6) and Lemma 2.4 for the third equality. The above gives an explicit
expression for Ag. If the expression Axi;(cos ) is symmetric in k& and / we can
rewrite the sum over & < /in (5.7) as the product of a sum over k and a sum over
1. From (5.4) we see that 1 (x)i;(x) is symmetric in k and / for x € R, and hence
Arthi(cos x) is symmetric in k and /.

So we can antisymmetrise the sum in (5.7) and (5.7) equals

(327 oo Et1(e05 X0 ) (022 tlc08 )7
|4 c(e;a, 1) + A c(e; —a, 1) |2 .

Using dx = 5 (¢’ — e"*)dx, dominated convergence and (4.6) we find for 0 <
Xt<Xx2<mT
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<E((COS X2)7 COS(XI))& 77>

1 J'Xz (€,1(cos x))W dy.

ol |4 c(e;a,1) + A c(e’x; —a, t)‘2

By the previous calculation the proposition follows for the open interval
(—1,1). Since the spectrum is closed we see that =1 are contained in the spec-
trum of (L*, Dy). Since (L*, Dy) is a self-adjoint operator +1 can be in the con-
tinuous spectrum or in the point spectrum, see [2, Thm. 13.27]. The proposition
follows by showing that the endpoints +1 are not contained in the discrete
spectrum. Note that for y = &1 the first Wronskian in Lemma 5.3 vanishes, so
we need to construct a second independent solution to aF(+1) first. We con-
sider the case y = 1, the case y = —1 is being dealt with similarly. Put

5.8 H, =

(58) i) ==

then it satisfies
1+ athk—l 1= qkﬁlt _1
= Hi1(y) T i He(v) = 2He(y) + (1~ y7) B ().

Taking y — 1 gives the solution Hy(l) = ang(y) |y=1 to (2.2) for the eigenvalue

z = 1. Now (5.8) gives the asymptotic behaviour

659 ) =)

= (k) (1+0(¢™), k- —o0.

Using the asymptotic behaviour (5.9) we can calculate the Wronskian

a1 (1), 0F (1] = —
stmilar to the calculation of the first Wronskian of Lemma 5.3. So we have two
linearly independent solutions of the eigenvalue equation L* € = £. From the
asymptotic behaviour (5.9) of aHy and of aF(1) as k — —oo, it follows that no
linear combination of aH and aF (1) can be an element of £2(Z). Hence, 1 is not
in the point spectrum, and hence I is contained in the continuous

spectrum. [

Note that with the choices for ¥(z) and 1(z) the function [¥(z),%(2)] Gk, (2) is
analytic for z € C\[—1, 1], and the same holds for [¥(z), ¥(2)] (R(2)¢, n), where
we still assume £, 7 € D. We next turn to the spectrum of (L, Dy) contained in
(—o0, —1) U (1, 00). Because of these remarks and the remarks in the paragraph
preceding Proposition 5.5 and (4.5) we see that E¢,((x1,x2)) =0 as long as
(x1,x2) contains no zero of the Wronskian (5.6) using dominated convergence
in (4.6). Note that the zeroes of the Wronskian are isolated, since the Wronskian
(5.6) is meromorphic in y. So the only discrete mass points can occur at a zero
of the Wronskian (5.6).

435



Proposition 5.6. There is no continuous spectrum of (L*,Dy) in
(—o00,—1) U (1, 00). The point spectrum of (L*, Dy) occurs at the set

1 -
S = {xo = z(yo + 39 ol > 1, Ae(vo; —a, t) + Ac(yo; a,t) = 0}
and the spectral projection is determined by

(E({x0})&,m)
(e b (Glan)n) |
y(de(ysa,0) + Ac(y~"s —a, ) (Ac(y; —a, t) + Ac(y;a, 1)) ly=r

= Res

Remark 5.7. From Proposition 5.6 and the discussion preceding it we see that
the discrete set S is contained in R. Moreover, the unboudedness of (L*, Dy)
and the boundedness of the continuous spectrum [—1, 1], see Proposition 5.5,
shows that the set S is unbounded.

Proof. From the remarks preceding Proposition 5.6 we see that we can only
have discrete spectrum in (—oo,—1)U(l,00). Next assume that x, &
(—o0, —1) U (1, 00) is a zero of the Wronskian (5.6). (Note that we have already
dealt with the case xg = £1 in Proposition 5.5) Let xo =1(yo + yg!) with
lvo| > 1. (Note that this is against the convention, but it makes formulas better
looking.) Moreover, since {R(z)&, n) is meromorphic in a neighbourhood of xp
we find that x; is an element of the point spectrum of (L, Dy) and

(5.10)  (E(ben) =34 (REE ) dz = Res (ROE 1],

2 c

where C is a small positively oriented contour enclosing xo once and no other
singularities of the resolvent. From Lemma 2.4 and the fact that y;! is a zero of
the Wronskian (5.6) using (3.6) we find

V(o) = Aoyt (xo) + Aawvi(xo) = (de(g'sa, 1) + Ae(yg's —a, 1)) anFi(yy ')
= (Ae(yg";a,1) + Ac(yy"s ~a, 1)) €Wy (x0).

In particular, this implies 1(xq) € ¢2(Z). Using this in (5.10) and switching from
z to y gives the desired expression for (E({xo})§,n). [

Combining Propositions 5.5 and 5.6 proves the following theorem, which sum-
marises the results of this section.

Theorem 5.8. The spectral decomposition of the self-adjoint extension (L*,Dy)
defined by (4.3) of (L, D) as defined in (4.1) with ai as in (3.4) and a = gie',
t = ire” W¢R.o, r € R\{0}, is given by
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(L°¢ \:chosx(}}{)(cosx)md
y 1) 0 ‘A C(ei)(;a7 t) +gc(eix; —a, Z)|2

x0 (Fo€) (x0)(Fem) (x0)
* Z Res y(de(yYia,1) + Ac(y~1; —a, 1)) (Ac(y; —a, 1) + Ac(y;a, 1)) }y:yg

x0ES

where € € Dy, n € £2(Z), A, B = A is determined in Lemma 5.4 by €°, ¢(-;a,t) is
defined in Lemma 2.4, the set of discrete mass points is given by

1 -
S= {xO =500 +30") [ ol > 1, Ac(yo; —a, 1) + Ac(yo;a,1) = 0},
the corresponding Fourier transform is

(Fo&)(x) = (& v(x)) = (& Aou(x) + Aav(x))
with oy, defined by (3.4), and ur(x), vi(x) as in Lemma 2.4.

We recast Theorem 5.8 into two immediate corollaries.

Corollary 5.9. With the notation of Theorem 5.8 the orthogonality relations

1 J’T Pr(cos x)¢i(cos x)

Ol = 5- —
27 Jo |4 c(e;a, t) + A c(eX; —a, t){2

es wk(xo)wl(xo)
+ Z R y(AclyYa,0) + Ac(y™; —a, 1)) (Ac(y; —a, t) + Ac(y; a, 1))

xpE€S y=»o

hold, and the functions {yy} ez Jorm an orthonormal basis of the corresponding
weighted I*-space, and Fq is a unitary isomorphism from £2(7) to the corre-
sponding weighted L*-space.

Corollary 5.10. With the notation of Theorem 5.8 we have the following transform
pair; for £ =50 &ey € £(Z)

= LJF (Fo€)(cos x)(cos x)
0 |Ac(e;a,1) + A c(e; —a, t)|2

© 3 Res (feﬁ)(XO)?/J 1(x0) ‘ _
v y(dcyYa,0) + Ae(y~1; —a, 1) (Ae(y; —a, 1) + Ac(y;a, 1)) ly=p
Remark 5.11. Note that the spectral measure for the continuous spectrum in
Theorem 5.8 is rather explicit, and that the description of the discrete mass
points in Theorem 5.8 is indirect. For the special case of the Ismail-Zhang
g-analogue of the exponential function defined in (1.1) we can describe the dis-
crete mass points a bit more explicitly. This special case corresponds to
1 = 0 mod 7. Without loss of generality we can assume ¢ = 0 by [3, (1.4.6)],
and take a = ¢z and 7 = ir, r € R\{0}. First observe that in the definition of 4 =
ePE + ¢~ F in Lemma 5.4 we can replace £ and F by, recall \g =1 — V2, E =
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0(rg™3/ o) and F = 8(—rq 1/ Xp) by cancelling a common factor. In this case
the c-functions have a common factor and we have

Ac(y; ¢, ir) + A c(y; ¢, ir)
(5.11)

(@), =4/ 9o L I
= g0 gy, (04DA T Hdind)
So the spectral measure for the continuous part can be read off from (5.11). For
the discrete spectrum we have to find the zeroes of (5.11) as function of y for
|| > 1, so we have to solve H(yqzzr)A = —0(—ygtir)A. Put y = e and con-
sider
0( 27rlwq2",.) ) ]
(5.12)  glw,1)=——"—"7"—, g=¢", TeiRy,
O(—eivgir)

so that the equation is rewritten as g(w, 7) = —A4/A. It follows from (1.4) that
g(w, 7) is an elliptic function with periods 1 and 7. From [19, Ch. XX, XXI] we
see that the order of the elliptic function g is 2, so that the equation g(w, 1) =
—A/ A has 2 solutions in each fundamental parallellogram. Since the solutions
in the y-coordinate are real we find w € iRU % + iR (modulo 1). By period 7 it
follows that the discrete mass points are of the form x\) = W™ + 7™
n € Z, with ]x,,)[ > 1, where i = 1,2. So in particular, in this case the discrete
mass points are located on two g?-quadratic grids.

In this case we have from (5.4)

»

Pk, 4)

26| 1 y 6ir) (~r
— R[ g o (Srtrtarg4)
v(x) L (qu q)oo

(5.13) = 00
xeR,

2 £ 2 {x; —iqu)],

so that we can look upon the orthogonality relations of Corollary 5.9 or the
integral transform of Corollary 5.10 as a g-analogue of the Fourier cosine
transform for the g-exponential £, as defined in (1.1) using (1.2).

Remark 5.12. Tt is of interest to be able to calculate the Fy transforms of spe-
cific vectors and next use Corollary 5.10 to get explicit transforms, even though
the precise location of the discrete mass points is not known. Results already
present in the literature can be used for this. Since the corresponding formulas
are well known we leave it to the reader to fill in the details. As a first example,
the Fy-transform of the vector £ =3 ;2 ZFoy, ey, can be expressed in terms of
infinite ¢g-shifted factorials using the generating function [10, Lemma 3.3 with
k = 1], [16, Lemma 2.2 with k = 1]. Since this is not an £2(Z)-vector some care
has to be taken, but using an approximation argument plus the absolute con-
vergence of the sum defining Fyé for z in a certain annulus, we can find the re-
sult.

Using a generalisation of Rahman’s sammation formulas, see [10, Prop. 3.1],
[16, Thm. 2.1 with k = / = 1] it is possible to calculate the Poisson kernel, i.e. the
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Fo-transform of the vector Y00 X4 (x') ¢, for a different value for the ar-
gument. For the arguments in the interval [—1, 1] the Poisson kernel can be ex-
pressed in term of eight very-well-poised g W7-series. For the case a = q%, t=ir,
i.e. for the situation corresponding to £, the situation simplifies greatly, and
the eight g W-series can be combined to only two g W7-series by [3, (2.10.1)]. To
evaluate the Poisson kernels in the discrete mass points we express 1;(xg) in
terms of aF (yy 1) as a single ¢, and use the connection coefficients of Lemma
2.4 before applying the same summation formulas again. The procedure
sketched above can be generalised to the Fy-transform of the vector

o0
ap, ..., detd | k
> Fra (e e

)
7
k=—00

using [16, Thm. 2.1, with k = r, [ = 1].

6. SPECTRAL DECOMPOSITION OF L IN THE SECOND CASE

In this section we calculate the spectral measure as explicitly as possible of the
self-adjoint extensions of (L, D) with L as in (4.1) with g, given by (3.5). As in
§6, this depends on the parameter 6 of the self-adjoint extension (L*,Dy) of
(L, D). There is always continuous spectrum on the interval [—1, 1], and an in-
finite series of discrete mass points tending to plus or minus co. The location of
the discrete mass points depends on the choice of the self-adjoint extension. In
this section we always have a = is, s € R\{0} and 7 < 0 as in case (2) of Lemma
3.1, but we keep the notation a and ¢ in order to keep the analogy with §5. The
case considered in this section is slightly easier than the case considered in §5,
so we only state the results and indicate the proofs by analogy to §5.

So, in this section ¢ < 0, a = is, s € R\ {0}, see case (2) of Lemma 3.1 and a;,
and o are given in (3.5). In this case it is straightforward to see that
o Fr(9) = auFr(v). Using Lemma 2.4 and (3.6) this implies

(6.1) oy Uk (Z) = ag v (2).

We also have that axFi(y) =y *(1+ O(g7¥)), so that S~(z) is spanned by
¥(z) = aF (y) with z =1y +y7") with |y| < 1. The statement analogous to
Lemma 5.3 is the following lemma, whose proof is similar to the proof of
Lemma 5.3.

Lemma 6.1. We have the following Wronskians,
_ |
[0F (), aF ()] =50 - »),

- 4 2
A lou(W), aF (y)]y = ga(;(%q) d(

y;a,t),

i 52
Jim [as(), aF )]y = — S—ig(T%’” d(yi—a,1).

It follows from Lemma 6.1 that aF(y) and aF(y~'), and hence aF(y) and
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aF(y™!), are linearly independent solutions to the eigenvalue equation L£ = z ¢
for 3> #1. Now Lemma 2.4 implies that au(z) and av(z) are linearly in-
dependent solutions to L{ = z£. Since au(z), av(z) € ST(z) we see that the de-
ficiency indices of L are (1, 1) in case (2) of Lemma 3.1. Again, for 1(z) in (4.4)
we have a choice ¢(z) = Aou(z) + Bav(z), where we have to choose 4,B € C
such that Aau(z) + Bav(z) € Dy. In order to determine the possible choices for
A, B € Cwe use Lemma 6.1.

Lemma 6.2. Let A = 1 — /2, then 1(z) = Aau(z) + Bav(z) € D, for

A\ _(E F\(é° E = (sho, M0q/s, =5t/qh0, =" Xo/51;G) o,
B F E)\e?® F = (—sXo, —X0q/5,5t/qX0, 4* X /5L ) o -

Of course, 4 and B are determined only up to a common scalar. Note that
E,F € Rin Lemma 6.2, and hence 4 = B. In this case we have, using (6.1),

(6.2) Y(2) = Aogur(z) + Aogvi(z) = Aogu(z) + A (Z),

so that for z = x € R we have ¢ (x) = 2R[Aoyur (x)] is real-valued.

Completely analagous to Proposition 5.5 we obtain that [—1, 1] is contained
in the continuous spectrum of (L, Dy) and for 0 < x; < x2 < 7 the spectral
measure is determined by the same formula as in Proposition 5.5, but with
a = is, t < 0 and where 4, B = A are determined by Lemma 6.2.
 The expression (5.6) for the Wronskian has to be replaced by, again

z=3y+y) <1,

(6.3) [@(2),9(z)] = {Ac(y1;a,1) + A (315 —a, t)}—;-(y‘l - ),

and since for the discrete spectrum only the zeroes of the Wronskian play a role,
we see that Proposition 5.6 goes through in this case with 4 and 4 = B defined
by Lemma 6.2 in this case.

Combining these results then gives the spectral decomposition of the self-
adjoint extension (L*, Dy) of (L, D) as in (4.1) with a; defined by (3.5).

Theorem 6.3. The spectral decomposition of the self-adjoint extension (L*,Dy)
defined by (4.3) of (L, D) as defined in (4.1) with ay as in (3.4) and a=is,
s € R\{0}, t € Ry, is given by the same formula as in Theorem 5.8 except that A
and A = B are defined by Lemma 6.2. Moreover, Corollary 5.9 and Corollary 5.10
remain valid in this case.

7. QUADRATIC TRANSFORMATION

In this section we relate some of the solutions discussed in Lemma 62 to 3(p,-
series of base ¢*. The resulting transformation of Proposition 7.1 can be con-
sidered as a non-terminating analogue of Singh’s quadratic transformation [3,
(3.10.13)]. The reason for this is that the symmetric Al-Salam—Chihara poly-

440



nomials of even degree can be expressed in terms of continuous dual ¢>-Hahn
polynomials, and the resulting transform is a special case of Singh’s transfor-
mation. It does not seem possible to obtain the result of Proposition 7.1 as a
special or limiting case of Singh’s transformation.

The recurrence relation (2.2) has no term involving fi(z) in the right hand
side, so we can iterate the recurrence to obtain a three term recurrence for the
even and odd degree f;(z)’s. For convenience put

_l+adgd! 1-g¢~r 1

= 7 = 1 -k t d:—-~——-—1— lﬂkt
Ck atqk—J a( +4q /(1 )7 k atqk__l a( q /)7

and iterate (2.2) to find

(7.1) (22 fi(2) = ckcret fira(2) + (crdirt + dicxr) fi(2) + didi fia(2).

So from (7.1) we find a three-term recurrence relation for the even and odd de-
gree fi.’s. The recurrence (7.1) can be matched to the one studied by Gupta, Is-
mail and Masson [4], where a lot of solutions are discussed. The recurrence re-
lation (7.1) is also studied in detail in [13] as a linear operator on a suitable
Hilbert space.

We recall from {13, §2-4] that

@’Y(qu; a} ba C; q)

(72)  (=¢"*/bex, —q'Fy/ax; q)., (@) 30 gv/a,by,cy  —¢'7F
W —g"Fy/ax, gy T bex

(—q'=*/abx,—q'7* Jacx; q),
is a solution of
k
X
B 1 1 q q—Zk
7.3 — k4 i S
(7.3) <q <bx + cx + abex + ax) + x2abc (1+4) F(qu)

;1 (1 +L_k) (1 +q—:> F(q'x).

b F) = a1+ 50) (10 L) gt
s

a bex

Many other solutions and their connections are known, see [4], [13], but we only
need this solution. The main result of this section is the following proposition.

Proposition 7.1. For |z} < min(1, |a]?)

wl<ay, @ _i> _ (5,425 ), ; (qzyz/a, =0 7)
‘ @t T 22 (—z/a;q), qgzy?fa,g?yt 7))

Proof. A straightforward calculation starting from (7.1) shows that ¢* R, with
Ri = fo(z), z =Ly + y7"), satisfies (7.3) in base ¢* with (a, b, ¢, x) of (7.3) spe-
cialised to (a,—1, —¢, —t/q) and v = y*. So the solutions of (7.3) are related to
the ones in Lemma 2.1 for & replaced by 2k. Since the solution space is two-di-
mensional, we cannot immediately give direct relations. However, the space of
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subdominant or minimal solutions is one-dimensional, see [4, Thm. 1], and
spanned by Fx(y), |y| <1, and a*®,.(-1¢*';a,~1,-¢;4%). For the re-
normalised recurrence in case of §§5, 6, this is just the statement that S~(z) is
one-dimensional.

So these two solutions only differ by a constant C which can be determined
by considering the limit behaviour for £ — —oo. The limit behaviour follows
from the explicit expression in (7.2) and Lemma 2.1. This gives C =1, and

canceling common factors gives, for k € Z and |y| < 1, the relation

ay,—ay g%

2¥1 9> 7%"W

_ @ g Y fat g 3@2<q2y2/a, -0 o q“")
(—¢*%*/at, —q**[at; %), gy far, gyt Tt

(7.4)

Multiplying (7.4) by (¢*y*;¢*)., = (0% —9¥* q),, we see that both sides be-
come analytic in y. By analytic continuation (7.4) remains valid for all y*¢g ™.

This proves the proposition for z = qz;Zk, and by analytic continuation in z the
result follows. [

Remark 7.2. (i) There are more choices possible for the parameters in (7.3) to
match the recurrence (7.3) to the recurrence (7.1) for the even and odd degree
Ji’s. All other possible choices lead to the same result, In particular, going over
the proof for the odd degree fi’s leads to (7.4) with ¢ replaced by gt

" (ii) In [13] the spectral analysis of the operator arising from the recurrence
relation (7.3) has been studied on a suitable Hilbert space larger than £2(Z). For
the values of a and ¢ as considered in §§5, 6 this operator, say S, is, up to a shift
by a constant, the square of (L, D), so that Theorems 5.8, 6.3 also gives the
spectral decomposition of S. This shows that for the choices of the parameters
in (7.3) as in the proof of Proposition 7.1 the spectral decomposition is explicit,
cf. the remarks on p. 193 and p. 200 of [13]. Note that the parameters of (7.3)
used here are not contained in the parameter set considered in [13].

(iii) Using Proposition 7.1 and the connection coefficients of Lemma 2.4 and
[13, Prop. 4.4, Prop. 5.5] we can rewrite any solution of (2.2) in terms of solu-
tions of (7.3) in base ¢*> with (a,b,c,x) replaced by (a,—1,—q,—t/q) or
(a,—-1,—gq,—1t). Apart from the case discussed in Proposition 7.1 this only gives
more-term transformations. As an example we give the expression for the Is-
mail-Zhang g-analogue of the exponential £, defined in (1.1). Using Lemma 2.4
and (1.4), or [3, (4.3.2)], and Proposition 7.1 in base ¢? gives, z = +y™,

@y, =@y, —y, @ /1y ) oo (= 0/t =Y /,0) o e N |
(~a4, 772~/ 60) o (@/1,8) o (4% 62, L )
+Idem(y < y™") = £,(z; 1)
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